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Abstract: The light scattering of objects is essential for its wide applications in optical measurement for the merit 
of convenience and no-intervention. Although many theories, models and numerical algorithms have been 
developed, the light scattering by large non-spherical objects is still a bottleneck problem in this field. In the 
Vectorial Complex Ray Model (VCRM) we have developed, the wavefront curvature is introduced as a new 
intrinsic property of rays. Due to this new conception, VCRM is shown much convenient and precise to predict 
the light scattering by large non-spherical objects. In this paper, we will present an application of VCRM in the 
light scattering by homogeneous and coated cones. The analysis of the scattering properties calculated by our code 
is also given. We found that for the homogeneous cone, the position of rainbow is very sensitive to the cone slope, 
and for the coated cone, the angle difference between the twin rainbows is highly sensitive to the coating thickness. 
This work is hoped to provide new ideas for real-time and non-intrusive measurement of liquid jets and  
tapered fibers. 
 
Keywords: Light scattering, Homogeneous cone, Coated cone, Vectorial Complex Ray Model, Rainbow, Liquid 
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1. Introduction 

 

Optical measurement techniques are being applied 
in many fields to obtain information about the 
scatterers due to their advantages of being non-
intrusive, rapid and reliable. The theories and models 
to describe the relation between the scattered light and 
the different kinds of particles are essential.  

However, most optical techniques are limited to 
spherical particles or very small objects because of the 
lack of theories and models for large non-spherical 
objects. For examples, liquid jets breakup [1-2] is 
essential for atomization process whereas the cross 
section of a liquid jet, even in the simplest 

configuration, varies with the distance from the exit; 
furthermore, the tapered fibers [3-4] have recently 
attracted considerable interest for a wide variety of 
photonic applications [5-6], and those types of fibers 
have linearly varying cross sections. To develop 
relevant optical measurement technique, we must be 
able to predict the scattering of such kinds of objects. 

In Vectorial Complex Ray Model (VCRM) [7-8] 
we developed in recent years, the wavefront curvature 
is introduced as an intrinsic property of rays. This new 
conception improves considerably the precision of 
classical ray models. Moreover, by vectorizing the 
light rays, the calculation for the directions of 
scattering rays is considerably simplified, especially in 
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the cases of 3D non-spherical objects [9-10]. In this 
paper, we will apply VCRM to the study on the light 
scattering of homogeneous and coated cones.  

The outline of this paper is as follows: Section 2 
describes the models of homogeneous and coated 
cones. In Section 3, the ray tracing method for 3D 
objects is introduced. Section 4 shows the simulation 
results and discusses the scattering characteristics of 
homogeneous and coated cones. Section 5 summarizes 
our results. 

 
 

2. Mathematical Models of Homogeneous 
and Coated Cones 

 
The schematic diagrams of homogeneous and 

coated cones are shown in Fig. 1. The transversal 
radius of the homogeneous cone r  is a linear function 
of z : 

 

( )r z a bz= + , (1) 
 

where a  is the initial radius at z =0, and b  is the 
slope along the cone axis. The homogeneous cone  
has a refractive index of 2n , and its surroundings are 

of 1n . 
 
 

 
 

Fig. 1. Schematic diagrams of homogeneous 
and coated cones. 

 
 

While for the coated cone, two functions are 
needed to describe its internal and external surfaces.  

 
( )
( )

1 1 1

2 2 2

For external surface: =

For internal surface : =

r z a b z

r z a b z

+
+

 (2) 

 
The inside medium is usually referred to as the 

core, while the coated medium is refered to as the 
coating. The refractive indices of the surroundings, 
coating and the core are 1n , 2n  and 3n , respectively. 

Besides, the thickness of the coating rΔ  at a position 

z is defined as ( ) ( )1 2r z r z− . 

Each of the surface functions in Eqs. (1) and (2) 
can be written in the implicit form ( ), , 0F x y z = . The 

unit vector normal to this surface at an arbitrary point 
can be obtained by calculating the gradient: 

 

( ) 2 2 2ˆ , ,x y z x y zn F F F F F F= + + , (3) 

where xF , yF  and zF  represent the partial differentials 

F x∂ ∂ , F y∂ ∂  and F z∂ ∂ , respectively. 
 
 

3. Ray Tracing Method for 3D Scattering 
 

In VCRM, the directions of light rays are 
represented by their wave vectors, and a local 
coordinate system is established at the point of 
interaction. This can considerably simplify the 
computation for the directions of refracted and 
reflected waves. When a light ray ik  is incident on the 
surface of a 3D object, the plane of incidence incΣ  is 

defined by the incident wave vector ik  and the normal 
vector n̂ . Here we introduce an auxiliary vector v̂  as: 

 

 (4) 
 

Then the unit vector τ̂  tangent to the object surface 
and located in incΣ  is obtained by: 
 

 (5) 
 

The relation between these quantities are 
illustrated in the Fig. 2. 

 
 

 
 

Fig. 2. Local coordinate system ( )ˆˆ ˆ, ,n vτ  at the surface 

of a 3D object is introduced to describe the incident wave 
vectors ik , the reflected rk  and the refracted tk . 

 
 

The normal and tangent components of the 
incident wave vector ik  can be evaluated by 

ˆi i
nk n= ⋅k  and ˆi ikτ τ= ⋅k , respectively. According to 

the Snell law that the tangent component of the wave 
vector is continuous at the boundary, i.e. the tangent 
components of the wave vectors of the incident  
wave, the reflected wave and the refracted wave  
are identical: 
 

 (6) 
 

The normal components are calculated by 
 

, (7) 

 

where tk  is the wave number of the refracted wave. If 

total reflection occurs, there is no refracted ray in the 
framework of ray optics. 

ˆ ˆ ˆi iv n n= × ×k k

ˆ ˆ ˆv nτ = ×

i r tk k kτ τ τ= =

2 2

                 reflected wave

       refracted wave

r i
n n

t i
n t

k k

k k kτ
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= −
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Then, the refracted wave vector tk  in the local 

coordinate bases ( )ˆˆ ˆ, ,n vτ  is obtained as ˆˆt t t
nk n kττ= +k , 

and its expression in the global coordinate bases 

( )ˆ ˆ ˆ, ,x y z  is acquired by: 
 

 (8) 

 
The reflected wave vector rk  can be calculated in 

a similar way. 
Besides, to describe the directions in 3D space, the 

azimuth angle ϕ  and the elevation angle ψ  are used. 
The former is the angle made with the XOZ plane (the 
incident rays are along the x-axis), and its value

( )atan2 ,  y xk kϕ = ; while the latter depicts how much 

a ray is elevated from the horizontal plane, and it is 

evaluated as ( )arctan z x yk k kψ = +2 2 . 

Another problem in ray tracing is to find the 
coordinates of the next interaction point. Here we 
introduce the distance factor t , then the ray between 
two successive interaction points in a homogeneous 
medium can be expressed as: 

 

, (9) 

 
where ( ), ,x y zk k k  is the wave vector which originates 

from the interaction point ( ), ,N N Nx y z . Then the 

coordinates of next interaction point can be solved by 
substituting Eq. (9) into the surface function, i.e. 
 

 (10) 

 
This is an equation with one variable. Then the 

problem of seeking the next point of interaction is now 
boiled down to solving this equation [9]. 

In the specific case of a homogeneous cone with a 

radius of ( )=r z a bz+ , the current point ( ), ,N N Nx y z  

and the next point of interaction ( )1 1 1, ,N N Nx y z+ + +  

satisfy the same surface function, so we have 
 

(11) 

 
from which we can deduce the distance factor t  for a 
homogeneous cone (the solution t = 0  corresponds to 
the current point and should be omitted): 
 

 (12) 

 
While for a coated cone, it becomes a little 

complicated. Let’s suppose the current point is on the 

cone of ( )=i i ir z a b z+ , while the next point is on the 

cone of ( )=j j jr z a b z+ , where i and j are equal to 

either 1 or 2 but i j≠  if the two points are on different 

surfaces. They satisfy 
 

(13) 

 
This set of equations can be reduced as 

 
, (14) 

 
where the coefficients A, B and C are defined as 
 

 (15) 

 
Then, the solution to the variable t  is obtained as

( ),  t t B B AC A= − ± −2
1 2 4 2 . Actually, in the case 

when the two successive points are on the same cone, 
i.e. i ja a=  and i jb b= , the coefficient C  is equal to 

0, and this leads to t B A= −  which coincides with the 

solution for a single homogeneous cone (see Eq. (12)). 
In another case, if the next point of interaction is on 
the surface of another cone, i.e. i ja a≠  and i jb b≠ , 

the two solutions t1  and t2  correspond to two 

intersection points, and we need to judge which one 
maps the actual point of interaction: if t1  and t2  are of 

different signs, the right answer to t  is the positive 
one; if both of them are positive, the smaller one is the 
right answer. In the end, by substituting the obtained 
value of t  into Eq. (9), the coordinates of the next 
point of interaction are acquired. 

Through the procedure introduced above, the 
directions and the exit positions of all scattering rays 
can be calculated. In the following section, the 
simulation results for the light rays scattered by 
homogeneous and coated cones are presented. 

 
 

4. Results 
 
In this work, plane wave of incidence is concerned. 

And in the framework of ray optics, the plane wave 
can be simulated as the aggregation of vast discrete 
rays which are parallel to each other [11-13]. 
 

t t t
x n x x

t t t
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t t t
z n z z

k k n k

k k n k

k k n k
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= +   
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N y
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= + ⋅

= + ⋅

( ), , 0N x N y N zF x t k y t k z t k+ ⋅ + ⋅ + ⋅ =
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4.1. Light Rays Scattered by Homogeneous 
Cones 

 
The homogeneous cone used in simulation has an 

initial cross section of ( )0 0.5 mmr a= = and a 

variable slope b. The wavelength of the incident light 
632.8λ =  nm, the refractive indices 1 1n =  and 

2 1.333n = . The simulation result is shown in Fig. 3. 

The z  value of the plane where the incident rays 
are located is 0.5 mm, and p  is the order of the 

scattering rays (following the convention, the 
scattering rays of p  order have undergone p +1 times 

of interaction with the particle). We can see from 
Fig. 3 that the scattering rays of different p  orders are 

no longer in the same plane, which means the 
interference at infinity (or on a focal plane of a 
collection lens) only happens between the rays with 
the same p . That is very different from the scattering 

of a circular cylinder.  
 
 

 
(a)  (radius expands with ) 

 

 
(b)  (radius contracts with ) 

 
Fig. 3. Tracing of the light rays scattered by an expanding 

cone and a contracting cone. For clarity, only the scattering 
rays of 2p ≤  are drawn. 

 
 

However, as shown in Fig. 4, the scattering rays of 
p ≥ 2  may still concentrate at the extremal angle of 

their own. We define the density of the scattering rays 
as the percentage of the number of the rays arriving at 
an interval of 1 , i.e. 

 

 (16) 

Moreover, to mark the incident positions of 
different incident rays, a quantity ζ  called impact 
factor is used. The incident ray which impacts the cone 
axis has an impact factor ζ = 0 ; while ζ = 1 indicates 
the ray of grazing incidence. 

For example, as shown in Fig. 4, the density η  of 
the p = 2  rays shows a distinct peak around 138°, at 

which the azimuth angle ϕ  (varies with ζ ) reaches a 
minimum value. These angles for 2,  3,  4,  ...p =  

define respectively the horizontal positions of the 1st, 
2nd, 3rd ... rainbows [14-15]. 

 
 

 
 

Fig. 4. The azimuth angle distribution of the 2p =  and 

p = 3  rays. The parameters are the same as in Fig. 3(b). 
 
 

It was found that the angular positions of the 
rainbows, especially the elevation angles, are very 
sensitive to the slope of cone. By changing the value 
of the slope, the corresponding spatial positions of the 
1st rainbows are calculated and are given in Fig. 5. 

 
 

 
 

Fig. 5. Variation of the spatial position ( ),ϕ ψ of the 1st 

rainbow with the cone’s slope b . 
 
 

We can see that as the slope b  varies from -0.05 to 
0.05 (the homogeneous cone is changed from slightly 
contracting to slightly expanding), the elevation angle 
ψ  of the 1st rainbow is altered from .−8 8  to .+8 8 , 
while the azimuth angle ϕ  varies in range of 

. ,  .  137 9 138 3  . When b = 0 , the homogeneous cone 

degenerates into an infinite cylinder with all scattering 
rays located in the horizontal plane. This explains why 
the elevation angle equals 0 in this case. 

.b = 0 05 z

.b = −0 05 z

number of rays in 1
100%

total number of rays
η = ×
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4.2. Light Rays Scattered by Coated Cones 
 

For a coated cone, we are concerned about the 
scattering rays that have been internally reflected once 
respectively by the core and the coating (the classes α  
and β  rays shown in Fig. 6). This setup is chosen 
because these light rays permit to study relatively 
easily the formation of the twin rainbows [16-19].  

 
 

 
 

Fig. 6. Top view of the paths of the α  and β  rays. 

 
 

In [17], the authors studied on the twin rainbows of 
coated cylinders and found that the angle differences 
between the two rainbows are tightly related to the 
thickness of coating. In this paper, we will study the 
light rays scattered by a coated cone whose inner and 
outer radii vary linearly. It is more complicated but is 
of same importance. 

In the case of 1 2 3n n n< > , for example the air-

water-air model, there is no extremal angle for the 
scattering rays of class α  or β , then twin rainbows 
do not exist. When the refractive index model is of 

1 2 3n n n< < , the twin rainbows can be formed.  

Here we note the rainbow formed by those class α  
rays as the α  rainbow, and that by the β  rays as the 
β  rainbow. 

The coated cone in our simulation is composed of 
two concentric circular cones, and the two cones are 
of different slopes: the external and internal surfaces 
are set as . .r z= −1 0 5 0 10  and . .r z= −2 0 4 0 05  mm, 

respectively; and the air-water-glass model ( 1 1n = , 

2 1.333n =  and 3 =1.615n ) is applied. The tracing 

result for the α  and β  rays is given in Fig. 7. 
In Fig. 7, the z  value of the plane where incident 

rays are located, noted as iZ  in the following part,  

is 0.5 mm. 

We can see that the  rays and  rays have their 
own extremal angles. The extremal value of the 
azimuth angles and the corresponding elevation angle 
define the spatial position of rainbow. In the following 
part, we will analyze how the positions of the  and 

 rainbows are distributed as  changes.  

By moving the plane of incident rays from 
 mm to  mm, the azimuth angles  

and the elevation angles  of the twin rainbows are 
calculated (See the Table 1 and Fig. 8). We can see 
from the Table 1 and Fig. 8 that, as  changes from 

0.5 mm to 1.5 mm, the azimuth angle  of the  

rainbow is increased by 4.8° , while the  rainbow is 

decreased by 2.8°; the elevation angles are almost 
unchanged because they are mainly determined by the 
slopes of the coated cone.  

 

 
(a) Side view 

 

 
 

(b) Top view 
 

Fig. 7. Tracing of the light rays scattered by the coated 
cone. The classes α  and β are the light rays that 

contribute to the twin rainbows. 
 

 
Table 1. Variation of the α  and β  rainbows with iZ . 

 
Zi, mm 0.5 0.7 0.9 1.1 1.3 1.5 

(r1-r2), µm 75 65 55 45 35 25 
ϕ deg. (α) 159.26 160.13 161.04 162.00 163.01 164.08 
ϕ deg. (β) 173.28 172.81 172.30 171.73 171.11 170.43 
ψ deg. (α) -14.99 -15.02 -15.05 -15.08 -15.10 -15.13 
ψ deg. (β) -22.53 -22.50 -22.47 -22.43 -22.39 -22.34 

 

α β

α
β iZ

.iZ = 0 5 .iZ = 1 5 ϕ
ψ

iZ

ϕ a

β

x

y

α

β

1n 2n 3n
1r 2r

α

β
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Fig. 8. Spatial positions of the α  and β  rainbows as iZ  

changes (plotting of the data in Table. 1). 
 
 

Despite the constant slopes of inner and outer 
surfaces, the thickness 1 2r r−  are shrunken from 

75 µm to 25 µm, which is the cause why the azimuth 
angles are shifted.  

It concludes that in the case of a coated cone, the 
elevation angles of twin rainbows are mainly 
determined by the slopes of the inner and outer cone 
surfaces; while the azimuth angles are tightly related 
to the thickness of coating. This sensitivity presents a 
promising way to measure the thickness of the coated 
cone by the angle distribution of the twin rainbows. 
 
 
5. Conclusions 
 

The ray tracing method based on VCRM is 
discussed in detail. By the ray tracing method, the light 
rays scattered by homogeneous and coated cones are 
simulated, and the analysis of the scattering properties 
are given in the framework of geometrical optics. It 
was found that the spatial positions of the rainbows by 
a homogeneous cone are very sensitive to the cone 
slope; and for a coated cone, the elevation angles of 
the twin rainbows are mainly determined by the inner 
and outer slopes, while the difference in the azimuth 
angles of the twin rainbows is tightly related to the 
thickness of coating. A full calculation for the 
amplitude and the phase with VCRM is being 
undertaken. This work is hoped to explore and 
understand the physical mechanism of light scattering 
by 3D irregular objects, and to provide new ideas to 
carry out non-intrusive measurement for liquid jets of 
circular or annular cross section, and the  
tapered fibers. 
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