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Abstract: In this paper the generalized Fibonacci class zone plates with varying structural parameters are 
proposed to generate the fixed-position foci. Unlike the generalized Fibonacci and modified Thue-Morse zone 
plates, the proposed zone plate can generate more subsidiary foci and the construction method is applicable to 
many kinds of bi-focal zone plates. The construction method of the proposed zone plate is illustrated and the 
focusing property of the proposed zone plate has been verified with simulations. The Fibonacci, Thue-Morse, m-
bonacci and precious mean sequences are the common bi-focal sequences. It was proved in the simulation that the 
position of one of the foci of a generalized Fibonacci class zone plate based on the common bi-focal sequence can 
be kept constant when the structural parameters change and the generalized Fibonacci class zone plates based on 
the common bi-focal sequences can generate more subsidiary foci along the optic axis, and the position of one of 
two main foci can be kept constant for two different generalized Fibonacci class zone plates based on the arbitrary-
order common bi-focal sequences. The proposed zone plates can be applied to trap particles at the designated 
plane and generate a clearer image at the described position along the optic axis. 
 
Keywords: Fibonacci class sequence, Generalized Fibonacci class zone plate, Fixed-position foci, Twin foci,  
Bi-focal zone plate. 
 
 
 
1. Introduction 

 

Fixed-position foci surrounded by the subsidiary 
foci can be generated by the aperiodic zone plates and 
have many applications [1]. For example, a fixed-
position focus with many subsidiary foci can be used 
to reduce the chromatic aberration of optical imaging 
[2], generate multiple vortices [3] and trap particles in 
the designated planes simultaneously [4-5].  

Illustrated with a collimated laser beam, Fibonacci 
zone plates can generate twin main foci with a position 
ratio of the golden mean and equal intensity [6]. 

Similarly, Thue-Morse zone plates produce twin main 
foci surrounded by many subsidiary foci with equal 
intensity and can be used to reduce chromatic 
aberration in optical imaging [7]. Composite Thue-
Morse zone plates enhance the intensities of the twin 
main foci generated by the Thue-Morse zone plates 
[8]. M-bonacci zone plates can generate twin main foci 
located at the positions related to a ratio of the m-
golden mean [9-10]. The generalized mean zone plate 
can generate twin foci with the generalized mean, 
which includes the m-golden mean, precious mean and 
so on [11]. However, when the structural parameters 
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of theses zone plates vary, the focal positions will 
change, too. Although the generalized Fibonacci zone 
plates with the special seeds produce twin foci with the 
fixed positions [12] and the modified Thue-Morse 
zone plates with the optical path difference method 
and the modified structure can generate twin foci 
located at the fixed positions [13-14], the zone plates 
generate few subsidiary foci, which would be 
unfavorable in the reduction of chromatic aberration. 
Generally speaking, the above-mentioned zone  
plates with varying structural parameters are difficult 
to generate a fixed-position focus with more  
subsidiary foci. 

In recent years, the aperiodic photonic crystals 
have been found to possess many unique properties. 
For instance, the fractal photonic crystals can generate 
self-similarity transmission spectrum [15] and 
Fibonacci photonic crystals can generate 
omnidirectional band gaps, mode beating and strong 
pulse stretching [16-17]. Thus, the photonic crystal 
based on the proposed sequence will also have many 
study-worthy properties. 

In this paper we will propose a generalized 
Fibonacci class zone plate (GFiCZP). With varying 
structural parameters, the GFiCZPs can generate a 
fixed-position focus and more subsidiary foci along 
the optic axis. The construction method of the 
proposed zone plate is general and can be applied to 
construct many kinds of bi-focal zone plates. The 

focusing properties of the GFiCZP will be studied  
with simulations. 

 
 

2. Design 
 

As we know, a zone plate consists of alternate 
transparent (A) and opaque (B) zones. The common 
bi-focal zone plates such as Fibonacci, Thue-Morse, 
m-bonacci and precious mean zone plates are 
constructed on the basis of the Fibonacci, Thue-Morse, 
m-bonacci and precious mean sequences [14], 
respectively. For the GFiCZP, n Bs are added in front 
of each letter A of the above-mentioned sequences.  
n is a non-negative integer and represents the count of 
the added Bs. The modified sequences are of the 
generalized Fibonacci class sequences, which include 
the Fibonacci class sequences based on the 
substitution rules of A → BnAB and B → BnA related 
to the precious mean sequences [14]. The Fibonacci, 
Thue-Morse, m-bonacci and precious mean sequences 
are the corresponding generalized Fibonacci class 
sequences with n=0. For simplicity, the Fibonacci 
sequence of the fifth order is taken for an example to 
illustrate the construction method of the generalized 
Fibonacci class sequence. Fig. 1(a) and Fig. 1(b) show 
the Fibonacci sequence of the fifth order  
and the corresponding generalized Fibonacci class 
sequence, respectively.  

 
 

 
 

Fig. 1. Schematics of (a) the Fibonacci sequence and (b) the generalized Fibonacci class sequence of the fifth order. 
 

 
In fact, the Fibonacci sequence of the fifth order in 

Fig. 1(a) is also the corresponding generalized 
Fibonacci class sequence with n=0 in Fig. 1(b). It is 
worth mentioning that the GFiCZP can be generated 
with a transmission function ( )q ζ  based on the 

generalized Fibonacci class sequence. The 
transmission function ( )q ζ is written as (1), 
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where ( )2
r aζ = , [ ]0,1ζ ∈ is the normalized square 

radial coordinate, S  is the order, and NS is the total 
count of the elements for the generalized Fibonacci 

class sequence of the S-th order. In Equation (1), ,S jt  

is “1” or “0” when the jth element of the corresponding 
generalized Fibonacci class sequence is “A” or “B”, 
respectively. Thus, the sequence of each order consists 
of NS equal parts, and each part has the same length of 

1S Sd N= . Figs. 2(a-d) show the transmittance pupil 
functions of the Fibonacci, Thue-Morse, 3-bonacci 
and silver mean zone plates of the fourth order, 
respectively. It should be noted that the 3-bonacci 
sequence is the m-bonacci sequence with m=3 [9] and 
the silver mean sequence is the special case of the 
precious mean sequence [14].  

Figs. 3(a-d) show the transmittance pupil functions 
of the corresponding GFiCZPs with n=2, respectively. 

 
 

3. Focusing Properties of the GFiCZP 
 

When a collimated laser beam passes through a 
GFiCZP, the axial irradiance of the GFiCZP can be 
calculated with the Fresnel approximation in (2) [7], 
 

212

0
( ) 4 ( )exp( 2 )I u u q u dπ ζ π ζ ζ= −  (2) 

 
Combining (1) and (2) one can obtain (3),  
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In Equation (2), 2 / (2 )u a zλ=  is the reduced axial 

coordinate, λ  is the wavelength of light and  
z  is the axial distance from the zone plate. From 
Equation (3) we can obtain intensity of the beam at any 
axial position. 

For convenience, the fifth-order Fibonacci, fourth-
order Thue-Morse, fifth-order 3-bonacci and fourth-
order silver mean sequences are taken together for 
comparison to study the focusing properties of the 
GFiCZPs. Figs. 4(a-d) show the axial intensity 
distributions of the GFiCZPs based on the  
Fibonacci, Thue-Morse, 3-bonacci and silver mean 
sequences, respectively.  

 
 

 
 

Fig. 2. Transmissions of (a) the Fibonacci,  
(b) Thue-Morse, (c) 3-bonacci and (d) silver mean zone 

plates of the fourth order, respectively.

 
Fig. 3. Transmissions of the GFiCZPs with n=2 based on (a) 
the Fibonacci, (b) Thue-Morse, (c) 3-bonacci and (d) silver 

mean sequences of the fourth order, respectively.
 
 

 
 

Fig. 4. The axial intensity distributions of the GFiCZPs with n=0, 1, 2 and 3 based on (a) the Fibonacci,  
(b) Thue-Morse, (c) 3-bonacci and (d) silver mean sequences, respectively. 

 

 
Lines 1-4 in Fig. 4(a) show the axial intensity 

distributions of the GFiCZPs based on the Fibonacci 
sequence with n=0, 1, 2 and 3, respectively. Lines 1-4 
in Figs. 4(b-d) show the axial intensity distributions of 
the GFiCZPs based on the Thue-Morse, the 3-bonacci 
and the silver mean sequences, where n=0, 1, 2 and 3, 
respectively. It can be seen from Fig. 4(a) that the u 

values of the foci in lines 1-4 around the dashed lines 
are [4.64, 4.82, 4.89, 4.94], respectively. The u values 
of the corresponding foci in Figs. 4(b-d) are [10.71, 
10.87, 10.96, 11.02], [7.23, 7.19, 7.15, 7.14] and 
[12.10, 12.09, 12.08, 12.07], respectively. Thus, the u 
values around the dashed lines for the main or 
subsidiary foci in Figs. 4(a-d) are approximately the 
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same. Therefore, the position of one of the foci of the 
GFiCZPs can be kept constant with varying structural 
parameters. The distributions of the subsidiary foci in 
lines 3 and 4 are denser than those in lines 2 and 3, 
respectively. Thus, the GFiCZP can generate more 
subsidiary foci along the optic axis. Interestingly, it 
can be seen from Fig. 4(a) that the u values  
of two main foci in lines 1-4 are [(3.36, 4.64),  
(4.82, 8.18), (4.89, 13.11), (9.78, 13.22)], respectively.  
The corresponding u values of two main foci in 
Figs. 4(b-d) are [(5.28, 10.72), (10.87, 13.13),  
(13.21, 18.79), (18.86, 21.14)], [(5.77, 7.23),  
(7.18, 12.82), (12.76, 14.24), (14.20, 19.80)] and 
[(4.90, 12.10), (12.09, 16.91), (12.07, 28.93),  
(24.10, 28.90)], respectively. It can be observed that 
the u values of one of two main foci are approximately 
the same for lines 1-2, 2-3 and 3-4 in Fig. 4(a). The 
same property can be found in Figs. 4(b-d). Therefore, 
the positions of one of two foci can also be kept 
constant for two different GFiCZPs. 

In fact, the GFiCZPs based on the arbitrary-order 
bi-focal sequences have the same focusing property. 
In the following, we will study the focusing properties 
of the GFiCZPs based on the arbitrary-order bi-focal 
sequences, such as the Fibonacci, Thue-Morse,  
3-bonacci and silver mean sequences and so on. 

Firstly, Figs. 5(a-c) show the axial intensity 
distributions of the GFiCZPs based on the Fibonacci 
sequences of S=4, 5 and 6, respectively. Lines 1-4 in 
Fig. 5(a) show the axial intensity distributions of the 
GFiCZPs with n=0, 1, 2 and 3 based on the Fibonacci 
sequence of S=4. Lines 1-4 in Fig. 5(b) and Fig. 5(c) 
show the axial intensity distributions of the referred 
other GFiCZPs, respectively. It can be seen from 
Fig. 5(a) that the u values of the foci in lines 1-4 
around the dashed lines are [3.15, 3.19, 3.19, 3.19], 
respectively. The u values of the corresponding foci in 
Fig. 5(b) and Fig. 5(c) are [4.64, 4.81, 4.89, 4.92] and 
[8.06, 8.08, 8.08, 8.08], respectively. It can be 
observed that the u values for the foci around the 
dashed lines in Figs. 5(a-c) are approximately the 
same. Therefore, the position of one of the foci of a 
GFiCZP based on the arbitrary-order Fibonacci 
sequence can be also kept constant when the structural 
parameters change. The subsidiary foci in lines 3 and 
4 are more than those in lines 2 and 3, respectively. 
Thus, the GFiCZP based on the Fibonacci sequence 
can generate more subsidiary foci along the optic axis. 
Interestingly, it can be seen from Fig. 5(a) that the  
u values of two main foci in lines 1-4 are [(1.85, 3.15), 
(3.19, 4.81), (3.19, 7.81), (6.21, 7.79)], respectively. 
The corresponding u values of two main foci in 
Fig. 5(b) and Fig. 5(c) are [(3.36, 4.64), (4.81, 8.19), 
(4.89, 13.11), (9.78, 13.22)] and [(4.94, 8.06),  
(8.08, 12.92), (8.08, 20.92), (16.10, 20.90)], 
respectively. Thus, the u values of one of two main 
foci are approximately the same for lines 1-2, 2-3 and 
3-4 in Fig. 5(a). The same property applies for the lines 
in Fig. 5(b) and Fig. 5(c). Therefore, the position  
of one of two foci can be kept constant for two 
different GFiCZPs based on the arbitrary-order 
Fibonacci sequences. 

Next, Figs. 6(a-c) show the axial intensity 
distributions of the GFiCZPs based on the Thue-
Morse sequences of S=3, 4 and 5, respectively. Lines 
1-4 in Fig. 6(a) show the axial intensity distributions 
of the GFiCZPs with n=0, 1, 2 and 3 based on the 
Thue-Morse sequence of S=3. Lines 1-4 in Fig. 6(b) 
and Fig. 6(c) show the axial intensity distributions of 
the referred other GFiCZPs, respectively. It can be 
seen from Fig. 6(a) that the u values of the foci in lines 
1-4 around the dashed lines are [5.13, 5.24, 5.29, 5.32], 
respectively. The u values of the corresponding foci in 
Fig. 6(b) and Fig. 6(c) are [10.71, 10.87, 10.96, 11.02] 
and [21.17, 21.20, 21.21, 21.22], respectively. It can 
be observed that the u values for the foci around the 
dashed lines in Figs. 6(a-c) are approximately the 
same. Therefore, the position of one of the foci of a 
GFiCZP based on the arbitrary-order Thue-Morse 
sequence can be also kept constant when the structural 
parameters change. The subsidiary foci in lines 3 and 
4 are more than those in lines 2 and 3, respectively. 
Thus, the GFiCZP based on the Thue-Morse sequence 
can generate more subsidiary foci along the optic axis. 
Interestingly, it can be seen from Fig. 6(a) that the  
u values of two main foci in lines 1-4 are [(2.87, 5.13), 
(5.24, 6.76), (6.81, 9.19), (9.23, 10.77)], respectively. 
The corresponding u values of two main foci in 
Fig. 6(b) and Fig. 6(c) are [(5.29, 10.71),  
(10.87, 13.13), (13.21, 18.79), (18.85, 21.15)] and 
[(10.83, 21.17), (21.20, 26.80), (26.81, 37.19),  
(37.20, 42.80)], respectively. Thus, the u values of one 
of two main foci are approximately the same for lines 
1-2, 2-3 and 3-4 in Fig. 6(a). The same property 
applies for the lines in Fig. 6(b) and Fig. 6(c). 
Therefore, the position of one of two foci can be kept 
constant for two different GFiCZPs based on the 
arbitrary-order Thue-Morse sequences. 

Then, Figs. 7(a-c) show the axial intensity 
distributions of the GFiCZPs based on the 3-bonacci 
sequences of S=5, 6 and 7, respectively. Lines 1-4 in 
Fig. 7(a) show the axial intensity distributions of the 
GFiCZPs with n=0, 1, 2 and 3 based on the 3-bonacci 
sequence of S=5. Lines 1-4 in Fig. 7(b) and Fig. 7(c) 
show the axial intensity distributions of the referred 
other GFiCZPs, respectively. It can be seen from 
Fig. 7(a) that the u values of the foci in lines 1-4 
around the dashed lines are [7.23, 7.19, 7.16, 7.14], 
respectively. The u values of the corresponding foci in 
Fig. 7(b) and Fig. 7(c) are [13.04, 13.04, 13.04, 13.04] 
and [23.75, 23.85, 23.89, 23.92], respectively. It can 
be observed that the u values for the foci around the 
dashed lines in Figs. 7(a-c) are approximately the 
same. Therefore, the position of one of the foci of a 
GFiCZP based on the arbitrary-order 3-bonacci 
sequence can be also kept constant when the structural 
parameters change. The subsidiary foci in lines 3 and 
4 are more than those in lines 2 and 3, respectively. 
Thus, the GFiCZP based on the 3-bonacci sequence 
can generate more subsidiary foci along the optic axis. 
Interestingly, it can be seen from Fig. 7(a) that the  
u values of two main foci in lines 1-4 are [(5.77, 7.23), 
(7.19, 12.81), (12.76, 14.24), (14.20, 19.80)], 
respectively. The corresponding u values of two main 
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foci in Fig. 7(b) and Fig. 7(c) are [(10.96, 13.04), 
(13.04, 23.97), (13.04, 36.93), (26.04, 36.96)] and 
[(20.25, 23.75), (23.85, 44.15), (23.89, 68.01),  
(47.82, 68.18)], respectively. Thus, the u values of one 
of two main foci are approximately the same for lines 
1-2, 2-3 and 3-4 in Fig. 7(a). The same property 
applies for the lines in Fig. 7(b) and Fig. 7(c). 
Therefore, the position of one of two foci can be kept 
constant for two different GFiCZPs based on the 
arbitrary-order 3-bonacci sequences. 

Finally, Figs. 8(a-c) show the axial intensity 
distributions of the GFiCZPs based on the silver mean 
sequences of S=4, 5 and 6, respectively. Lines 1-4 in 
Fig. 8(a) show the axial intensity distributions of the 
GFiCZPs with n=0, 1, 2 and 3 based on the silver mean 
sequence of S=4. Lines 1-4 in Fig. 8(b) and Fig. 8(c) 
show the axial intensity distributions of the referred 
other GFiCZPs, respectively. It can be seen from 

Fig. 8(a) that the u values of the foci in lines 1-4 
around the dashed lines are [4.54, 4.79, 4.89, 4.92], 
respectively. The u values of the corresponding foci in 
Fig. 8(b) and Fig. 8(c) are [12.10, 12.09, 12.07, 12.07] 
and [28.89, 28.96, 28.97, 28.98], respectively. It can 
be observed that the u values for the foci around the 
dashed lines in Figs. 8(a-c) are approximately the 
same. Therefore, the position of one of the foci of a 
GFiCZP based on the arbitrary-order silver mean 
sequence can be also kept constant when the structural 
parameters change. The subsidiary foci in lines 3 and 
4 are more than those in lines 2 and 3, respectively. 
Thus, the GFiCZP based on the silver mean sequence 
can generate more subsidiary foci along the optic axis. 
Interestingly, it can be seen from Fig. 8(a) that the u 
values of two main foci in lines 1-4 are [(2.46, 4.54), 
(4.79, 7.21), (4.89, 12.11), (9.77, 12.23)], respectively. 

 
 

 
 

Fig. 5. The axial intensity distributions of the GFiCZPs based on the Fibonacci sequences of S=(a) 4, (b) 5 and (c) 6, 
respectively. For the GFiCZPs in each sub-figure, n=0, 1, 2 and 3, respectively. 

 
 

 
 

Fig. 6. The axial intensity distributions of the GFiCZPs based on the Thue-Morse sequences of S=(a) 3, (b) 4 and (c) 5, 
respectively. For the GFiCZPs in each sub-figure, n=0, 1, 2 and 3, respectively. 

 
 

 
 

Fig. 7. The axial intensity distributions of the GFiCZPs based on the 3-bonacci sequences of S=(a) 5, (b) 6 and (c) 7, 
respectively. For the GFiCZPs in each sub-figure, n=0, 1, 2 and 3, respectively. 
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Fig. 8. The axial intensity distributions of the GFiCZPs based on the silver mean sequences of S=(a) 4, (b) 5 and (c) 6, 
respectively. For the GFiCZPs in each sub-figure, n=0, 1, 2 and 3, respectively. 

 
 
The corresponding u values of two main foci in 

Fig. 8(b) and Fig. 8(c) are [(4.90, 12.10),  
(12.09, 16.91), (12.07, 28.93), (24.10, 28.90)] and 
[(12.11, 28.89), (28.96, 41.04), (28.97, 70.03),  
(57.95, 70.05)], respectively. Thus, the u values of one 
of two main foci are approximately the same for lines 
1-2, 2-3 and 3-4 in Fig. 8(a). The same property 
applies for the lines in Fig. 8(b) and Fig. 8(c). 
Therefore, the position of one of two foci can be kept 
constant for two different GFiCZPs based on the 
arbitrary-order silver mean sequences. 
 
 
4. Conclusions 

 
To summarize, we proposed the GFiCZPs to 

generate a fixed-position focus and more subsidiary 
foci with varying structural parameters of the zone 
plates. The corresponding construction method could 
be applied to other kinds of the bi-focal zone plates. 
The focusing properties of the GFiCZPs based on the 
Fibonacci, Thue-Morse, m-bonacci and precious mean 
sequences were studied in the simulations. The 
simulation results verified the focusing properties of 
the GFiCZP, which would have potential applications 
in the fields of optical trapping, optical imaging and 
photonic crystal. 
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