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Abstract: This paper proposes an adaptive robust control scheme for Automatic Train Operation (ATO) with 
guaranteed transient performance and steady-state tracking accuracy. As speed increases, the inherent time-
varying parametric uncertainties, exist in the longitudinal dynamics of train operating, seriously affect the 
tracking performance of ATO. With prior bounds of time-varying parametric uncertainties, a systematic method 
is developed by combining adaptive backstepping control with deterministic robust control. The resulting 
adaptive robust controller holds the advantages of the both methods, that is to say it guarantees prescribed 
transient performance with predefined tracking accuracy of deterministic robust control for the time-varying 
parametric uncertainties, while it preserves the asymptotic stability of adaptive control in presence of just 
parametric uncertainties. Furthermore, the proposed controller is more flexibility and convenience to improve 
the tracking performance than either adaptive control or robust control alone. Rigorous theoretical analysis and 
numerical simulations are all verified the effectiveness of it. Copyright © 2014 IFSA Publishing, S. L. 
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1. Introduction 
 

Because of its convenience, rapidity, and 
economy, the high-speed train system has been 
regained the flourish at the beginning of this century, 
especially China. It is estimated that by the end of 
2020, China will have 18~000 km high-speed 
railways which will cover most areas of the whole 
country, with an operation speed of over 300 km/h [1]. 
Whether the railway system can operate safely and 
efficiently mainly depends on the Automatic Train 
Control (ATC) system. As an essential part of ATC, 
the ATO system is responsible for generating 
appropriate control effort to drive the train tracking 
with the target speed curve, which is calculated by 
fully considering various operational indicators, such 

as safety, timetable, riding comfort, cost-efficiency, 
etc. [2-4], and this paper investigates on improving 
the tracking performance of ATO. 

Since the model of train operating is nonlinear 
dynamics with time-varying parametric uncertainties, 
excellent tracking performance is difficult to achieve 
for ATO. At present, the proportion-integral-
derivative (PID) based algorithms are widely used in 
the area of train control [1]. Although the control 
accuracy can be improved, the frequent switching 
between acceleration and deceleration during speed 
regulation affects the riding comfort seriously, and 
this also increases energy consumption. To introduce 
the human-driver's experience into ATO, a number of 
intelligent controllers (IC) are developed based on 
fuzzy theory, neural-network, etc. But control 
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accuracy and learning ability are not easy to improve 
for the fuzzy logic based ICs [5, 6, 25, 27], and the 
convergence rate of weight coefficients of neural-
network is not fast enough to apply in the real-time 
environments [6, 26]. Recently, the algorithms based 
on multi-mass model of train dynamics are developed 
[7-10]. By linearizing the in-train force, a mixed 

 controller for cruise control of high-speed 
train is developed in [7]. Using the similar models, an 
optimal driving method combined with a desired 
speed profile with energy consumption was 
developed in [8]. Although certain operational 
indicators can be improved, they are not fully 
considering the uncertainties and time-varying 
properties of train operating and that can deteriorate 
the tracking performance significantly as train speed 
increases. Aiming to deal with parametric 
uncertainties, the adaptive control is discussed into 
ATO algorithm design [9, 10]. Although asymptotic 
tracking can be achieved under time-invariant 
assumption, train dynamics is time-varying inherent 
which implies the stability results may not be 
guaranteed in practical application [11]. What's more, 
the improvements of tracking performance are not 
clear with the design parameters. 

Since a similar disturbance is introduced into 
adaption-loop, the integral-type update law may 
cause instability even if the variation speed is 
sufficiently small [11]. Although some modification 
techniques, such as -modification [13], projection 
[12, 14], can be used to enhance the robustness of 
adaptive control, the control error is only guaranteed 
converging to a bounded ball whose size depends on 
the magnitude of disturbances. As an alternative 
approach, deterministic robust control has also 
received a great deal of attention because of its 
simplicity and guaranteed transient performance in 
the presence of both parametric uncertainties and 
time-varying properties [15-17]. In this paper, by 
using the same idea and assuming prior knowledge of 
the bounds of time-varying parametric uncertainties, 
a systematic method is developed by combining 
adaptive backstepping control with deterministic 
robust control to improve the tracking performance of 
ATO. The resulting adaptive holds the advantages of 
the both methods, that is to say it guarantees 
prescribed transient performance with predefined 
tracking accuracy of deterministic robust control, and 
the asymptotic stability of adaptive control in 
presence of just parametric uncertainties is also 
preserved. Moreover, the proposed controller is more 
flexibility and convenience to improve the tracking 
performance than either adaptive control or robust 
control alone. 

The remaining of this paper is organized as 
follows. Some useful Preliminaries and Notations are 
listed in the end of this section. In Section 2, we 
present the longitudinal dynamics of the tain and 
corresponding assumptions. The traditional adaptive 
control with robust updating law is given in Section 3, 
where detailed design procedures and stability 
analysis is provided. In Section 4, the proposed 

robust control, combined the adaption law to estimate 
the unknown parameters, is derived, and the 
advantages achieved by it is also discussed in detail. 
Comparable simulations are given in Section 5 to 
verify the effectiveness of proposed algorithm. And 
the conclusion is made in Section 6. 

 
 

2. Problem Formulation 
 

Train dynamics is very complex in its different 
operating stages, such as starting, accelerating, 
coasting, and barking, but these paper only concerns 
about the longitudinal dynamics of the train. As 
shown in Fig. 1, ,  denote train speed and 
location respectively,  is traction force,  is 
braking force,  denotes running resistance 
affected by the train. The task of ATO is generating 
appropriate  and  to render the train tracking 
with the TSC. 
 
 

 
 

Fig. 1. The longitudinal dynamics of the train. 
 
 

The running resistance  comes from the 
units: steel rails, bow net and the air. It is quite 
difficult to derive a theoretical formulation to 
describe such a resultant resistance characteristic of 
these units. Lots of literature has shown that  is 
proportional to gross mass of the train, and the 
widely used Davis equation divided  into two 
parts: the mechanical resistance  and the 
aerodynamic drag , which can be re-expressed 
as [20-22], 
 

 

 
where  denotes the running resistance per mass 
unit, , ,  are resistance coefficients 
whose nominal values are usually obtained by wind-
tunnel test. The mechanical resistance  is 
dominant in the low speed range, while the 
aerodynamic drag  becomes dominant in the 
high speed range. Because the resistance dynamics 
are sensitive to various operating environments, such 
as loading conditions, special railway conditions 
(mainly includes ramps, curves and tunnels), etc., 
these resistance coefficients are varying in certain 
ranges and their exact values at some point are hardly 
to obtain. 



Sensors & Transducers, Vol. 176, Issue 8, August 2014, pp. 249-256 

 251

According to Newton Second Law, the basic 
dynamic of the train can be described as 
 

 
, (1) 

 
where, , ,  is the total 
equivalent mass of train,  denotes 

control effort of ATO,  is 
the coefficient vector of running resistance, 

 is the nonlinear 
mapping corresponding to the dynamic of running 
resistance. 

In practice, ,  are TV unknown 
parameters, and  is usually piecewise constants 
while  is usually piecewise continuous 
corresponding to actual operational environments, 
but they remain positive-definite values. From the 
sufficient empirical data, the variation range of , 

 are not difficult to obtain. More specifically, we 

further define , and give the 
following assumptions. 

Assumption 1: For the plant parameter , there 
exists a known priori region  defined as 
 

 
 
where  are the lower and upper 
bound of  respectively, such that  for 
all . 

According to Assumption 1, we define the 
following constants 
 

 

 
such that the following results are obviously correct 
i) , for all . 
ii) , for all .  

Assumption 2: There exist , , such 
that 
 

 

 
for all , where  is independent of . 

Subjected to Assumption 1 and 2, the control 
objective of ATO is to design a feedback control law 

 such that: 
P1) The closed-loop system is stable. 
P2) Train location  is tracking with the desired 

trajectory  as close as possible. 
 
 

3. Robust Adaptive Control with Time-
Varying Parameters 

 
Since train dynamics time-varying, a similar 

bounded disturbance  is introduced into 
adaptive-loop, the traditional integral adaption law is 
not necessarily result in bounded solutions even the 
variation speed sufficiently small. This paper utilizes 
a smooth projection algorithm to ensure the estimates 

 staying in the prior region for all  [18], and 
then the robust adaptive control is derived through 
backstepping technique [19]. 

 
 

3.1. Smooth Projection 
 

To make the projection smooth, we require the 
following precise properties of  given as follows, 
i) For each real number , the set 

 is convex and contained in the 

priori region . 

ii) For all , the row vector 

. 

iii) The plant parameters  satisfies 
 

 , (2) 
 

where  is the estimate of . Motivated by [19], we 
define  as 
 

 
, (3) 

 

where, , . It's not easy to proof that 

 possess the properties 1)-iii). 

To achieve the projection objective, we define a 
subset  of  as 
 

 

 

Obviously,  approaches  when  decreases and  
increases. 

Based on the above discussion, we define the 

smooth projection , which we shall use to 

maintain the estimate  in  for all . 
 

 

(4) 
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where  denotes certain adaption law to be designed. 

Projection  does not alter  if  belongs to 

the set . In the set , 

it subtracts a vector normal to the boundary 

, so that we get a smooth 

transformation from the original vector field  for 
 to an inward or tangent vector field for . 

From the convexity property i) of , we have: 
 

 , (5) 

 
which is useful in the following controller analysis. 

 
 

3.2. Controller Design 
 

The control law is derived by backstepping 
technique, which has been widely discussed in 
nonlinear system control [19], and the design 
procedure is elaborated in the sequel. 

Step 1: Defining train tracking error as 
 

 , (6) 
 
From the first equation of plant (1), we obtain 
 

 , (7) 
 
By viewing  as the 'virtual control', we should 
design a control law  for it to make  tracking 
with the desired trajectory . The difference 
between  and  is defined as 
 

 , (8) 
 
Substitute (8) into (7), we have 
 

 , (9) 
 
which makes us to design the control law  as 
 

 , (10) 
 
where  is a controller parameter, . 
Substitute (10) into (9), we have 
 

 , (11) 
 

Step 2: From definition (8) and system (1), the 
derivative of  is given by 

 
 

, (12) 

 

where  denotes all the known terms. Now the actual 
system control  appears in the right side of (12). 
If all plant parameters are known exactly, the 
following ideal control 
 

 
with,  

 
 
where  is the controller parameter, 

, will achieve our objective. In the 
case of time-varying parametric uncertainties, we 
propose its certainty-equivalence form 
 

 , (13) 
 

where ,  denote the estimates of  and  
respectively. Substituting the control law (13) into 
(12), we obtain 
 

 
, (14) 

 

where , , , 

, . 

Theorem 1: If the control law (13) with the 
following adaption law 
 

 , (15) 
 

where  with compatible dimension is the 
adaptive gain, is applied to plant (1), the following 
results are guaranteed: 
i) The closed-loop system is stable. Train tracking 

error  and satisfies 
 

 

 

ii) If the time-varying property of  is absent, 
asymptotic tracking can be achieved, i.e., 

. 
Proof: i) The nominal part of the closed-loop 

system (11) and (14) is given by , where 

, . Matrix  is 

obviously negative-definite, so the unforced state 
 is exponential stable. The projection (4) has 

guaranteed the estimates  staying in the prior 
region  for all , so . Together with the 
boundedness of train location, speed and desired 
trajectories, the term  can be treated 
as bounded disturbance. Therefore, the closed-loop 
system (11) and (14) is stable. 

Consider the following Lyapunov function  
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Taking time derivative of  along the closed-loop 
system of (11) and (14), we obtain 
 

 

(16) 
 
From the projection property (5), we have 
 

 

 
which implies 
 

 

, 
(17) 

 
where, ,  is used. 
Integrating both sides of, we obtain 
 

 

(18) 
 
where . Since the gain 

 is bounded constant, the transformed error 

. From the definitions (6) and (8), the -
transformation used in backstepping design can be 
given as 
 

 , (19 

 

where ,  denote train 
location and speed tracking error respectively. So 
train tracking error  and satisfy the 
inequality (18) as well. 

ii) When the time-varying property of  is 
absent, . The time derivative  can be re-
expressed as 
 

 

 

which implies , . From 
Babalat Lemma, we can establish the result  
as . Furthermore, the result  
can be obtained according to the transformation (19). 

Remark 1: The robust adaptive control presented 
in Theorem 1 guarantees train tracking error  
converging to a bounded residual set exponentially 
with convergence rate . The convergence can be 
speeded by enlarging controller parameters 

, and the tracking accuracy can also be 
improved by increasing the minimum eigenvalue of 

 and , but it still depends on the variation 
speed of . Therefore, although this kind of 
adaptive control does not require the variation speed 
is sufficient small, the control accuracy deteriorates 
when the variation rate is large, and this defect is 
removed in the following proposed adaptive robust 
control. 

 
 

4. Adaptive Robust Controller Design 
 

To improve train tracking performance as 
prescribed, we use a deterministic robust control to 
design a baseline controller to guarantee transient 
performance and prescribed final tracking accuracy 
for the time-varying parametric uncertainties. On top 
of this, instead of using a fixed parameter estimates, 
we introduce parameter adaption law into robust 
control to reduce the model uncertainties coming 
from time-varying parametric uncertainties, and thus 
we can obtain an improved tracking performance. 

Motivated by [16], [17], the proposed robust 
control utilizes the nice property of  as 
 

 , (20) 

 
where . Combining adaptive control (13) 
and (20), the resulting adaptive control is given by 
 

 

, 
(20) 

 
where  is the compensation control as given in (13), 

 is the robust control which is designed to improve 
the control performance,  is the controller parameter 
designed according to practical requirements, and 

 is designed to satisfy 
 

 

 
which is possible since  is the known compact set. 
Substituting control law (21) into Eq. (12), we have 
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, (22) 

 
Theorem 2: If the adaptive robust control law (21) 

with the adaptive law (15) is applied to the system (1), 
the following results can be guaranteed: 
i) The closed-loop system is stable. Train tracking 

error  converges to the residual set 
 

 

 
exponentially with the convergence rate . 
ii) If the time-varying property of  is absent, 

asymptotic tracking can be achieved, i.e., 
. 

Proof: i) Considering the following Lyapunov-
like function 
 

 

 
Taking time derivative of  along the closed-loop 
system (11) and (22), we obtain 
 

 

(23) 
 
which implies , and the boundedness 
of corresponding signals can be easily proved, so the 
closed-loop system is stable. 

From inequality (23) and the definition of , we 
can obtain the result 
 

 

 
i.e.,  converges to the residual set 

 exponentially with convergence 

rate . According to transformation (19), the result 

 converges to the residual set  

exponentially can be established. 
ii) When the time-varying property of  is 

absent, the time derivative of  is given by 
 

  

(24) 
 
Obviously, the robust control  only makes the 
derivative  more negative, and inequality (24) 
implies . The result 

 as  can be established from Babalat 
Lemma. According to the transformation (19), the 
result  can be obtained. 

Remark 2: The steady-state tracking accuracy 
achieved by the proposed adaptive robust control is 

 which is independent of variation 

speed of , and the convergence rate is , so the 
transient performance can be freely improved by 
adjusting the controller parameters  and  in the 
deterministic form: the tracking error can be reduced 
arbitrarily small with a guaranteed transient 
performance by increasing  and/or decreasing . 
In the presence of parametric uncertainties only, 
asymptotic tracking is also preserved without using 
switching or discontinuous control. 

 
 

5. Simulation 
 

Numerical simulations are constructed to 
demonstrate the effectiveness of the proposed 
adaptive robust control. Train dynamic model used in 
simulations is stemmed from CRH3 series high-speed 
trains, which have been operating on Beijing-Tianjin 
inter-city railway for more than five years [23], [24]. 
The TSC, and the desired trajectory  used in 
simulations is given in Fig. 2. 
 
 

 
 

Fig. 2. The TSC and desired trajectory. 
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We treat the simulation which utilizes adaptive 
control given in Theorem 1 as Case I, and the ones 
which utilize adaptive robust control given in 
Theorem 2 as Case II. Both the simulations are 
running with same configurations by setting 

, , , 
while in Case II . The simulation results and 
the comparison on transient performance of tracking 
error are given in Fig. 3, 4, 5 respectively. It can be 
seen that the convergence rate and control accuracy 
achieved by adaptive robust control is more 
outstanding than that of adaptive control alone. 
 
 

 
 

Fig. 3. Tracking performance under Case I. 
 
 

 
 

Fig. 4. Tracking performance under Case II. 
 
 

 
 

Fig. 5. Tracking performance comparison. 
 

The significant advantage of the proposed adaptive 
robust control is that the tracking performance of 
ATO can be improved by just enlarging the controller 
parameters ,  and  systematically. A simulation 
is also provided to verify the effectiveness of this 
flexibility by enlarging , . The 
simulation results and the comparison with the 
adaptive control are given in Fig. 6, 7 respectively. 
From which, we can see that the convergence rate is 
improved dramatically. 
 
 

 
 

Fig. 6. Tracking performance under Case II with large . 
 
 

 
 

Fig. 7. Tracking performance comparison 2. 
 
 

6. Conclusion 
 

A systematic method is proposed by combining 
adaptive backstepping control with deterministic 
robust control to improve the tracking performance of 
ATO. The prescribed transient performance with 
predefined tracking accuracy is guaranteed by the 
resulting adaptive robust controller; meanwhile the 
asymptotic stability is preserved in presence of just 
parametric uncertainties, so the proposed adaptive 
robust control holds advantages of the both methods. 
Furthermore, it is more flexibility and convenience to 
improve the tracking performance by adjusting the 
controller parameters in a deterministic form. Both 
the theoretical analysis and the simulation results are 
all verified the effectiveness of the proposed 
algorithm. 
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