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Abstract: For improving the reliability and efficiency of the dynamic modelling and simulation of planar 
linkage with revolute joint clearances, the corresponding vector bond graph procedure is proposed. Based on the 
kinematic relations, the vector bond graph model of a rigid body undergoing planar motion is built. Besides this, 
the vector bond graph model of revolute joint clearance is made based on continuous contact model, in which a 
pin is assumed always in contact with a socket in each pair and the revolute joint clearance can be considered as 
a massless imaginary link with a constant length. For the difficulties brought by differential causality in the 
system automatic modeling and simulation, the effective bond graph augument method is proposed. As a result, 
the automatic modelling and simulation of an electromechanical coupling system with revolute joint clearance 
on a computer is realized by corresponding algorithm, its validity is illustrated by a practical example.  
Copyright © 2014 IFSA Publishing, S. L. 
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1. Introduction 
 

As development of the modern high-tech, the 
requirement of high-precision mechanism is 
increasing and the operation environment for 
mechanism is more and more complex. Thus, more 
and more researchers have been focus on the issues 
about the dynamic characteristics, motion precision, 
stabilization of mechanical system with clearance 
joint. Due to high nonlinearities and couplings 
involved in such systems, deriving system dynamic 
equations and determining the constraint forces at 
joints manually become very tedious and erroprone. 
To increase the reliability and efficiency of the 
dynamic modeling and simulation of such complex 
multibody systems, different procedures have been 
proposed in previous work [1, 2]. But these 

procedures are only suitable for a single energy 
domain, such as strict mechanical one, and can not be 
used to deal with the problems of computer aided 
dynamic analysis of mechanical systems containing 
the coupling of multi-energy domains. 

The bond graph technique developed since the 
1960’s has potential applications in analyzing such 
complex systems [3]. It is a pictorial representation of 
the dynamics of the system and clearly depicts the 
interaction between elements, it can also model 
multi-energy domains, for example, the actuator 
systems, which may be electrical, electro-magnetic, 
pneumatic, hydraulic or mechanical. Once the bond 
graph model of the system is ready, the system 
dynamic equations can be derived from it by using 
appropriated software [3, 4]. In many fields, bond 
graph techniques have been used successfully [5-7]. 
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For multibody systems, the scalar bond graph 
technique [3] is found to be complex and difficult. To 
address this problem, the vector bond graph 
techniques were proposed [8-11]. In vector bond 
graphs, single power bonds are replaced by multi-
power bonds, this makes it posses more concise 
presentation manner and be more suitable for 
modelling complex multibody systems. But for 
multibody systems, the kinematic and geometric 
constraints between bodies result in differential 
causality loop, and the nonlinear velocity relationship 
between the mass center and an arbitrary point on a 
body leads to the nonlinear junction structure. 
Current vector bond graph procedures [11] were 
found to be very difficult algebraically in derivation 
of system state space equations automatically on a 
computer. Besides these, how to model complex 
multibody systems such as planar linkage with 
revolute joint clearance by vector bond graph should 
be studied further. To solve above problems, a more 
efficient and practical modelling and simulation 
procedure for planar linkage with revolute  
joint clearance based on vector bond graph is 
proposed here.  
 
 
2. The Vector Bond Graph Model of 

Rigid Body Undergoing Planar Motion 
 

The rigid body ( 1,2, , )i i n  undergoing 

planar motion is shown in Fig. 1. Global coordinates 

can be presented by oxy  and body frame i i ic x y is 

located at its mass center. The angular displacement 

and angular velocity of rigid body i  are i  and i  

respectively. The mass center velocity is 
ic

v , 

[ ]
i i

T
C Cx y  

ic
v . the velocity of joint point iA  

and iB  are 
iA

v and 
iB

v , [ ]
i i

T
A Ax y  

iA
v , 

[ ]
i i

T
B Bx y  

iB
v . ia , ib , iα  and iβ  are 

parameters used to describe the position of mass 

center iC , i i ia AC , i i ib B C . From the 

kinematic analysis of mechanism [1, 2], we have 
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The kinematic relations shown in Eq.(1) and 

Eq.(2) can be presented by vector bond graph model 

shown in Fig. 2, where 
icm  and 

icJ are the mass and 

rotational inertia of rigid body, 

iCM =Diag(
icm

icm ). In Fig.2, [ ]
i i

T
A x A yf f

iA
F , 

[ ]
i i

T
B B x B yf f
i

F , where xai
f , yai

f , xbi
f , ybi

f  

( 1, 2,i   ,n ）  represent constraint forces at two 

ends of body i  in x  and y  direction. The modulus 

matrices of MTF can be read from Eq. (1) and  
Eq. (2) directly. 
 
 

 
 

Fig. 1. Notation for rigid body undergoing planar motion. 
 
 

 
 

Fig. 2. Vector bond graph model for planar rigid body. 
 
 

The vector bond graph model shown in Fig. 2 can 
be coupled to one another satisfying the kinematic 
constraints [1, 2] at the interfaces to get the vector 
bond graph model of planar multibody system. Other 
energy domain systems, such as electric motor 
driving system, can be combined with this model to 
get the complete vector bond graph model of more 
complex multibody systems containing the coupling 
of multi-energy domains. But the kinematic and 
geometric constraints result in differential causality. 
In the derivation of system state space equations, the 
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current vector bond graph procedures [8-11] were 
found to be very difficult algebraically. To eliminate 
the differential causality, the constraint force vectors 
at joints can be considered as unknown effort source 
vectors and added to the corresponding 0-junctions of 
the system vector bond graph model. For the planar 
linkage with revolute joint clearance, the differential 
causality can be eliminated completely. Thus, the 
corresponding algorithm for automatic modeling and 
simulation base on bond graph theory [12] can be 
used directly. 

In [12], a system bond graph model can be 
divided into independent energy storage field which 
consists of I element and C element, dissipative field 
which consists of R element, source field which 
consists of Se element and Sf element, and junction 
structure. From the algebraic relations of input and 
output vectors in these fields and junction structure, 
the unified formulae of system state space equations 
and constraint forces at joints are derived, which are 
first order ordinary differential equations and easily 
derived on a computer. For solving the first order 
ordinary differential equations, the corrected adaptive 
step size Runge-Kutta method [13] is emplored here. 
 
 

3. The Vector Bond Graph Model for 
Revolute Joint Clearance 

 

There many types of model used to describe the 
dynamic characteristics of revolute joint clearance 
[1], the continuous contact model base on the 
assumption that a pin is always in contact with a 
socket in each pair is employed here. This model is 
more suitable for describing mechanical systems with 
smaller clearance and lower operation velocity [1]. 
From continuous contact model [1], the revolute joint 
clearance can be considered as a massless imaginary 
link with a constant length and shown in Fig. 3., 
which can be described by equidistant constraint [2]. 

In Fig. 3, Bα  and Bβ  are two bodies joined by 

equidistant constraint, joint point P and Q are fixed 

on rigid body Bα and Bβ  respectively, vector h  is 

used to describe the relative motion of the two rigid 

body, P Q

α βh QP r r   . where P

αr and Q

βr  

represent the position vector of joint point P and Q in 
global coordinates respectively. From equidistant 
constraint condition [2], we have 
 
 

Q

P
h

B¦ Á
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Fig. 3. Notation for relative equidistant constraint. 

  rr 2 2= 0Th h r h h r      , (3) 

 
 = ( ) 0rr T T Q P T Q T P

α αh h h r r h r h r           , (4) 

 
where r is the length of clearance. From Eq. (3) and 
Eq.(4), the vector bond model of revolute joint 

clearance can be built and shown in Fig. 4, where P
α
r  

and Q
βr  are the velocity vector corresponding to joint 

point P and Q in global coordinates respectively, 
P
α
r =[ P P

α αx y  ]T, [ ]TQ Q Q

βx y   r . Q

βF  and P

αF  are 

the constraint force vectors acting on the joint point 

Q and P respectively, where 
TQ Q Q

β βx βyf f   F , 

TP P P

α αx αyf f   F , Q

βxf , Q

βyf , P

αxf , P

αyf  represent  

constraint forces at point Q and P of body Bβ  and 

Bα  in x and y direction. the modulus matrices of 

MTF can be read from Eq.(4) directly. 
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Fig. 4. Vector bond graph model for revolute  
joint clearance. 

 
 
4. Example System 
 

A crank rocker mechanism driven by an electric 

motor is shown in Fig. 5. ABl  0.102 m, 

1BCl  0.61 m, 
2C Dl  0.406 m, ADl =0.559 m, the 

clearance 
1 2C C  55 10 mr   . Every link is 

uniform and the mass center can represented by  

ABC  
1BCC  and 

2DCC . The mass of every  

link 1.362245kgABm  , 
1

1.362245kgBCm  , 

2
0.908163kgC Dm  . The rotational inertia relative 

to mass center of every link 20.0635kg mABJ    

(including motor rotor), 
1

20.17kg mBCJ   , 

2

20.0499kg mC DJ   . For the driving motor, 

armature induction La=0.05H, armature resistance 

ar =0.4, coupling parameter T=0.876 Nm/A, rotor 

damping aD =0.226 Nms/rad, inputting voltage 

TV =60 V, the initial electric current of armature 

(0)ai =0. 

This example is a typical electromechanical 
coupling system with a revolute joint clearance. By 
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the procedure described above, the system vector 
bond graph model can be made and shown in Fig. 6. 
Part I represents the bond graph model of electric 
motor [3], part II represents the vector bond graph 
model of crank rocker mechanism and part III, the 
vector bond graph model of revolute joint clearance. 
For simplification, only one revolute joint clearance 
is considered here, other revolute joint clearances can 
be also included by the same method.  

The constraint force vectors of joints can be 

considered as unknown source vectors, such as 
12

Se , 

18
Se , 

31
Se , 

43
Se  in Fig. 6, and added to the 

corresponding 0-junctions to eliminate differential 
causality caused by the geometric constraints 
between the bodies of the system. Thus, the 
corresponding algorithm [12] can be used directly. 

Inputting the initial values of state variable 
vector, the physical parameters of the system, and the 
junction structure matrices [12] into the program 
associated with the procedure [12] based on 
MATLAB [13], the system dynamic equations and 
constraint force equations can be derived and solved 
automatically, the system responses and the resultant 
constraint forces at the joints are obtained and shown 
in Fig. 7-Fig. 10. 
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Fig. 5. Crank-rocker mechanism with one revolute joint clearance. 
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Fig. 6. Vector bond graph model of system. 
 
 

For this example, the Newton-Euler method [1, 2] 
was used to determine the corresponding responses of 
the system, the results are in good agreement with 
that obtained by the procedure in this paper. 
However, this process is very labor-intensive and 
tedious. Thus the reliability and efficiency of the 
modelling and dynamic simulation of complex 
multibody systems can be improved by the procedure 
presented here. 

5. Conclusions 
 

The vector bond graph procedure presented here 
is very suitable for dealing with computer aided 
modeling and simulation of complex systems with 
the coupling of multi-energy domains. Compared 
with traditional scalar bond graph method, this vector 
bond graph procedure is more suitable for complex 
planar linkage because of its more compact and 
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concise representation manner. The method to model 
planar linkage with revolute joint clearances by 
vector bond graph provides important foundation for 
automatic modeling and simulation of complex 
multi-body systems. Besides these, the differential 
causalities in the vector bond graph model of planar 
linkage with revolute joint clearances can be avoided 
by the bond graph augment method proposed here, 

thus the algebraic difficulties in system automatic 
modeling and simulation can be overcome. By the 
corresponding algorithm, the automatic modeling and 
simulation for electromechanical coupling system 
with a revolute joint clearance can be realized 
successfully. These lead to significant extensions in 
the theory and application of vector bond graph 
techniques and dynamics of mechanism. 

 
 

    
 

Fig. 7. Armature electric current ai . Fig. 8. The angular displacement of crank. 

 
 

    
 

Fig. 9. The angular velocity of crank. Fig. 10. The resultant constraint force of joint B. 
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