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Preface

Preface
The principles of signal processing are using widely in telecommunications, control
systems, sensors, smartphones, tablets, TV, video- and photo-cameras, computers, audio
systems, etc. Taking into account the growing tendency of analog and digital signal
processing applications, it was decided by IFSA Publishing to start a new multivolume
Open Access Book Series on ‘Advances in Signal Processing: Reviews’ in 2018. It will
be the 8th ‘Advances’ Book Series from different engineering areas, published by IFSA
Publishing since 2012. In order to significantly increase the reach and impact of this
volume, the open access book is published in both formats: electronics (pdf) with fullcolour illustrations and print (paperback).
Written by 43 experienced and well-respected experts from universities, research centres
and industry from 14 countries: Argentina, Australia, Brazil, China, Ecuador, France,
Japan, Poland, Portugal, Spain, Switzerland, UK, Ukraine and USA the ‘Advances is
Signal Processing: Reviews’, Vol. 1, Book Series, contains 13 chapters from the signals
and systems theory to real-world applications. The authors discuss existing issues and
ways to overcome these problems as well as the new challenges arising in the field. The
book concludes with methods for the efficient implementation of algorithms in hardware
and software. The advantages and disadvantages of different approaches are presented in
the context of practical examples.
The first chapter tackles the problem of the study of the suitability of Artificial Intelligence
based radar detectors as solutions for the problem of detecting targets with unknown
parameters. In Chapter 2 some basic concepts of non-negative matrix factorization are
introduced, and what the ground-truth basis extraction and model order determination are
to get better understanding about data. Furthermore, authors also discuss a general
statistical Bayesian model for ground truth base extraction and model order determination
are, and how they play the important roles in learning parts of objects. Chapter 3 presents
the essential aspects of the so-called Complex Wavelet Additive Synthesis algorithm.
Although authors are focused on the audio applications, this algorithm has been
successfully adapted and tested in other branches of science such as the analysis of seismic
and biomedical signals, and it has many other potential applications as astronomy and
astrophysics, image processing and economics, among others. Finally, two applications
of the algorithm are presented: estimation of fundamental frequencies and blind audio
source separation. In Chapter 4 a compilation of the resents advances in acoustic feedback
cancellation using cepstral analysis is presented. In Chapter 5 the covariance analysis of
periodically correlated random processes for unknown non-stationarity period is
discussed in details. The Chapter 6 reviews the development of automatic tools for userfriendly colourisation. Recent techniques addressing this problem using deep neural
networks, and novel network architecture with information fusion are also described. In
Chapter 7 the study of several aspects related to Low Power Wide Area Networks,
including the sensitivity and constant envelope along with the strategies employed to
achieve long range communication is presented. Chapter 8 describes Deep Belief
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Networks and its applications in evaluation of vehicle interior noise. In Chapter 9 the
selection of technical diagnostic symptoms for technical condition assessment and
prognosis are presented. Chapter 10 presents the approach of implementing a nonlinear
Acoustic Echo Canceller using a dynamic micro-speaker model. In Chapter 11 the new
‘State Representation Methodology (SRM) and its application to bridge condition
assessment based on the bridge monitoring data are described. In Chapter 12 the on-line
diagnosis in induction motors and load is analysed. Special attention is given to the
analysis of the ability of these techniques for predictive maintenance in industrial
applications. In Chapter 13 the use of Optical Flow techniques is explored to synthesize
the vocal-folds dynamics.
In order to offer a fast and easy reading of each topic, every chapter in this volume is
independent and self-contained. All chapters have the same structure: first, an introduction
to specific topic under study; second, particular field description including sensing or/and
measuring applications. Each of chapter is ending by well selected list of references with
books, journals, conference proceedings and web sites.
‘Advances in Signal Processing: Reviews’ is a valuable resource for graduate, postgraduate students, researchers, practicing engineers and scientists in electronics,
communications, and computer engineering, including artificial intelligence.

Dr. Sergey Y. Yurish
Editor
IFSA Publishing
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Chapter 1

Artificial Intelligence Based Approach
for Robust Radar Detection in Maritime
Scenarios
David Mata-Moya, María-Pilar Jarabo-Amores,
Manuel Rosa-Zurera, Nerea del-Rey-Maestre
and Pedro-José Gómez-del-Hoyo1

1.1. Introduction
Radar detection can be formulated as a binary hypothesis test, where H1 is the alternative
hypothesis (target present) and H0 is the null hypothesis (target absent). The Neyman
Pearson (NP) criterion is usually applied for designing radar detectors. In Fig. 1.1, the
general structure of a scanning radar is presented. The NP detector maximizes the
probability of detection (PD), while maintaining the probability of false alarm (PFA) lower
than or equal to a given value [1].
If 𝐳 is the observation vector generated at the output of the synchronous detector
and 𝑓 𝐳|𝐻 and 𝑓 𝐳|𝐻 are the detection problem likelihood functions, a decision rule
based on comparing the Likelihood Ratio (LR), Λ 𝐳 , or any other equivalent discriminant
function, with a detection threshold, ηLR, fixed attending to PFA requirements, is an
implementation of the NP detector [1]. This approach requires a complete statistical
characterization of the observation vector under both hypotheses, and significant detection
losses are expected when the true likelihood functions are different from those assumed
in the LR detector design [2, 3].
𝐻
Λ 𝐳

𝐳|
𝐳|

𝜂

𝑃

.

(1.1)

𝐻
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Fig. 1.1. General architecture of a coherent radar receiver. Radar matrix generated
after an antenna scan.

In many practical situations, the interference model is a basic element in the design and
simple target models are usually assumed. The fact is that target statistics in most cases
cannot be estimated from measurements in the operating environment, while clutter ones
can be really estimated. Although different target statistical models can be used, target
parameters such as the signal-to-interference ratio, the one-lag correlation coefficient or
the Doppler shift, are usually modeled as random variables, and the detection problem
must be formulated as a composite hypothesis test. If the likelihood functions under H1
depend on , which is a random variable in the parameter space , the decision rule
expressed in (1.2), consisting in comparing the Average Likelihood Ratio (ALR) to a
detection threshold fixed according to PFA requirements, is an implementation of the NP
detector [1].

Λ 𝐳

|

𝐳| ,
𝐳|



𝐻
𝜂

𝑃

.

(1.2)

𝐻

The ALR formulation usually leads to integrals without analytic solution, and suboptimal
approaches are proposed: numerical approximations of the ALR, or the Generalized
Likelihood Ratio (GLR), which uses the maximum likelihood estimation of the
parameters governing the likelihood functions in the LR, as if they were correct [1, 4-6].
Note that GLR test requires infinite number of LRs detector to cover all possible values
of , so an implementation cannot be carried out. As an alternative, the Constrained
Generalized Likelihood Ratio (CGLR) is expressed in (1.3) where K is the finite number
of LR detectors designed for equispaced discrete values in the expected variation range of
. CGLR detectors are used in this chapter as a reference for comparative purposes in
terms of detection capabilities and computational complexity.
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𝐻
max Λ 𝐳, 𝜃

𝜂

𝑃

𝑘

1, … , 𝐾.

(1.3)

𝐻
This chapter tackles the design of intelligent agents based detectors for approximating the
NP detector in composite hypothesis tests. In [7, 8] concluded that the NP detector can be
approximated by using a learning machine trained to minimize a suitable error function
with a training set consisting of experimental data, but without prior knowledge of the
likelihood functions and without statistical models assumed in the design. Solutions based
on neural networks [9, 10] and Support Vector Machines (SVMs) [11, 12] have been
applied to approximate the NP detector in radar applications. The main drawbacks of these
detectors schemes are the difficulty of obtaining representative training samples, and the
selection of the best learning machine architecture. In this chapter, Multilayer Perceptron
(MLP), Radial Basis Function Neural Networks (RBFNNs), Second Order Neural
Network (SONN) and cost sensitive-SVM (2C-SVM) are designed and the NP
approximation evaluated.
Real data acquired by a coherent, pulsed and X-band radar deployed on Signal Hill by
Council for Scientific and Industrial Research (CSIR) [13] were considered. Finally,
detection capabilities provided by the CGLR and intelligent agents based detectors were
presented with the real dataset. SONN based detector presents a detection performance
very similar to the CGLR one with computational cost that can be compatible with real
time operations.

1.2. Case Study
Usually, for the formulation of the detection problem, observation vectors are assumed to
be composed of interference under hypothesis H0, and interference-plus-target echoes
under hypothesis H1. If the scanning radar is assumed to collect P target echoes in a scan,
(where T denotes the transpose
and each complex input pattern, 𝐳
𝑧̃ , … , 𝑧̃
operator) is composed by P complex samples, whose real and imaginary parts are the inphase and in-quadrature components, respectively. The main objective is the design of a
decision rule capable of processing the input vector 𝐳 to assign 1 to the matrix cells
containing target echo components, and 0 to matrix cells containing only noise and clutter
components, with a specified PD and PFA.
Without loss of generality, according to the objectives of proving the suboptimum
character of practical implementations and the capability of intelligent agents to
approximate the ALR, the detection of Gaussian fluctuating targets with unknown
Doppler shift in presence of correlated Gaussian interference is considered. In marine
environments, the Gaussian clutter model fits with real data acquired by low resolution or
high resolution with low sea state [14]. A hypothetical radar similar to the X-band radar
deployed on Signal Hill by Council for Scientific and Industrial Research (CSIR) was
considered [13]. In [15], there is measurement trials available to the international radar
research community.
23

Advances in Signal Processing: Reviews. Book Series, Vol. 1

Signal Hill location provided 140º azimuth coverage of which a large sector spanned open
sea whilst the remainder looked towards the West Coast coastline from the direction of
the open sea. Grazing angles ranging from 10º at the coastline to 0.3º at the radar
instrumented range of 37.28 NM (Nautical Miles) were obtained. The Pulse Repetition
Frequency (PRF) was 2 kHz and the range resolution is 15 m. A collaborative 4.2 m
inflatable rubber boat that can be considered as a point target, was used during some
measurements (Fig. 1.2).

Fig. 1.2. Small boat deployed during the Signal Hill measurement trial [15].

Datasets were recorded with different local wind conditions. The average wind speed
varied between 0 knots and 40 knots and the significant wave height ranged between 1 m
and 4.5 m. For sea state below or equal to two (related to waves height) or a Beaufort
number below or equal to two (related to wind speed), the Rayleigh distribution can be
used for modelling sea clutter amplitude, so the Gaussian model is suitable for the inphase and in-quadrature components [16, 17].
1.2.1. Target Model
In radar literature, the most extended target models are based on the ones proposed by
Peter Swerling [18]. Swerling I and II are particular cases of complex Gaussian targets.
Expression (1.4) represents the elements of the covariance matrix of a vector of P samples
of a complex Gaussian target with Gaussian Auto Correlation Function (ACF): h and d
are the row and column indexes, respectively, ps is the target power, s is the one-lag
correlation coefficient, and s is the Doppler shift normalized with respect to the
PRF [3, 19].
𝐬𝐬

𝑝 ⋅𝜌

,

|

|

⋅ 𝑒

ℎ, 𝑑

1, … , 𝑃,

(1.4)

s and s are defined in (1.5) where s, vR and  are, respectively, the standard deviation
of the target Gaussian spectrum, the target radial velocity with respect to the radar system,
and the wavelength.
ρ
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In the present work, the Swerling I model (s = 1) was used to model vessel echoes
acquired by marine radars [20].
1.2.2. Interference Model
The power of sea clutter echoes is characterized by the Radar Cross Section, RCS. The
RCS can be defined as a (fictional) area that intercepts a part of the power incident at the
target which, if scattered uniformly in all directions, produces an echo power at the radar
equal to that produced at the radar by the real object [21]; it is measured in square meters.
RCS of sea clutter depends on factors such as the frequency, the grazing angle, the
polarization and the sea state, and was modelled as a Gaussian random variable, and the
covariance matrix of the interference composed of clutter plus Additive White Gaussian
Noise (AWGN), which is defined as:


,

𝑝 ⋅𝜌

|

|

𝑝 𝛿

ℎ, 𝑑

1, … , 𝑃,

(1.6)

where 𝑝 is the noise power,  is the Kronecker delta, and 𝑝 and 𝜌 are the clutter
power and the one-lag correlation coefficient respectively. The relationships between pc,
pn and ps can be described as:
 The Clutter-to-Noise Ratio: CNR = 10ꞏlog10(pc/pn);
 The Signal-to-Interference Ratio: SIR = 10ꞏlog10(ps/(pn+ pc)).

1.3. Reference CGLR Detectors
If s is known, the LR detector for the simple hypothesis test can be expressed as in (1.7),
where 𝐳∗ denotes the complex conjugated vector.
| |𝑒

𝐳 𝑇 𝐐𝐳 ∗

|

being 𝐐





𝐬𝐬

𝐬𝐬 |

𝐻
𝜂

𝑃

,

(1.7)

𝐻

.

In the problem of detecting targets with unknown Doppler shift, s can be modeled as a
random variable varying uniformly in [0, 2) [22]. The ALR detector, formulated in (1.8),
involves the calculus of a complex integral. A CGLR composed of K LR detectors
designed for discrete values of s equally spaced in [0, 2), a CGLRK detector from now
on, can be used (Fig. 1.3).
| |𝑒
|

𝐳 𝑇 𝐐𝐳 ∗

𝐬𝐬 |

𝐻
𝑑Ω

𝜂

𝑃

.

(1.8)

𝐻
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Fig. 1.3. CGLRK detector.

Rule (1.9) with K = 2P, CGLR2P, is proposed as a good approximation to the NP detector
for non-fluctuating targets in colored Gaussian interference [4]. Considering that each
sum, product and exponential function is a simple operation on the processor, the
quadratic form 𝐳 𝑇 𝐐𝐳 ∗ requires 8ꞏP2 + 6ꞏP-2 operations. Then a CGLRK detector needs
Kꞏ(8ꞏP2 + 6ꞏP-2) + K-1 operations.

max

| |𝑒
|

𝐳 𝑇 𝐐𝐳 ∗

𝐬𝐬 |

𝐻
𝜂

𝑃

𝑘

1, … , 𝐾.

(1.9)

𝐻

1.4. Intelligent Detectors
The main drawback of the considered practical implementation based on CGLRK is the
high computational cost. In this chapter, intelligent agent based detectors are designed for
approximating the ALR in order to improve the detection capabilities of the conventional
implementations based on Doppler processors, with a computational cost significantly
lower than the CGLR detector.
Learning machines trained in a supervised manner using a suitable error function are able
to approximate the NP detector [7, 8]. Under these conditions, the final approximation
error will depend on the architecture, the training set, and the training algorithm. MLPs,
RBFNNs, SONNs and SVMs are considered to study the intelligent agent with the best
suitable architecture for detecting targets with s varying uniformly in [0, 2). In
Fig. 1.4, the intelligent agent output is compared to a threshold fixed according to PFA
requirements, (PFA), for deciding about the presence or absence of a target.
As real arithmetic was used, each P-dimensional complex observation vector 𝐳 , was
transformed into a 2P-dimensional real one composed by the real, ee{}, and the
imaginary, \Å{}, parts (z = [ee{𝑧1 },..., ee{𝑧𝑃 }, \Å{𝑧1 }, …, \Å{𝑧𝑃 }] = [z1, …, z2P], so
an input layer of 2P nodes was required.
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Fig. 1.4. Intelligent Agent based solution.

1.4.1. Intelligent Agent Architectures
Different intelligent agent architectures are considered:
 MLPs with one hidden layer and sigmoid activation functions have been proven to be
able to compute a uniform 𝜖 approximation to a given set of pre-classified training
patterns [23]. In (1.10) the function implemented by the MLP is presented (Fig. 1.5),
. From now on, MLP detectors
where the activation function 𝑓 𝑥
1/ 1 𝑒
were denoted as MLP 2P/M/1 (2P = 16 inputs, M hidden layers and one output).
𝑦 𝐳

𝑓 𝑏

∑

𝜔 ⋅ 𝑓 𝑏

∑

𝑧 ⋅𝜔

.

(1.10)

Fig. 1.5. MLP 2P/M/1 detector.

 In RBFNNs, the activation of each neuron depends on the distance between the input
vector, z, and a prototype one, c. They are usually composed of two layers (Fig. 1.6):
a first layer composed of RBFs, and an output layer of linear neurons.
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Fig. 1.6. RBFNN 2P/M/1 detector.

The universal approximation theorem [24] provides the theoretical basis for the design
of RBFNNs with Gaussian basis functions, whose variances, j2, are parameters to be
adjusted. In those cases, the function implemented by the RBFNN is shown in (1.11).
They were denoted as RBFNN 2P/M/1 (2P = 16 inputs, M hidden layers and one
output)
𝐳 𝐜

𝑦 𝐳

𝑏

∑

𝜔 ⋅ 𝑒

.

(1.11)

 SONNs, composed of processing units that implement second order combinations of
the elements of the input vector, have been proven to be able to approximate any
functional mapping to arbitrary accuracy, and, because of that, constitute a universal
class of parametric multivariate nonlinear mappings [25, 26]. Considering a
2P-dimension observation space, the output of the general second order processing unit
can be calculated as:
𝑦 𝐳

𝑓 ∑

𝜔

𝑧

∑

∑

𝜔

𝑧

𝑧 ,

(1.12)

where j(1) are the first-order weights, ji(2) are the second-order weights. The
information supplied by the second order terms gives rise to translation and rotation
invariance. As these neural networks require fewer training passes and smaller training
sets to achieve good generalization capabilities, a higher performance is expected at
the expense of a combinatorial increase in the weights number [26]. Because of that,
SONNs with only one quadratic neural unit were used, that corresponds with the neural
architecture presented in Fig. 1.7 with M = 1. They will be denoted as
SONN 2P/2P2 + 3P/1 (2P = 16 inputs, vector with dimension (2P2 + 3P) containing
the first and second order terms of the input vector, and one output).
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Fig. 1.7. SONN 2P/2P2 + 3P/1 detector.

 In 2C-SVMs, the function implemented by the learning machine is a linear function of
the results of mapping the input pattern z into a higher dimensional space [ with the
functions Φ(zi, zj), that are known as kernel functions. The parameters of the learning
machine are the weights vector , the support vectors, svi (i = 1, … , Nsv), the bias
constant, b, the cost of the possible errors (Cꞏ is the extra cost associated with the false
alarms and Cꞏ(1-) the extra cost associated with the detection losses) and the
parameters the functions Φ(zi,zj) depend on. In the training process, these parameters
are adjusted to define the hyperplane which maximizes the separating margin between
the two classes. The function implemented by the learning machine is defined in (1.13).
In this work, 2C-SVMs are designed assuming a quadratic kernel function as kernel
one (1.14). They will be denoted as SVMNsv(,C) (Nsv the number of support vectors
obtained with the design parameters C and  related to the generalization capacity and
cost asymmetry).
𝑦 𝐳
𝛷 𝐳 ,𝐳

𝜔  𝐳, 𝐬𝐯

∑
1

∑

𝑧,

𝑏,
𝑧,

(1.13)
.

(1.14)

Considering that each sum, product and exponential function is a simple operation on the
processor, the number of required operations to obtain a decision with the intelligent agent
based solutions is detailed in Table 1.1.
Table 1.1. Study of the computational complexity of the intelligent agent based solutions.
Intelligent agent
MLP 2P/M/1
RBFNN 2P/M/1
SONN 2P/2P2 + 3P/1
SVMNsv (, C)

Number of operations
(4P + 3)M + 2
(6P + 3)M + 1
6P2 + 7P + 1
Nsv(8P + 3)
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1.4.2. Error Function of the Training Process
The training set will be denoted as Z = Z0 ∪ Z1 and is composed of N = N0 + N1 training
patterns generated under H0 and H1 respectively. The desired output or decision associated
with the training subspace Zi will be denoted as 𝑡 . The selected error functions, e(N), in
the training process are:
 The mean squared error, used for RBFNN and SONN training process, or error surface
of the specified classification problem is defined as:
∑

𝑒 𝑁

∑∀𝐳∈ |𝑦 𝐳

𝑡 | .

(1.15)

 Cross-entropy error, used in MLP training algorithm, defined in (1.13) where 𝑡 is
the complementary of 𝑡 , was proposed in [27] to maximize the output related to the
class to which the input vector belongs and minimize the output of all the others:
∑

𝑒 𝑁

∑∀𝐳∈

log

𝑦 𝐳

𝑡

.

(1.16)

 The separation hyperplane defined by 2C-SVM can be obtained mathematically by
minimizing the cost function expressed in (1.17) where i are slack variables that relax
the separability constraints. The minimization problem can be also expressed as the
sum of a loss function or error function, e(N), and a regularization term,
|𝝎| , (1.18). The u(ꞏ) denotes the Heaviside step-function.
min
,,

|𝝎|

Cγ ∑ ∈ ξ
1

subject to 𝑔
𝑚𝑖𝑛
,

|𝝎|

𝑒 𝑁

𝑡 𝑦 𝐳

𝑚𝑖𝑛
,

1

C 1

𝜉 and 𝜉

|𝝎|

𝛾 ∑∈ 𝑔

γ ∑∈ ξ
0,

𝛾 ∑∈ 𝑔
u 𝑔

.

(1.17)
u 𝑔
(1.18)

When the mean squared error or cross-entropy error are used, and the approximated
functions by the neural networks, (1.10), (1.11) or (1.12), are compared to a detection
threshold fixed according to PFA requirements (MLP, RBFNN, SONN), the resultant decision
rule is an implementation of the NP detector [7, 8]. However, the error function considered
in the optimization problem of the 2C-SVM training process allow only, for SVM = 0, the
approximation of one point of the NP detector that depends on  value, the parameter
responsible of the asymmetric assignment of costs associated with the two types of error
[12]. Then, only a 2C-SVM trained with the right  value is able to maximize the PD
fulfilling the PFA requirements. In addition, the training set size is finite and the C
parameter will be used to increase the generalization capability. A grid search in C- space
must be carried out to approximate the desired point of the NP detector.
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1.5. Experiments and Results
This section is dedicated to the detectors design and performance evaluation for the case
study: detecting Swerling I targets with unknown s in Gaussian interference.
(P = 8)-dimensional complex observation vectors were composed of interference under
H0, and interference plus target under H1.
Training and validation sets have been generated with patterns belonging to both
hypothesis with the same prior probability, P(H0) = P(H1) = 0.5. The training sets used
for neural networks are composed of 50,000 randomly distributed patterns from H0 and
H1, while validation sets are composed of 10,000 patterns. SVM training sets size should
be reduced to acquire the necessary knowledge controlling the computational cost
associated with the Nsv. In these results, 2C-SVM training sets size are 500 patterns
randomly distributed.
Montecarlo techniques were applied, guaranteeing an estimation error lower than 10 %.
The desired PFA is set to 10-4.
1.5.1. Detectors Design
In Fig. 1.8, Receiver Operation Curves (ROCs) of CGLR detectors for CNR = 20 dB and
c = 0.9 are presented. This CNR value defines a non-dominant clutter detection problem,
where the receiver thermal noise can not be discarded [2, 3]. Selected SIR values
guarantee a PD higher than 0.7 for the PFA values of interest (10-6  PFA  10-4). Values of
K  {8, 16, 32} were considered. For the considered c and SIR values, a CGLR16 was
selected as a compromise solution between detection performance and
computational cost.

Fig. 1.8. Estimated ROCs for CGLRK detectors for Swerling I target with unknown s  [0, 2),
SIR = 10 dB, CNR = 20 dB and c = 0.9.

A batch or off-line training mode has been used. For MLPs and SONNs, weights are
adjusted using methods based on the conjugate gradient [28]. For RBFNN, a fully
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supervised training process based on genetic algorithms to ensure that all free parameters
are adjusted to minimize the mean square error is considered [29]. For each case, the
training process was repeated ten times, and the performances of the trained neural
networks were evaluated to check if all of them were similar in average.
The number of neurons in the hidden layer, M, of the MLP and RBFNN detector is
selected after a trial and error process to obtain a compromise solution between detection
performance and computational cost. In Fig. 1.9, estimated ROCs of MLP 16/M/1 for M
ranging from 14 to 23 are presented. The best results are obtained for the MLP 16/17/1,
because for less hidden neurons, a loss in detection capabilities is observed, while for
bigger architectures, there is no significant improvement in detection capabilities.
Considerable detection losses are observed with respect to the CGLR16. This
approximation error revealed that the MLP is not the best intelligent agent architecture to
implement the NP detector for the case study.

Fig. 1.9. Estimated ROCs for MLP 16/M/1 detectors compared to the CGLR16 one.
Swerling I target with unknown s  [0, 2), SIR = 10 dB, CNR = 20 dB and c = 0.9.

In Fig. 1.10, a similar study is carried out for RBFNNs with M = {2, 4, 6, 8} and the
provided detection performance is even worse than that associated with MLP detectors.
The combination of spherical Gaussian RBFNN is also not suitable for the case study.
As only one quadratic unit is used in the SONN approach, this architecture is fixed, and
no further study is required. In Fig. 1.11, ROCs estimated for the three types of neural
networks based detectors and the CGLR16 are presented. The resulted performance
provided by the SONN detector revealed that this architecture based on first and second
order relations implemented the best approximation to the CGLR16 ROC.
In Fig. 1.12, the grid search in the C and  space to select the best 2C-SVM is depicted.
The represented logarithmic PFA values are estimated using SVM = 0. Results presented
in Table 1.2 confirm that the pair ( = 0.99, C = 10) provides a good approximation to the
CGLR16 performance for PFA = 10-4. Anyway, SONN detector provides the best
compromise solution between detection capability and computational cost.
32

Chapter 1. Artificial Intelligence Based Approach for Robust Radar Detection in Maritime Scenarios

Fig. 1.10. Estimated ROCs for RBFNN 16/M/1 detectors compared to the CGLR16 one. Swerling
I target with unknown s  [0, 2), SIR = 10 dB, CNR = 20 dB and c = 0.9.

Fig. 1.11. Estimated ROCs for SONN 16/152/1 detector compared to the CGLR16,
MLP 16/17/1 and RFBNN 16/4/1 ones. Swerling I target with unknown s[0, 2),
SIR = 10 dB, CNR = 20 dB and c = 0.9.

Fig. 1.12. 10log(PFA) resulted from a grid search in (, C) for 2C-SVM. Swerling I target
with unknown s  [0, 2), SIR = 10 dB, CNR = 20 dB and c = 0.9.
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Table 1.2. Study of the computational complexity of the intelligent agent based solutions.
Detectors
CGLR16
MLP 16/17/1
RBFNN 16/4/1
SONN 16/152/1
SVM263( = 0.99, C = 10)

Number of operations
8,943
597
205
441
17,621

PD
0.9115
0.8874
0.6621
0.9088
0.9004

1.5.2. Real Scenario
Finally, the robustness of the proposed detectors that present similar detection capabilities
to CGLR16 (SONN 16/152/1 and SVM263( = 0.99, C = 10)) was evaluated using a real
radar dataset. The data were acquired by a pulsed Doppler X-band radar with an
instrumented range of 37.28 NM, located on Signal Hill (Cape Town, South Africa)
(Fig. 1.13) [15].

Fig. 1.13. Plan overview of radar deployment site [15].

The selected file is the number Dataset 08-028.TStFA, and main parameters of the
acquisition are summarized in Table 1.3 [15]. There is no available information about
target speed or GPS data. The squared envelope in logarithmic units of the first pulses of
the 1,045 patterns for all range cells is presented in Fig. 1.14.
Attending to local wind conditions, the average wind speed is associated with a Beaufort
number of 2 corresponding to light breeze, small wavelets and crests of glassy appearance,
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not breaking. Under these conditions, Rayleigh distribution can be used for modeling sea
clutter amplitude independent of the grazing angle and the range resolution [17].
Table 1.3. Acquisition specifications of Dataset 08-028.TStFA.
Acquisition Time: 33.9625 s (1,045 patterns)
Range Extend: 2248.4 m (151 gates)
Patterns of 64 complex samples
Antenna Elevation: -2.071º Azimuth: 355.3 N
Wind speed: 4.62 kts, 246.5 N

Fig. 1.14. Logarithmic squared amplitude of the first pulses of the patterns for all range cells
of Dataset 08-028.TStF.

After a statistical analysis the target and interference Gaussian models parameters are:
c = 0.8, pc = 0.3510, s[-0.0491, 0.0982] rad, ps = 20.7564 and SIR = 17.72 dB [17].
Attending to the available data in 1,045 patterns and 151 range cells, a PFA = 10-4
estimation error lower than 25 % was expected. Although there is P = 64 available pulses,
results were obtained considering P = 8 pulses according to the designed solution in
Sections 1.3 and 1.4.
Fig. 1.15 shows the CGLR16, SONN and SVM detectors outputs and the estimated
centroids for the real radar database. Three detection schemes clearly detect the target
trajectory. Estimated PFA and PD values for the considered detectors are detailed in
Table 1.4. Estimated PD values obtained with SONN and SVM based solutions are very
close to the PD provided by the CGLR16, although CGLR16 and SVM detectors requires
very much number of operations than the SONN one. Then, SONN 16/152/1 detector
trained with s[0;2) is the best solution to approximate the NP detector controlling the
computational cost.
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Fig. 1.15. Estimated centroids for Dataset 08-028.TStF: CGLR16 (top-left), SONN 16/152/1
(top-right), SVM263( = 0.99, C = 10) (bottom).
Table 1.4. Evaluation of detection performances with Dataset 08-028.TStFA.
Detectors
CGLR16
SONN 16/152/1
SVM263( = 0.99, C = 10)

PFA
1.553ꞏ10-4
1.758ꞏ10-4
1.0503ꞏ10-4

PD
0.8016
0.7910
0.8008

1.6. Conclusions
This chapter tackles the problem of the study of the suitability of Artificial Intelligence
based radar detectors as solutions for the problem of detecting targets with unknown
parameters. In practical situations, the statistical properties of the clutter can be estimated
and tracked in some degree, but the parameters of the targets are very difficult to estimate.
The sensitivity of the LR detector to target parameters such us the correlation coefficient
and the Doppler shift can be very high, giving rise to high detection losses when the values
assumed in the LR design differ from the real target ones. If the unknown parameters are
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random variables of known probability density function, the decision rule based on the
ALR test is an implementation of the NP detector. In many situations, this solution leads
to intractable integrals that can be approximated using complex mathematical
approximations or alternative solutions based on the CGLR or intelligent agent
based solutions.
Supervised learning machines are able to approximate the NP detector if a suitable error
function is used during the training process. Under these conditions, the final
approximation error will depend on the architecture, the training set and the difficulty of
obtaining representative training samples, and the training algorithm:
 MLPs have been trained using the cross-entropy error function and SONNs and
RBFNNs with the mean-squared error. Both error functions fulfil the sufficient
condition defined in [7, 8] to approximate the NP detector. Assuming the same training
set for the neural detectors, the final approximation error depends on the architecture
or the way the neural network builds the decision boundaries and the problem that must
be solved.
 2C-SVMs, that allow the control of the cost associated to the two possible errors with
the parameters C and , have been trained using the slack variables
𝜉
1 𝑡 𝑦 𝒛 u 1 𝑡 𝑦 𝐳 . When the function approximated by the
2C-SVM assuming N and C is compared to a threshold SVM = 0, the resulted
decision rule is able to approximate only one point of the NP detector ROC defined by
the usually unknown relationship between  and PFA [12]. In a general problem, the
training set size is finite and the C parameter will be used to increase the generalization
capability, so a grid search in C and  should be carried out to select the 2C-SVM that
provides the maximum PD fulfilling the PFA requirements.
The case study to evaluate the capability and suitability of the intelligent agent based
solutions to approximate the NP detector consists in detecting Swerling I targets with
unknown s in Gaussian interference. In marine environments, the Gaussian interference
model fits with real data acquired by low resolution or high resolution with low sea state
or high incidence angle.
The ALR detector was formulated and sub-optimum approaches based on the CGLR were
analyzed to define a reference detector. If the radar can collect P point target echoes in a
scan, a CGLR2P can provide a good approximation to the ALR. Its main drawback is its
high computational cost. Artificial intelligence based solutions are proposed to provide
similar detection performance to that associated with CGLR2P with a significantly lower
computational cost. The proposed strategy consists of generating training set composed
of patterns under H1 assuming a uniform variation of the target unknown parameter.
The considered detection schemes are evaluated with synthetic patterns generated under
H0 and H1 defined by the case study. The comparison of ROCs and computational cost
confirm that SONN 16/152/1 presents the best results. SONN detector outperforms the
other considered neural architectures and, besides, can approximate the ROC of the
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CGLR16 with a computational cost significatively much lower. A 2C-SVM detector
trained with ( = 0.99, C = 10) provides a similar PD to that associated with CGLR16 for
the desired PFA = 10-4 with number of operations higher than the required by the
SONN detector.
SONN and 2C-SVM approximations to CGLR16 are also validated with real data acquired
by a coherent, pulsed and X-band radar. The best results are again provided by the SONN
based solution confirming the suitability of this neural architecture and its great robustness
in Gaussian interference against unknown target Doppler shift.
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Robust Hierarchical Bayesian Modeling
for Automatic Model Order Determination
Qingquan Sun and Hau Tao1

2.1. Introduction
In the real world, datasets are usually collected from variety of large and complex sources
having high dimensional spaces, and redundant features. Therefore, extracting reasonable
information from complex datasets to discover hidden data structures is one of the most
challenges in pattern recognition and data mining. From machine learning and data mining
perspective, we always attempt to extract the hidden structure of data. More accurate
hidden structure extraction can achieve better representation and recognition. On the one
hand, the hidden structure indicates the real composition of data; on the other hand, it
enables the factorization to be interpretable. The factorized basis is the most important
parameter to evaluate the accuracy of structure extraction. Furthermore, the accurate
structure could help us get better understanding and analysis of data, thus improving the
performance in applications.
Non-Negative Matrix Factorization (NMF) is the widely used technique to learn basic
features of objects, and it is applied in many applications of science and engineering such
as: image and signal processing, audio and acoustic signal processing, text and semantic
analysis. It outperforms other feature extraction methods because of non-negative,
interpretable, and part-based characteristics. However, how to discover the ground-truth
basis and determine the model orders in NMF is still a critical issue for structure extraction
and data representation. In this chapter, we will introduce some basic concepts of nonnegative matrix factorization, and what the ground-truth basis extraction and model order
determination are to get better understanding about data. Furthermore, we also discuss a
general statistical Bayesian model for ground truth base extraction and model order
determination are, and how they play the important roles in learning parts of objects.

Qingquan Sun
School of Computer Science and Engineering, California State University San Bernardino, CA, USA
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2.1.1. Non-Negative Data Representation
Non-negative values have the natural property to represent the physical meanings of
entities in real world. For example, in the image processing field, an image is made up of
pixels which have non-negative values to represent it. The individual pixel values of
images usually correspond to the physical response in the real 2-D space [1]. Another
example is in medical imaging applications, sometimes we consider internal organs
reconstructions which have the full 3-D dimensionality and the time sequence of these
images as the single 4-D images [1]. Both time sequence and reconstructions have the
non-negative values representing for physical meaning of organs and time sequence. In
the stock market, the prediction of the stock price day by day is so important for trader,
researcher and investor. They use the historical data of stock price and volume information
to obtain the model for forecasting and the time sequence corresponding to price is also
considered for analysis [2]. Naturally, these features such as: price, volume information
and time sequence are always nonnegative, documents are usually represented as relative
frequencies of words in a prescribed vocabulary [3] which never get the negative values.
Therefore, a non-negative value representation is important to recover the physical
meaning of entities as well as discover some hidden interesting information underlying
the datasets. Fig. 2.1 is to illustrate how pixel values are located in the image for
processing purposes. Fig. 2.1(a) is a colored image, and Fig. 2.1(b) is the given pixel
location of such an image in which P (x, y) is the pixel values at location (x, y) (x and y
denotes row and column, respectively) [4].

(a)

(b)

Fig. 2.1. (a) An image sample. (b) The pixel values block diagram corresponding
to such an image.

2.1.2. Sparseness in Data Representation
The approach of sparse distributed coding indicates that there are very few active units
corresponding the large input datasets [5]. Therefore, sparseness is the effective
representation of the data in which redundant features have very low probability (close to
zero) and represented features have higher probability (greater than zero). Therefore,
sparseness representation can represent basic components of the objects. Fig. 2.2 (a) is the
sparse coding diagram in which a very few of output actively represents
multi-dimensional data inputs (e.g. only 4 actively unit outputs correspond to
13 input vector).
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Sparseness is also applied in the image processing process learn about the objects.
Fig. 2.2(b) is to illustrate the sparse coding network. The image patch shows the
12×12 pixel values on the pixel values bar chart, and inputs are transformed to the sparser
scheme as shown on the top bar chart [6].

(a)

(b)

Fig. 2.2. (a) The sparse coding diagram. (b) The image patch and its encoding by the sparse
coding network.

2.1.3. Non-Negative Matrix Factorization and Model Order Determination
2.1.3.1. Non-Negative Matrix Factorization
Given the non-negative dataset X ∈ RM×N (M and N is the number of rows and columns
respectively), we need to decompose into base matrix W ∈ RM×K, and feature matrix
H ∈ RK×N so that W and H satisfy
X

WH s. t. W

0, H

0,

(2.1)

where K, the unknown parameter, is the number of columns on W and the number of rows
on H. K usually is chosen such that K ≤ MN/(M + N) [7]. Fig. 2.3 illustrates the basic
NMF model decomposed into smaller matrices W and H, respectively.

Fig. 2.3. The NMF model representation.
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2.1.3.2. Model Order Determination
The model parameter K is an important factor, which is called model order, to extract the
basis components (ground truth base) and improve NMF’s performance. However, the
determination of K is not easy to achieve because of lack of prior knowledge, so how to
determine the value of K or model order to get better understanding about the data should
get more attentions and investigations. For example, if we suppose that human face is
composed of 4 basis components: mouth, eyes, nose, and eyebrows. If we could build up
the matrix with model order of four, and reveal correctly 4 components we mentioned
above that means we could recognize the certain face based on basis features. Otherwise,
if the model is different from four basic components, that means the face is made up by
other parts.
For example, suppose a human face can be represented only by four basic components:
eyebrows, eyes, nose and mouth, namely, the four basic components are the ground-truth
bases to represent a face. So if we can determine that the model order is 4 and can find the
true bases, then we can accurately represent the face; On the contrary, if we determine the
model order as other numbers rather than 4, then we have to use more than necessary parts
to represent the face. Obviously, some of these parts are not the intrinsic features of a face,
it is not practical to use them to accurately represent the face.
Therefore, the model order determination is important to extract hidden structure of data
and improve the performance [7]. Fig. 2.4 illustrates the face reconstructed by
basic components.

Fig. 2.4. NMF based face representation and interpretation.

2.2. Hierarchical Bayesian Modeling
To improve the quality of NMF performance, some researches have been proposed by
adding further constraints to the decomposition such as sparsity, spatial localization, and
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smoothness, or extending the model to be convolutive. Many extended NMF methods are
derived by adding appropriate constraints and penalty terms to a cost function.
Alternatively, NMF methods can be derived in a probabilistic setting, based on the
distribution of the data. These approaches have the advantage that the underlying
assumptions in the model are made explicit [10].
Some Bayesian inference methods have been proposed and developed to cover the model
order determination and ground-truth basis discovery issues. These methods can be
summarized and represented by a general hierarchical Bayesian model, as shown in
Fig. 2.5, the model consists of three layers: data model, parameter model, and hyperparameter model. The first layer for consideration is data model layer that assumes the
distribution for our data, and the cost function could be simpler or more complicated that
depends on that assumption. If the data distribution has less parameters, our model will
be simpler. Otherwise, it is complicated because of many parameter estimations. In
addition, the multiplicative update rules by taking gradient to find the appropriate factors
are based on the data model. Secondly, we integrate the same parameter λ into the columns
of base matrix, W, and the rows of feature matrix, H, respectively to make our model
automatic and feasible. Finally, to find the best value of λ, we incorporate the
hyper-parameters P(λ) that is important to drive the subset vectors of basis matrix to an
upper bound as well as a subset vectors of feature matrix [7]. At the hyper-parameter layer,
we have two approaches to obtain hyper-parameters: non-informative prior, and
informative prior. The non-informative prior means little information about the
distribution is known, and it is obtained by statistical modeling. Otherwise, informative
prior means we will assume the distribution on a prior with precision parameter λ. In
informative case, the model may be complicated because of estimations on parameters
depend on application and experiments, but it is robust. In the non-informative case, the
model may simpler due to free hyper-parameters estimation, but it may not be robust.

Fig. 2.5. The hierarchical Bayesian inference model structure for NMF.

2.3. Data Model
There are some algorithms developed to determine the model factor K. Some of them are
considered as maximum likelihood NMF under the assumption of data distribution.
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The maximum likelihood (ML) estimate of W and H given by minimizing the negative
log likelihood of them [10]
argmin ℒ W, H ,

ML W, H

(2.2)

,

where ℒ (W, H) is the negative log likelihood of the factors.
In this section, we will present three common distributions for data layer modeling in
NMF optimization: Gaussian distribution, Poisson distribution, and Gamma distribution.

2.3.1. Gaussian Distribution
Assuming the noise in data is following the independent and identical distributed (i.i.d)
Gaussian with σ . We are easy to obtain the Gaussian log-likelihood of W and H
p X|WH, σ

∏ ∏ exp

√

.

(2.3)

The log likelihood function of Eq. (2.3) is obtained accordingly. In fact, the log-likelihood
function plays the role as the costing function
log p X|WH ∝

∑ ∑ X

WH .

(2.4)

Therefore, the ML of W and H could be obtained by taking the gradient of (2.4) [10]
∇ log p X|WH
∇ log p X|WH

W WH
WH

X ,

(2.5)

X H .

(2.6)

2.3.2. Poisson Distribution
If the data is following Poisson distribution that has only one parameter, the entire model
is simpler. Furthermore, its cost function will be Kullback-Leibler divergence
(KL divergence) that is widely used in NMF optimization [7].
Let θ = [WH] and X denote the parameter of Poisson distribution and random variable,
respectively. We can obtain the Poisson probability density function (pdf) with logarithm
ℒ θ

ln p X|WH

∑ ∑ X ln WH
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ℯ
!

-D
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Based on Stirling’s formula [11], the fractal term ln(Xij!) can be simplified and
approximated as
ln X !

X lnX

X .

(2.8)

Substituting (2.8) into (2.7), we have
L θ

lnp X|WH

∑ ∑ X ln

WH

X

D

X|W H . (2.9)

Obviously, the generalized KL-divergence cold be used as the cost function of the model.
2.3.3. Gamma Distribution
We placed priors, dependent on precision-like parameters β = [β1, β2,..., βK] ∈ IRK+ on
both the columns of W and the rows of H. The values of these hyper-parameters, W, and
H are computed iteratively by maximizing the posterior of the parameters given the
data [12].
Assuming the βk following the Gamma distribution, we have
p β |a , b

β

exp

β b ,

(2.10)

1 logβ ,

(2.11)

and the minus log prior of β given by:
log p(β

∑ β b

a

where ak and bk are the hyper-parameters as shape and scale parameters to determine
value of β.

2.4. Parameter Model
2.4.1. Half Normal Distribution
In Bayesian PCS [13], each column k of W (respectively row k of H) is given a normal
prior with precision parameter βk. Similarly, independent half-normal priors over each
column k of W and row k of H are defined by [12], and the priors are tied together through
a single, common precision parameter βk. We set:
p w |β

ℋ𝒩 w |0, β

,

(2.12)

p h |β

ℋ𝒩 w |0, β

,

(2.13)

ℋ𝒩 x|0, β

β

/

exp

βx .

(2.14)
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Eq. (2.14) is the half-normal probability density function (defined for x ≥ 0) parameterized
by the precision (inverse variance) β2.
The minus log-priors can be written as:
logp W|β

∑ ∑

β w

logβ ,

(2.15)

logp H|β

∑ ∑

β h

logβ .

(2.16)

In practice, it is found that the effective dimensionality can be deduced from the
distribution of the βk’ s, and cluster into 2 group: a group of values in same order of
magnitude to relevant components and a group of similar values of much higher
magnitude corresponding to irrelevant components [12]. They defined effective K as
K

| β :β

L

ε |,

(2.17)

where Lk is the upper bound dependent on the prior’s parameters and ε ≥ 0 is a userdefined small constant. The goal is to compute precisely the value of Lk in terms F, N and
the parameter of the prior on βk.
2.4.2. Exponential Distribution
In order to enable our model to be automatic and feasible, we assume that base matrix W
and feature matrix H are independent, and we choose to use the same parameter to model
both the columns of basis matrix and the rows of feature matrix. We define an independent
exponential distribution for each columns of W and each row of H with prior λk to simplify
the complexity of the model. The reason to choose exponential model is that it has the
sharper performance and free of second parameter. From our assumption, the likelihood
of columns of W and rows of H can be represented by [7]
p W

|λ

λ ⋅e

p H |λ

λ ⋅e

,

(2.18)

.

(2.19)

Then we can obtain the log-likelihood of the priors as:
lnp W|λ

∑ ∑ lnλ

λ W

lnp H|λ

∑ ∑ lnλ

λ H

,
.

(2.20)
(2.21)

The inference procedure to find the optimal values of the priors equals to the optimization
process to converge to the ground-truth bases. Through the L2-norm selection, we could
discover that the vectors in W and H finally emerge to two clusters. One cluster includes
the vectors whose L2-norm is much larger than 0, while the other cluster contains the
vectors of which the L2-norm is close to 0. As a matter of fact, the vectors with large
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L2-norm values are the ground-truth bases, and the others are the irrelevant bases. In
addition, the number of such vectors that have larger L2-norms is the real model order [7].

2.4.3. Tweedie Distribution
The β-divergence is a family of cost functions that includes the squared Euclidean
distance, Kullback-Leibler and Itakura-Saito divergences as special cases. The
β-divergence can be mapped to a log likelihood function for the Tweedie distribution,
parametrized with respect to its mean. In particular, the values β = 0, 1, 2 underlie the
multiplicative Gamma observation noise, Poisson noise and Gaussian additive
observation noise respectively. The Tweedie distribution is a special case of the
exponential dispersion model [14], and it has the mean and variance:
var x

Φμ 2

β ,

(2.22)

where µ = E[x] is the mean, β is the shape parameter, and Φ is referred to as the dispersion
parameter The Tweedie distribution is only define for β ≤ 1 and β ≥ 2. For β ≠ 0, 1 its pdf
has the form
𝒯 x|μ, Φ, β

xμ

h x, Φ exp

μ

,

(2.23)

where h (x, Φ) is the base function. 𝒯(x|µ, Φ, β) varies with the value of β, but the set of
values that µ can take on is generally IR+, except for β=2, it is IR, and the Tweedie
distribution coincides with the Gaussian distribution of mean µ and variance Φ. For β = 1
and Φ = 1, the Tweedie distribution coincides with the Poisson distribution. For β = 0, it
coincides with the Gamma distribution with shape parameter α = 1/µ and scale parameter
µ/α. The base function admits a closed form only for β ∈ {−1, 0, 1, 2} [15] The deviance
of Tweedie distribution, i. e., the log likelihood ratio of the saturated (µ = x) and general
model, is proportional to the β-divergence.
log

|
𝒯

, ,

d x|Φ ,

| , ,

(2.24)

where dβ(ꞏ|ꞏ) is the scalar cost function defined:

d x|y

⎧
⎪
⎨
⎪
⎩

, β ∈ R 0,1 ,
xlog

x
log

y, β

1,

1, β

0

,

(2.25)

β-divergence acts as a minus log-likelihood for the Tweedie distribution whenever the
latter is defined.
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2.5. Hyper-parameter Model
2.5.1. Informative Prior
2.5.1.1. Gamma Distribution
From Eq. (2.20), and Eq. (2.21), in order to find the best value for λk, we integrate the
hyper-parameter for λk. The ideal hyper-parameter model only has one parameter, and the
exponential distribution is the only distribution having one free parameter. We could use
Gamma distribution temporally to model λk because Gamma distribution is the conjugate
prior distribution for Exponential distribution. Then the likelihood of λk could be
described as
p λ |α , β

⋅

λ

⋅e

.

(2.26)

Here αk and βk are the priors of λk, and they are the hyper-parameters of our hierarchical
model.
According to Bayes rule, the posterior probability can be represented by:
lnp W, H, λ|X

lnp X|WH

lnp WH|λ

lnp λ|γ .

(2.27)

We have already got the likelihood of each model, then according to Eq. (2.27), we
can get:
lnp W, H, λ|X

D

∑ ∑ λ W

X|WH

∑

lnλ

α lnβ
∑ ∑ λ H

α
lnλ .

1 lnβ
(2.28)

Obviously, there are two hyper-parameters needed to be clarified. Modelling them as
random variables is the same as that of fully Bayesian approach and it is against our lowcomputation requirement. Modelling them as constant indeed simplifies the entire model
and involves low computation, however, how to find the optimal values for them is really
a difficult problem. There is no universal criterion to find the optimal values because they
are really applications dependent. We have to do lots of experiments to try each possible
value to finally find the optimal one [7].
2.5.1.2. Tweedie Distribution
2.5.1.2.1. Choice of Dispersion Parameter Φ
The dispersion parameter Φ represents the trade-off between the data fidelity and the
regularization terms in Eq. (2.23). It needs to be fixed, based on prior knowledge about
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the noise distribution, or learned from the data using either cross-validation or MAP
estimation. In many cases, it is reasonable to fixed based on prior knowledge.
In particular, under the Gaussian noise assumption, we choose β = 2 and Φ = σ 2. Under
the noise assumption, we set β = 1 and Φ = 1. In audio applications where the power
spectrogram is to be factorized, we set α = 1 and Φ = 1. Therefore, Φ choices depend on
the application, and it is not an easy scene [15].
2.5.1.2.2. Choice of Hyper-Parameters a and b
We first focus on the selection of b using the sample mean of data, given a. Then the
selection of a based on the sample variance of the data. The non-negative matrix
factorization in Eq. (2.1) can be written in element form:
v

v

∑ w h .

(2.29)

v , and we
The statistical models to shape parameter β ∉ (1, 2) imply that ℰ v |v
derive a rule for selecting the hyper-parameter b for all β ∈ IR, even though there is no
known statistical model governing the noise when β ∈ (1, 2). When Fn is large, the law of
large number implies that the sample mean of the elements in V is close to the
population mean
μ

△

∑ v

ℰv

ℰv

∑ ℰ w h

.

(2.30)

We can compute ℰ v for the half normal and exponential models using the moments of
these distributions and those of inverse-Gamma for λk
ℰv

, Half Normal
, Exponential

.

(2.31)

By equating these expressions to the empirical mean μ , we can choose b according to
, Half Normal
b

, Exponential

.

(2.32)

By using the empirical variance of V and the relation between mean and variance of the
Tweedie distribution in Eq. (2.22), we may also estimate a from data. However,
experiments showed that the resulting learning rules for a did not consistently give
satisfactory results, especially when F, N are not sufficient large. Therefore, a depends on
application and the more robust estimation of a as well as b and φ would need to be
researched in [15].
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2.5.1.3. Variational Bayesian Distribution
Given X, the NMF algorithm is shown to seek the maximum likelihood estimates of W
and H. In the Bayesian treatment, we further assume that elements of W and H are Gamma
distributed with hyper-parameters Θ
𝒢 x; a, b

exp a

logΓ a

1 log x

alogb),

(2.33)

where 𝒢 denotes the density of a gamma random variable x∈ R with shape a and scale b.
The primary motivation for choosing a Gamma distribution is computational convenience:
Gamma distribution is the conjugate prior to Poisson intensity. The indexing highlights
the most general case where there are individual parameters for each element wfk and fkn.
Typically, we do not allow many free hyper-parameters but tie them depending upon the
requirements of an application. Qualitatively, the shape parameter a controls the sparsity
of the representation. 𝒢 (x; a, b/a) has the mean b and standard deviation b/√a. Hence, for
large a, all coefficients will have more or less the same magnitude b, and typical
representations will be full. In contrast, for small a, most of the coefficients will be very
close to zero, and only very few will be dominating, hence favoring a sparse
representation. The scale parameter b is adapted to give the expected magnitude of
each component [16].
2.5.2. Non-Informative Prior
2.5.2.1. Stirling’s Algorithm
The non-informative prior was proposed by [7]. Non-informative prior is also called
“objective prior”, because it does not introduce any parameter and it shows property by
itself. Non-informative prior is chosen to avoid updating the hyper-parameter because it
is parameter-free.
There are mainly two types of non-informative priors: Translation invariant noninformative prior; and scale invariant non-informative prior. If we choose the scale
invariant non-informative prior, then the likelihood of such prior is in the following form:
p x|η

f

.

(2.34)

Define a function J so that:
J

lnp W, H, λ|X

∑ ∑ Wλ

D

X|WH

+∑ ∑ λH

∑ lnλ .

(2.35)

Therefore, our final objective function becomes:
argmin J s.t W ≥ 0, H ≥ 0 .
, ,
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2.5.2.2. Expectation Maximization (EM) Algorithm
EM algorithm is the most well-known algorithm to estimate the parameters from
incomplete or mixture data in machine learning. It is the iterative algorithm through the
E-step(expectation) and M-step(Maximization). In the E-step, the conditional expectation
of the complete-data log-likelihood is computed on the basis of the observed data and
parameter estimates. In the M-step, parameters are estimated by maximizing the completedata log-likelihood from E-step. Therefore, EM has been applied to obtain maximum a
posteriori(MAP) estimate of mixing matrix [17] such as the base and feature matrix in
model order determination and ground-truth base recognition.
a) Prior Assumption
The goal of using EM method is to estimate accurate model order for non-negative matrix
factorization. This method is an extension of sparse regression via EM proposed in [18].
Considering β = [β1,..., βk] is the hidden/missing data. If in some ways, we could observe,
the complete log-posterior log p (β, σ2 |W H, β) could be obtained:
p WH, σ |X, β ∝ p X|WH, σ p(WH|β) p(σ ) .

(2.37)

Denote X ∈ IRM×N as the data matrix, base matrix W ∈ IRM×K, and feature matrix H ∈
IRK×N, we assume:
p W|β

∏

𝒩 W |0, β

ℋ𝒩 W|0, ψ β

p H|β

∏

𝒩 H |0, β

ℋ𝒩 H|0, ϕ β

,
,

(2.38)
(2.39)

where ψ(β1) = diag (β , β , … , β ), and φ(β2) = diag (β , β , … , β ).
b) Gaussian Log-likelihood
We are easy to obtain the Gaussian log-likelihood
p X|WH, σ

∏ ∏ exp

√

.

(2.40)

c) EM Algorithm Implementation
First, apply logarithms to Eq. (2.37) since p(σ 2) is flat we have:
logp WH, σ |X, β ∝ logp X|WH, σ
∝

MxNlog σ

||

logp W|β
||

W ψW

logp H|β
H ϕH.

(2.41)

E step:
The Q-function, the expected value with respect to W and H as the missing variables of
the complete log-posterior, is obtained by plugging P1(t) and P2(t) in the place of ψ and φ
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Q WH, σ |W , H , σ
||

||

M

W P t W

Nlog σ

H P t H.

Finally, the M-step consists in maxing Q WH, σ |W , H , σ
WH, yielding:

(2.42)
with respect to σ 2 and

M-step:
σ
WH

argmax
argmax

M
||

N log σ
|

W P

||

W

|

H P

,

(2.43)
H .

(2.44)

2.6. Result from Different Methods
In this section, we will discuss the results of model order determination by using a variety
of algorithms. The datasets for testing include: Fence, Swimmer, Face, and Music
datasets.
2.6.1. Fence Dataset
Sun et al. [7] did experiments on Fence dataset applied non-informative hierarchical
Bayesian inference (NHBNMF) that automatically recover the ground truth base and
model order of data. The dataset is consisting of binary images, the size of each image is
32×32. Each image consists of four row bars (the size is 1×32) and four column bars (the
size is 32×1). For every image, the row bars and column bars are valued with 1, while the
other pixels are valued with 0. The row bars and column bars randomly appear at the 8th,
15th, 22nd and 29th horizontal direction and vertical direction positions. Additionally, in
each image the number of row bars and the number of column bars should be the same.
In other words, if there are n (1 ≤ n ≤ 4) row bars in a certain image, then there are n
column bars in this image. Hence, the total number of images in Fence dataset is N = 69.
The sample images of such Fence dataset are shown in Fig. 2.6. Obviously, from the
definition and composition of the Fence dataset we can conclude that there are 8 basic
components of the dataset, which are 4 horizontal bars and 4 vertical bars.
In term of convergence, obviously, the convergence curve of Fence data in Fig. 2.7 shows
that the object function value decreases with the increase of the iteration number, and
finally keep stable on a certain point. It means that the proposed algorithm successfully
converges to a stationary value. Fence dataset can converge after about 60 iterations.
In order to demonstrate the efficiency of the proposed algorithm, we compare the results
with traditional NMF algorithm. Fig. 2.8 (b) shows the learned bases via traditional NMF
model. Since we set the initial model order K = 16, there are 16 base images and each
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image contains a certain learned base component. The learned bases are not single
horizontal or vertical bars. What is the worse, there are some individual points that have
no physical meanings. In comparison, among the learned bases via the proposed
algorithm, only 8 images have non-zero values. Among the 8 images, 4 images include
one vertical bar and 4 images include one horizontal bar. Moreover, both the vertical bars
and horizontal bars appear on the 8th, 15th, 22nd, and 29th column or row. The results
demonstrate that the learned bases via NHBNMF Fig. 2.8(c) are consistent to the design
of Fence dataset (shown in Fig. 2.8(a)) and our non-informative hierarchical Bayesian
algorithm is efficient to find the ground-truth bases of a dataset.

Fig. 2.6. Sample Images of Fence dataset.

Fig. 2.7. Convergence of non-informative
hierarchical Bayesian NMF model on Fence
dataset.

(a)

(b)

(c)

Fig. 2.8. (a) Ground-truth bases of Fence dataset; (b) Learned bases of Fence dataset
via traditional non-negative matrix factorization (NMF) algorithm; (c) Learned bases of Fence
dataset via non-informative hierarchical Bayesian NMF model.
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2.6.2. Swimmer Dataset
Swimmer dataset [19] consists of N = 44 = 256 images, the size of each image is
F = 32×32. Sample image are shown in Fig. 2.9 (a). The dataset has the ground-truth bases
of 16 basic components (17 components if including a torso), so Keff = 16, and we set
K = 50. In [12] fixed hyper-parameter a = 2 is selected, hyper-parameters b, and βk can
converge to the appropriate value after certain iterations, and the 16 ground truth bases
are plotted in Fig. 2.9 (b) with 16 limb positions recovered correctly together with torso.
All the relevance weights corresponding to the relevant components are equal, by
equivalence of all the “parts” represented in the dataset. Although it could recover
correctly ground truth bases and be robust, but it costs time and large computation
compared to NHBNMF. NHBNMF also recovers the correct 16 ground truth base without
prior knowledge in parameters. Although NHBNMF automatically recovers ground truth,
it may not robust and depends on application. In the EM algorithm, we also discover
correctly 17 basic components (including a torso) with probability 0.96. Recovering basic
components via EM does not need prior parameter knowledge, and as same as NHBNMF,
it is not as robust as [12] with different datasets and applications.

(a)

(b)
Fig. 2.9. (a) Sample images from the swimmer dataset. (b) Basis images obtained by performing
ARDNMF on the Swimmer dataset. The 16 limb positions of the swimmer dataset are correctly
recovered if b ≥ 18.

2.6.3. Face Dataset
Faces dataset (FERET) has much more complicated components and structures containing
F = 19×19 images. The greyscale intensities of each image were linearly scaled so that the
pixel mean and standard deviation were equal to 0.25 and then clipped to the range [0, 1].
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The training set contains N = 2429 images. Fig. 2.10 (a) shows the sample images of
FERET dataset. Unlike Fence and Swimmer datasets, the number of basic components of
FERET dataset is unknown. We have pointed out that only when the pre-defined model
order is bigger than the real value, the proposed algorithm can find the real model order.
Therefore, [7] used NHBNMF to set a big number (64) as the initial value to estimate the
range of the model order. Then we found that the real model order is around 22.
Figs. 2.10 (b) and (c) shows the comparison of traditional NMF algorithm and proposed
algorithm. In the comparison, the model order is set to K = 36. We can see that although
the traditional approach can discover some basic components of human faces such as eyes,
eyebrows, mouth, nose, etc., there are some duplicated components. On the contrary, there
is no duplication in the result obtained via the proposed algorithm. Furthermore, this result
covers all the basic components of a human face that including eyes, eyebrows, eyelids,
nose, mouth, jaw, forehead, cheek, contour, etc. Therefore, we can conclude that there are
around 22 ground-truth bases in the subset of FERET dataset and the proposed algorithm
can discover them automatically. EM algorithm also correctly recognized 23 local features
of face with probability 0.96. Is it still a good result, but we need to specific the initial
randomly range depending on application, so EM may not robust for complicated dataset.
2.6.4. Music Dataset
We now consider a music signal decomposition example and illustrate the benefits of
ARD in NMF with the Itakura-Saito divergences (IS)(β = 0). We investigate the
decomposition of the short piano sequence used in [20], a monophonic 15 seconds-long
signal xt recorded in real conditions. The sequence is composed of 4 piano notes, played
all at once in the first measure and then played by pairs in all possible combinations in the
subsequent measures. The Short Time Fourier Transform (STFT) xfn of the temporal data
xt was computed using a sine bell analysis window of length L = 1024 (46 ms) with 50 %
overlap between two adjacent frames, leading to N = 674 frames and F = 513 frequency
bins. The musical score, temporal signal and log-power spectrogram are shown in
Fig. 2.11 We set K = 18 (3 times the ground truth number of components) and ran
L2-ARD with β = 0, a = 5 and b computed according to Eq. (2.32). We ran the algorithm
from 10 random initializations and selected the solution returned with the lowest final cost
Fig. 2.12 displays the histograms of the standard deviation values of all 18 components
for IS-NMF, ARD IS-NMF, Morup & Hansen [21] and Hoffman et al. [22]. The histogram
on top right of Fig. 2.12 indicates that ARD IS-NMF retains 6 components [15].

2.7. Conclusion
In this chapter, we have introduced basic concepts of Non-negative data representation,
NMF, and model order determination. We particularly discussed the model order
determination and ground-truth basis discovery issues. Based on the existing methods and
techniques targeting this topic, we summarized a general Bayesian inference model, and
demonstrated that various methods can be derived from this general model by
incorporating different data or parameter distributions. Finally, the performance of various
methods on this topic are analyzed and compared, as well as their advantages
and disadvantages.
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(a)

(b)

(c)
Fig. 2.10. (a) Sample images from the FERET dataset; (b) Learned bases of FERET dataset
via traditional non-negative matrix factorization (NMF) algorithm; (c) Learned bases of FERET
dataset via non-informative hierarchical Bayesian NMF model.
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Fig. 2.11. Three representations of data; (top): original score, (middle): time-domain recorded
signal, (bottom): log-power spectrogram

Fig. 2.12. Histograms of standard deviation values of all 18 components produced by IS-NMF,
ARD IS-NMF, Mrup & Hansen [21] and Hoffman et al. [22].ARD IS-NMF only retains
6 components, which correspond to the expected decomposition. On this dataset, the methods
proposed in [21] and [22] fail to produce the desired decomposition.

References
[1]. C. Solomon, T. Breckon, Fundamentals of Digital Image Processing: A Practical Approach
with Examples in Matlab, 1st Ed., Wiley Publishing, 2011.
[2]. K. V. Prema, N. M. Agarwal, M. Krishna, V. Agarwal, Stock market prediction using
neuro-genetic model, Indian Journal of Science and Technology, Vol. 8, Issue 35, 2016.

59

Advances in Signal Processing: Reviews. Book Series, Vol. 1

[3]. A. Cichocki, R. Zdunek, A. H. Phan, S.-I. Amari, Nonnegative Matrix and Tensor
Factorizations: Applications to Exploratory Multi-way Data Analysis and Blind Source
Separation, Wiley Publishing, 2009.
[4]. O. Marques, Practical Image and Video Processing Using Matlab, John Wiley & Sons, 2011.
[5]. D. J. Field, What is the goal of sensory coding ? Neural Computation, Vol. 6, 1994,
pp. 559-601.
[6]. B. A. Olshausen, D. J. Field, Sparse coding of sensory inputs, Current Opinion in
Neurobiology, Vol. 14, 2004, pp. 481-487.
[7]. Q. Sun, J. Lu, Y. Wu, H. Qiao, X. Huang, F. Hu, Non-informative hierarchical Bayesian
inference for non-negative matrix factorization, Signal Processing, Vol. 108, 2015,
pp. 309-321.
[8]. T. Hoffmann, Matrix decomposition techniques in machine learning and information
retrieval, Department of Computer Science, Brown University 2004.
[9]. D. D. Lee, H. S. Seung, Learning the parts of objects by non-negative matrix factorization,
Nature, Vol. 401, 1999, pp. 788-791.
[10]. M. N. Schmidt, H. Laurberg, Nonnegative matrix factorization with Gaussian process priors,
Computational Intelligence and Neuroscience, Vol. 2008, 2008, 361705.
[11]. V. Namias, A simple derivation of Stirling’s asymptotic series, The American Mathematical
Monthly, Vol. 93, 1986, pp. 25-29.
[12]. V. Y. Tan, C. Févotte, Automatic relevance determination in nonnegative matrix
factorization, in Proceedings of the Workshop on Signal Processing with Adaptive Sparse
Structured Representations (SPARS'09), 2009.
[13]. C. M. Bishop, Bayesian PCA, in Proceedings of the Conference on Advances in Neural
Information Processing Systems (NIPS’98), 1998, pp. 382-388.
[14]. B. Jorgensen, Exponential dispersion models, Journal of the Royal Statistical Society. Series
B (Methodological), 1987, pp. 127-162.
[15]. V. Y. Tan, C. Févotte, Automatic relevance determination in nonnegative matrix factorization
with the/spl beta/-divergence, IEEE Transactions on Pattern Analysis and Machine
Intelligence, Vol. 35, 2013, pp. 1592-1605.
[16]. A. T. Cemgil, Bayesian inference for nonnegative matrix factorisation models,
Computational Intelligence and Neuroscience, Vol. 2009, 2009. 785152.
[17]. F. Gu, H. Zhang, W. Wang, S. Wang, An expectation-maximization algorithm for blind
separation of noisy mixtures using Gaussian mixture model, Circuits, Systems, and Signal
Processing, Vol. 36, 2017, pp. 2697-2726.
[18]. M. A. Figueiredo, Adaptive sparseness for supervised learning, IEEE Transactions on Pattern
Analysis and Machine Intelligence, Vol. 25, 2003, pp. 1150-1159.
[19]. D. Donoho, V. Stodden, When does non-negative matrix factorization give a correct
decomposition into parts ? in Proceedings of the Conference on Advances in Neural
Information Processing Systems (NIPS’03), 2003, pp. 1141-1148.
[20]. C. Févotte, N. Bertin, J.-L. Durrieu, Nonnegative matrix factorization with the Itakura-Saito
divergence: With application to music analysis, Neural Computation, Vol. 21, 2009,
pp. 793-830.
[21]. M. Mørup, L. K. Hansen, Tuning pruning in sparse non-negative matrix factorization, in
Proceedings of the IEEE 17th European Signal Processing Conference (EUSIPCO’09), 2009,
pp. 1923-1927.
[22]. D. M. Blei, P. R. Cook, M. Hoffman, Bayesian nonparametric matrix factorization for
recorded music, in Proceedings of the 27th International Conference on Machine Learning
(ICML’10), 2010, pp. 439-446.
[23]. V. Krishnamurthy, A. d’Aspremont, Convex Algorithms for Nonnegative Matrix
Factorization, 2012, https://arxiv.org/abs/1207.0318.

60

Chapter 3. Complex Wavelet Additive Synthesis of Audio Signals: Introduction and Applications

Chapter 3

Complex Wavelet Additive Synthesis of Audio
Signals: Introduction and Applications

José Ramón Beltrán and Jesús Ponce de León1

3.1. Introduction
The analysis of non-stationary multicomponent signals needs a three-dimensional
representation: the frequency components of the signal on an axis, the temporal evolution
in another, and the amount of instantaneous energy of each component, in the third. The
limitations of the classical Fourier Transform (FT) become evident when attempting to
analyze this kind of signals. Time-domain and frequency-domain analysis must be
combined in order to obtain the temporal localization of the signal's spectral components.
Since the end of WWII, Time Frequency Distributions (TFD) evolved rapidly from that
point on, generating a whole basic knowledge, essential to the further development of the
signal processing theory.
There are many TFD [1], as the Gabor, Cosine and Hough transforms, or the Rihaczek,
Choi-Williams and Margenau-Hill distributions. We can specially mention, due to its
spread use in different signal processing fields, the Short Time Fourier Transform [2]
(STFT), the Wigner-Ville Distribution [3, 4] (WVD) and its smoothed version the Pseudo
Wigner-Ville Distribution (PWVD), as well as the Wavelet Transform [5-8] (WT). Both
the STFT and the WVD were developed in the 40's. The origin of the WT has to be placed
four decades later. Every TFD have some inherent problems or limitations. For example,
STFT (the support of the implementations of the tracking phase vocoder of Quatieri and
McAulay [9, 10]) requires the interpolation of the phase information, WVD [11] offers
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University of Zaragoza, Zaragoza, Spain
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non-null values in places where it had to be zero and it is quite difficult to extract the
instantaneous frequency of the signal from the information that provides.
A first classification of TFD is related with the presence of the signal 𝑥 𝑡 in its
mathematical definition. If the superposition principle can be applied, the TFD is linear.
If a TFD is formulated by the multiplicative comparison of a signal with itself, (shifted in
different directions about each point in time), such TFD is known as quadratic or of
Cohen's class. Two examples of linear TFD are the STFT and the WT. The WVD is an
example of a Cohen's class distribution. The IF is obtained in different ways in linear and
quadratic representations.
The WT was introduced in the 1980s as an alternative to earlier and better known TFD,
such as the STFT. In its initial study, intense and of high mathematical abstraction, the
possibilities of the Wavelet Transform were rigorously demonstrated. In particular, the
complex character of the Complex Continuous Wavelet Transform (CCWT), and
therefore its ability of clustering the energetic information in the vicinity of the
instantaneous frequency points of the signal, appears as a tool with great potential in the
extraction of time-frequency characteristics of the signal. However, CCWT-based
analytical tools have not been developed in the past to adequately exploit its potential. Not
in vain, in the discretization process inherent to any computer process, some of the most
important advantages of this transform seem to disappear. Nevertheless, over the last
decade, a new tool based on the CCWT has been developed. Overcoming the limitations
of previous versions, this new technique presents a great capacity of analysis and synthesis
of the signal.
In this chapter, we will detail the essential aspects of the so-called Complex Wavelet
Additive Synthesis (CWAS) algorithm. Although we will focus on the audio applications,
this algorithm has been successfully adapted and tested in other branches of science such
as the analysis of seismic and biomedical signals, and it has many other potential
applications as astronomy and astrophysics, image processing and economics, among
others.
The following pages are intended to give the reader access to the information necessary
to understand the operation of the CWAS algorithm and some of its applications. It will
begin with an introduction to the basic vocabulary of TFD and signal processing. A
slightly modified version of the Morlet wavelet, the base of the analysis filter bank, will
be presented later. After a mathematical development of this transform in the analysis of
some typical signals, we will proceed to explain the development of the final filter bank
(with variable resolution) as well as the obtention of the wavelet coefficients. Then, we
will detail the process of extracting time-frequency characteristics of the signal and
resynthesis of audio signals. A set of comparisons of the proposed technique with more
conventional tools will be established, demonstrating that the CWAS algorithm is able to
outperform other analysis techniques. Finally, two applications of the algorithm will be
presented: estimation of fundamental frequencies and blind audio source separation. This
algorithm and its applications have been developed completely in Matlab®.
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3.2. Audio, Time-Frequency Distributions and Wavelets
3.2.1. Basic Definitions
Before starting to develop the topic of TFD, complex wavelets and their applications, it is
convenient to set up some commonly used concepts that will be very important during the
rest of this work, such as instantaneous frequency, analytic signal or canonical pair,
among others.
Complexity of instantaneous frequency, 𝑓 𝑡 , starts by the name itself. Instantaneous
and frequency are concepts apparently incompatible in most of languages (the first implies
null or at least negligible time lapses, while the second requires time evolution,
periodicity). The instantaneous frequency of a monochromatic signal can be understood
as a univalued parameter which follows the spectral location of its single component as it
evolves in time. Sometimes it can be interpreted as the average frequency of the signal at
each time instant [12]. A complete work about this topic is presented in [11] about the
different physical interpretations and mathematical definitions that surround the broad
concept of instantaneous frequency.
Probably, the most known and full of physical sense definition of the instantaneous
frequency comes from the definition of instantaneous phase. A general signal can be
expressed as:
.

(3.1)

In this equation, 𝐴 𝑡 is the instantaneous amplitude or envelope of the signal, while 𝜙 𝑡
is its instantaneous phase. In the case of a signal of constant amplitude and pure frequency,
in which 𝐴 𝑡
𝐴 and 𝐴 𝑡
𝜔 𝑡, both instantaneous amplitude and frequency are
clear and intuitive concepts. When 𝑥 𝑡 is non-stationary, both 𝐴 𝑡 and 𝜙 𝑡 are timedependent functions. In such a situation, the boundary between amplitude and
instantaneous frequency is not clear. It is possible to distinguish between both concepts,
provided that their associated spectra are sufficiently separated. This condition is known
in the literature as asymptotic approximation, and can be expressed mathematically
[13, 14] as:
.

(3.2)

That is, the greater the distance between the spectra of 𝐴 𝑡 and 𝜙 𝑡 , the better Eq. (3.1)
describes to 𝑥 𝑡 [15-17]. The lower part of the spectrum corresponds to the instantaneous
amplitude or modulating wave, 𝐴 𝑡 , whereas the highest frequencies are for the
instantaneous phase or wave carrier, 𝜙 𝑡 .
The representation described by Eq. (3.1) is far from being unique for a given 𝑥 𝑡 . In
fact, there are infinite pairs of functions 𝐴 𝑡 , 𝜙 𝑡 , satisfying the same equation, and
therefore relating to the same signal. This ambiguity can be avoided by obtaining the
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0, 𝜙 ∈ 0,2𝜋 , [17], which in turn is related to the
canonical pair of the signal 𝐴
0. In fact, each function expressed by the
analytic signal relative to 𝑥 𝑡 [2], 𝑥 𝑡
Eq. (3.1) has an associated single analytic signal. This result is known as the Bedrosian
Product Theorem [15]. The analytical signal 𝑥 𝑡 is calculated from 𝑥 𝑡 through the
Hilbert Transform (HT) [11, 15, 18]. Specifically:
.

(3.3)

The problem of the general resolution of this equation has been extensively studied (see,
for example, [19]). Applying Bedrosian Product Theorem, it follows that whenever the
modulating wave frequency spectrum is completely included in the frequency region
𝑓 𝑓 , while the spectrum of the carrier wave exists exclusively outside of this region
(i.e., as long as Eq. (3.2) is fulfilled), the HT is approximately limited to introducing a
phase shift of 90º into the cosine of Eq. (3.3), resulting in:
,

(3.4)

and then
,
where 𝑒 is the basis of natural logarithms and 𝑗

(3.5)

√ 1 is the imaginary variable.

The asymptotic approximation of the Eq. (3.2) is related to the effective duration of the
signal, 𝑇, and its effective bandwidth, 𝐵 [11]. The effective duration is defined as the
period of time during which the amplitude (energy) of 𝑥 𝑡 is above a certain threshold,
such as the imposed by the environmental noise. On the other hand, the effective
bandwidth is defined in an equivalent way, although in the frequency domain. Asymptotic
signals are characterized by having a sufficiently large 𝐵𝑇 product.
For each 𝑥 𝑡 , its relative 𝑇 and 𝐵 can be expressed [2, 11, 20] as:
,

(3.6)

and
,

(3.7)

where, of course, 𝑥 𝜔 is the Fourier Transform of 𝑥 𝑡 .
As shown in [21], 99 % of the signal energy is concentrated within the frame bounded by
𝐵 and 𝑇 if:
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.

(3.8)

It is noteworthy that the asymptotic condition, Eq. (3.2), is primordial to be able to
distinguish between the modulating and the carrier waves only in the physical sense. But
even if Eq. (3.2) is not true, both the instantaneous amplitude and the instantaneous phase
of the analytic signal are still well defined.
When 𝐴 𝑡 and 𝜙 𝑡 show separate spectra, the instantaneous frequency 𝑓 𝑡 of the
signal has a physical meaning close to the classical concept of frequency. Although it can
be defined in several ways, maybe the most useful mathematical expression for 𝑓 𝑡
[11, 22, 23] is:
.

(3.9)

The standard deviation of the instantaneous frequency at a given instant of time can be
interpreted as an instantaneous bandwidth, 𝐼𝐵, which depends basically on the frequency
variation of the signal and its 𝐵𝑇 product. As indicated in [11], the instantaneous
bandwidth of a signal with instantaneous frequency 𝑓 𝑡 , analyzed under a generic
Time-Frequency Distribution 𝜌 𝑡, 𝑓 would be:
.

(3.10)

An equivalent concept, based exclusively on energy criteria, will be used later in this work
(Section 3.5.4), to characterize the signal partials that underlie the presented audio model.
The frequency spectrum of multicomponent signals is located, for a certain instant of time,
about 𝑁 2 different frequency values. Hence, such signals can be described as the sum
of 𝑁 components or partials, each one of them described by Eq. (3.1):
.

(3.11)

The decomposition of a multicomponent wave in its associated partials is not unique but
application dependent [11]. For such signals, the modulating wave 𝐴 𝑡 , the carrier 𝜙 𝑡
and even the instantaneous frequency 𝑓 𝑡 can completely lose its physical meaning
[24]. However, if the Eqs. (3.2) or (3.8) are fulfilled for each component, each of them
presents its own instantaneous amplitude and phase, 𝐴 𝑡 and 𝜙 𝑡 , and therefore is
bound to its analytic partial. This way, the complete signal can be defined as the real part
of the summed analytic partials:
.

(3.12)
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This important equation offers a relation between the canonical pair of the signal and its
corresponding components. Eq. (3.11) is the most usual expression of the classic additive
synthesis model [25, 26]. It basically means that it is possible to obtain the analytic signal
(and hence the canonical pair) of each component of the original signal. This way, we also
obtain an expression of the canonical pair of the complete signal 𝑥 𝑡 :
,

(3.13)

where
,

(3.14)

,

(3.15)

and
.

(3.16)

In these recursive expressions, 𝐴 , , 𝐴
, and so on, are the instantaneous amplitudes
of the different components of 𝑥 𝑡 , 𝜙 , , 𝜙
, , etc., are their instantaneous phases,
𝐴 , the envelopes of the 𝑁 components of the signal ( 𝐴
the instantaneous envelope
of the first 𝑁 1 components) and 𝜙 the global phase of the signal ( 𝜙
is the phase
of the 𝑁 1 first terms of the original signal).
In the particular case of two components, these equations can be rewritten as:
,

(3.17)

,

(3.18)

and
.

(3.19)

In the context of bandwidth analysis of multicomponent signals, it would be very
interesting to find the canonical pair of each isolated component of 𝑥 𝑡 . To obtain this,
we will use the Fourier analysis as long as possible, and Time-Frequency Representation
techniques where it is not. On the other hand, in the context of sound perception, it is not
strictly necessary to separate each real component of the original signal, but only the
canonical pair of the signal in the spectral bands that can be resolved by the human ear,
[27, 28]. As will be seen later, this fact makes easier the generation of the filter bank used
in the presented algorithm, the algorithm of Complex Wavelet Additive Synthesis
(CWAS), and explains many of its essential characteristics.
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3.2.2. The Complex Continuous Wavelet Transform
3.2.2.1. General Considerations
In the mid-1980s Grossmann, Morlet and others [5-8] introduced the Wavelet Transform
(WT), in which a convolution of the analyzed signal and the time-shifted and frequencydilated versions of a certain atom filter (called the mother wavelet) is calculated. WT
performs the analysis with constant relative bandwidth filters [22], that is, constant-Q
bandpass filters.
The Continuous Wavelet Transform can be defined [29] by the expression:
,.

(3.20)

where * is the complex conjugate and 𝛹 , 𝑡 is the mother wavelet, or wavelet atom,
frequency scaled by a factor 𝑎 and temporally shifted by a factor 𝑏 [30]:
.

(3.21)

Depending on whether Ψ , 𝑡 is a real or a complex valued function, Eq. (3.20) can be
the mathematical definition of the CWT, and also of the CCWT. In Eq. (3.20), operator
is the convolution product between the analyzed signal and a filter whose impulse
response is Ψ 𝑡 , where:
.

(3.22)

.

(3.23)

The Fourier transform of Ψ 𝑡 is:

Therefore, the wavelet transform of a signal is equivalent to a bandpass filtering of the
signal. The convolution computes the wavelet transform using the dilated bandpass filters.
Although not every function can be used as mother wavelet, there are many possible
wavelet atoms, which can be used in different applications. Some of the most common
wavelets are the Mexican Hat, Haar, Spline, Meyer and Daubechies, among others. In
Fig. 3.1 there are shown four of these wavelets, two real and two complex valued. All
these functions must compliment the wavelet admissibility conditions [29].
In this chapter, the mother wavelet chosen is a variation of the Morlet wavelet, which can
be seen in Fig. 3.2. The Morlet wavelet will be more extensively studied in Section 3.3.1.
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Fig. 3.1. Different mother wavelet functions in time domain. (a) Mexican hat (real valued).
(b) Meyer (real valued). (c) Spline, 10 degree (complex valued).
(d) Gaussian (complex valued).

Fig. 3.2. The Morlet wavelet with 𝐶 1, 𝑎 1 and 𝜔
5 rad/s. (a) Time domain:
in continuous trace, the real part. In dashed trace, the complex part. (b) Frequency domain:
the Morlet wavelet is a Gaussian centered at 𝜔 𝜔 .
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In general, the WT was demonstrated to be a method of signal analysis adapted for, among
other things, the detection and characterization of transients and singularities [31], system
identification [32], data compression [33]. But in most cases, it is not a valid method for
the characterization of sinusoidal stationary processes. Nevertheless, the first research on
the topic [34, 35] undertook the analysis and characterization of audio signals using the
CCWT [29]. In general, complex transforms have a very convenient property; most of
their energy is located around the points of the instantaneous frequency of the signal [36].
So, if the final objective is to recover the instantaneous frequency of a signal, it is
necessary to use a complex analytic wavelet, [36]. When Ψ , 𝑡 is a complex-valued
function, the wavelet coefficients obtained from Eq. (3.20) can be analyzed in modulus
and phase:
,

(3.24)

.

(3.25)

It is possible to obtain the instantaneous amplitude of the signal 𝐴 𝑡 from Eq. (3.24) and
its instantaneous phase 𝜙 𝑡 from Eq. (3.25). The instantaneous frequency of the signal
can be obtained from the temporal derivative of Eq. (3.25), [11]:
.

(3.26)

The CCWT provides higher frequency resolution while the central frequency of the filters
decreases. Due to the uncertainty principle, the temporal resolution has the opposite
behavior. A detailed study of the relationship between the bandpass filtering of a signal
and the Wavelet Transform can be found in [30].
3.2.2.2. Extracting Information from the Complex Continuous Wavelet Transform
The squared modulus of the wavelet coefficients defines a surface on the time-frequency
half plane. That surface presents a number of maxima, whose trajectories projected over
the half plane constitute a set of curves called the ridges of the transform. The ridge has
an interesting property; it follows the frequency variation law of the analyzed signal
[22, 23, 37]. The wavelet coefficients restricted to the ridge curves are called the skeleton
of the transform.
As shown by Kronland-Martinet et al. and Carmona et al., [22, 23, 35, 37, 38], the
instantaneous amplitude and the instantaneous frequency of the signal are completely
contained in the ridge curves of the transform. To calculate the ridges of the transform,
Kronland-Martinet's and Carmona's groups used the stationary phase argument method
(for more details, see for example [23]). They calculated the wavelet coefficients only at
the points of stationary phase, obtaining directly the ridge and skeleton of the transform,
then they needed to calculate the wavelet coefficients only in these points.
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3.3. Gaussian Complex Filtering
Unfortunately, the results shown by these authors are exact only when the scale parameter
𝑎 and the shifting parameter 𝑏 of Eq. (3.20) both vary continuously. To make the CCWT
practical, however, it is necessary to work with a finite number of filters.
This quantization implies a loss of information that can be partially recovered because of
the high redundancy of the information contained in Eq. (3.20), due to the general nonorthogonality of the wavelet basis (in our case generated from the Morlet wavelet). To
recover part of the lost information, (see Section 3.3.3), rather than using only the data
contained in the ridge curves, we will use the information contained around the ridge of
the transform. Therefore, we need to calculate the wavelet coefficients in the complete
time-frequency half plane.
The first attempt of developing of an algorithm of analysis of audio signals based on the
ideas presented of the groups of Kronland-Martinet and Carmona [39], presented two
serious limitations: the synthetic signal required a renormalization of its energy, in order
to obtain coherent results. Second, in the case of signals with instantaneous frequency
varying between different bands of analysis, the synthetic signal had an evident (and
audible) ripple. Both limitations were difficult to fit the theory. The CWAS algorithm
solves all these limitations.
In this section, we show an approximate mathematical analysis of the CCWT coefﬁcients
of a general wave. But first, we will introduce and revise the Morlet wavelet.
3.3.1. The Morlet Wavelet Revised
We have chosen the Morlet wavelet as an atomic function for two main reasons. Firstly,
it allows us to obtain a logarithmic-resolution ﬁlter bank, close to the human hearing
system. Secondly, it allows us to solve analytically the Gaussian integrals associated to
the wavelet coefﬁcients. It also admits some subtle changes that have allowed us to obtain
a ﬂexible complex ﬁlter bank from it. It is written as [29, 34]:
.

(3.27)

0, this function
If 𝜉 is large enough, and so its Fourier transform Ψ 𝜉 vanishes if 𝜉
satisfies the formal conditions for an analyzing wavelet. As shown by Daubechies [29], it
is enough to take:
.

(3.28)

To obtain a more rigorous control of the filter bank, we introduced a bandwidth parameter
𝜎 into Eq. (3.27):
,
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.

(3.30)

Thus, Eq. (3.27):
.

(3.31)

We are able to change the filter's width through 𝜎, and the central frequency of each filter
through the scale parameter 𝑎. The resultant family is 𝑄-constant. The Morlet wavelet is
a complex exponential modulated by a Gaussian of width 2√2𝜎, centered in the frequency
𝜔 /𝑎. Its Fourier transform is:
,

(3.32)

where 𝐶 and 𝐶′ are the normalization constants of the mother wavelet in time and
frequency domain, respectively. The CCWT is equivalent to filter the signal through a
bandpass filter bank whose frequency response is given by Eq. (3.32). The exact shape of
Eqs. (3.31) and (3.32) is shown in Fig. 3.2.
As we advanced in Section 3.2, the filter bank has to fulfil Eq. (3.8). Using Eqs. (3.6) and
(3.7), it can be shown that Eq. (3.8) is true if:
.

(3.33)

The relationship between this equation and Eqs. (3.28) and (3.30) is obvious. It means that
if the Morlet wavelet fulfils the wavelet admissibility conditions, Eq. (3.8) is immediately
true and the energy of the analyzed signal accumulates around the points of
instantaneous frequency.

3.3.2. Mathematical Considerations
Once the Morlet wavelet has been presented and modified, the objective is to obtain the
wavelet coefficients and their time-frequency characteristics (instantaneous amplitude and
frequency of the signal) when analyzing a general wave. A mathematically more rigorous
proof of the obtaining of the instantaneous frequency and the instantaneous amplitude can
be found, for example, in [22] and [37], where the authors show how the ridge of the
wavelet transform contains the information of the instantaneous amplitude and frequency
of the original signal in the general case (up to a penalty function). Our main objective in
this section is the same, but we will prove it in a different way from the cited works. The
wavelet coefﬁcients will be directly obtained by substituting the signal and the mother
wavelet expressions in Eq. (3.20), and solving the resulting Gaussian integral.
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3.3.2.1. The Simplest Case: A Pure Cosine with Constant Amplitude
Let's suppose that the signal is a simple cosine function with constant amplitude 𝐴 and
angular frequency 𝜔 :
.

(3.34)

If we take the normalization constant as:
,

(3.35)

and after solving the Gaussian integral that appears in Eq. (3.20), the obtained wavelet
coefficients are:

.

(3.36)

It is possible to analyze Eq. (3.36) in terms of modulus and phase. Its modulus can be
expressed as:
. (3.37)
It can be deduced that Eq. (3.37) has a maximum located at 𝑎 𝜔 /𝜔 when 𝜎 𝜔 is
large enough, condition that carries out numerically if Eq. (3.33) is true. This is the same
result offered by applying the stationary phase argument method developed in [35]. The
maximum value of Eq. (3.37) is exactly𝐴 due to the chosen value of 𝐶. Under these
circumstances it is achieved directly that the modulus of the coefficients is exactly the
amplitude of the original signal, with no dependence of the scale factor. A graphical view
of Eq. (3.37) is shown in Fig. 3.3.

Fig. 3.3. Square modulus of the wavelet coefficients for a pure cosine. 𝑨𝟏 𝟏 and 𝝎𝟏 𝟓 kHz.
Observe that the maximum is exactly located at the appropriate frequency and its value is 1.
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The phase of Eq. (3.36) can be expressed as:
.

(3.38)

If 𝑎 𝜔 /𝜔 and Eq. (3.33) is true, the temporal partial derivative of Eq. (3.38), that is
the instantaneous angular frequency, is:
.

(3.39)

So, the amplitude and the phase of the original signal are perfectly recovered.
3.3.2.2. Pure Cosine with Variable Amplitude
In this case, we examine a pure tone of finite duration and variable instantaneous
amplitude:
.

(3.40)

To illustrate this example, we will solve Eq. (3.20) in the particular case of a pure
frequency signal with a Gaussian envelope, taking:
.

(3.41)

The Gaussian envelope was also chosen for purposes of simplicity. This function has
infinite support in time but a numerically finite duration, and it is integrable. In Eq. (3.41),
2√2𝜌 is the temporal width of the Gaussian envelope. For this signal to be asymptotic, it
is necessary that its temporal variation be much slower than its frequency variation, that
is, it is necessary that, whatever 𝜔 (that is, in all the measurement scales 𝑎, it must be:
.

(3.42)

We can solve Eq. (3.20) as a Gaussian integral, again. We obtain the following
coefficients:

(3.43)
.
Again, we will study only the modulus of the wavelet coefficients, where all the timefrequency characteristics of the signal are codified. Taking 𝐶 as:
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,

(3.44)

and using the appropriate hyperbolic and trigonometric expressions, we finally obtain for
the quadratic module:

(3.45)
.
Eq. (3.45) is a double Gaussian. Assuming that Eq. (3.42) is true, it can easily be verified
𝜔 /𝜔 .
that the maximum of Eq. (3.45), on the scale axis, is located in the scale 𝑎 𝑎
For this value of the scale, Eq. (3.45) follows exactly the squared envelope of the signal
in the temporal axis. Simplifying the exponential and hyperbolic expressions we obtain:
.

(3.46)

In Fig. 3.4 there appear the surface of Eq. (3.45). In this case, the frequency of the signal
is 𝑓
5 kHz, while temporal Gaussian is centered at 𝑡
25 ms, being 𝐴
1 and
𝜌 1.2 ms.

Fig. 3.4. Quadratic module of the wavelet coefficients for a pure tone of frequency 𝑓
1, 𝜌 1.2 ms and 𝑡
25 ms).
and a Gaussian envelope of 𝐴

5 kHz

3.3.2.3. The Sum of 𝒏 Pure Cosines
Let's suppose that the analyzing signal is made up of a sum of 𝑛 cosines, each one with
constant amplitude 𝐴 and pure frequency 𝜔 .
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.

(3.47)

Proceeding as in the previous case, this time it is necessary to calculate 𝑛 Gaussian
integrals. The complex wavelet coefficients are:

(3.48)

.

As made before, it can be obtained the modulus and phase of the wavelet coefficients:

(3.49)
,

.

(3.50)

The modulus and phase behavior is similar as it was shown in the upper paragraphs. The
exact shape of Eq. (3.49) is shown in Fig. 3.5, in which a signal composed by three pure
3 kHz, 𝑓
5 kHz and 𝑓
9 kHz, and constant amplitudes
tones of frequencies 𝑓
0.25, 𝐴
1 and 𝐴
0.5, is depicted.
𝐴
Expressions given in Eqs. (3.49) and (3.50) require a more detailed explanation. It can be
shown that Eq. (3.49) have maxima located exactly over every scale factor
𝑎 𝑎
𝜔 /𝜔
𝑓 /𝑓 . In these points, square modulus is exactly 𝐴 and the
instantaneous angular frequency of Eq. (3.50) is exactly 𝜔 . But if the frequencies
involved are closer enough, there start to increase some intermodulation terms that alter
the shape of the square modulus, as can be seen in Fig. 3.6. In this figure, the
intermodulation effects are more apparent due to the chosen values of the basic parameters
of the filter bank.
The mathematical analysis made up to now give us some conclusions. If the analyzing
signal is made up of a sum of cosines and locating the maxima of the modulus of the
wavelet complex coefficients with the proper normalization constant we can obtain the
correct amplitude and phase values of the original signal. When the sinusoids are close
75

Advances in Signal Processing: Reviews. Book Series, Vol. 1

enough some intermodulation terms appear, and to resolve properly them the filter bank
width should be narrowed.

Fig. 3.5. Three cosines, with 𝐴

0.25, 𝑓
𝑓

3 kHz, 𝐴
9 kHz.

1 and 𝑓

5 kHz, and 𝐴

0.5,

Fig. 3.6. Three cosines, with 𝐴
0.25, 𝑓
3 kHz, 𝐴
0.5, 𝑓
4 kHz, and 𝐴
1,
f3 = 5 kHz. Observe in this case the interference (intermodulation) between components.

3.3.2.4. The Quadratic Phase FM Signal
Let's suppose now that 𝑥 𝑡 has a more or less complicated modulation frequency law.
Due to the possibility of analytically solving the corresponding Gaussian integral, a
quadratic variation law has been chosen. Let the analyzing signal be:
.
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Calculating again the Gaussian integral of Eq. (3.20) we can obtain the wavelet
coefficients and, then, their modulus and phase:
(3.52)
,
,

(3.53)

where functions ξ, 𝑢 and ν can be expressed as:
,

(3.54)

,

(3.55)

,

(3.56)

Taking 𝛼 0 and 𝛾 0, it can be seen that the examples studied in the previous sections
are particular cases of this one. If the normalization constant is:
,

(3.57)

when the scale is:
.

(3.58)

It is clear that the maximum of the modulus of the wavelet coefficients is:
,

(3.59)

and the instantaneous wavelet phase is:
.

(3.60)

The modulus of the wavelet coefficients is depicted in Fig. 3.7.
This analysis makes clear that it's not enough to locate the maximum of the module at
some constant scale, but it's necessary to follow the location of the maximum in time and
frequency. In the case of a quadratic frequency dependence, the path is defined by
Eq. (3.58). This is the same result that the one obtained in Kronland-Martinet's et al. work
using the stationary phase argument.
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Fig. 3.7. FM signal with parameters 𝐴
1, 𝛼 62500, 𝛽 5000, 𝛾
the (linear) frequency modulation law.

20. Observe

3.3.3. A General Monocomponent Signal: The Linear Chirp Approximation
Unfortunately Eq. (3.20) can not be analytically solved in the general case. So, we must
suppose some approximations trying not to lose too much generality.
Let 𝑥 𝑡 be the (monocomponent) input signal given by Eq. (3.1). This signal, besides
being asymptotic, must admit a quadratic Taylor series expansion in frequency (for
purposes of generality). That is, in the neighborhood of every 𝑏:
(3.61)

.

Both characteristics mean that locally (in the neighborhood of 𝑏), the amplitude of the
signal can be considered quasi-static, 𝐴 𝑡
𝐴 𝑏 . On the other hand, near each 𝑏, most
of the frequency modulations can be approximated by a first-or-second order variation
law with reasonably accuracy. The results shown in the next paragraphs are general, as
far as these conditions are true.
Finally, we want to make Eq. (3.20) analytically solvable. We consider negligible the term
𝑜 𝑡 in Eq. (3.61). Therefore, Eq. (3.20) becomes a complex Gaussian integral and the
obtained complex wavelet coefficients can be written as:

.
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The square modulus of this expression is:
,

(3.63)

and its phase:
.

(3.64)

In these equations:
,

(3.65)
,

(3.66)

,

(3.67)

and:

.

(3.68)

We can consider some approximations in these expressions, while Eq. (3.61) is valid.
Taking the constant 𝐶 of Eq. (3.31) as:
.

(3.69)

We can simplify the square modulus of the wavelet coefficients:
.

(3.70)

In this case, Eq. (3.70) is a Gaussian surface in the half-plane time-frequency which
maximum, 𝐴 𝑏 , is located at the scale factor 𝑎 . This kind of surface is have depicted
in Fig. 3.7. In the scale parameter 𝑎 :
,

(3.71)

appears explicitly the frequency variation law of the signal.
Integrating ‖𝑊 𝑎, 𝑏 ‖ in the scale (𝑎) axis, we obtain:
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.

(3.72)

Comparing Eqs. (3.5) and (3.72), we deduce that the second equation is close to the
canonical pair of a general monocomponent signal, overweighed in a factor
𝑎√2𝜋/𝜎𝜙′ 𝑏 . This result is applicable to any other of the studied examples.
To integrate in a continuous space is to sum in a discrete space. Inspired in this fact, the
discrete case approximation will be presented in the Section 3.4.
3.3.4. The Additive Synthesis Method
We have showed that in assumable general conditions, we can obtain the instantaneous
amplitude 𝐴 𝑡 and the instantaneous phase 𝜙 𝑡 (and therefore the instantaneous
frequency) of a signal looking only at the scales in which the modulus of the wavelet
coefficients has a maximum. This way we can obtain a coherent representation in
amplitude and phase of every signal in each band of the analysis. These results can be
applied to every one of the 𝑀 components of a multicomponent signal with the same
generality. Then, a simple additive synthesis reconstruction allows us to recover the
original signal:
.

(3.73)

Unfortunately, these remarkable results need an obvious condition: the continuity of the
variables 𝑎 and 𝑏, used to solve the Gaussian integrals. In an algorithmic process this is
not affordable, so these results should be adapted for the development of a discrete
process. The proposed algorithm is shown in the next sections.

3.4. CWAS: Discretization
In the original works of the Wavelet Transform [22, 34, 37], it is mathematically shown
that all the characteristic information of the audio signal is encoded in the ridges and
skeleton of the transform. However, the first attempts to schedule the technique showed
results that conflicted with this theoretical claim [40].
When computing an algorithm, continuous variables are not allowed. The main question
is what happens with the results presented in the previous section when 𝑎 and 𝑏 can not
vary continuously, that is, when the analyzing filter bank has a limited resolution.
3.4.1. Constant Resolution Filter Bank
The dyadic frequency division provides a logarithmic-resolution frequency axis [40]. The
set of discrete scales can be obtained by the expression:
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,

(3.74)

where 𝐷 is the (constant) number of divisions per octave. If 𝐷 1, the spectrum is
is related to the maximum frequency of
divided into 𝑁 octaves. The minimum scale 𝑘
is related to the sampling rate 𝑓 by the Nyquist criterion,
the analysis, 𝑓 , and 𝑓
𝑓 =𝑓 /2.
Centered in each 𝑘 , we will locate a Gaussian bandpass filter (a Morlet wavelet in the
frequency domain). We can write:
.

(3.75)

Each Morlet wavelet is characterized by its width 𝜎 and its central frequency 𝜔 /𝑘 . 𝐷
and 𝜎 must be related to properly cover the frequency spectrum [40]. Taking the width of
the filters for making two consecutive filters cut at a height of -3 dB from its maxima, it
is easy to obtain some interesting relationships between the number of divisions per octave
𝐷, the quality parameter of the filter bank 𝑄 and the filter width 𝜎. We can write:
.

(3.76)

Once known 𝑄, the width 𝜎 can be defined from it as:
.

(3.77)

That is, the filter bank structure (and so the frequency resolution of the analysis) is defined
from a single parameter, the number of divisions per octave 𝐷.
3.4.2. Variable Resolution Filter Bank
The situation is more difficult if we want to work with variable frequency resolution. In
such a case, 𝐷 is a vector with as many dimensions as octaves present in the spectrum of
the signal. If 𝑁 is the number of octaves of the spectrum, it is:
.

(3.78)

The goal is to build a new filter bank structure, using the different values 𝐷 for each
octave 𝑖. Inside the octave, the scales (related with the central frequencies of the analysis
filters) can be distributed in a dyadic form, being for the 𝑖 octave:
.

(3.79)

A variable 𝐷 implies that 𝑄 𝑄 is only constant within its octave 𝑖, and that different
octaves will be characterized by different widths 𝜎 . We can write:
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,

(3.80)

and:
,

(3.81)

Our objective is to cover the frequency axis with a filter bank in which two consecutive
filters (inside the same octave or from different octaves) are cut at a height of -3 dB, as in
the previous case. Inside each octave, Eqs. (3.80) and (3.81) ensure that the filters are
properly arranged. The problem is to fit the first scale of the 𝑖 octave and the last scale of
the 𝑖 1 octave. For doing this, suppose that 𝑘 is the last known scale of the filter bank
structure, belonging to octave 𝑖 1. If consecutive filters must cut at the given height, we
can write:
,
where 𝑘 is the last known scale of the 𝑖
𝑖
𝑘 .
𝑖, 𝑘

1 octave and 𝑘

(3.82)

is the first scale of the octave

Solving the last expression, the frequency cut for each filter can be written as:

.

(3.83)

Therefore, the first scale of the 𝑖 octave is:
.

(3.84)

The first iteration is performed in the upper octave, where 𝑘
= 𝑓 /2 (maximum
frequency). Once obtained the first scale of the next octave using Eq. (3.84), the other
scales of the octave are calculated trough Eq. (3.79). Proceeding this way, Eqs. (3.79),
(3.81), (3.80) and (3.84) can be used iteratively, obtaining the complete analysis filter
bank structure.
An example of this variable resolution filter bank is shown in Fig. 3.8. In the figure, the
chosen number of divisions per octave is 𝐷
2; 4; 2; 4; 3; 4; 2; 4; 2; 4 . The filters
belonging to different octaves are depicted with alternating dashed and continuous lines.
The high redundance in the filter bank structure (note the overlapping of the filters) causes
that every frequency present in the input signal will be detected by several analysis filters.
The dashed-dotted line is the global contribution of the filter bank.
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Fig. 3.8. Example of the structure of the filter bank of variable resolution.
𝐷
2; 4; 2; 4; 3; 4; 2; 4; 2; 4 .

As we have seen in the continuous cases, each analyzed analytic signal needs its own
normalization constant to make the transform unitary, which seems to make impossible
the perfect reconstruction of different analyzed signals. One way to avoid this problem is
to renormalize each band of analysis by the sum value of all the filters that affect it
(dashed-dotted line in Fig. 3.8). This gives a flat response (unitary gain) of the filter bank
over the entire frequency spectrum.

3.5. The Complex Wavelet Additive Synthesis algorithm
The presented mathematical results were the base to develop a complete functional
algorithm of analysis and synthesis of sounds based in the Complex Continuous Wavelet
Transform, which has been developed in Matlab®. We have called to the complete set of
scripts the Complex Wavelet Additive Synthesis (from now CWAS) algorithm. The
complete technique will be described in the next subsections. In a first step, we will
explain the calculation of the Wavelet coefficients and the analysis filter bank, which
presents a dyadic distribution and a variable (chosen-by-user) resolution per octave.
3.5.1. Calculation of the Wavelet Coefficients
The Complex Wavelet Additive Synthesis [40, 41] (CWAS) technique is an algorithmic
implementation of the CCWT [22, 29] developed by the authors. A complex mother
wavelet, the Morlet wavelet, is used to obtain the wavelet coefficients, 𝑊 𝑘 , 𝑡 . Due to
the complex nature of the transform, these coefficients can be calculated as [41]:
,

(3.85)

where 𝑔 𝜔 is in this case the Fourier transform of the real part of the Morlet wavelet and
𝑘 are the analysis scales of the filter bank. It can be shown [41] that calculating the
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wavelet coefficients through Eq. (3.85) is equivalent to use the formal definition of the
CCWT [29].
The scales 𝑘 and angular frequencies 𝜔 are related through the expression:
.

(3.86)

That is, scales increase as frequency decreases. Parameters 𝜎 and 𝜔 are not independent.
5, the generated filter bank will have good analysis characteristics. A
Taking 𝜎𝜔
single parameter, the number of divisions per octave 𝐷 (a vector with as many dimensions
as octaves present in the signal's spectrum) controls the frequency resolution of the
analysis. In the first approximation [40], we used a constant number of divisions per
octave (Section 3.4.1), generating a dyadic set of scale factors 𝑘 , as proposed by
Daubechies [29] and Mallat [30]. At its actual stage, we have developed a filter more
versatile bank, of frequency variable resolution (Section 3.4.2).
The block diagram of the algorithm of calculation of the wavelet coefficients is shown
in Fig. 3.9.

Fig. 3.9. Block diagram of the wavelet coefficients calculation algorithm.

First of all, the analyzing filter bank structure (which controls the frequency resolution of
the analysis through the number of divisions per octave 𝐷) is obtained. The input signal
𝑥 𝑡 (adequately zero-padded at its beginning and end) is windowed using a Hanning
window of 8190 samples. The FFT of the windowed signal is calculated next, then the
frequencies 𝑓 0 (𝜔 0) are ignored. The filter bank and the frequency-corrected FFT
of 𝑥 𝑡 are convolved, and the IFFT of the result is calculated. The analysis window shifts
4095 samples and the process is repeated. Combining an overlap-add technique and the
circular convolution of the results of two consecutive frames (8190 samples each), the
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wavelet coefficients of the overlapping 4095 samples of the signal are obtained (see [41]
for details).
The original CWAS algorithm and some of its applications [41] have been introduced and
described previously [42, 43]. The complete block diagram of the CWAS algorithm can
be seen in Fig. 3.10.
After obtaining the wavelet coefficients 𝑊 𝑘 , 𝑡 they are analyzed analyzed in subframes of 256 samples. The energy distribution of the frequency information of the signal
(wavelet spectrum or scalogram) is used to compute the partials tracking of partials,
obtaining as result the complex partials functions 𝑃 𝑡 , from which the time-frequency
features of the signal (instantaneous amplitudes, phases and frequencies) can be extracted.
All these processes are explained in the next sections.
3.5.2. Wavelet Spectrogram and Scalogram
𝑀 matrix
Through Eq. (3.85), the wavelet coefficients are obtained and stored in a 𝑀
(the CWT matrix), where 𝑀 is the number of analysis filters and 𝑀 is the number of
temporal samples of the input signal. One dimension of this matrix represents the
frequency information. The other dimension stores the temporal evolution. The wavelet
coefficients are complex numbers and can be analyzed in modulus and phase.

Fig. 3.10. Block diagram of the complete Complex Wavelet Additive Synthesis algorithm.

The representation of the square modulus of the wavelet coefficients (modulus of the
wavelet matrix) is a time-frequency representation equivalent to the spectrogram of the
STFT. From now on we will refer to it as the wavelet spectrogram.
The sum in the time axis of the module of the wavelet coefficients represents the
scalogram of the signal:
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,

(3.87)

where ‖ ‖ denotes the ℓ norm (energy) whilst 𝑚 and 𝑚 are respectively the lower and
upper time limits where the scalogram accumulates. The scalogram can be instantaneous
𝑚 ), accumulated of 𝑀 samples ( 𝑚
𝑚
𝑀 ) and global ( 𝑚
1 and
(𝑚
𝑚
𝐿, being 𝐿 the total number of samples of the signal).
An example of the wavelet spectrogram and scalogram is shown in Fig. 3.11, for a signal
of a piano playing 4 notes. The wavelet spectrogram, Fig. 3.11c), represents the temporal
evolution of the frequency information present in the signal. It is really a 3D function
(time, frequency, amplitude), as will be shown in Sections 3.6.2 and 3.6.3. The summation
over the time axis of the wavelet spectrogram is the global scalogram of the signal,
Fig. 3.11d). It presents a certain number of peaks, each one related to a detected
component of the signal. Each peak is in turn related with a ridge of the transform. The
whole set of peaks evolving in time conforms the skeleton of the transform, and can be
seen in the wavelet spectrogram, in this case as brilliant trajectories.

Fig. 3.11. Analysis results of the CWAS algorithm for a signal of a piano playing 4 notes.
(a) Analyzed waveform. (b) Some characteristics of the signal as the sampling rate 𝑓 , and the
number of located partials (see text). (c) Module of the wavelet coefficients. (d) Global scalogram
of the signal.

3.5.3. Partials and Additive Synthesis Reconstruction
In the Section 3.3.3, we introduced the additive synthesis method. The objective of the
additive synthesis model of a signal is to determine the temporal evolution of the
amplitude and the phase of a set of 𝑀 sinusoidal oscillators (usually called partials) of the
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signal. In the literature, most of times a partial is related to a peak of the instantaneous
spectrum of the signal. If the parameters 𝑎 and 𝑏 of the wavelet transform vary
continuously, we can reconstruct with great accuracy every original wave using
Eq. (3.73).
The inherent quantization of the computational process (that is, the finite resolution) does
not allow the reconstruction of the original signal using the information obtained only in
the ridge of the transform (peaks of the scalogram). The representation of a given signal,
mainly in its modulus, is very different from the continuous case. In general, the absence
of filters between two consecutive scales of the discrete dyadic filter bank structure causes
a distortion in the square modulus of the wavelet coefficients. For example, for a signal
which central frequency 𝜔 was located between the central frequencies of two
𝜔
𝜔 , any of the filters had a maximum
consecutive filters of the filter bank, 𝜔
located exactly at this frequency value. This simple example reflects the general
impossibility of recovering the instantaneous amplitude of the signal using only the
information of the maximum of the wavelet coefficients modulus.
The effect of this absence of filters becomes more evident in a signal which frequency
evolves in time covering different scale factors. An example is depicted in Fig. 3.12,
where we present exactly the same linear chirp of Fig. 3.7, this time analyzed using a
discrete filter bank with 𝐷 16 divisions per octave. The maximum of the wavelet
coefficients is still correctly located in the scale axis, but if we follow the maximum of
the wavelet coefficients, we find peaks and valleys (and not the straight line found in
Fig. 3.7). So this process allows to obtain the envelope of the original signal with an
unacceptable ripple. The question is how to avoid this ripple. The answer is found in the
concept of partial, which is necessary to redefine.

Fig. 3.12. Square modulus of linear chirp with 𝐴
1, 𝛼 62500, 𝛽
under a filter bank of 𝐷 16 divisions per octave.

5000, 𝛾

20,

3.5.4. Partials and Tracking of Partials
We found that, extending the definition of partial not exclusively to the scalogram peaks,
but to their regions of influence, the original conflicts between theory and implementation
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can be solved. That is why, in the CWAS algorithm, we use a definition of partial which
differs from the classical one. In our model of the audio signal, a partial contains all the
information situated between an upper and a lower frequency limits (the region of
influence of a certain peak). Fig. 3.13 shows the scalogram of a guitar playing an 𝐸4 note
(330 Hz). Each maximum of the scalogram is marked with a black point. The associated
upper and lower frequency limits are marked with red stars. They are located at the
minimum point between adjacent maxima.
For a certain peak 𝑗 of the scalogram, the partial 𝑃 contains all the information located
between an upper (𝑢 ) and a lower (𝑙 ) frequency limits (which define the region of
influence of the peak) [40]. The complex function 𝑃 𝑡 can be written as:
,

where 𝑊 𝑘

, 𝑡 are the wavelet coefficients related with the 𝑗

(3.88)

peak (partial).

Fig. 3.13. Scalogram of a guitar playing an 𝐸4 note. The location of the energy peaks is marked
with black circles. The scale zones of influence for each partial are marked with red stars. The gray
rectangle is the zone of influence of the second harmonic. The scales or analysis bands are
represented in the horizontal axis (frequency decreases with scale).

In our case, the scalogram is calculated every 256 samples. It means that the complexvalued function 𝑃 𝑡 will be 256 samples long, and so its respective amplitude 𝐴 𝑡 ,
phase 𝛷 𝑡 and IF 𝑓 , 𝑡 . The first two are obtained studying 𝑃 𝑡 in modulus and
phase, being:
,
.

(3.89)
(3.90)

To obtain the different partials inside a frame (4095 samples) and eventually the partials
of the signal, we have developed an algorithm of partial tracking based on a frequencyplus-energy distance. The partial tracking algorithm is detailed in Fig. 3.14.
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Fig. 3.14. Block diagram of the partial tracking algorithm.

As has been advanced, the CWAS algorithm operates windowing an input signal of any
length. The complex coefficients are stored in a matrix (the CWT matrix), which is later
read in frames of 4095 samples. These frames are studied in sub-frames of 256 samples,
in which the accumulated scalogram is calculated. Using the scalogram information, the
active partials are labelled, and their regions of influence are assigned.
The partial tracking is executed in consecutive scalograms. Let 𝑃 , of amplitude 𝐴 𝑡
and IF 𝑓 , 𝑡 , be a partial from the open sub-frame 𝑚 and 𝑃 , of amplitude 𝐴 𝑡 and IF
𝑓 , 𝑡 , a partial from the precedent sub-frame 𝑚 1 . We can define a weighted
frequency-plus-energy distance between partials as:
,

(3.91)

and 𝑡
are respectively the last time sample of the sub-frame 𝑚 1 and
where 𝑡
the first one of the sub-frame 𝑚 , while 𝑤
0.95 and 𝑤
0.05 are the
weight parameters.
To determine the partial 𝑃 which is the natural continuation of 𝑃 , we evaluate
𝑑 𝑃 , 𝑃 ∀𝛽. The continuing partial is located at the minimum distance of 𝑃 , that is:
.

(3.92)

The tracking is evaluated ∀𝛼. If the distance between match pairs 𝑑 𝑃 , 𝑃 is greater
than a certain limit, we consider that 𝑃 has ended. The same way, if a certain 𝑃 is the
continuation of any 𝑃 , this is a new partial. This way, the different partials are tracked as
the signal evolves in time.
The detected partials 𝑃 𝑡 can have any sample length (from 256 samples to the whole
length of the input signal), and their amplitudes and phases are obtained using Eqs. (3.89)
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and (3.90). The IF 𝑓 , 𝑡 of a partial is calculated through Eq. (3.9). Hence, with the
definition of partial given by Eq. (3.88), the IF of each detected partial is obtained in all
of its points of existence, so reassignment is supplied by the new partial definition.
The detected partials can be classified in harmonic, inharmonic and noisy, depending on
their characteristics (frequency and duration, among others). The partials structure allow
to obtain and characterize other high level features of the signal like pitch or timbre, very
important in audio and musical applications.

3.6. Resynthesis and Extraction of Time-Frequency Characteristics
of the Audio Signal
The constant resolution most of TFD (including STFT and PWVD) causes the same
limitation in the lower part of the spectrum. Due to the uncertainty principle, each TFD
exhibits a certain delocalization of the spectral components of the analyzed signal. This
instantaneous bandwidth can be improved through the Time-Corrected Instantaneous
Frequency Spectrogram, (TCIFS), more known as reassignment. The reassigned timefrequency information tends to accumulate around the IF points of the halfplane. So far,
reassignment has been considered as the most accurate method for obtaining the IF of a
signal from a TFD [44].
Two examples (Fig. 3.15) of the Channelized Instantaneous Frequency (CIF) of a guitar
playing a 𝐵4 note. For the PWVD, only the most energetic points of the halfplane (~10 %
of the total amount of points) have been depicted. Data have been obtained using the High
Resolution Spectrographic Routines (HRSR) of Sean Fulop [45, 46] (left) and the TimeFrequency Toolbox (TFTB) of François Auger [47-49] (right).

Fig. 3.15. CIF for a guitar (𝐵4 note) signal. Left: CIF from the STFT (FFT).
Right: CIF for the PWVD (excerpt).

3.6.1. Audio Model: Time-Frequency Characteristics
Once the entire CWT matrix is analyzed and its partials 𝑃 𝑡 are obtained, the original
signal 𝑥 𝑡 can be resynthesized using additive synthesis, that is:
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,

(3.93)

where 𝑛 is the number of detected partials.
As advanced before, the synthetic signal retains the timbral, frequency, energy and
duration properties of the original signal. The high coherence in both domains of the
underlying model allows us to obtain results of very high quality in the resynthesis.
Moreover, the coherence in phase obtained allows to calculate an error signal 𝑒 𝑡 ,
subtracting the original and synthetic signals at each time instant, that is:
.

(3.94)

As will be seen further, the energy of the error signal 𝑒 𝑡 is very small and can be
perfectly neglected in most cases. Therefore, the original and synthetic signals are
virtually indistinguishable acoustically.
Fig. 3.16 (left) shows the module of the complex wavelet coefficients (the wavelet
spectrogram) of a guitar playing a 𝐵4 note. In the figure, the brilliant zones are the main
energetic contribution to the signal. In Fig. 3.16 (right) we present the IF evolution of the
partials detected in this signal. The IF trajectories are much clearer than in Fig. 3.15.
(obtained through the STFT and the PWVD) because the CWAS algorithm offers the IF
estimation of each detected partial in all of its existence points, as has been advanced.

Fig. 3.16. Left: The wavelet spectrogram, (module of the CCWT coefficients) of a guitar playing
a 𝐵4 note. The energy accumulates around the dark zones. Right: IF of the same signal, obtained
from the CWAS algorithm.

The most important time-frequency characteristics of the signal can be obtained from the
complex function of each partial 𝑃 𝑡 .
 Instantaneous amplitude 𝐴 𝑡 → Eq. (3.89).
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 Instantaneous phase 𝛷 𝑡 → Eq. (3.90).
 Instantaneous frequency 𝑓 𝑡 → Eq. (3.9) .
And, of course, the synthetic signal can be obtained also from the partials 𝑃 𝑡 .
 Additive synthesis→ Eq. (3.93).
3.6.2. Plotting the Characteristics of the Signal
The CWAS algorithm is capable of finding, tracking and dynamically characterizing the
different frequency components of the signal which are detectable by its complex
bandpass filter bank. It offers a complex function which characterizes each detected
partial. From these complex functions, Eq. (3.88), it is possible to obtain the instantaneous
amplitude and phase of the partials, using Eqs. (3.89) and (3.90) respectively. Applying
Eq. (3.9) to the unwrapped phase, the IF is obtained.
With this information, it is possible to plot in the halfplane Time-Frequency and for each
partial, the points:
.

(3.95)

This information is equivalent to the channelized IF of reassignment, with two main
differences: first, we have the instantaneous information for each component in all the
time instants where it is well defined. Second, the initial (signal) and final (partials) time
grids are the same. The following sections present this information in two and three
dimensions.
3.6.2.1. 2D Representation
A first possibility of visualization is the two-dimensional representation of the points:
,

(3.96)

for every detected partial. In this representation, the instantaneous amplitude 𝐴 𝑡 , has
been mapped with a color proportional to the energy of the partial.
In Fig. 3.17 there appear depicted respectively the IF of the detected partials for a guitar
494 Hz) with bending, and for a saxophone playing a 𝐶3 note
playing a 𝐵4 note (𝐹
(𝐹
131 Hz).
As in the scalogram figures, the darker the line the lower the energy level. In Fig. 3.17,
the guitar is characterized by a relatively low number partials, while the number of partials
of the saxophone is greater (although the number of spectral peaks, and hence of partials
of both signals is significantly lower than the obtained, for example, through the STFT).
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This is due to the number of divisions per octave used in the analysis. However, the low
resolution in upper part of the frequency axis does not affect the final quality of the
resynthesis: the errors are much smaller using the CWAS algorithm [40].

Fig. 3.17. Time-Frequency 2-D representation. Left: Guitar 𝐵4. Right: Saxophone 𝐶3.

3.6.2.2. 3D Representation
The previous representation, although useful, does not fully exploits the advantageous
features of the presented algorithm. However, it is possible to present the instantaneous
values of the amplitude 𝐴 𝑡 in the 𝑍 axis, thereby forming a three-dimensional
representation of the provided information.
Two examples of this representation appear depicted in Fig. 3.18, for the same guitar and
sax of Fig. 3.17.

Fig. 3.18. Time-Frequency 3-D representation. Left: Guitar 𝐵4. Right: Saxophone 𝐶3.

This representation allows to evaluate the temporal evolution of the frequency and the
energy of each detected partial individually, and to extract other interesting information
from the signal. For example, in Fig. 3.18 (left) it can be seen that the first five harmonics
of the guitar note are the most energetically relevant, while in Fig. 3.18 (right) most of the
energy information is concentrated in the fundamental partial of the saxophone and its
first seven harmonics. In both cases, the other partials are very important to assign the
appropriate timbre to each musical instrument.
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The three-dimensional visualization of the CWAS algorithm information is particularly
flexible, allowing a wide variety in the graphical representation. Thus, it is possible to
display only the most important partials of the signal, or only the harmonic part of the
signal, or just to pick the set of partials to render. Of course, all this visual information is
also available to be heard. This way we can hear each individual partial, to synthesize only
the harmonic part of the signal, to access to its non-harmonic part (usually noisy, but
sometimes very important to characterize the musical instrument) or to listen to the entire
synthetic signal (whose acoustical and numerical differences with respect to the original
signal are negligible [40]). The graphical flexibility is illustrated in Fig. 3.19, which
presents successive representations of the fundamental frequency and some important
partials. In the last plot, the vibrato appears more evident over the fundamental frequency
partial alone.

Fig. 3.19. Details of the 3-D representation of the CWAS algorithm. Signal: Guitar 𝐵4. Left:
The 11 most energetic partials (fundamental and first 10 harmonics). Center: The 3 most energetic
partials (fundamental and first 2 harmonics). Right: Fundamental partial of the guitar (bending is
now evident).

3.7. CWAS Applications
In this last section, we will detail two applications developed for the CWAS algorithm:
multiple overlapping F0 estimation and Blind Audio Source Separation of musical notes.

3.7.1. F0 Estimation
Pitch is one of the auditory attributes of musical tones, along with duration, loudness, and
timbre. Pitch detection, or 𝐹 estimation, has been an important task for many years in
research topics as Music Information Retrieval, Auditory Scene Analysis or Sound
Separation. The algorithms of 𝐹 estimation can be firstly divided into two categories, the
single 𝐹 estimators and the multiple 𝐹 estimators.
3.7.1.1. General Considerations
The single- 𝐹 estimation is needed for example in speech recognition and music
information retrieval. Existing algorithms for pitch estimation include, among others, the
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Average Magnitude Difference Function [50], Harmonic Product Spectrum [51], Parallel
Processing Pitch Detector [52], Square Difference Function [53], Cepstral Pitch
Determination [54], Subharmonic to Harmonic Ratio [55] and Super Resolution Pitch
Detector [56].
The difficulty of multiple-𝐹 estimation lies in the fact that sound sources often overlap
in time as well as in frequency due to the specific nature of different musical instruments
or to the characteristic of the environment (reverberation). Some of them are inspired by
the nature of human hearing [57]. The parameters of the 𝐹 estimators can be obtained via
transcription methods based on adaptive signal models, like Sparse Decomposition (SD)
[58, 59] or Nonnegative Matrix Factorization (NMF) [60, 61] among others. The resulting
mid-level parameters can be used to estimate the different 𝐹 present in the audio signal
by methods like direct search (through different selection criteria) [62, 63] or Neural
Networks [64-66].
Most of the cited methods make some kind of harmonic approach. In these methods,
although assuming that some musical instruments (like piano) can have some degree of
inharmonicity, a note played by a musical instrument is usually considered a harmonic
sound source. In the Harmonic plus Noise models [67], the mixture of several instruments
playing different notes can be modeled as:
,

(3.97)

where 𝑁 is the number of sources (polyphony), ℎ 𝑡 is the quasi-periodic part of the 𝑖
source (that is, sources are supposed to be harmonic) and 𝑒 𝑡 the non-harmonic or noisy
part of the signal. The most important (and difficult) problems to deal with are the study
of the harmonic part of the source, ℎ 𝑡 , the decomposition of the mixed signal into an
unknown number 𝑁 of sources and the modeling of 𝑒 𝑡 .
The existing techniques of multiple 𝐹 extraction can be divided into two categories: the
iterative estimation methods and the joint estimation methods. The first category is usually
faster, the second one offers more robust results because it theoretically handles the source
interaction better than the first category. From the first class, in [63] authors propose the
use of several combined criteria in order to evaluate jointly the different 𝐹 candidates.
Other authors use spectral estimators to find the different fundamental frequencies of a
polyphonic signal, and their relative harmonics [68]. From the second category, the
Spectral Smoothing technique [69, 70] is proposed as an iterative mechanism in estimating
the spectral envelopes of the detected sounds, more efficient than other techniques like
direct cancellation [71, 72]. Other existing techniques can use the sum of amplitudes to
obtain a weight function capable of selecting the different 𝐹 present in the signal either
jointly or iteratively [71]. Most of the proposed methods use the Short Time Fourier
Transform (STFT) to analyze the input signal in order to find the sinusoidal components
and hence the harmonic part of the sound.
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One important part of the 𝐹 estimators is to determine when to stop the search of new
fundamental frequencies. An appropriate noise model is useful in order to improve the
accuracy of STFT-based techniques [63]. The clustering of the spectral information which
characterizes the CWAS algorithm [40, 41], makes the use of noise models and smoothing
techniques in the iterative process of 𝐹 searching unnecessary. We only need to extract
the harmonic information out of the signal, considering the rest (non-harmonic and noisy
parts) negligible.
The aim of this study is the estimation of an unknown number of fundamental frequencies
playing simultaneously, studying separately the cases of Non-overlapping 𝐹 (that is,
Non Harmonically Related 𝐹 , NHRF0) and overlapping 𝐹 (Harmonically Related
𝐹 , HRF0).
First of all, let us define mathematically both NHRF0 and HRF0 concepts. In the first
𝐹 are non-harmonically related when then can be
case, two frequencies 𝐹
described as:
,

(3.98)

being 𝑚 not divisible by 𝑛, where 𝑚 and 𝑛 are natural (ℕ) numbers (𝑚 𝑛) and 𝑛 2.
Eq. (3.98) means that the 𝑛 harmonic of 𝐹 and its multiples overlap with the 𝑚
harmonic of 𝐹 and theirs.
On the other hand, 𝐹 < 𝐹 are HRF0 if:
,

(3.99)

where 𝑚 ∈ ℕ. In this case, the spectral peaks of 𝐹 overlap completely with the spectral
peaks of 𝐹 .
Most of the proposed 𝐹 estimation algorithms (see Fig. 3.20) work over the spectrogram
of the signal (at each time instant, or an accumulated spectrogram obtained over a number
of samples of the signal). The spectral peaks are extracted, and the whole set of peaks (or
a subset with the most energetically important peaks) are used to obtain the initial 𝐹
candidates. The estimation of 𝐹 is then executed in two stages. In the first stage or joint
detection, there are estimated the NHRF0 from the initial set of 𝐹 candidates (which
should include all the NHRF0 and some of their harmonics). In the second stage, the
overlapping analysis is executed in order to obtain the HRF0 and hence the final
set of 𝐹 .
The search of NHRF0 depends on the number of peaks extracted from the spectrum of the
signal. The higher the number of peaks, the higher the computation time necessary to
evaluate and estimate the set of NHRF0 frequencies. In this sense, some kind of clustering
in the spectrum information (that is, somehow to accumulate peaks around main
frequencies) is most of times welcome. In Fig. 3.21, the spectra of a guitar note (𝐵4)
obtained through both the STFT and the CWAS algorithm are shown. The peaks
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distribution of the CWAS algorithm (the scalogram 𝑆) tends to concentrate (clustering)
around the harmonic part of the spectrum, reducing the inharmonic (noisy) part of the
signal and therefore simplifying the estimation process. Applying the same technique
explained in the next sections to an FFT-based analysis, the CWAS-based estimation
results are faster and more accurate.

Fig. 3.20. Block diagram of a generic F0-search algorithm.

Fig. 3.21. Lower spectrum of a guitar playing a 𝐵4 note. Red continuous line: FFT of the signal.
Blue dashed line: scalogram 𝑆 (CWAS algorithm results).

3.7.1.2. NHRF0
As have been advanced before, the spectral peaks distribution provided by the CWAS
algorithm, presents a relatively low number of energetically important peaks. Let this set
of peaks be P. The peak 𝑃 of frequency 𝑓 and energy 𝐸 is considered as a relevant peak
of the distribution (𝑃 ∈ P) if its energy is above the energy threshold 𝐸 , that is:
.

(3.100)
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In our case the chosen threshold is 𝐸 =max{𝐸 ∈ 𝑆 }/100, that is, the 1 % of the
maximum of the scalogram. Let 𝑁 the cardinality of this set, that is, the number of
relevant peaks of the scalogram.
In the next step, from each important peak 𝑃 we obtain the most probable 𝐹 , 𝐹 . As
advanced before, this peak is characterized by a frequency 𝑓 . It is assumed that this
frequency is harmonic of a certain fundamental frequency 𝐹 , that is:
.

(3.101)

10. In other words, 𝑃 will be at most the 10 harmonic of its related
In this work, 𝑁
fundamental frequency. From the fundamental frequencies so obtained, the set of
harmonic frequencies (harmonic comb) regarding each one is calculated:
,
where 𝑁 is the higher natural number such which satisfies 𝑁
sampling rate.

𝐹

(3.102)
𝑓 /2, being 𝑓 the

In the next step, for each 𝑓 , , its related peak of the scalogram is searched. The peak 𝑃
of frequency 𝑓 is the 𝑚 harmonic of the fundamental frequency 𝐹 if:
,

(3.103)

where 𝜃 is the harmonicity threshold. Taking 𝜃
0.03 , the peaks of inharmonic
instruments like the piano can be correctly analyzed. This way, the harmonic peaks of
each candidate are computed. That is, we know if there is a peak in the scalogram with
the appropriate frequency, and if there is or not an energetically important peak of the
distribution, for each member of each harmonic comb.
The frequency axis of the scalogram is formed by the set of frequencies 𝑓 where a filter
bank member is located. Let ∆ , be:
,

(3.104)

where ∆ , is therefore an indirect measure of the harmonicity between each frequency
band of the scalogram 𝑓 and a certain candidate 𝐹 .
In order to evaluate the most probable 𝐹 related to the peak 𝑃 , we calculate:
,
98

(3.105)

Chapter 3. Complex Wavelet Additive Synthesis of Audio Signals: Introduction and Applications

where 𝑀 is the number of analysis bands and 𝑐 is a correction factor evaluated as:
,

(3.106)

that is, the number of energetically important peaks found in the harmonic comb 𝑘 divided
by the total number of found peaks.
The scalogram weight function 𝑤

,

, can be defined as:

(3.107)

This way, frequencies lower than 𝐹 have a negligible contribution to Eq. (3.107), while
the main contribution to this expression is given by the natural harmonics of 𝐹 .
The final candidate related with the peak 𝑃 is then:
,

(3.108)

and the initial set of candidates can be written as:
,

(3.109)

where 𝑛 is the number of initial candidates.
The joint detection technique is summarized in Fig. 3.22 (left).
3.7.1.3. Polyphony Inference: Accumulated Energy
One of the classic problems that blind 𝐹 estimation algorithms must face is the estimation
of the number of harmonic sources or polyphony inference. In the joint detection
algorithm, it is related to the iteration in which the search process must be stopped. There
are two main ways to achieve this goal: the detention by energy and the noise modeling.
In our case, we chose the first option, although it seems that a noise detection algorithm
can be very interesting for analyzing longer tracks, or pieces with silences between notes.
From the scalogram (or equivalent peaks distribution), it is easy to obtain a target energy
level, simply by summing the energy of each of the present peaks. From the list of nonoverlapping 𝐹 given by Eq. (3.109), the first analyzed candidate is the one whose
harmonic comb has more energy. In subsequent steps, the set of candidates F is studied
by decreasing energy. Each time a new candidate is analyzed for its overlapping
frequencies, those peaks that do not belong to any of the above candidates are added to
the accumulated energy. When this energy reaches a certain value (controlled by the
90 %.
global energy parameter 𝐺 ), the search process stops. In our case, 𝐺
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Fig. 3.22. Block diagrams of the joint detection algorithm (left) and the overlapping estimation
algorithm (right).

3.7.1.4. HRF0
In the second analysis stage, we will try to distinguish if there is any fundamental
frequency overlapped to a certain NHRF0, 𝐹 . Due to the implementation of the joint
detection process, the natural tendency of the algorithm is to identify both true
fundamental frequencies and some of their harmonics as potential candidates. Some
fundamental frequencies and harmonics of the list will be related with more than one peak
of the scalogram (that is, they can appear in the candidates list more than once). We have
experimentally found that for a certain polyphony level, when the number of repetitions
of a harmonic on the initial list of candidates increases, the more likely it is an overlapping
fundamental frequency. To minimize false detections, when polyphony increases, the
number of repetitions of a harmonic must be higher to indicate an overlapping
fundamental frequency.
The overlapping fundamentals detection algorithm is summarized in Fig. 3.22 (right). As
it can be seen in the figure, the initial information is the set of frequencies obtained in the
joint detection, F . The first step is to evaluate the harmonicity inside this set,
segregating the 𝐹 which are not harmonic between them (the non overlapping
candidates, 𝐹 ).
.

100

(3.110)

Chapter 3. Complex Wavelet Additive Synthesis of Audio Signals: Introduction and Applications

That is, two frequencies 𝐹 and 𝐹 included in this set are not related by any natural
number 𝑘 (inside the accuracy imposed by the harmonicity threshold 𝜃 ). On the other
hand, two frequencies 𝐹 and 𝐹 with 𝐹
𝐹 overlap if:
.

(3.111)

The study of overlapping fundamentals is so complicated that there is no a general solution
even for the simplest case (two overlapping 𝐹 ). The problem gets worse as the number
of overlaps increases. Therefore we must assume that there is no general solution to this
task, and that any solution will have more or less severe limitations.
3.7.1.5. Discrete Cepstrum
The key to finding overlapping fundamental frequencies, i.e., those whose fulfil
Eq. (3.111), is encoded in the signal spectrum. Musical instruments produce sounds with
various spectral envelopes, inharmonic partials, and spurious components. Due to the
wide variety of spectra of the different musical instruments, it is hard to distinguish
unambiguously, even for a human, how many overlapping fundamentals are present in a
given spectrum. Assuming this, the automatic search of overlapping 𝐹 can be carried out
looking for irregularities in the signal spectrum. In particular, neglecting the inharmonic
and spurious parts of sound and except some irregular instruments like the clarinet, a
simple spectrum (from a single instrument) can present two types of envelope: the strong
fundamental and the weak fundamental envelope (see a simplified representation of both
models in Fig. 3.23). In the first case, the spectral peak corresponding to the fundamental
frequency is the most energetic. In the second case the fundamental frequency is related
to a weak peak, while the energy of its harmonics increases to a maximum and then
decays. Ignoring the instruments of irregular spectrum, when the spectral envelope
corresponding to a certain fundamental frequency does not correspond to either of these
two types of spectrum, we have an overlapping fundamental.

Fig. 3.23. Two types of tone envelope models: (a) Strong fundamental; (b) Weak fundamental.
The value of 𝑭𝟎 can be the same in both figures, but differences in the spectrum shapes
are obvious.

The search for irregularities in the spectrum of a signal is not easy to implement. When
two fundamental frequencies overlap, the overlapping (or spaced by less of the harmonic
threshold 𝜃 ) peaks interfere in amplitude and phase, producing a spectral peak that can
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be above or below the expected value depending on whether the interference is
constructive or destructive. But this type of interference also occurs between peaks of nonoverlapping 𝐹 . For example, the third harmonic of a 𝐷3 note (147 Hz) overlaps with the
second of an 𝐴3 (220 Hz) at a frequency of approximately 440 Hz. Therefore, the search
of overlapping 𝐹 must be performed using only the information of the spectral peaks
which do not fit to other non-overlapping fundamental frequencies found in the signal
spectrum, process named valid peaks selection on Fig. 3.22 (right).
Using the information of these peaks, we can estimate the corresponding spectral envelope
(concretely the Discrete Cepstrum with Regularity function presented in [73], Chapter 8),
and search those irregularities above a certain threshold (whether above or below the
expected value), 𝐵 . Only the irregularities corresponding to frequencies marked as
candidates (ie frequencies included in F but not in F ) will be taken into account
at this step.
We define the adaptive threshold:
,

(3.112)

where 𝑁 is the number of times that an overlapping candidate appears in the set F
and 𝑃 is the polyphony level (understood as the number of non-overlapping fundamentals
found, ie the cardinality of the set F ). In our case, 𝐵 =10 %.
Once a certain overlapping fundamental has been found using this method, its own
Discrete Cepstrum is calculated and the global envelope of the fundamental frequency
under study (the mixture between the initial envelope and the new cepstrum) is obtained,
searching for the next irregularity. This process can be executed recursively, until all the
cepstral irregularities are found, obtaining the set of overlapping frequencies for 𝐹 . This
process can be repeated for all 𝐹 ∈ F .
3.7.1.6. Estimation Results
For each analyzed signal, the 𝐹 estimation algorithm is executed each 256 samples.
Given the sampling rate and the duration of the signals, it means that the present 𝐹 will
be estimated 87 times per signal. The first 16 results and the last 6 are ignored, as
explained at the beginning of the present section, hence we have a set of 𝑆 55 valid
estimations per signal. In the literature, the errors of estimation algorithms can be divided
into three categories [63]:
 Missing fundamental: when a present 𝐹 is not detected by the algorithm;
 False detection: when the algorithm yields a result in a frequency where there is really
no fundamental;
 Estimation error: when the algorithm finds a frequency displaced from its original
place.
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Due to the nature of the proposed technique and of the used database, the errors of our
algorithm can belong only to the first two categories. Comparing the results of the
proposed technique with the set of present frequencies in each analyzed signal, we can
define the global percentage of accurate estimations [63, 72] as:
,

(3.113)

where 𝑁 is the (target) number of present frequencies, 𝑁 is the number of correct
𝑆 𝑃 where
detections and 𝑁 the number of estimation errors (false detections). 𝑁
𝑆 is the number of valid intervals of estimation and 𝑃 is the polyphony level of the signal.
Instead of using this measurement parameter, we can define the percentage of detection 𝜀
in a similar way as 𝜖 was defined in Eq. (3.113), that is:
,

(3.114)

where 𝑁 is the number of detections of the frequency 𝑓 and 𝑁 is the target number of
𝑆 , being 𝑆 is the number of valid frames of
detections. In this case we take 𝑁
estimation. When the percentage of accurate estimations has a certain value for a given
frequency, 𝑓
𝑎 %, it means that the corresponding frequency has been detected the
𝑎 % of the times (each frame where a frequency is detected supposes approximately a
variation of 1.82 % in its corresponding 𝜀).
The estimation results should somehow depend on the resolution of the analysis, that is,
the number of frequency bins 𝑁 , which is also related with the computation time (the
higher 𝑁 , the higher the computation time necessary to complete the 𝐹 estimation). We
617 bins.
have found that the best match of processing time and accuracy is for 𝑁
The detailed results of accuracy in the estimation for that value of 𝑁 are presented in
Table 3.1. In the table, the first column is the polyphony level of the signal, the second
one is the number of overlapping frequencies, the third and fourth columns are the
(average) percentage of correct estimations for the non-overlapping frequencies and the
overlapping frequencies respectively, and the last one is the (average) percentage of
false detections.
3.7.2. Blind Audio Source Separation
3.7.2.1. General Considerations
Blind Audio Source Separation (BASS) has been receiving increasing attention in recent
years. The BASS techniques try to recover source signals from a mixture, when the mixing
process is unknown. Blind means that very little information is needed to carry out the
separation, although it is in fact absolutely necessary to make assumptions about the
statistical nature of the sources or the mixing process itself.
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In the most general case, see Fig. 3.24, separation will deal with 𝑁 sources and 𝑀
mixtures (microphones). The number of mixtures defines each particular case, and for
each situation the literature provides several methods of separation. Probably due to the
absence of interesting problems in the over-determined case, which has been properly
solved, the most extensively studied case is undetermined separation, where 𝑁 𝑀
(𝑁 𝑀 does not always imply poorer results). For example, in stereo separation (through
the DUET algorithm [74] and other time-frequency masking evolutions [75-77]), the
delay and attenuation between the left and right channel information can be used to
discriminate the sources present and some kind of scene situation [78].
Table 3.1. Numerical results. Detailed results of accuracy in the estimation of 𝐹 for 𝑁
frequency bins.
Polyphony Overlapping
(#)
(#)
2
0
2
1
3
0
3
1
3
2
4
0
4
1
4
2
4
3
5
0
5
1
5
2
5
3
6
0
6
1
6
2
6
3
GLOBAL

Accuracy
NHRF0 (%)
99.53
99.63
99.05
94.10
99.66
99.95
97.95
100
100
94.00
98.13
100
99.77
95.09
94.97
98.16
97.09
98.40

Accuracy
HRF0 (%)
90.84
74.36
67.95
72.00
51.82
60.33
62.20
62.64
54.26
78.97
49.91
55.21
67.24

Average
F. D. (%)
1.07
2.05
1.32
14.49
8.72
2.86
8.62
4.20
0.14
6.73
9.34
0
3.54
10.51
23.59
4.44
10.77
5.40

Fig. 3.24. The general BASS task, with 𝑁 mixed sources and 𝑀 sensors.
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In other applications, when a monaural solution is needed (that is, when 𝑀 1), the
mathematical indetermination of the mixture significantly increases the difficulties of the
task. Hence, monaural separation is probably the most difficult challenge for BASS, but
even in this case, the human auditory system itself can somehow segregate the acoustic
signal into separate streams [79]. Several techniques for solving the BASS problem in
general (and the monaural separation in particular) have been developed.
Psychoacoustic studies, such as Auditory Scene Analysis (ASA) [79] and its heir
Computational Auditory Scene Analysis (CASA) [57, 80], attempts to explain the
mentioned capability of the human auditory system in selective attention. Psychoacoustics
also suggests that temporal and spectral coherence between sources can be used to
discriminate between them [81]. Within the statistical techniques, Independent
Component Analysis (ICA) [82, 83] assumes statistical independence among sources,
while Independent Subspace Analysis (ISA) [84], extends ICA to single-channel source
separation. Sparse Decomposition (SD) [59] assumes that a source is a weighted sum of
bases from an overcomplete set, considering that most of these bases are inactive most of
the time [85], that is, their relative weights are presumed to be mostly zero. Nonnegative
matrix factorization (NMF) [60, 86], attempts to find a mixing matrix (with sparse weights
[87, 88]) and a source matrix with non-negative elements so that the reconstruction error
is minimized.
Finally, sinusoidal modeling techniques assume that every sound is a linear combination
of sinusoids (partials) with time-varying frequencies, amplitudes, and phases. Therefore,
sound separation requires a reliable estimation of these parameters for each source present
in the mixture [89-91], or some a priori knowledge, i. e. rough pitch estimates of each
source [92, 93]. One of the most important applications is monaural speech enhancement
and separation [94]. These are generally based on some analysis of speech or interference
and subsequent speech amplification or noise reduction. Most authors have used STFT to
analyze the mixed signal in order to obtain its main sinusoidal components or partials.
Auditory-based representations [95], can be also used.
One of the most important and difficult problems to solve in the separation of pitched
musical sounds is overlapping harmonics, that is, when frequencies of two harmonics are
approximately the same. The problem of overlapping harmonics has been studied during
the past decades [96], but it is only in recent years that there has been a significant increase
in research on this topic. Given that the information in overlapped regions is unreliable,
several recent systems have attempted to utilize the information from neighboring nonoverlapped harmonics. Some systems assume that the spectral envelope of the instrument
sounds is smooth [69, 70, 97], hence the amplitude of an overlapped harmonic can be
estimated from the amplitudes of non-overlapped harmonics from the same source, via
weighted sum [90], or interpolation [91, 97]. The spectral smoothness approximation is
often violated in real instrument recordings. A different approximation is known as the
Common Amplitude Modulation (CAM) [92], which assumes that the amplitude
envelopes of different harmonics from the same source tend to be similar. In [98], the
authors propose an alternate technique for harmonic envelope estimation, Harmonic
Temporal Envelope Similarity (HTES). They use the information from the non105
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overlapped harmonics of notes of a given instrument, wherever they occur in a recording,
to create a model of the instrument which can be used to reconstruct the harmonic
envelopes for overlapped harmonics, allowing separation of completely overlapped notes.
Another option is the Average Harmonic Structure (AHS) model [99] which, given the
number of sources, creates a harmonic structure model for each present source, using these
models to separate notes showing overlapping harmonics.
In the BASS application developed with the CWAS algorithm, we use an experimentally
less restrictive version of the CAM assumption within a sinusoidal model generated using
a complex band pass filtering of the signal. Non-overlapping harmonics are obtained using
a binary masking approach obtained from the CWAS algorithm [41, 100]. The main
advantage of the proposed technique is the capability of synthesis of the CWAS algorithm.
Using the CWAS wavelet coefficients, it is possible to synthesize an output signal which
differs negligibly (numerically and acoustically) from the original input signal [40, 41].
Hence, the non-overlapped partials can be obtained with accuracy. The separated
amplitudes of overlapping harmonics are then estimated from the non-overlapping
harmonics, following energy criteria in a least-squares framework. This way, it is possible
to relax the phase restrictions, and the instantaneous phase for each overlapping source
can also be constructed from the phase of non-overlapping partials.
3.7.2.2. BASS using CWAS
The proposed method can be applied over monaural signals with two or more sources.
This method fails if two different instruments are playing the same (or a completely
overlapping) note.
The monaural mixed signal 𝑥 𝑡 can be written as:
.

(3.115)

As stated above, Blind Audio Source Separation attempts to obtain the original isolated
sources 𝑠 𝑡 present in a certain signal 𝑥 𝑡 , when the mixture process is unknown.
As we do not know a priori the number 𝑁 of sources present in 𝑥 𝑡 , the first problem is
to divide the detected partials into as many different families or categories as sources,
having a minimum error between members of a class [89]. A first approximation to the
BASS task using the CWAS technique was performed and presented in [101]. There, we
used an onset detection algorithm [102] to find a rough division of the partials, grouping
them into the different sources. The main advantage of using the CWAS algorithm instead
of the STFT is its proven ability of high quality resynthesis.
The main steps of the separation algorithm are summarized below:
 From 𝑥 𝑡 → Partials 𝑃 𝑡 → Amplitudes and phases 𝐴 𝑡 , 𝛷 𝑡 (CWAS).
 From 𝛷 𝑡 , through Eq. (3.9) → 𝑓 𝑡 .
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 Estimation of 𝐹

𝑡 and their harmonic partials ∀𝑘.

 Separation of non-overlapping partials (isolated harmonics).
 Estimation of overlapping partials.
 Additive synthesis → 𝑠 𝑡 .
Once the fundamental frequencies present in the mixed signal (and the number of
sources 𝑁) have been obtained, the separation process begins. A detailed block diagram
of the process is shown in Fig. 3.25.

Fig. 3.25. Block diagram of the separation algorithm. The input SHP#i is the set of the harmonic
partials corresponding to each detected source (i=1, …, N).

Analyzing the sets of harmonic partials for each source, it is easy to distinguish between
isolated harmonics (that is, partials which only belong to a single source) and overlapping
harmonics (partials shared by two or more sources). The isolated harmonics and the
fundamental partial of each source will be used later to separate the overlapping partials,
through their onset and offset times, instantaneous envelopes and phases. The separated
source is eventually synthesized by the additive synthesis of its related set of partials
(isolated and separated).
3.7.2.2.1. The Inharmonic Limit
Inharmonicity is a phenomenon occurring mainly in string instruments due to the stiffness
of the string and nonrigid terminations. As a result, every partial has a frequency that is
higher than the corresponding harmonic value. For example, the inharmonicity equation
for a piano can be written [103] as:
,

(3.116)

where 𝑛 is the harmonic number and 𝛽 is the inharmonicity parameter. In Eq. (3.116),
𝛽 is assumed constant, although it can be modeled more accurately by a polynomial up to
order 7 [104]. It means that the parameter 𝛽 has different values depending on the partials
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used to calculate it. Partials situated in the 6-7 octave provide the optimal result. Using
two partials of order 𝑚 (lower) and 𝑛 (higher), it is:
,

(3.117)

and 𝜀 is an induced error due to the physical structure of the
where 𝛿
𝑚 𝑓 /𝑛 𝑓
piano which cannot be evaluated [103]. If partials 𝑚 and 𝑛 are correctly selected, 𝜀 1.
With the inharmonic model of Eq. (3.117), it is possible to calculate the inharmonicity
parameter 𝛽 for each detected source, using (when possible) two isolated partials situated
in the appropriate octaves. A priori, this technique includes inharmonic instruments (like
piano) in the proposed model. Unfortunately, the obtention of the parameter 𝛽 do not
improve significantly the quality separation measurements evaluated in the tests.
3.7.2.2.2. Assumptions
In order to obtain the envelopes and phases of an overlapping partial related to each
source, we will assume two approximations. The first one, is a slightly less restrictive
version of the CAM principle, which asserts that the amplitude envelopes of spectral
components from the same source are correlated [92].
 The amplitudes (envelopes) of two harmonics 𝑃 and 𝑃 , with similar energy
𝐸 , both belonging to the same source, have a high correlation coefficient.
𝐸
As long as this approximation is true, we will have better separation results. As we are
using the global signal information, the correlation coefficient between the strongest
harmonic (and/or the fundamental partial) and the other harmonics decreases as the
amplitude/energy differences between the involved partials increase [92]. Hence, the
choice for the reconstruction of non-overlapping harmonics whose presence is
energetically similar to the energy of the overlapping harmonic suggests that the
correlation factor between the involved partials will be higher. In fact, as the correlation
between high energy partials tends also to be high, while the errors related with this
assumption in lower energy partials tend to be energetically negligible, in most cases the
quality measurement parameters have a high value, and the acoustic differences between
the original and the separated source are acceptable.
The second approximation is:
 The instantaneous phases of the 𝑝 and the 𝑞 harmonic partials belonging to the
same source are approximately proportional with ratio 𝑝/𝑞, except an initial phase gap,
∆𝜙 . That is:
,
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0 means that the initial phases of the involved partials are equal, that is
where ∆𝜙
𝜙 .
𝜙
We have found that, in our model of the audio signal, and even knowing the envelopes of
the original overlapping harmonics, a difference in the initial phase ∆𝜙 ~10 is enough
to make impossible an adequate reconstruction of the mixed partial. Each partial has an
aleatory initial phase (that is, there is not a relation between 𝜙 and 𝜙 ). However, as
the instantaneous frequency of the mixed harmonics can be retrieved with accuracy
independently of the value of the initial phase, the original and the synthetically mixed
partials (using the separated contribution from each source) present similar sounds
(provided that the first assumption is true).
3.7.2.2.3. Reconstruction Process and Additive Synthesis
As mentioned above, in the proposed technique we use the information of the isolated
partials to reconstruct the information of the overlapping partials. The output of the
multipitch estimation algorithm is the harmonic set corresponding to each source present
in the mixture. With this information, it is easy to distinguish between the isolated partials
(partials belonging to a single given source) and the shared partials. For each overlapping
partial, it is immediate to know the interfering sources. We can write:

.

(3.119)

In Fig. 3.26, the instantaneous amplitudes of the isolated partials extracted from a mixture
of a tenor trombone and a trumpet are shown. The instantaneous amplitudes of the
fundamental partials (i. e., partials corresponding to both fundamental frequencies) are
depicted in bold lines.
Using the information of the isolated partials and through an onset detection algorithm
[102], it is easy to detect the beginning and the end of each present note. This information
is necessary to avoid the artefacts and/or noise caused by the mixture process which tends
to appear before and after active notes. This noise is acoustically annoying and makes
worse the numerical quality separation measurement results.
Consider a certain mixed partial 𝑃 of mean frequency 𝑓 . The mixed partial can be
written as follows:
,

(3.120)

where 𝑃 𝑡 are the original harmonics which overlap in the mixed partial. In
Eq. (3.120), the only accessible information is the instantaneous amplitude and phase of
the mixed partial, that is, 𝐴 𝑡 and 𝜙 𝑡 . The aim is to recover each 𝐴 𝑡 and 𝜙 𝑡
as accurately as possible.
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Fig. 3.26. Envelopes of the isolated set of harmonics from each source (dotted lines).
The fundamental envelopes are marked with bold lines. Continuous trace: trumpet. Dashed line:
tenor trombone.

To do this, it is necessary to select a partial belonging to each overlapping source 𝑠 in
order to separate the different contributions to 𝑃 . From each isolated set of partials P
corresponding to the interfering sources, we will search for a partial 𝑗 with an energy 𝐸
as similar to the energy of 𝑃 as possible, and with a mean frequency 𝑓 as close to 𝑓 as
possible. If ∆𝐸 ,
𝐸 𝐸 and ∆𝑓 ,
𝑓 𝑓 , these conditions can be written as:
,

(3.121)

,

(3.122)

and

The energy condition, Eq. (3.121), is calculated in the first place. Only in doubtful cases,
the frequency condition of Eq. (3.122) is evaluated. However, both conditions often lead
to the same winner. For purposes of simplicity, let 𝑃 denote the selected (winner)
isolated partials of each source 𝑘. We can be write:
.
If 𝑓
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is the mean frequency of the winner partial of the 𝑘 source, it is easy to see that:
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,

(3.124)

for some 𝑝 , 𝑞 ∈ ℕ.
In fact, the same ratio 𝑝 /𝑞 can be used to reconstruct the corresponding instantaneous
frequency for each interfering source with high accuracy. In Fig. 3.27, the instantaneous
frequencies of the original (interfering) partials and the estimated instantaneous frequency
of each separated contribution are shown, for a certain case of overlapping partial. In this
figure, the original instantaneous frequencies are depicted in blue, and the reconstructed
instantaneous frequencies in red. Note the accuracy in the estimation of each instantaneous
frequency. The blue line corresponding to the tenor trombone is shorter due to the
signal duration.

Fig. 3.27. Comparison between the original (isolated) instantaneous frequencies and the estimated
(separated) instantaneous frequencies: (a) Results for the trumpet source (continuous blue line, the
original 𝑓 ; red dotted line, the estimated one); (b) Results for the tenor trombone source.

Hence it is possible to use Eq. (3.118) to reconstruct the phases 𝜙
partials for each overlapping source1.

of the separated

Unlike other works [92, 93], to reconstruct the envelope of the partials separated it is
assumed that the instantaneous amplitude of the mixed partial 𝐴 𝑡 is directly a linear
𝑡 (hence, unlike other
combination of the amplitudes of the interacting components 𝐴
existing techniques [92, 93], the phases of the winner partials are not taken into account
in this process). Therefore:

We will suppose ∆𝜙
0 in Eq. (3.122), but in fact an aleatory initial phase can be inserted without any
significant difference in either the numeric or in the acoustical results.
1
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.

(3.125)

The solution of Eq. (3.125) that minimizes the error in the sum is equivalent to the leastsquares solution in the presence of known covariance of the system:
,

(3.126)

where A is a matrix which contains the envelopes of each selected (winner) partial
described by Eqs. (3.121) and (3.122), 𝛼 is the mixture vector and 𝑏 𝐴 𝑡 .
Once found 𝛼 , 𝑝 and 𝑞 for each source 𝑘, the overlapping partial can be written as:
,

(3.127)

and the separated contributions of each present source are, of course:
.

(3.128)

Once each separated partial is obtained using the technique described, it is added to its
corresponding source. This iterative process eventually results in the separated sources.
Fig. 3.28 and Fig. 3.29 show the wavelet spectrograms and scalograms (obtained from the
CWAS algorithm) corresponding to the isolated signals (tenor trombone and trumpet,
respectively) and their related separated sources. From the spectrograms (module of the
CWT matrix), it can be observed that most of the harmonic information has been properly
recovered. This conclusion is reinforced using the scalogram information. Note that the
harmonic reconstruction produces an artificial scalogram (red line) harmonically
coincident with the original scalogram (blue line).

Fig. 3.28. Spectrograms of the Tenor trombone signals. (a) Wavelet spectrogram of the original
(isolated) tenor trombone; (b) Blue line: Original scalogram. Red line: Scalogram of the separated
source. Upper box: main information about the original signal; (c) Wavelet spectrogram of the
separated source.
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Fig. 3.29. Spectrograms of the Trumpet signals. (a) Wavelet spectrogram of the original (isolated)
trumpet; (b) Blue line: Original scalogram. Red line: Scalogram of the separated source. Upper
box: main information about the original signal; (c) Wavelet spectrogram of the separated source.

In the figures, the separated wavelet spectrogram shows that only the harmonic partials
have been recovered. When the inharmonic partials carry important (non noisy)
information, the synthetic signal can sound somewhat different (as happened with the
possible envelope errors in the high frequency partials).
The values of the standard quality measurement parameters for this example and the rest
of the analyzed signals will be detailed later.
3.7.2.2.4. Main Characteristics, Advantages and Limitations
The reconstruction of overlapping partials causes that there is no information wrongly
assigned to the separated sources using this technique, except the existing interference in
the set of isolated partials. This means that the interference terms in the separation process
will be in general negligible. This result will be numerically confirmed in
Section 3.7.2.2.5.
The advantages of this separation process are mainly two. First, the process of separation
of overlapping harmonics (multi-pitch estimation, calculus of the best linear combination
for reconstruction, additive synthesis) is not computationally expensive. In fact, the
obtention of the wavelet coefficients and their separation into partials uses much more
computation time. The second advantage of this process is that the separation is
completely blind. That is, we do not need any a priori characteristic of the input signal,
neither the pitch contour of the original sources nor the relative energy, number of present
sources, etc.
One of the most important limitations of this method is that is not valid for separating
completely overlapping notes. Although the detailed algorithm of estimation of
fundamental frequencies is capable of detecting overlapping fundamentals, in such a case
the set of isolated partials of the overlapped source would be essentially empty, and
therefore no isolated information would be available to carry out the reconstruction of
phases and amplitudes of the corresponding source. To solve this problem (assuming the
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separation of musical themes of longer duration), it is possible to use models of the
instruments present in the mixture, or previously separated notes from the same source.
These ideas are the basis of HTES and AHS techniques (see Section 3.7.2.1).
On the other hand, the proposed technique can be used to separate two or more musical
instruments, each one playing a single note. The final quality of the separation depends of
the number of mixed sources. This is due to the accuracy of the estimation of fundamental
frequencies, and to the use of isolated partials to reconstruct the overlapping harmonics.
The higher the number of sources, the lower the number of isolated harmonics and the
poorer the final musical timbre of the separated sources.
3.7.2.2.5. Results
We will assume that the errors committed in the separation process can have three
different origins: they can be due to interference between sources, to distortions inserted
in the separated signal and to artefacts introduced by the separation algorithm itself.
We have used three standard parameters to test the final quality of the separation results
using the proposed method related to these distortions. These parameters are the signalto-interference-ratio, 𝑆𝐼𝑅, the signal-to-distortion-ratio, 𝑆𝐷𝑅 and the signal-to-artefactsratio, 𝑆𝐴𝑅 [105-107]:
,

(3.129)

,

(3.130)

,

(3.131)

where 𝐷
,𝐷
and 𝐷
are energy ratios involving the separated signals and the
target (isolated, supposed known) signals. The quality separation measurements of the
next sections have been obtained within the Matlab® toolbox BSS_EVAL, developed by
Févotte, Gribonval, and Vincent and distributed online under the GNU Public
License [106].
The analyzed set of signals includes approximately 100 signals with two sources and 60
signals with three sources. All the analyzed signals are real recordings of musical
instruments, most of them extracted from [108]. The final set of musical instruments
includes flute, clarinet, sax, trombone, trumpet, oboe, bassoon, horn, tuba, violin, viola,
guitar and piano.
All the analyzed signals have been sub-sampled to 𝑓
22050 Hz, then synthetically
mixed in 8 different experiments involving mixtures of 2 and 3 sources [41, 100]. The
number of divisions per octave 𝐷 and all the thresholds used in the CWAS and the
separation algorithms are the same for all the analyzed signals. Specifically,
1 %.
𝐷
16; 32; 64; 128; 128; 100; 100; 100; 100 , 𝜃 0.03, and 𝐸
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If we consider globally the whole set of signals with 2 mixed sources, the mean values of
the quality separation measurement parameters can be used in some way to measure the
final quality of the separation. These values are:
 𝑆𝐷𝑅

16.07 dB.

 𝑆𝐼𝑅

58.85 dB.

 𝑆𝐴𝑅

16.08 dB.

The average of the standard parameters in the case of three mixed sources are:
 𝑆𝐷𝑅

12.81 dB.

 𝑆𝐼𝑅

52.03 dB.

 𝑆𝐴𝑅

12.82 dB.

These results are consistent with the increasing number of sources in the mixture. Under
the same degree of precision in the frequency axis, the higher the number of sources, the
lower the separation between partials and the higher the probability of interference (lower
𝑆𝐼𝑅). Hence, the final distortions and artifacts tend to increase.

3.8. Conclusions and Future Work
In this work we have presented a new technique of analysis, extraction of time-frequency
characteristics and synthesis of the audio signal, called CWAS algorithm.
Over the last few years, this algorithm has been tested in several applications, such as
onsets detection, partial tracking and filtering in noisy environments, artificial
modification of the audio signal and others, always with positive results, placing the
CWAS algorithm in a prominent position within the existing analysis tools. The
applications presented here are intended to demonstrate that this is a potentially valid
technique in multiple applications, such as music information retrieval, sound
classification or forensic audio.
To date, the processing time (the main drawback of the CWAS algorithm versus other
available tools) is becoming less important, and the applications of this algorithm in real
time (using GPU processing techniques) may be close.
Some of the limitations of the techniques presented here could be overcome by employing
indirect information processing, either through neural networks (Deep Learning or
similar) or through an appropriate human-machine interaction.
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Chapter 4

A Review of the Recent Cepstrum-based
Methods for Acoustic Feedback Cancellation
Bruno C. Bispo and Diamantino R. S. Freitas1

4.1. Introduction
A typical sound reinforcement (SR) system employs microphone(s), amplification system
and loudspeaker(s) to capture, amplify and play back, respectively, the source signal 𝑣 𝑛 ,
which is the signal of interest, in the same acoustic environment. Such a system is
illustrated in Fig. 4.1 with one microphone and one loudspeaker. The acoustic coupling
between loudspeaker and microphone may cause the loudspeaker signal 𝑥 𝑛 to be picked
up by the microphone after going the acoustic feedback path and return into the
communication system, thereby generating a closed signal loop.

Fig. 4.1. Acoustic feedback in SR systems.

The feedback path models the acoustic coupling between loudspeaker and microphone
and, for simplicity, also includes the characteristics of the D/A converter, loudspeaker,
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microphone and A/D converter. Although some non-linearities may occur, for example
because of loudspeaker saturation, it is usually considered linear and defined as a filter
𝐹 𝑞, 𝑛 . A general representation of a time-varying discrete-time filter with length 𝐿 is
given by the transfer function [1, 2]
𝐹 𝑞, 𝑛

𝑓 𝑛

𝑓 𝑛

𝑓 𝑛 𝑞

𝑓 𝑛

𝑓 𝑛

𝑓 𝑛 𝑞

…

⋯

𝑛 𝑞

𝑓

1
⎡ 𝑞
⎢
𝑛 ⎢ 𝑞
⋮
⎢
⎣𝑞

𝑓

⎤
⎥
⎥
⎥
⎦

f 𝑛 q,

(4.1)

or, alternatively, by its impulse response 𝐟 𝑛 . The filtering operation of a signal 𝑥 𝑛
with 𝐹 𝑞, 𝑛 is denoted as
𝐹 𝑞, 𝑛 𝑥 𝑛

f 𝑛 ∗𝑥 𝑛

∑

𝑓 𝑘 𝑥 𝑛

𝑘 ,

while the short-time Fourier transform of 𝐟 𝑛 and 𝑥 𝑛 are denoted by 𝐹 𝑒
𝑋 𝑒 , 𝑛 , respectively, where 𝜔 ∈ 0, 2𝜋 is the angular frequency.

(4.2)
, 𝑛 and

The forward path models the amplification system and any other signal processing device
inserted in that part of the signal loop, such as an equalizer. Although some non-linearities
may exist, for example because of compression, it is usually assumed to be linear and
defined as a filter 𝐺 𝑞, 𝑛 . A forward delay is represented separately by the time-invariant
delay filter 𝐷 𝑞 .
Let the system input signal 𝑢 𝑛 be the source signal 𝑣 𝑛 added to the ambient noise
signal 𝑟 𝑛 , i.e., 𝑢 𝑛
𝑣 𝑛
𝑟 𝑛 , and, for simplicity, also include the characteristics
of the microphone and A/D converter. The system input signal 𝑢 𝑛 and the loudspeaker
signal 𝑥 𝑛 are related by the SR system closed-loop transfer function according to
𝑢 𝑛

1

𝐺 𝑞, 𝑛 𝐷 𝑞
𝑥 𝑛 .
𝐺 𝑞, 𝑛 𝐷 𝑞 𝐹 𝑞, 𝑛

(4.3)

The Nyquist's stability criterion states that the closed-loop system is unstable if there is at
least one frequency 𝜔 for which [2]
𝐺 𝑒
∠𝐺 𝑒

,𝑛 𝐷 𝑒

,𝑛 𝐷 𝑒

𝐹 𝑒

𝐹 𝑒
,𝑛

,𝑛

1
2𝑘𝜋, 𝑘 ∈ ℤ.

(4.4)

This means that if one frequency component is amplified and phase-shifted by an integer
multiple of 2𝜋 by the system open-loop transfer function, 𝐺 𝑞, 𝑛 𝐷 𝑞 𝐹 𝑞, 𝑛 , this
frequency component will never disappear from the system even if there is no more input
signal 𝑢 𝑛 . And its amplitude will increase after each loop in the system, resulting in a
howling at that frequency, a phenomenon known as Larsen effect [2, 3]. This howling will
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be very annoying for the audience and the amplification gain generally has to be reduced.
As a consequence, the maximum stable gain (MSG) of the SR system has an upper bound
due to the acoustic feedback [2, 3].
The howling artefact may occur in all SR systems. The vast majority of people have
witnessed this uncomfortable sound in public address (PA) systems widely used in
presentations, lectures, shows, events in general. In these cases, it causes the SR system
to be underutilized because its amplification gain must not exceed a specific value, the
MSG, even if the system is capable and there is need for high amplification gain.
Moreover, this problem brings some difficulties because, in practice, the MSG is
unknown, depends on the acoustic environment and can vary over time.
But the howling artefact also occurs frequently in hearing aid (HA) devices [4-6]. In this
case, this problem becomes more serious because it involves a health issue and the
howling sound is played back inside the user´s ear canal. The howling artefact is one of
the most frequent complaints and the reason many users give up HA devices. Industry
experts estimate that up to 15% of the HA devices are returned to the factory within
90 days after manufacture because of feedback problems [7].
With the aim of quantifying the achievable amplification in an SR system, it is customary
to define a broadband gain (𝑛) of the forward path according to [2, 3]
𝐾 𝑛

𝐺 𝑒

, 𝑛 𝑑𝜔,

(4.5)

and extract it from 𝐺 𝑞, 𝑛 as follows
𝐺 𝑞, 𝑛

𝐾 𝑛 𝐽 𝑞, 𝑛 .

(4.6)

Assuming that 𝐽 𝑞, 𝑛 is known and 𝐾 𝑛 can be varied, the maximum stable gain (MSG)
of the SR system is defined as [2, 3]
𝑀𝑆𝐺 𝑛 dB
20 log 𝐾 𝑛
such that max |𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐹 𝑒 , 𝑛 |
∈

(4.7)

1,

resulting in [2, 3]
𝑀𝑆𝐺 𝑛 dB

20 log

max 𝐽 𝑒
∈

,𝑛 𝐷 𝑒

𝐹 𝑒

,𝑛

,

(4.8)

where 𝑃(𝑛) denotes the set of frequencies that fulfil the phase condition in (4.2), also
called critical frequencies of the SR system, i.e., [2, 3]
𝑃 𝑛

𝜔|∠𝐺 𝑒

,𝑛 𝐷 𝑒

𝐹 𝑒

,𝑛

2𝑘𝜋, 𝑘 ∈ ℤ .

(4.9)

In order to control the Larsen effect and increase the MSG, several methods have been
developed over the past decades [2]. The acoustic feedback cancellation (AFC) methods
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identify and track the acoustic feedback path 𝐹 𝑞, 𝑛 using an adaptive filter defined as
𝐻 𝑞, 𝑛 . Then, the feedback signal 𝐟 𝑛 ∗ 𝑥 𝑛 is estimated as 𝐡 𝑛 ∗ 𝑥 𝑛 and
subtracted from the microphone signal 𝑦 𝑛 so that, ideally, only the system input signal
𝑢 𝑛 is fed to the forward path 𝐺 𝑞, 𝑛 [2, 3]. This scheme is shown in Fig. 4.2 and is
very similar to acoustic echo cancellation (AEC) commonly used in teleconference
systems [3, 8].

Fig. 4.2. Acoustic feedback cancellation in SR systems.

With an AFC method, the MSG of the SR system becomes [2, 3]
𝑀𝑆𝐺 𝑛 dB
20 log

max |𝐽 𝑒
∈

,𝑛 𝐷 𝑒

𝐹 𝑒

,𝑛

𝐻 𝑒

(4.10)

,𝑛 | ,

and the increase in MSG achieved by the AFC method, ΔMSG, is defined as [2, 3]

20 log

Δ𝑀𝑆𝐺 𝑛 dB
𝐹 𝑒
max |𝐽 𝑒 , 𝑛 𝐷 𝑒

∈

max |𝐽 𝑒
∈
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𝐻 𝑒

𝐹 𝑒
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(4.11)

In both equation, 𝑃 𝑛 denotes the following set of frequencies [2, 3]
𝑃 𝑛

𝜔|∠𝐺 𝑒

,𝑛 𝐹 𝑒

,𝑛

𝐻 𝑒

,𝑛

2𝑘𝜋, 𝑘 ∈ ℤ .

(4.12)

However, in AFC, the system input signal 𝑢 𝑛 and the loudspeaker signal 𝑥 𝑛 are
highly correlated, mainly when the source signal 𝑣 𝑛 is colored as speech. Since 𝑢 𝑛
acts as interference to 𝐻 𝑞, 𝑛 , if the traditional gradient-based or least-squares-based
adaptive filtering algorithms are used, a bias is introduced in 𝐻 𝑞, 𝑛 [4, 5]. Consequently,
the adaptive filter 𝐻 𝑞, 𝑛 only partially cancels the feedback signal 𝐟 𝑛 ∗ 𝑥 𝑛 , thereby
achieving a limited ΔMSG, and also degrades the system input signal 𝑢 𝑛 [2, 3].
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Mostly, the existing solutions available in the literature to overcome the bias problem in
𝐻 𝑞, 𝑛 try to decorrelate the loudspeaker 𝑥 𝑛 and system input 𝑢 𝑛 signals but still
using the traditional adaptive filtering algorithms to update 𝐻 𝑞, 𝑛 [2, 9]. Several
methods insert a processing block in the forward path 𝐺 𝑞, 𝑛 aiming to change the
waveform of the loudspeaker signal 𝑥 𝑛 and then reduce the cross-correlation. In this
context, the addition of noise signals to the loudspeaker signal 𝑥 𝑛 and the insertion of
half-wave rectification, frequency shifting and phase modulation in 𝐺 𝑞, 𝑛 were already
proposed [2, 4, 10, 11]. However, the processing block inserted in the system must not
perceptually affect the quality of the signals which is particularly difficult to achieve.
Other methods are based on the prediction error framework. They consider that the system
input signal 𝑢 𝑛 is the output of a filter, the source model, whose input is a white noise
signal with zero mean [1, 12], which fits quite well for unvoiced segments of speech
signals. Thus, these methods prefilter the loudspeaker 𝑥 𝑛 and microphone y 𝑛 signals
with the inverse source model, in order to create whitened versions, before using them to
update 𝐻 𝑞, 𝑛 according to some traditional adaptive filtering algorithm. Besides the
adaptive filter 𝐻 𝑞, 𝑛 , these methods do not apply any other processing to the signals that
circulate in the system and thereby keep the fidelity of the SR system as high as possible.
In [5, 13], a fixed source model was used. The PEM-AFC method uses an adaptive filter
to estimate the source model for hearing aid applications [6]. The PEM-AFROW method
combines short and long-time prediction filters to estimate the source model and uses the
NLMS adaptive filtering algorithm to update 𝐻 𝑞, 𝑛 [2, 14]. It should be noted that, as
the short time prediction is performed using the Levinson-Durbin algorithm, the
PEM-AFROW method became suitable mostly for speech signals. For other kinds of
signals, other source models should be used [15]. In [16], the PEM-AFROW was
combined with a generalized sidelobe canceller but its performance did not improve for
long feedback paths, such as occur in SR systems, whereas its computational complexity
was reduced. The PEM-FDKF uses a short-time prediction filter to estimate the source
model and a frequency-domain Kalman filter to update 𝐻 𝑞, 𝑛 [17].
Another possible solution to overcome the bias problem in the adaptive filter 𝐻 𝑞, 𝑛 is
to not use the traditional gradient-based or least-squares-based adaptive filtering
algorithms to update 𝐻 𝑞, 𝑛 . Following this approach, the AFC-CM and AFC-CE
methods exploit mathematical definitions of the cepstra of the microphone 𝑦 𝑛 and error
𝑒 𝑛 signals, respectively, as functions of 𝐠 𝑛 , 𝐝, 𝐟 𝑛 and 𝐡 𝑛 in order to compute
estimates of the feedback path impulse response that are used to update 𝐻 𝑞, 𝑛 [3, 18].
These recent AFC methods have presented very promising results in different
configurations of SR systems [3, 18-21]. And, similarly to the methods based on the
prediction error framework, these methods do not modify the signals that circulate in the
system except for the adaptive filter 𝐻 𝑞, 𝑛 .
The present chapter presents a compilation of the recent advances in acoustic feedback
cancellation of SR systems using cepstral analysis. The AFC-CM and AFC-CE methods
are presented in detail and evaluated using long and short acoustic feedback paths as the
ones that generally occur in PA and HA systems. The text is organized as follows:
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Section 4.2 presents the cepstral analysis of a typical SR system; Section 4.3 introduces
the cepstral analysis of an SR system with an AFC method; Section 4.4 presents in detail
the developments of the AFC-CM and AFC-CE methods; Section 4.5 describes the
configuration of the experiments carried out in two simulated environments; Section 4.6
presents and discusses the results obtained. Finally, Section 4.7 concludes the chapter.

4.2. Cesptral Analysis of the SR System
The SR system depicted in Fig. 4.1 is described by the following time domain equations
𝑦 𝑛
𝑢 𝑛
f 𝑛 ∗𝑥 𝑛
,
𝑥 𝑛
g 𝑛 ∗d∗𝑦 𝑛

(4.13)

and their corresponding representations in the frequency domain
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(4.14)

From (4.14), the frequency-domain relationship between the system input signal 𝑢 𝑛
and the microphone signal 𝑦 𝑛 is obtained as
𝑌 𝑒

,𝑛

1

𝐺 𝑒

1
,𝑛 𝐷 𝑒

𝐹 𝑒
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(4.15)

which by applying the natural logarithm becomes
ln 𝑌 𝑒

,𝑛

ln 𝑈 𝑒

,𝑛

ln 1

𝐺 𝑒

,𝑛 𝐷 𝑒

𝐹 𝑒

, 𝑛 . (4.16)

1, a sufficient condition to ensure the stability of the
If 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐹 𝑒 , 𝑛
SR system, the second term on the right-hand side of (4.16) can be expanded in Taylor's
series as
ln 1
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.

(4.17)

Replacing (4.17) in (4.16) and applying the inverse Fourier transform as follows
ℱ
ℱ

ln 𝑌 𝑒

,𝑛
𝐺 𝑒

ℱ
,𝑛 𝐷 𝑒
𝑘

ln 𝑈 𝑒
𝐹 𝑒

,𝑛
,𝑛

,

the cepstral domain relationship between the system input signal 𝑢 𝑛
microphone signal 𝑦 𝑛 is obtained as
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𝒄𝒚 n

𝒄𝒖 n

g 𝑛 ∗d∗f 𝑛
𝑘

∗

,

(4.19)

where ∗𝒌 denotes the kth convolution power which, in the case of an impulse response,
is hereafter called k-fold impulse response.
In an SR system, the cepstrum 𝒄𝒚 n of the microphone signal is the cepstrum 𝒄𝒖 n of
the system input signal added to a time domain series as a function of 𝐠 n , 𝐝 and 𝐟 n .
The presence of this time domain series is due to the disappearance of the logarithm
operator in the rightmost term of (4.18). This series is formed by impulse responses that
are k-fold convolutions of 𝐠 n ∗ 𝐝 ∗ 𝐟 n , the open-loop impulse response of the SR
system, and they can be physically interpreted as impulse responses of k consecutive loops
through the system. Therefore, it is crucial to understand that 𝒄𝒚 n contains time-domain
information about the SR system through the impulse responses 𝐠 n , 𝐝 and 𝐟 n .
In fact, the cepstral analysis modified the representation of the components of the SR
system in relation to the system input signal 𝑢 𝑛 . In (4.15), the system input signal 𝑢 𝑛
and the components of the SR system are represented in the frequency domain. But in
(4.19), the system input signal 𝑢 𝑛 is represented in the cepstral domain while the
components of the SR system are actually represented in the time domain.
It should be reminded that the cepstrum 𝒄𝒚 𝑛 of the microphone signal in a SR system is
defined by (4.19) if and only if the condition 𝐺 𝑒𝑗𝜔 , 𝑛 𝐷 𝑒𝑗𝜔 𝐹 𝑒𝑗𝜔 , 𝑛
1 for the
expansions in Taylor's series in (4.17) is fulfilled. Otherwise, nothing can be inferred
about the mathematical definition of 𝒄𝒚 𝑛 as a function of 𝐠 𝑛 , 𝐝 and 𝐟 𝑛 . The
condition 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐹 𝑒 , 𝑛
1 is the gain condition of the Nyquist's
stability criterion and therefore is hereafter called Nyquist's gain condition (NGC) of the
SR system. The NGC of the SR system is sufficient to ensure system stability because it
considers all the frequency components while the Nyquist's stability criterion considers
only those that satisfy the phase condition defined in (4.4). As a consequence, the
broadband gain 𝐾 𝑛 of the forward path, defined in (4.5), must be, in general, lower than
the MSG of the SR system to fulfil it. And, even though 𝒄𝒚 𝑛 is mathematically defined
by (4.19), the practical existence of these impulse responses in 𝒄𝒚 𝑛 depends on whether
the size of the time domain observation window is large enough to include their effects.
In order to completely remove the acoustic feedback, it is necessary to remove all the time
domain information about the SR system from the cepstrum of the microphone signal, i.e.
in order to obtain 𝑦 𝑛
𝑢 𝑛 it is necessary to make 𝒄𝒚 𝑛
𝒄𝒖 𝑛 . It possible to
exploit the modification applied by the cepstral analysis on the representation of the
components of the SR system in relation to the system input signal in order to develop an
AFC method, where an adaptive filter 𝐻 𝑞, 𝑛 estimates the feedback path 𝐹 𝑞, 𝑛 and
removes its influence from the system. But here, instead of the traditional gradient-based
or least-squares-based adaptive filtering algorithms, the adaptive filter 𝐻 𝑞, 𝑛 will be
updated based on time domain information about the SR system estimated from 𝒄𝒚 𝑛 .
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4.3. Cesptral Analysis of the AFC System
An AFC system is an SR system with an AFC method, i.e., that uses an adaptive filter
𝐻 𝑞, 𝑛 to remove the influence of the feedback path 𝐹 𝑞, 𝑛 from the system. Regardless
of how the adaptive filter 𝐻 𝑞, 𝑛 is updated, which allows to disregard the adaptive
algorithm block with no loss of generality, the AFC system depicted in Fig. 4.2 is
described by the following time domain equations
𝑦 𝑛
𝑢 𝑛
f 𝑛 ∗𝑥 𝑛
𝑒 𝑛
𝑦 𝑛
h 𝑛 ∗𝑥 𝑛 ,
𝑥 𝑛
g 𝑛 ∗d∗𝑒 𝑛

(4.20)

and their corresponding representations in the frequency domain
𝑌 𝑒

,𝑛

𝑈 𝑒

,𝑛

𝐹 𝑒

,𝑛 𝑋 𝑒

,𝑛

𝐸 𝑒

,𝑛

𝑌 𝑒

,𝑛

𝐻 𝑒

,𝑛 𝑋 𝑒

,𝑛 .

𝑋 𝑒

,𝑛

𝐺 𝑒

,𝑛 𝐷 𝑒

𝐸 𝑒

(4.21)

,𝑛

4.3.1. Cesptral Analysis of the Microphone Signal
From (4.21), the frequency-domain relationship between the system input signal 𝑢 𝑛 and
the microphone signal 𝑦 𝑛 is given by
𝑌 𝑒

,𝑛

1 𝐺 𝑒 ,𝑛 𝐷 𝑒
𝐹 𝑒
𝐺 𝑒 ,𝑛 𝐷 𝑒

1

𝐻 𝑒 ,𝑛
,𝑛
𝐻 𝑒

,𝑛

𝑈 𝑒

(4.22)

,𝑛 ,

which by applying the natural logarithm becomes
ln 𝑌 𝑒

,𝑛

ln 𝑈 𝑒

ln 1

𝐺 𝑒

,𝑛
,𝑛 𝐷 𝑒

If 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐻 𝑒 , 𝑛
be expanded in Taylor's series as
ln 1

𝐺 𝑒

,𝑛 𝐷 𝑒

ln 1
𝐹 𝑒

𝐺 𝑒
,𝑛

,𝑛 𝐷 𝑒
𝐻 𝑒

𝐻 𝑒
,𝑛

.

,𝑛
(4.23)

1, the second term on the right-hand side of (4.23) can
𝐻 𝑒
1

,𝑛
𝐺 𝑒

,𝑛 𝐷 𝑒
𝑘

𝐻 𝑒

,𝑛

.

(4.24)

And if 𝐺 𝑒 , 𝑛 𝐷 𝑒
𝐹 𝑒 ,𝑛
𝐻 𝑒 ,𝑛
1, a sufficient condition to ensure
the stability of the AFC system, the third term on the right-hand side of (4.23) can be
expanded in Taylor's series as
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ln 1

𝐺 𝑒

,𝑛 𝐷 𝑒

𝐹 𝑒

,𝑛

𝐻 𝑒

,𝑛

𝐺 𝑒

,𝑛 𝐷 𝑒

𝐹 𝑒

,𝑛

𝐻 𝑒

,𝑛

(4.25)

.

𝑘

Replacing (4.24) and (4.25) in (4.23), and applying the inverse Fourier transform as
follows
ℱ

ln 𝑌 𝑒

ℱ

ℱ

,𝑛
𝐺 𝑒

1
𝐺 𝑒

ℱ

,𝑛 𝐷 𝑒

,𝑛 𝐷 𝑒
𝑘

𝐹 𝑒

,𝑛

ln 𝑈 𝑒

,𝑛

𝐻 𝑒

,𝑛
(4.26)

𝐻 𝑒

,𝑛

,

𝑘

the cepstral domain relationship between the system input signal 𝑢 𝑛 and the
microphone signal 𝑦 𝑛 is obtained as
𝒄𝒚 n

𝒄𝒖 n

g 𝑛 ∗d∗h 𝑛
𝑘

1
g 𝑛 ∗d∗ f 𝑛
𝑘

h 𝑛

∗

(4.27)

∗

.

In an AFC system, the cepstrum 𝒄𝒚 𝑛 of the microphone signal is the cepstrum 𝒄𝒖 𝑛 of
the system input signal added to two time-domain series as functions of 𝐠 𝑛 , 𝐝, 𝐟 𝑛 and
𝐡 𝑛 . Similarly to (4.19), the presence of these time-domain series is due to the
disappearance of the logarithm operator in the last two terms of (4.26). These series are
formed by k-fold convolutions of 𝐠 𝑛 ∗ 𝐝 ∗ 𝐟 𝑛
𝐡 𝑛 , the open-loop impulse
response of the AFC system, and 𝐠 𝑛 ∗ 𝐝 ∗ 𝐡 𝑛 . Therefore, the cepstrum 𝒄𝒚 𝑛 of the
microphone signal contains time domain information about the AFC system through 𝐠 𝑛 ,
d, 𝐟 𝑛 and 𝐡 𝑛 .
The cepstral domain relationship in (4.27) can be re-written as
𝒄𝒚 n
g 𝑛 ∗d
𝑘

𝒄𝒖 n

∗

∗ f 𝑛

h 𝑛

∗𝒌

1

h 𝑛

∗

.

(4.28)

The resulting 1-fold (k = 1) impulse response is 𝐠 𝑛 ∗ 𝐝 ∗ 𝐟 𝑛 , the open-loop impulse
response, and is identical to the one in (4.19). It is crucial to understand that, regardless
of 𝐡 𝑛 , the open-loop impulse response 𝐠 𝑛 ∗ 𝐝 ∗ 𝐟 𝑛 of the SR system is always the
1-fold impulse response present in 𝒄𝒚 𝑛 . On the other hand, the resulting higher fold
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(𝑘 1) impulse responses present in (4.28) are different from those in (4.19) due to the
insertion of the adaptive filter 𝐻 𝑞, 𝑛 . It is noticeable that (4.27) and (4.28) differ from
(4.19) except when 𝐡 𝑛
𝟎, condition that makes the two systems equivalent.
Ideally, if the adaptive filter exactly matches the feedback path, i.e., 𝐻 𝑞, 𝑛
𝐹 𝑞, 𝑛 ,
the frequency domain relationship between the system input signal 𝑢 𝑛 and the
microphone signal 𝑦 𝑛 defined in (4.22) will become
𝑌 𝑒

,𝑛

1

𝐺 𝑒

,𝑛 𝐷 𝑒

𝐹 𝑒

,𝑛 𝑈 𝑒

,𝑛 ,

(4.29)

which will imply the following time domain relationship
𝑦 𝑛

1

g 𝑛 ∗d∗f 𝑛

∗𝑢 𝑛 .

(4.30)

This means that the microphone signal 𝑦 𝑛 will continue to have acoustic feedback even
in the ideal situation where 𝐻 𝑞, 𝑛
𝐹 𝑞, 𝑛 . This is explained by the fact that the
influence of the open-loop impulse response of the SR system, 𝐠 𝑛 ∗ 𝐝 ∗ 𝐟 𝑛 , is
unavoidable because the AFC method is applied only after the feedback signal is
picked-up by the microphone. This is the reason why 𝐠 𝑛 ∗ 𝐝 ∗ 𝐟 𝑛 is always present in
𝒄𝒚 𝑛 regardless of 𝐡 𝑛 . In the cepstral domain, the relationship in (4.28) will become
𝒄𝒚 n

𝒄𝒖 n

1

g 𝑛 ∗d∗ f 𝑛
𝑘

∗

,

(4.31)

where the difference to (4.19), in the SR system, is that the even k-fold weighed impulse
responses have mirrored amplitudes.
Note that the cesptrum 𝒄𝒚 𝑛 of the microphone signal in an AFC system is defined by
(4.28) if and only if the conditions 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐻 𝑒 , 𝑛
1 and
𝐹 𝑒 ,𝑛
𝐻 𝑒 ,𝑛
1 for the expansions in Taylor's series in
𝐺 𝑒 ,𝑛 𝐷 𝑒
(4.24) and (4.25), respectively, are fulfilled. Otherwise, nothing can be inferred about the
mathematical definition of 𝒄𝒚 𝑛 as a function of 𝐠 𝑛 , 𝐝, 𝐟 𝑛 and 𝐡 𝑛 .
1 in the SR system, the
Similarly to the condition 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐹 𝑒 , 𝑛
condition 𝐺 𝑒 , 𝑛 𝐷 𝑒
𝐹 𝑒 ,𝑛
𝐻 𝑒 ,𝑛
1 is the NGC of the AFC
system. But, while the fulfilment of the NGC of the SR system is the only requirement to
define 𝒄𝒚 𝑛 according to (4.19), the fulfillment of the NGC of the AFC system is not
sufficient to define 𝒄𝒚 𝑛 according to (4.28). In addition to it, the condition
𝐺 𝑒 ,𝑛 𝐷 𝑒 𝐻 𝑒 ,𝑛
1 must also be fulfilled.
In a practical AFC system, 𝐻 𝑞, 0
0 and 𝐻 𝑞, 𝑛 ⟶ 𝐹 𝑞, 𝑛 as 𝑛 ⟶ ∞ . When
𝑛 0, the additional condition 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐻 𝑒 , 𝑛
1 is fulfilled and 𝐾 0
can be infinite. But as 𝐻 𝑞, 𝑛 converges to 𝐹 𝑞, 𝑛 , the maximum value of the broadband
gain 𝐾 𝑛 of the forward path that fulfills the condition decreases. Finally, when 𝑛 ⟶ ∞,
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1, the NGC of the SR system, and
the condition becomes 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐹 𝑒 , 𝑛
the broadband gain 𝐾 𝑛 must be lower than the MSG of the SR system to fulfill it.
Therefore, in an AFC system, the cepstrum 𝒄𝒚 𝑛 of the microphone signal is ultimately
defined by (4.28) if the NGC of both AFC and SR systems are fulfilled. This restricts the
use of 𝒄𝒚 𝑛 in AFC systems because if the broadband gain 𝐾 𝑛 of the forward path is
increased above the MSG of the SR system, as intended in AFC systems, the condition
𝐺 𝑒 ,𝑛 𝐷 𝑒 𝐻 𝑒 ,𝑛
1 may no longer be fulfilled and thus 𝒄𝒚 𝑛 may not be
defined by (4.28). This is the critical issue of the cepstral analysis of the microphone signal
in AFC systems that limits the performance of any AFC method based solely on 𝒄𝒚 𝑛 .
4.3.2. Cesptral Analysis of the Error Signal
The cepstral analysis can provide time domain information about the AFC system in such
a way that, as in the SR system, the only requirement is the fulfilment of its NGC. It should
1 in
be understood that the need to fulfil the condition 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐻 𝑒 , 𝑛
order to mathematically define the cepstrum 𝒄𝒚 𝑛 of the microphone signal by (4.28) is
due to the numerator of (4.22). And this condition can be avoided by realizing, from
(4.21), that the frequency domain relationship between the system input signal 𝑢 𝑛 and
the error signal 𝑒 𝑛 , which was generated from the microphone signal 𝑦 𝑛 , is given by
𝐸 𝑒

,𝑛

1

𝐺 𝑒

1
𝐹 𝑒

,𝑛 𝐷 𝑒

,𝑛

𝐻 𝑒

,𝑛

𝑈 𝑒

,𝑛 ,

(4.32)

.

(4.33)

which by applying the natural logarithm becomes
ln 𝐸 𝑒
ln 1

𝐺 𝑒

,𝑛

,𝑛 𝐷 𝑒

ln 𝑈 𝑒
𝐹 𝑒

,𝑛

,𝑛

𝐻 𝑒

,𝑛

𝐹 𝑒 ,𝑛
𝐻 𝑒 ,𝑛
1, a sufficient condition to ensure the
If 𝐺 𝑒 , 𝑛 𝐷 𝑒
stability of the AFC system, the second term on the right-hand side of (4.33) can be
expanded in Taylor's series according to (4.25). Replacing (4.25) in (4.33), and applying
the inverse Fourier transform as follows
ℱ
ℱ

ln 𝑌 𝑒
𝐺 𝑒

,𝑛

,𝑛 𝐷 𝑒

ℱ

ln 𝑈 𝑒

𝐹 𝑒
𝑘

,𝑛

,𝑛
𝐻 𝑒

,𝑛

,

(4.34)

the cepstral domain relationship between the system input signal 𝑢 𝑛 and the error signal
𝑒 𝑛 is obtained as
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𝒄𝒆 n

g 𝑛 ∗d∗ f 𝑛
𝑘

𝒄𝒖 n

h 𝑛

∗

.

(4.35)

In an AFC system, the cepstrum 𝒄𝒆 𝑛 of the error signal is the cepstrum 𝒄𝒖 𝑛 of the
system input signal added to a time domain series as a function of 𝐠 𝑛 , 𝐝, 𝐟 𝑛 and 𝐡 𝑛 .
Similarly to (4.19) and (4.27), the presence of the time domain series is due to the
disappearance of the logarithm operator in the rightmost term of (4.34). This series is
formed by impulse responses that are k-fold convolutions of 𝐠 𝑛 ∗ 𝐝 ∗ 𝐟 𝑛
𝐡 𝑛 ,
the open-loop impulse response of the AFC system, and they can be physically interpreted
as impulse responses of k consecutive loops through the system. Therefore, the cepstrum
𝒄𝒆 𝑛 of the error signal also contains time domain information about the AFC system
through 𝐠 𝑛 , 𝐝, 𝐟 𝑛 and 𝐡 𝑛 .
Contrary to 𝒄𝒚 𝑛 , all the k-fold impulse responses present in 𝒄𝒆 𝑛 depend on 𝐡 𝑛 . It is
noticeable that (4.35) differs from (4.28) except when 𝐡 𝑛
𝟎, condition that makes
𝑒 𝑛
𝑦 𝑛 . Ideally, if the adaptive filter exactly matches the feedback path, i.e.,
𝐻 𝑞, 𝑛
𝐹 𝑞, 𝑛 , (4.32) and (4.35) will become
𝐸 𝑒

,𝑛

𝑈 𝑒

,𝑛

(4.36)

and
𝒄𝒆 n

𝒄𝒖 n ,

(4.37)

respectively. In the time domain it will lead to
𝑒 n

𝑢 n ,

(4.38)

which means that the acoustic feedback will be completely cancelled. Generally, in a more
realistic situation where 𝐻 𝑞, 𝑛
𝐹 𝑞, 𝑛 , the better the adaptive filter 𝐻 𝑞, 𝑛 matches
the feedback path 𝐹 𝑞, 𝑛 , the more the error signal 𝑒 𝑛 approaches the system input
signal 𝑢 𝑛 .
Therefore, in an AFC system, the cepstrum 𝒄𝒆 𝑛 of the error signal is mathematically
defined as a function of 𝐠 𝑛 , 𝐝, 𝐟 𝑛 and 𝐡 𝑛 if the NGC of the AFC system is fulfilled.
This clearly represents an advantage over the cepstrum 𝒄𝒚 𝑛 of the microphone signal
because, besides the fulfillment of the NGC of the AFC system, it also requires the
fulfillment of the condition 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐻 𝑒 , 𝑛
1, which ultimately becomes
the NGC of the SR system, to be similarly defined. In practice, it is expected that an AFC
method based on 𝒄𝒆 𝑛 works properly regardless of the broadband gain 𝐾 𝑛 of the
forward path if the NGC of the AFC system is fulfilled and, therefore, can further increase
the MSG of the SR system compared with an AFC method based on 𝒄𝒚 𝑛 .
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4.4. AFC Methods Based on Cepstral Analysis
As demonstrated in the previous section, the cepstra of the microphone and error signals
may contain well-defined time domain information about the SR system through 𝐠 𝑛 , 𝐝,
𝐟 𝑛 and 𝐡 𝑛 if some gain conditions are fulfilled. Thus, two AFC methods that compute
estimates of the feedback path impulse response from these cepstra in order to update the
adaptive filter were recently developed.
4.4.1. AFC-CM
The scheme of the AFC method based on the cepstrum 𝒄𝒚 𝑛 of the microphone signal
(AFC-CM) is shown in Fig. 4.3 [18]. As any AFC method, the AFC-CM identifies and
tracks the acoustic feedback path using an adaptive FIR filter. But, instead of the
traditional gradient-based or least-squares-based adaptive filtering algorithms, the
AFC-CM method updates the adaptive filter using estimates of the impulse response 𝐟 𝑛
of the feedback path computed from 𝒄𝒚 𝑛 [18].

Fig. 4.3. Acoustic feedback cancellation based on the cepstral analysis of the microphone signal.

The AFC-CM method starts by calculating g 𝑛 ∗ d ∗ f 𝑛 ^ , an estimate of
𝐠 𝑛 ∗ d ∗ f 𝑛 , the open-loop impulse response of the SR system, from 𝒄𝒚 𝑛 . This is
𝐿
𝐿
2 samples of the cepstrum 𝒄𝒚 𝑛 of the
performed by selecting the first 𝐿
microphone signal [18], resulting in
g 𝑛 ∗d∗f 𝑛

^

g 𝑛 ∗d∗f 𝑛

𝒄 𝒖𝟎 𝑛 ,

(4.39)

where
𝒄 𝒖𝟎 𝑛

𝑐

𝑛

𝑐

𝑛

Thereafter, the method calculates g 𝑛 ∗ f 𝑛
according to [18]

…
^

𝑐

𝑛 .

(4.40)

, an estimate of 𝐠 𝑛 ∗ f 𝑛 , from (4.39)
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g 𝑛 ∗f 𝑛
Note that the convolution with 𝐝
procedure results in

^

g 𝑛 ∗d∗f 𝑛

^

∗𝐝 .

(4.41)

is performed by sliding on the sample axis. This

g 𝑛 ∗f 𝑛

^

𝑐

𝑛

g 𝑛 ∗f 𝑛

𝒄 𝒖𝑳

𝑫 𝟏

𝑛 ,

(4.42)

where
𝒄 𝒖𝑳

𝑫 𝟏

𝑛

𝑐

𝑛

…

𝑐

𝑛 .

(4.43)

The segment 𝒄𝒖𝑳 𝟏 𝑛 from the cepstrum of the input signal acts as noise in the
𝑫
estimation of 𝐠 𝑛 ∗ f 𝑛 and it would prevent the AFC-CM method from reaching the
optimal solution g 𝑛 ∗ f 𝑛 ^ 𝐠 𝑛 ∗ f 𝑛 . However, in [3], it was proved that this
estimation
will
be
asymptotically
consistent
for
the
samples
of
𝐠 𝑛 ∗ f 𝑛 with the highest absolute values, which are the most important ones, because
it tends to reach the optimal solution.
The forward path 𝐺 𝑞, 𝑛 can be accurately estimated from its input (error 𝑒 𝑛 ) and
output (loudspeaker 𝑥 𝑛 ) signals through any open-loop system identification method.
Then, assuming prior knowledge of the forward path 𝐺 𝑞, 𝑛 , the method computes 𝐟 𝑛 ,
an estimate of the impulse response 𝐟 𝑛 of the feedback path, from (4.43) as follows [18]
𝐟 𝑛

g 𝑛 ∗f 𝑛

^

∗𝐠

𝑛 .

(4.44)

In order to increase robustness to short-burst disturbances, the update of the adaptive filter
is performed as [18]
h 𝑛

𝜆h 𝑛

1

1

𝜆 𝐟 𝑛 ,

(4.45)

where 0 𝜆 1 is the parameter that controls the trade-off between robustness and
tracking rate of the adaptive filter.
Therefore, the workflow of the AFC-CM method is summarized as follows: every 𝑁
samples, a frame of the microphone signal 𝑦 𝑛 containing its newest 𝐿 samples is
selected; the frame has its spectrum 𝑌 𝑒 , 𝑛 and power cepstrum 𝒄𝒚 𝑛 calculated
through an 𝑁 -point Fast Fourier Transform (FFT); g 𝑛 ∗ d ∗ f 𝑛 ^ is computed
from 𝒄𝒚 𝑛 ; with the knowledge of d, g 𝑛 ∗ f 𝑛 ^ is calculated; with an estimate of
𝐠 𝑛 , 𝐟 𝑛 is computed; finally, h 𝑛 is updated.
4.4.2. AFC-CE
The scheme of the AFC method based on the cepstrum 𝒄𝒆 𝑛 of the error signal
(AFC-CE) is depicted in Fig. 4.4 [3]. As any AFC method, the AFC-CE method identifies
and tracks the acoustic feedback path using an adaptive FIR filter. But, instead of the
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traditional gradient-based or least-squares-based adaptive filtering algorithms, the AFCCE method updates the adaptive filter using estimates of the impulse response 𝐟 𝑛 of the
feedback path computed from 𝒄𝒆 𝑛 .

Fig. 4.4. Acoustic feedback cancellation based on cepstral analysis of the error signal.

The concepts of the AFC-CE and AFC-CM are similar. They differ in the signal to which
the cepstral analysis is applied and, consequently, in the time domain information that is
estimated from the cepstra. And most importantly, as discussed in detail in Sections 4.3.1
and 4.3.2, the only requirement in order for 𝒄𝒆 𝑛 to be defined according to (4.35) is the
fulfillment of the NGC of the AFC system. In contrast, in order for 𝒄𝒚 𝑛 to be defined
according to (4.28), the broadband gain 𝐾 𝑛 of the forward path must also fulfill the
condition 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐻 𝑒 , 𝑛
1, which ultimately becomes the NGC of the
SR system. Therefore, the AFC-CE method is expected to work properly regardless of
𝐾 𝑛 if the NGC of the AFC system is fulfilled, unlike the AFC-CM, and thus further
increase the MSG of the SR system compared with the AFC-CM method.
The AFC-CE method starts by calculating g 𝑛 ∗ d ∗ f 𝑛
h 𝑛 ^ , an estimate of
𝐠 𝑛 ∗d∗ f 𝑛
h 𝑛 , the open-loop impulse response of the AFC system, from
𝐿
𝐿
2 samples of the cepstrum
𝒄𝒆 𝑛 . This is performed by selecting the first 𝐿
𝒄𝒆 𝑛 of the error signal, resulting in [3]
g 𝑛 ∗d∗ f 𝑛

^

h 𝑛

g 𝑛 ∗d∗ f 𝑛

h 𝑛

𝒄𝒖𝟎 𝑛 ,

(4.46)

where 𝒄𝒖𝟎 𝑛 is defined in (4.40).
Thereafter, the method calculates g 𝑛 ∗ f 𝑛
𝐠 𝑛 ∗ f 𝑛
h 𝑛 , from (4.46) according to [3]
g 𝑛 ∗ f 𝑛

h 𝑛

Note that the convolution with 𝐝
procedure results in [3]

^

g 𝑛 ∗d∗ f 𝑛

h 𝑛

^

h 𝑛

,

an
^

estimate

∗𝐝 .

of

(4.47)

is performed by sliding on the sample axis. This
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g 𝑛 ∗ f 𝑛
where 𝒄𝒖𝑳

𝑫 𝟏

h 𝑛

^

g 𝑛 ∗ f 𝑛

h 𝑛

𝒄𝒖𝑳

𝑫 𝟏

𝑛 ,

(4.48)

𝑛 is defined as (4.43).

Similarly to (4.42), the segment 𝒄𝒖𝑳 𝟏 𝑛 from the cepstrum of the input signal acts as
𝑫
noise in the estimation of 𝐠 𝑛 ∗ f 𝑛
h 𝑛 and it would prevent the AFC-CE method
from reaching the optimal solution g 𝑛 ∗ f 𝑛
h 𝑛 ^ g 𝑛 ∗ f 𝑛
h 𝑛 .
However, in [3], it was proved that this estimation will be asymptotically consistent for
the samples of 𝐠 𝑛 ∗ f 𝑛
h 𝑛 with the highest absolute values, which are the most
important ones, because it tends to reach the optimal solution.
Assuming prior knowledge of the forward path 𝐺 𝑞, 𝑛 , as in the AFC-CM method, the
𝐡 𝑛 , from (4.48)
AFC-CE method computes f 𝑛
𝐡 𝑛 ^ , an estimate of 𝐟 𝑛
according to [3]
f 𝑛

𝐡 𝑛

^

g 𝑛 ∗ f 𝑛

h 𝑛

^

∗𝐠

𝑛 .

(4.49)

Then, the method calculates 𝐟 𝑛 , an estimate of the impulse response 𝐟 𝑛 of the
feedback path, from (4.49) as follows [3]
𝐟 𝑛

f 𝑛

𝐡 𝑛

^

𝐡 𝑛

1 .

(4.50)

In order to increase robustness to short-burst disturbances, the update of the adaptive filter
is performed as [3]
h 𝑛

𝜆h 𝑛

1

1

𝜆 𝐟 𝑛 ,

(4.51)

where 0 𝜆 1 is the factor that controls the trade-off between robustness and tracking
rate of the adaptive filter.
Therefore, the workflow of the AFC-CE method is summarized as follows: every 𝑁
samples, a frame of the error signal 𝑒 𝑛 containing its newest 𝐿 samples is selected;
the frame has its spectrum 𝐸 𝑒 , 𝑛 and power cepstrum 𝒄𝒆 𝑛 calculated using an
𝑁
-point FFT; g 𝑛 ∗ d ∗ f 𝑛
h 𝑛 ^ is computed from 𝒄𝒆 𝑛 ; with the
knowledge of d; g 𝑛 ∗ f 𝑛
h 𝑛 ^ is calculated; with an estimate of 𝑔 𝑛 ,
^
is computed; using h 𝑛 1 , 𝐟 𝑛 is calculated; finally,
f 𝑛
𝐡 𝑛
h 𝑛 is updated.

4.5. Simulation Configuration
In order to evaluate the performance of the AFC methods for short and long acoustic
feedback paths, experiments were carried out in simulated environments. The AFC
methods were evaluated with respect to their abilities to estimate the acoustic feedback
path and increase the MSG. Moreover, the distortion inserted in the error signal 𝑒 𝑛 was
objectively and perceptually measured. To this purpose, the following configurations
were used.
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4.5.1. Simulated Environment
4.5.1.1. Feedback Path
Two simulated environments were used in the evaluation of the AFC-CM and AFC-CE
methods. The first aimed to simulate the acoustic environment of a PA system, which can
be understood as an SR system with long acoustic feedback path. The second aimed to
simulate the acoustic environment of an HA system, which can be interpreted as an SR
system with short acoustic feedback path.
In both cases, measured room impulse responses (RIR) from [22] were used as the impulse
response 𝐟 of the acoustic feedback paths. The RIRs were downsampled to 𝑓
16 Hz.
4000 and is illustrated in
For the PA system, the RIR was then truncated to length 𝐿
Fig. 4.5a. For the HA system, the RIR had its samples corresponding to the initial delay
removed and then was truncated to 𝐿
50, and is illustrated in Fig. 4.5b.

(a)

(b)

Fig. 4.5. Impulse response f of: (a) long acoustic feedback path; (b) short acoustic feedback path.

4.5.1.2. Forward Path
The forward path 𝐺 𝑞, 𝑛 , which is typically the amplifier of the SR system, was defined
as an unit delay and a gain, leading to
𝐺 𝑞, 𝑛
with 𝐿

2. Then, according to (4.6), 𝐾 𝑛

𝑔 𝑛 𝑞
𝑔 𝑛 and 𝐽 𝑞, 𝑛

(4.52)
𝑞

.

20 log 𝐾 , the
Denoting the MSG of the SR system, defined in (4.7), as 𝑀𝑆𝐺
broadband gain 𝐾 𝑛 of the forward path was initialized to a value 𝐾 such that
𝑀𝑆𝐺 in order to allow the AFC method to operate in a stable condition
20 log 𝐾
and thus the adaptive filter 𝐻 𝑞, 𝑛 to converge. As in [2, 3], it was defined that
𝑀𝑆𝐺
3 , i.e., an initial stable gain margin of 3 dB. In a first
20 log 𝐾
configuration, 𝐾 𝑛
𝐾 during all the simulation time 𝑇 20 s to verify the methods’
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performance for a time-invariant 𝐺 𝑞, 𝑛 . Afterwards, in a more practical configuration
as suggested in [3], 𝐾 𝑛
𝐾 until 5 s and then 20 log 𝐾 𝑛 was increased at the rate
20 log 𝐾
Δ𝐾 . Finally,
of 1 dB/s up to 20 log 𝐾 such that 20 log 𝐾
𝐾 𝑛
𝐾 during 10 s totaling a simulation time of 𝑇 15 Δ𝐾 s. The second
configuration of the broadband gain 𝐾 𝑛 is depicted in Fig. 4.6.

Fig. 4.6. Practical configuration of the broadband gain 𝐾 𝑛 of the forward path.

4.5.1.3. Delay Filter
The delay filter 𝐷 𝑞 was a delay line given by
𝐷 𝑞

𝑞

,

(4.53)

401, equivalent to 25 ms as in [2,3]. For the AFC-CM and AFC-CE methods,
where 𝐿
801 that generates a time
𝐷 𝑞 was actually a linear-phase highpass FIR filter with 𝐿
delay of 25 ms as in [3]. The delay filter 𝐷 𝑞 is commonly used by the AFC methods to
decrease the cross-correlation between the loudspeaker 𝑥 𝑛 and microphone 𝑦 𝑛
signals. In the PEM-AFC and PEM-AFROW methods, a 𝐷 𝑞 with 𝐿 higher than the
source model length is strictly necessary to fulfil identifiability conditions [6,14]. In the
AFC-CM and AFC-CE, 𝐷 𝑞 shifts the values of 𝐠 𝑛 ∗ f 𝑛 and 𝐠 𝑛 ∗ f 𝑛
h 𝑛
towards the lower magnitude values of 𝒄𝒖 𝑛 , which may improve their estimation.
4.5.2. Evaluation Metrics
4.5.2.1. Maximum Stable Gain
The main goal of any AFC method is to increase the MSG of the SR system, which has
an upper bound due to the acoustic feedback. Therefore, the MSG is the most important
metric in evaluating AFC methods. The MSG of an SR system with the AFC methods
under evaluation is defined as (4.10) and the increase in MSG achieved by the AFC
methods, ΔMSG, is defined as (4.11).
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4.5.2.2. Misalignment
A common metric in evaluating adaptive filters is the misalignment (MIS). The MIS
measures the distance between the impulse responses of the adaptive filter and the system
under identification. In this chapter, the performance of the AFC methods was also
evaluated through the normalized MIS defined as [23]
𝑀𝐼𝑆 𝑛

‖f 𝑛
h 𝑛 ‖
.
‖f 𝑛 ‖

(4.54)

4.5.2.3. Frequency-weighted Log-spectral Signal Distortion
Although the MSG is the primary metric to evaluate AFC methods, a high MSG is only
valuable if a good sound quality is preserved. An objective measure for quantifying the
sound quality resulting from AFC is the frequency-weighted log-spectral signal distortion
(SD) defined as [2, 24]

𝑆𝐷 𝑛

𝑤 𝜔 10 log

𝑆 𝑒
𝑆 𝑒

,𝑛
,𝑛

d𝜔,

(4.55)

where 𝑆 𝑒 , 𝑛 and 𝑆 𝑒 , 𝑛 are the short-term power spectral densities of the error
e(n) and system input u(n) signals, respectively, and 𝑤 𝜔 is a weighting function that
gives equal weight to each auditory critical band between 300 Hz (equivalent to
𝜔 = 0.0375π) and 6400 Hz (equivalent to 𝜔 = 0.8π) [2, 25]. The short-term power
spectral densities were computed using non-overlapped frames of 20 ms.
4.5.2.4. W-PESQ
Objective measures of speech quality have evolved from those based on purely
mathematical criteria, such as the SD described in the previous section, towards
perceptually salient metrics [26]. Nowadays, the W-PESQ is a standard algorithm for
objective quality evaluation of wideband (sampled at 16 kHz) speech signals [27-29]. It
employs reference (original) and degraded (processed) versions of a speech signal to
evaluate the perceptible degradation of the latter, which can be quantified in the 1-5 mean
opinion score (MOS) scale [26]. The correspondence between the MOS scale and the
degradation category rating (DCR) is showed in Table 4.1. However, the maximum MOS
given by the W-PESQ algorithm is 4.644.
The W-PESQ achieves a correlation up to 80% with MOS when assessing speech
impairment by reverberation although it was not designed for this purpose [30, 31]. Hence,
in this chapter, the W-PESQ algorithm was used to perceptually evaluate the distortion
inserted in the error signal 𝑒 𝑛 due to the acoustic feedback. For that, the system input
signal 𝑢 𝑛 was considered the reference signal.
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Table 4.1. Correspondence between MOS scale and DCR.
Score
5
4
3
2
1

Degradation category
Inaudible
Audible but not annoying
Slightly annoying
Annoying
Very annoying

The W-PESQ was originally validated with signals that mostly have 8-12s of duration but
shorter signals can be used if they have at least 3.2 s of speech [32]. Thus, the error 𝑒 𝑛
and system input 𝑢 𝑛 signals were divided in non-overlapped frames of 4 s in order to
evaluate the sound quality over time through the W-PESQ algorithm. Experiments proved
that, for the AFC methods under evaluation, the maximum difference between the MOS
given by W-PESQ when using frames of 4 s and 10 s was only 0.03.
4.5.3. Speech Database
The signal database used in the simulations consisted of 10 speech signals. Each speech
signal was composed of several basic signals from a speech database. Each basic signal
contains one short sentence recorded in a time slot of 4 s and with 𝑓
48 kHz, but
16 kHz. All sentences were spoken by native speakers, which had
downsampled to 𝑓
the following nationalities and genders: 4 Americans (2 males and 2 females); 2 British
(1 male and 1 female); 2 French (1 male and 1 female); 2 Germans (1 male and 1 female).
Since the performance assessment of adaptive filters needs longer signals, several basic
signals from the same speaker were concatenated and had their silence parts removed
through a voice activity detector, resulting in the mentioned 10 speech signals (1 signal
per speaker). The length of the speech signals varied with the simulation time.

4.6. Simulation Results
This section presents the performance of the AFC-CM and AFC-CE methods using the
configuration of the simulated environment, evaluation metrics and signals described in
Section 4.5. The PEM-AFROW method was used for performance comparison.
The AFC-CM and AFC-CE methods were started after 125 ms of simulation to avoid
inaccurate initial estimates, 𝐿
8000, 𝑁
1000, 𝑁
2 . Moreover, the
simulations were done close to real-world conditions where where 𝑟 𝑛
0 such that the
source-signal-to-noise ratio (SNR) was 30 dB. The ambient noise 𝑟 𝑛 reduces the
cross-correlation between the system input signal 𝑢 𝑛 and the loudspeaker signal 𝑢 𝑛 ,
thereby improving the performance of any gradient-based or least-squares-based AFC
method as the PEM-AFROW. On the other hand, the ambient noise 𝑟 𝑛 contributes to
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approach the cepstrum 𝑐 𝑛 of the system input signal to an impulse-like waveform,
which may improve the performance of the AFC-CM and AFC-CE methods.
The adaptive filter parameters 𝜆 and 𝐿 were optimized for each signal. From pre-defined
ranges, the values of 𝜆 and 𝐿 were chosen empirically in order to optimize the curve
𝑀𝑆𝐺 𝑛 with regard to minimum area of instability and, secondarily, maximum mean
value. The optimal curves for the kth signal were denoted as 𝑀𝑆𝐺 𝑛 and Δ𝑀𝑆𝐺 𝑛
while the curves 𝑀𝐼𝑆 𝑛 , 𝑆𝐷 𝑛 and 𝑊𝑃𝐸𝑆𝑄 𝑛 obtained with the same values of 𝜆 and
𝐿 were denoted as 𝑀𝐼𝑆 𝑛 , 𝑆𝐷 𝑛 and 𝑊𝑃𝐸𝑆𝑄 𝑛 , respectively.
Then, the mean curves 𝑀𝑆𝐺 𝑛 , Δ𝑀𝑆𝐺 𝑛 , 𝑀𝐼𝑆 𝑛 , 𝑆𝐷 𝑛 and 𝑊𝑃𝐸𝑆𝑄 𝑛 were
obtained by averaging the curves of each signal and their respective mean values were
denoted as 𝑀𝑆𝐺 , Δ𝑀𝑆𝐺 , 𝑀𝐼𝑆, 𝑆𝐷 and 𝑊𝑃𝐸𝑆𝑄 , respectively. In addition, the asymptotic
values of Δ𝑀𝑆𝐺 𝑛 , 𝑀𝐼𝑆 𝑛 , 𝑆𝐷 𝑛 and 𝑊𝑃𝐸𝑆𝑄 𝑛 were donoted by Δ𝑀𝑆𝐺⃗ , 𝑀𝐼𝑆⃗, 𝑆𝐷⃗
and 𝑊𝑃𝐸𝑆𝑄⃗ , respectively, and were estimated by graphically inspecting the curves.
4.6.1. Results for Long Acoustic Feedback Path
When simulating the acoustic environment of a PA system, 𝑀𝑆𝐺
in ∆𝑀𝑆𝐺 𝑛
𝑀𝑆𝐺 𝑛 and 𝐾
3 dB.

0 dB which results

The results obtained by the AFC methods under evaluation for Δ𝐾
0 , the first
configuration of the broadband gain 𝐾 𝑛 where it remained constant over time, are
shown in Fig. 4.7. It can be observed that the AFC-CM and AFC-CE methods presented
similar performances, with a slight advantage for the AFC-CE, and both methods
outperformed the PEM-AFROW. The AFC-CE method achieved Δ𝑀𝑆𝐺⃗ 10.7 dB and
11 dB, outscoring respectively the AFC-CM by 0.7 dB and 0.8 dB and the
𝑀𝐼𝑆⃗
PEM-AFROW by 2.7 dB and 1.7 dB.
Consider now the second configuration of the broadband gain 𝐾 𝑛 of the forward path
where it was linearly (in dB scale) increased over time, as explained in Section 4.5.1.2, in
order to determine the maximum stable broadband gain (MSBG) of each method, that is
the maximum value of 𝐾 with which an AFC method achieves an 𝑀𝑆𝐺 𝑛 completely
stable. Such situation occurred firstly for the AFC-CM with Δ𝐾
14 dB.
The results obtained by the AFC methods under evaluation for Δ𝐾
14 dB are shown
in Fig. 4.8. It can be observed that the AFC-CM performed well, even better than the
PEM-AFROW, until 10 s of simulation. In this interval, the method worked properly
1 was fulfilled at all
because either the condition 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐻 𝑒 , 𝑛
frequency components and then (4.28) was accurate or, at least, it was partially fulfilled
such that the inaccuracy of (4.28) was small. After this time interval, the performance of
the AFC-CM method was limited by the inaccuracy of (4.28). This behavior is easily
observed in 𝑀𝐼𝑆 𝑛 showed in Fig. 4.8b. However, it is evident that the AFC-CE stood
20.9 dB, outscoring
out from both methods by achieving Δ𝑀𝑆𝐺⃗ 20 dB and 𝑀𝐼𝑆⃗
respectively the AFC-CM by 8 dB and 11.1 dB and the PEM-AFROW by 6.5 dB and 5.6
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dB. Moreover, it should be noted that the AFC-CM method outperformed the
PEM-AFROW by 0.5 dB with regard to Δ𝑀𝑆𝐺 , which was the cost function in the
optimization of the adaptive filter parameters for all methods.

(a)

(b)

(c)

(d)

Fig. 4.7. Results of the AFC-CM, AFC-CE and PEM-AFROW methods for speech signals, long
acoustic feedback path and ∆𝐾
0: (a) Δ𝑀𝑆𝐺 𝑛 ; (b) 𝑀𝐼𝑆 𝑛 ; (c) 𝑆𝐷 𝑛 ; (d) 𝑊𝑃𝐸𝑆𝑄 𝑛 .

Regarding sound quality, the AFC-CM method presented the worst performance by
obtaining 𝑆𝐷⃗ 8.1 and 𝑊𝑃𝐸𝑆𝑄⃗ 1.23 because its very low stability margin after
t = 17 s, as can be observed in Fig. 4.8a. Although its 𝑀𝑆𝐺 𝑛 is completely stable, some
instability occurred for a few signals which resulted in excessive reverberation or even in
some howlings in the error signal 𝑒 𝑛 . On the other hand, the AFC-CE method presented
the best sound quality by achieving 𝑆𝐷⃗ 2.0 and 𝑊𝑃𝐸𝑆𝑄⃗ 2.32 because its largest
stability margin and outscored the PEM-AFROW by, respectively, 1.9 and 0.69.
It can be observed that the results of Δ𝑀𝑆𝐺 𝑛 and 𝑀𝐼𝑆 𝑛 improve as Δ𝐾 increases. In
the case of the PEM-AFROW method, this can be explained by the fact that, when the
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broadband gain 𝐾 𝑛 of the forward path is increased, the energy of the feedback signal
(desired signal to the adaptive filter) is increased while the energy of the system input
signal u(n) (noise signal to the adaptive filter) remains fixed. Then, the ratio between the
energies of the feedback and input signals is increased which improves the performance
of the traditional adaptive filtering algorithms and, consequently, of the PEM-AFROW

(a)

(b)

(c)

(d)

Fig. 4.8. Results of the AFC-CM, AFC-CE and PEM-AFROW methods for speech signals, long
acoustic feedback path and ∆𝐾
14 dB: (a) Δ𝑀𝑆𝐺 𝑛 ; (b) 𝑀𝐼𝑆 𝑛 ; (c) 𝑆𝐷 𝑛 ;
(d) 𝑊𝑃𝐸𝑆𝑄 𝑛 .

method. In the case of the AFC-CM and AFC-CE methods, these improvements are due
to the fact that, when the broadband gain 𝐾 𝑛 of the forward path increases, the absolute
values of 𝐠 𝑛 ∗ 𝐝 𝑛 ∗ 𝐟 𝑛 and 𝐠 𝑛 ∗ 𝐝 𝑛 ∗ 𝐟 𝑛
𝐡 𝑛 , increase while the
cepstrum 𝒄𝒖 𝑛 of the system input signal is not affected. Then, the estimation of
𝐠 𝑛 ∗ 𝐝 𝑛 ∗ 𝐟 𝑛 and 𝐠 𝑛 ∗ 𝐝 𝑛 ∗ 𝐟 𝑛
𝐡 𝑛
from 𝒄𝒚 𝑛 and 𝒄𝒆 𝑛 ,
respectively, is improved which consequently improves the estimate of the acoustic
feedback path provided by the AFC-CM and AFC-CE methods.
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On the other hand, the results of 𝑆𝐷 𝑛 and 𝑊𝑃𝐸𝑆𝑄 𝑛 worsen as Δ𝐾 increases. This is
because, despite the improvement in the estimates of the feedback path provided by the
adaptive filters, the increase in the gain of 𝐺 𝑞, 𝑛 ultimately results in an increase in the
energy of the uncancelled feedback signal x 𝑛 ∗ 𝐟 𝑛
𝐡 𝑛 . From an MSG point of
view, this can be concluded by observing that the system stability margins decreases.
Hereupon, 𝐾 𝑛 continued to be increased to determine the MSBG of the other methods.
The second method to occur such situation was the PEM-AFROW with Δ𝐾
16 dB,
outscoring by 2 dB the MSBG of the AFC-CM. The results obtained by the PEM-AFROW
and AFC-CE methods for Δ𝐾
16 are shonw in Fig. 4.9. Once again, it can be observed
that the AFC-CE outperformed the PEM-AFROW. The PEM-AFROW obtained
16.2 dB while the AFC-CE achieved Δ𝑀𝑆𝐺⃗ 21 dB and
Δ𝑀𝑆𝐺⃗ 15 dB and 𝑀𝐼𝑆⃗
22.4 dB. Regarding the sound quality, the AFC-CE also presented the best
𝑀𝐼𝑆⃗
performance by achieving 𝑆𝐷⃗ 2.1 and 𝑊𝑃𝐸𝑆𝑄⃗ 2.29 while the PEM-AFROW
obtained 𝑆𝐷⃗ 3.9 and 𝑊𝑃𝐸𝑆𝑄⃗ 1.58.

(a)

(b)

(c)

(d)

Fig. 4.9. Results of the AFC-CE and PEM-AFROW methods for speech signals, long acoustic
feedback path and ∆𝐾
16 dB: (a) Δ𝑀𝑆𝐺 𝑛 ; (b) 𝑀𝐼𝑆 𝑛 ; (c) 𝑆𝐷 𝑛 ; (d) 𝑊𝑃𝐸𝑆𝑄 𝑛 .
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Finally, 𝐾 𝑛 was increased further to determine the MSBG of the AFC-CE method. This
situation occurred only with an impressive Δ𝐾
30 dB, outscoring by 14 dB the MSBG
of the PEM-AFROW method. The results obtained by the AFC-CE method for
Δ𝐾
30 dB are shown in Fig. 4.10. The AFC-CE achieved Δ𝑀𝑆𝐺⃗ 30 dB and
25 dB.
𝑀𝐼𝑆⃗
With respect to sound quality, the AFC-CE method achieved 𝑆𝐷⃗ 4.0 and
𝑊𝑃𝐸𝑆𝑄⃗ 1.54, which represents a good sound quality where the inserted distortions are
basically reverberations caused by the unmodeled tail of the impulse response 𝐟 𝑛 of the
feedback path. It is worth mentioning that the AFC-CE method achieved with
Δ𝐾
30 dB a sound quality similar to the PEM-AFROW with Δ𝐾
16 dB.
The results obtained by all the evaluated AFC methods using speech as source signal 𝑣 𝑛
and long acoustic feedback path are summarized in Table 4.2.

(a)

(b)

(c)

(d)

Fig. 4.10. Results of the AFC-CE method for speech signals, long acoustic feedback path
and ∆𝐾
30 dB: (a) Δ𝑀𝑆𝐺 𝑛 ; (b) 𝑀𝐼𝑆 𝑛 ; (c) 𝑆𝐷 𝑛 ; (d) 𝑊𝑃𝐸𝑆𝑄 𝑛 .
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Table 4.2. Summary of the results obtained by the PEM-AFROW, AFC-CM and AFC-CE
methods for speech signals and long acoustic feedback path.

2.74

2.90

1.63

1.23

2.32

𝑊𝑃𝐸𝑆𝑄

2.45

2.58

2.64

1.83

1.69

2.34

𝑆𝐷⃗

1.5

1.4

1.2

3.9

8.1

2.0

𝑆𝐷

1.9

1.8

1.7

3.3

5.0

𝑀𝐼𝑆⃗

-9.3

-10.2

-11.0

-14.9

𝑀𝐼𝑆

-6.0

-7.8

-8.0

-8.7

Δ𝑀𝑆𝐺⃗

8.0

9.8

10.7

13.4

Δ𝑀𝑆𝐺

6.2

7.8

8.3

8.7

2.29

1.77

—

2.32

3.9

—

2.1

2.2

3.4

—

2.2

-9.2

-20.9

-16.4

—

-8.1

-13.5

-8.8

—

12.0

20.0

15.0

9.2

13.3

9.2

AFC-CE

—

AFC-CM

1.58

𝟑𝟎

PEM-AFROW

AFC-CE

2.64

𝚫𝑲

AFC-CM

AFC-CE

𝑊𝑃𝐸𝑆𝑄⃗

𝟏𝟔

PEM-AFROW

AFC-CM

𝚫𝑲

PEM-AFROW

𝟏𝟒

AFC-CE

𝚫𝑲

AFC-CM

𝟎

PEM-AFROW

𝚫𝑲

—

—

1.54

—

—

1.85

—

—

4.0

—

—

3.3

-22.4

—

—

-25.0

-14.1

—

—

-16.4

—

21.0

—

—

30.0

—

13.8

—

—

17.1

4.6.2. Results for Short Acoustic Feedback Path
When simulating the acoustic environment of an HA system, 𝑀𝑆𝐺
in ∆𝑀𝑆𝐺 𝑛
𝑀𝑆𝐺 𝑛
4 and 𝐾
1 dB.

4 dB which results

The results obtained by the AFC methods under evaluation for Δ𝐾
0 , the first
configuration of the broadband gain 𝐾 𝑛 where it remained constant over time, are
shown in Fig. 4.11. It can be observed that the AFC-CM and AFC-CE methods presented
similar performances, with a slight advantage for the former during the first half of
simulation and for the latter during the second half, and both methods outperformed the
PEM-AFROW. The AFC-CM method achieved Δ𝑀𝑆𝐺⃗ 20.0 dB and
21.1 dB, the AFC-CE obtained Δ𝑀𝑆𝐺⃗ 20.5 dB and 𝑀𝐼𝑆⃗
22 dB, and the
𝑀𝐼𝑆⃗
20.5 dB.
PEM-AFROW achieved Δ𝑀𝑆𝐺⃗ 18.8 dB and 𝑀𝐼𝑆⃗
With respect to sound quality, the AFC-CM achieved 𝑆𝐷⃗ 0.2 and 𝑊𝑃𝐸𝑆𝑄⃗ 4.49, the
AFC-CE obtained 𝑆𝐷⃗ 0.2 and 𝑊𝑃𝐸𝑆𝑄⃗ 4.47 , and the PEM-AFROW achieved
𝑆𝐷⃗ 0.3 and 𝑊𝑃𝐸𝑆𝑄⃗ 4.42. These differences are almost imperceptible because, with
such constant value of 𝐾 𝑛 and the increase in MSG provided by all the AFC methods,
the systems were too far from instability as can be observed in Fig. 4.11a.
Consider now the second configuration of the broadband gain 𝐾 𝑛 of the forward path
where it was linearly (in dB scale) increased over time, as explained in Section 4.5.1.2, in
order to determine the maximum stable broadband gain (MSBG) of each method, that is
the maximum value of 𝐾 with which an AFC method achieves an 𝑀𝑆𝐺 𝑛 completely
stable. Such situation occurred firstly for the AFC-CM with Δ𝐾
12 dB.
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(a)

(b)

(c)

(d)

Fig. 4.11. Results of the AFC-CM, AFC-CE and PEM-AFROW methods for speech signals,
short acoustic feedback path and ∆𝐾
0: (a) Δ𝑀𝑆𝐺 𝑛 ; (b) 𝑀𝐼𝑆 𝑛 ; (c) 𝑆𝐷 𝑛 ;
(d) 𝑊𝑃𝐸𝑆𝑄 𝑛 .

The results obtained by the AFC methods under evaluation for Δ𝐾
12 dB are shown
in Fig. 4.12. As occurred in the PA system, the AFC-CM performed well during the first
seconds of simulation. During the first 7 seconds, the method worked properly because
1 was fulfilled at all frequency
either the condition 𝐺 𝑒 , 𝑛 𝐷 𝑒 𝐻 𝑒 , 𝑛
components and then (4.28) was accurate or, at least, it was partially fulfilled such that
the inaccuracy of (4.28) was small. After this time, the performance of the AFC-CM
method was limited by the inaccuracy of (4.28). However, it is evident that the AFC-CE
33.6 dB,
stood out from both methods by achieving Δ𝑀𝑆𝐺⃗ 31.4 dB and 𝑀𝐼𝑆⃗
outscoring respectively the AFC-CM by 21.8 dB and 22.8 dB and the PEM-AFROW by
2.3 dB and 2.1 dB.
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(a)

(b)

(c)

(d)

Fig. 4.12. Results of the AFC-CM, AFC-CE and PEM-AFROW methods for speech signals,
short acoustic feedback path and ∆𝐾
12 dB: (a) Δ𝑀𝑆𝐺 𝑛 ; (b) 𝑀𝐼𝑆 𝑛 ; (c) 𝑆𝐷 𝑛 ;
(d) 𝑊𝑃𝐸𝑆𝑄 𝑛 .

Regarding sound quality, the AFC-CM method presented the worst performance by
obtaining 𝑆𝐷⃗ 7.6 and 𝑊𝑃𝐸𝑆𝑄⃗ 1.35 because its very low stability margin after
t = 17 s, as can be observed in Fig. 4.12a. Although its 𝑀𝑆𝐺 𝑛 is completely stable, some
instability occurred for a few signals which resulted in excessive reverberation or even in
some howlings in the error signal 𝑒 𝑛 . On the other hand, the AFC-CE method presented
the best sound quality by achieving 𝑆𝐷⃗ 0.2 and 𝑊𝑃𝐸𝑆𝑄⃗ 4.41 because its largest
stability margin and outscored the PEM-AFROW by, respectively, 0.2 and 0.17.
Hereupon, 𝐾 𝑛 continued to be increased to determine the MSBG of the other methods.
The second method to occur such situation was the PEM-AFROW with Δ𝐾
48 dB,
outscoring by 36 dB the MSBG of the AFC-CM. The results obtained by the
PEM-AFROW and AFC-CE methods for Δ𝐾
48 are shonw in Fig. 4.13. Once again,
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(a)

(b)

(c)

(d)

Fig. 4.13. Results of the AFC-CE and PEM-AFROW methods for speech signals, short acoustic
feedback path and ∆𝐾
48 dB: (a) Δ𝑀𝑆𝐺 𝑛 ; (b) 𝑀𝐼𝑆 𝑛 ; (c) 𝑆𝐷 𝑛 ; (d) 𝑊𝑃𝐸𝑆𝑄 𝑛 .

it can be observed that the AFC-CE outperformed the PEM-AFROW. The PEM-AFROW
47.7 dB while the AFC-CE achieved
obtained Δ𝑀𝑆𝐺⃗ 46.8 dB and 𝑀𝐼𝑆⃗
⃗
⃗
62.7 dB. Regarding the sound quality, the AFC-CE also
Δ𝑀𝑆𝐺 60.7 dB and 𝑀𝐼𝑆
presented the best performance by achieving 𝑆𝐷⃗ 0.5 and 𝑊𝑃𝐸𝑆𝑄⃗ 4.10 while the
PEM-AFROW obtained 𝑆𝐷⃗ 4.6 and 𝑊𝑃𝐸𝑆𝑄⃗ 1.44.
Finally, 𝐾 𝑛 was further increased but it was not possible to determine the MSBG of the
AFC-CE method. The AFC-CE method achieved a completely stable 𝑀𝑆𝐺 𝑛 even with
an impressive Δ𝐾
160 dB, value that used the entire extension of some speech signals
from the database. The results obtained by the AFC-CE method for Δ𝐾
160 dB are
174.3 dB,
shown in Fig. 4.14. The AFC-CE achieved Δ𝑀𝑆𝐺⃗ 173.5 dB, 𝑀𝐼𝑆⃗
𝑆𝐷⃗ 0.5 and 𝑊𝑃𝐸𝑆𝑄⃗ 4.11.
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(a)

(b)

(c)

(d)

Fig. 4.14. Results of the AFC-CE method for speech signals, short acoustic feedback path
and ∆𝐾
160 dB: (a) Δ𝑀𝑆𝐺 𝑛 ; (b) 𝑀𝐼𝑆 𝑛 ; (c) 𝑆𝐷 𝑛 ; (d) 𝑊𝑃𝐸𝑆𝑄 𝑛 .

The results obtained by all the evaluated AFC methods using speech as source signal 𝑣 𝑛
and short acoustic feedback path are summarized in Table 4.3. It should be noted that, in
general, the performance of the AFC methods is better when dealing with short acoustic
feedback paths than with long ones. The only exception was the AFC-CM method for
∆𝐾 0 because the inaccuracy of (4.28) occurred earlier for the short acoustic feedback
path. This is due to the difficulty in accurately estimate the tail of the impulse response
𝐟 𝑛 of long acoustic feedback paths.
In addition, it is noteworthy that the AFC-CE achieved the same sound quality when
Δ𝐾
48 and 160 dB because, in both cases, it maintained a stable gain margin of at
least 10 dB throughout the simulation. This large stable gain margin when Δ𝐾
160 dB
indicates that the AFC-CE is able ensure the stability of the SR system for Δ𝐾 160 dB.
In fact, as demonstrated in [21], the AFC-CE method is able to unsure the stability of an
SR system with short acoustic feedback path for Δ𝐾 242 dB.
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Table 4.3. Summary of the results obtained by the PEM-AFROW, AFC-CM and AFC-CE
methods for speech signals and short acoustic feedback path.

AFC-CM

AFC-CE

PEM-AFROW

AFC-CM

AFC-CE

160

PEM-AFROW

Δ𝐾

AFC-CE

48

AFC-CM

Δ𝐾

PEM-AFROW

12

AFC-CE

Δ𝐾

AFC-CM

0

PEM-AFROW

Δ𝐾

𝑊𝑃𝐸𝑆𝑄⃗
𝑊𝑃𝐸𝑆𝑄⃗

4.42

4.49

4.47

4.24

1.35

4.41

1.44

—

4.10

—

—

4.11

𝑊𝑃𝐸𝑆𝑄

4.07

4.12

4.04

3.92

2.52

3.97

2.18

—

3.95

—

—

3.90

𝑆𝐷⃗

0.3

0.2

0.2

0.4

7.6

0.2

4.6

—

0.5

—

—

0.5

𝑆𝐷

0.6

0.5

0.6

0.7

3.7

0.6

4.0

—

0.6

—

—

0.6

𝑀𝐼𝑆⃗

-20.5

-21.1

-22.0

-31.5

-10.8

-33.6

-47.7

—

-62.7

—

—

-174.3

𝑀𝐼𝑆

-16.7

-17.5

-17.3

-22.0

-13.4

-22.6

-27.1

—

-39.1

—

—

-95.4

Δ𝑀𝑆𝐺⃗

18.8

20.0

20.5

29.1

9.6

31.4

46.8

—

60.7

—

—

173.5

Δ𝑀𝑆𝐺

15.4

16.8

16.6

20.3

12.0

22.0

29.5

—

37.8

—

—

93.3

4.7. Conclusions
The acoustic feedback causes the sound reinforcement system to have a closed-loop
transfer function that, depending on the amplification gain, may become unstable and
thereby result in a howling sound, a phenomenon known as Larsen effect. Therefore, the
maximum stable gain of the sound reinforcement system has an upper bound due to the
acoustic feedback.
The acoustic feedback cancellation methods use an adaptive filter to identify the acoustic
feedback path and remove its influence from the system. However, if the traditional
gradient-based or least-squares-based adaptive filtering algorithms are used, a bias is
introduced in the adaptive filter coefficients because of the strong correlation between the
system input and loudspeaker signals, which limits their performances.
This chapter presented a compilation of the recent advances in acoustic feedback
cancellation using cepstral analysis. The AFC-CM and AFC-CE methods were presented
in detail and evaluated using long and short acoustic feedback paths as the ones that
generally occur in public address and hearing aid systems. Simulation results
demonstrated that, when the source signals is speech, the AFC-CE method presents the
best overall performance. When dealing with long acoustic feedback paths, the AFC-CE
method can estimate the feedback path with a misalignment of -30 dB and increase the
maximum stable gain by 30 dB. When dealing with short acoustic feedback paths, the
AFC-CE method can estimate the feedback path with a misalignment of -174.3 dB and
increase the maximum stable gain by 173.5 dB.
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Covariance Analysis of Periodically
Correlated Random Processes for Unknown
Non-stationarity Period
Ihor Javorskyj, Roman Yuzefovych, Ivan Matsko,
Zbigniew Zakrzewski and Jacek Majewski1

5.1. Introduction
Recurrence and stochasticity are features of many processes we deal with in different areas
of science and technology: geophysics, oceanology, medicine, radiophysics,
telecommunication, technical diagnosis etc. [1-7].
These features appear mostly in the oscillation properties, not independently but in
interaction. Periodical and almost periodical non-stationary random processes (within the
second-order theory – periodically and almost periodically correlated random processes)
are adequate models for description and analysis of this interaction. These random
processes are also called cyclostationary [2, 3, 5, 7]. The conception of oscillation analysis
based on such models combines and develops both the deterministic and stochastic
approaches, where representations in the form of the periodic and almost periodic
functions, as well as in the form of the stationary random processes, are their special cases.
PCRP   t  are used to describe stochastic oscillations in the case when a one-period
recurrence is proper to them. PCRP mean m  t   E  t  and covariance function






R  t ,   E   t    t    ,   t     t   m  t  , where E is the sign of mathematical
expectation, vary periodically in time t : m  t   m  t  P  , R  t  P ,   R  t ,  , here

P is the non-stationary period and



is the time lag. If

P

P

0

0

 m t  dt   ,  R  t,  dt   ,    R ,
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then the functions m  t  and R  t ,  can be represented in a Fourier series form:
m  t    m k e ik  0 t  m 0 
k Z

R  t ,    R   e ik  0 t  R0   
k Z

 m

kN

c
k

cos k  0 t  m ks sin k  0 t  ,

(5.1)

  R   cos k  t  R   sin k t  ,

kN

c
k

0

where 0  2 P is the main cyclic frequency, and mk 



s
k

0

(5.2)

1 c
 mk  imks  ,  k  0 ,
2

1 c
s
Rk    iRk   ,  k  0 , and mk  0 , Rk    0 as k   , and Z

2
signifies the set of integer numbers, N signifies the set of natural numbers. Rk   are
Rk   

referred to as the covariance components [1, 4], coefficient functions [6] or cyclic
autocorrelation functions [2, 3].
In the case of a known period of non-stationarity the mean function m(t), covariance
function R  t ,  , and also their Fourier coefficients mk and Rk   can be estimated using
coherent [1, 3, 6, 9, 10] or component [4, 9, 11] methods, least squares method [12], and
also methods of linear combing [13], and band [14] filtration. Each of these methods has
its own features and may be used, depending on the concrete situation.
In the first papers dedicated to statistical analysis of PCRP in the case of unknown period
of non-stationarity [15, 16], it was shown that coherent
mˆ  , t  

N
1
  t  n  ,

2 N  1 n  N

(5.3)

and component
2 

cos k  t 
 mˆ kc    1 T
 s
    t  
dt ,
 mˆ k    T T
sin k 2 t 
 


(5.4)

statistics have extremes at points that may be accepted as the estimator of the period of
non-stationarity (N is the natural number, T  N  is the semilength of the realization),
where instead of the real value of period P a test value  is used. The equations
dmˆ  , t 
dmˆ k  
0,
 0,
d
d

are the necessary conditions for extremes existence. On the basis of representation of these
equations solutions in the form of power series the formulas for the bias and variance of
the period estimator are obtained in the first approximation. However, in these article, as
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in [17-19], the analysis of the estimator convergence is beyond the authors’ scope. In [20]
such an analysis was provided for the case when the period estimator was obtained using
second-order component statistics. Extreme values of the component statistics (5.4)
obtained at   P̂ , where P̂ is a period estimator, are the estimators of Fourier
coefficients of PCRP mean function, and the extreme values of the component statistics
of the second order
 Rkc

 s
 Rk



2 

 Pˆ ,   1  t  t   cos k Pˆ t  dt ,  t   t  mˆ Pˆ , t ,
   
   


sin k 2 t 
 Pˆ ,  T 
ˆ 

T 





(5.5)

T



P



are the estimators of the covariance components [20]. Extreme values of statistics (5.4)
mˆ Pˆ , t in the case of polyharmonic structure of mean function can significantly exceed

 

amplitude of the individual harmonic, which value is estimated using transformation (5.4).
That is why estimation of period at the base extreme points of the coherent statistics (5.3)
in this case is more effective. The same we conclude after comparison of integral
transformation (5.5) and the coherent averaging
Rˆ  , t ,  

N


1
  t  n    t    n  .

2 N  1 n  N

(5.6)

The advantage of the coherent averaging is also that using it for the extreme point   P̂
we obtain estimators of time variety of the mean and covariance function defined by all
present harmonic components with frequencies multiple of the main frequency
ˆ 0  2 Pˆ . Using the component method we should know the exact number of
these harmonics.
The analysis of convergence of nonstationarity period estimator obtained on the base of
extreme values of coherent statistics (5.3) and (5.6) is provided in papers [21-22]. Such
estimators are the solutions of the equations that represent necessary conditions for
extremes existence. They are represented in the form of power series with respect to the
parameters introduced in special manner which values tend to zero in the case of
unbounded increase of the realization length and satisfying conditions of PCRP
ergodicity. The investigation of the period estimator properties is provided on the base of
the first three approximations. The opportunity to use the average of (5.3) and (5.6) for
the estimation of PCRP mean and covariance functions as well as their Fourier coefficients
is analyzed in [21] too. In the obtained expressions for the bias and the variance of these
quantities the components, caused by previous estimation of the period of nonstationarity,
are separated and analyzed.
The results of the papers [15, 18, 21, 22] and [16, 17, 19, 20] are used in this chapter of the
book. The chapter consists of an introduction, six sections, and conclusions. The fourth
and fifth sections are divided on subsections. The strict analysis of existing methods used
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for the period estimation are given in the Section 5.2. In Section 5.3 the covariance and
spectral properties of PCRP-model of hidden periodicities and its particular case are
characterized. The statistics obtained by averaging the realization values of PCRP, the
covariance and correlation products chosen over the test period are analyzed in
Section 5.4. The estimator of mean function period is considered in Subsection 5.4.1. The
properties of this estimator are analyzed on the basis of the solution of the respective
nonlinear equation. This solution is obtained using the small parameter method. The mean
square convergence of the period estimator is proved, and approximated expressions for
bias and variance of the estimator are obtained and specified for the simplest types of
PCRP. The coherent estimator of a mean function, and the estimator of its Fourier
coefficients are analyzed in Subsection 5.4.2. In the Subsection 5.4.3 the small parameter
method is used for the analysis of the period estimators found as extreme points of
covariance and correlation statistics. The properties of the covariance function estimator
and also its Fourier coefficients (covariance components) are analyzed in the
Subsection 5.4.4. Expressions for the estimator bias and variance are obtained for the case
when the first order coherent statistics is used for the period estimation. In the
Subsection 5.4.5 the method of coherent covariance analysis for the unknown nonstationary period is used for the statistical processing of the simulated time series and
vibration signals measured for the rolling bearing of a fast-moving spindle. In Section 5.5
we introduce and analyse the period estimator as extreme points of the cosine and the sine
transforms of realization (Subsection 5.5.1), of covariance product (Subsection 5.5.2) and
of correlation product (Subsection 5.5.3). The combinations of such transforms are
considered in these subsections too. The properties of the period estimators are
investigated using small parameter method. The convergences in mean square are proved
and approximation of the bias and the variances of the estimators are obtained. In each
section the proposed methods are illustrated with on the simplest signal models:
multiplicative model. Subsection 5.5.4 is devoted to the analysis of coherent mean and
covariance function estimators when the period is estimated beforehand by using of the
mean component transformation. The final Subsection 5.5.5 concerns with the application
of the developed methods to simulated data from quadrature model, and to real-life
vibroacoustic data.

5.2. Period Estimation as a Problem of Searching for Hidden Periodicities
Arising from the requirements of astronomy and geophysics, the problem of searching for
hidden periodicity has stimulated the development of methods for the analysis of
observational data of different physical phenomena. First of all, the evolution of these
methods connected with the development of mathematical models of signals with periodic
and stochastic properties. The first investigations of hidden periodicity were based on
selective transformations which can separate periodical components [23-25]. Among
them is the so-called Buys-Ballot approach, which is based on value averaging using a
test period, formulas for Fourier coefficients calculation, where some test value is used
instead of the unknown period, and different modifications of similar transformations.
Here we suggest that this value is a consequence of a periodic function’s values’ being
slightly distorted by stochastic fluctuations. The first step is to consider the additive model
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 t   f t    t  ,
where f  t  is a periodic function and   t  is a stationary random process. The
foundations of the development of methods for the analysis of processes described by this
model were laid by A. Schuster in his papers [26-28]. Later his investigations affected the
formation of the ideas and classic methods of spectral estimation. For periodicity
detecting, A. Schuster proposed to use the periodogram estimate,

1
Iˆ   
2 K

K

2

   nh  einh ,
n 1

where h is the sample time and K is an integer. The search for periodicities in a series
is based on the detection of statistically significant maxima of Iˆ   as  varies.
A. Schuster pointed to the considerable difficulties which appear using this approach. He
showed that periodogram may contains false extrema which can be explained by the fact
that estimation root mean square error of periodogram Iˆ   doesn’t diminish to zero as
sample size increases. Ye. Slutskiy [29] has shown that the process’s oscillating character
can be generated by the interaction of stochastic factors, and put under suspicion the idea
of hidden periodicity detection based on periodogram analysis.
The use, in experimental analysis, of statistical methods involving stationary random
processes for the solution of the task of searching for hidden periodicity was given a
theoretical foundation by N. Wiener [30, 31], who has developed generalized harmonic
analysis for undamped oscillations and A. Khintchin [32], who has formed a basis of the
spectral-correlation theory for stationary random processes. R. B. Blackman and
J. W. Tukey [33] has developed applied methods for estimation of the power spectral
density using experimental data. This was based on using the Fourier transform of the
smoothed estimator of the correlation function. “Bad” asymptotic properties of the
periodogram Iˆ   were explained by the absence of such smoothing. Since then, the task
of searching for hidden periodicities has been formulated and solved within the framework
of spectral estimation methods for stationary random processes [24, 34, 35].
The search for hidden periodicities using a model of the form of a stationary random
process comes down to detecting significant peaks of the power spectral density [36-43].
To use this approach to interpret local maxima of the spectral density estimators it is
necessary to know, a priori, details of the time series structure. Such peaks certainly are
located at the points corresponding to multiples of the frequencies of the harmonic
components of the process, under the assumption that the series is described by the model
  t   s  t     t  , where s  t  is the poly-harmonic function. In this case some tests for
detection of single harmonics can be built on the base of periodogram estimator of power
spectral density of signal stationary approximation or its estimator obtained with uses of
Blackman-Tukey method [36-40, 44, 45]. One of the first such tests is the Fisher’s test
[46] in which a ratio between the largest value and the average of values of periodogram
in the certain frequency interval is compared to a threshold. M.J. Hinich [47] investigating
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hidden periodicities supplemented additive model   t   s  t     t  putting in it apart
from function s  t  also stochastically amplitude- and phase-modulated its harmonics.
Such representation he called random modulated periodicity. For stochastic modulations
detection M.J. Hinich brought so called coherence function defined by ratio between
average power of harmonic components and the sum of averaged powers of harmonic and
stochastic components. It means that investigation of hidden periodicities was led to
analysis of spectral structure of their stationary approximation again. However, in
common cases, when hidden periodicity is described by complex PCRP models, the use
of the spectral analysis methods for stationary random processes is incorrect, because the
modulation of the harmonic components of the function f  t  , which are present in such
cases, can lead to spectral density estimators peaks’ shifting or even to their absence. The
interpretation difficulties of spectral estimation results appear because the detected peaks
can be the result of the narrow-bandness of the random process   t  . And it is logical to
formulate and to solve problems of the detection of hidden periodicities described by
random non-stationary processes. The necessity of the new formulation of the task of
searching for hidden periodicity becomes more obvious if we take into account the results
of using PCRP methods to statistical processing of time series of different physical
quantities [48–56]. These results show the first and the second order non-stationarity
appropriate to many processes. The statistical estimation of probabilistic characteristics
of PCRP with unknown period allows us to avoid the existing contradictions of traditional
approaches, separating the search for the deterministic periodic oscillations from periodic
variation regularity of fluctuation processes properties. In such a form, the problem of the
search for hidden periodicity was first formulated in works [15, 16, 57] and later
developed in [17-22]. A similar approach to this problem was supplied later
in works [58-65].
In [58] the graphic method is proposed for the detection of the period of correlation
between spectral components of the process, based on modifying Goodman’s test for nonstationarity. Correlations between harmonics shifted on value k0 , k  Z , are a feature of
the presence of periodically correlated covariance structure in a time series. In the
bifrequency plane it appears in the presence of spectral lines parallel to the main diagonal.
In [59] it is shown that statistical tests formed on the basis of correlation and spectral
component estimators and also k-th order cyclic statistics can be used for the detection of
periodic non-stationarity, where test values are used instead of real values of cyclic
frequencies. The methods of detection for cyclostationary signals, using cyclic
autocorrelation and cyclic periodogram, are also developed in [60]. However, in the
mentioned papers the problem of estimating the non-stationarity period or the main cyclic
frequency 0  2 P is not considered. Paper [61] is dedicated to the issue of calculating
harmonic parameters, including their frequency, observed in multiplicative and additive
noise. The authors show that in the simplest cases of PCRP frequencies estimators
obtained as extremes of first-order component statistics and the estimators obtained with
using the least squares method coincide, and the estimators variances have the order
O(T-3). In the review article [62] it is noted that the estimation of cyclic frequencies can
be provided by searching for the maximum of the transformation
160

Chapter 5. Covariance Analysis of Periodically Correlated Random Processes for Unknown Nonstationarity Period

 T    
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2

R T   ,  d ,

m

where

RT   ,  

T /2

1
  t      t  ei 2 t dt .

T T /2

Papers [63, 64] also consider the discrete-time counterpart of  T    . The main results
of these papers prove the mean square consistency of the cyclic frequency estimator and
the proposition that the estimation error is zero-mean asymptotically normal. It also shows
that the variance obtained by using such an estimator approach for cyclic frequency has
an order of smallness of O(T-3).
In paper [65] an algorithm for the estimation of the frequencies of an almost periodically
correlated sequence is presented. This algorithm is based on the determination of the
strong local maxima of the weighted version of the discrete Fourier transform
of the sequences.
The issue of the estimation of non-stationarity period using both first- and second-order
component statistics in a general case was considered in [16, 20-22]. It is shown that
period estimators are asymptotically unbiased and consistent, and their bases have an
order of smallness of O(T-2), and their variances are O(T-3). The order of smallness of these
quantities matches quantities obtained by P. Stoica in his papers [66, 67], when calculating
frequencies of almost periodical signal with a finite number of harmonic components,
observed against the background of stationary colored noise. One should note that other
papers [35, 37, 38] dedicated to the detection of frequencies of polyharmonic oscillations
corrupted with additive noise are bounded by the stationary approach too, since their
results cannot be used in the case when oscillations are described by PCRP.

5.3. PCRP-model of Hidden Periodicities
Statistics (5.3) and (5.6) in the case of PCRP are generalizations of the Buys-Ballot
scheme [24, 25], one of the first transformations used for the separation of the
deterministic periodic part of signals. In the next section, such transformation is used to
analyze the periodic structure of both the first- and second-order PCRP moment function.
In the literature (see, for example [24]) symmetric averaging (5.3) is also called the
Buys-Ballot filter. The transfer function of this filter
2N 1

2
,
H    

 2 N  1 sin
2
sin

(5.7)
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is a periodic function with period 2   , and its value is equal to 1 if   2 k  ,
k  Z . Hence, by averaging (5.3), we find the values of the periodic function with period
 at point of time t. Obviously, the outgoing oscillations will have their maximum
amplitude if the test period  is equal to the period of the incoming oscillations. It follows
from (5.7) that the performance of the Buys-Ballot scheme improves with an increase in
the number of averaging points N. The main maxima of H    become sharper and the
sideband magnitude decreases. The magnitude of these sidebands tend to zero as
N   . We should note that although the Buys-Ballot scheme is well-known in the
literature, the theoretical investigations of period estimator, obtained with its usage, are
absent in the literature even for the simplest models of PCRP beside [15, 18, 21].
In the hidden periodicity model in the form of PCRP its properties are described by
periodic in time mean m  t  , the covariance function R  t ,  and the spectral density


1
f , t  
R  t,  ei d .

2 


Here it is assumed that

 R  t,  d   , t 0, P .



Spectral density can be represented in the Fourier series form
f  , t    f k   e ik0t ,
k Z

where

fk   

1
2



 R   e

i

k

d .



Values f k   are called spectral components [12, 13, 49, 50] or spectral correlation
density functions [2, 3]. Zeroth covariance and spectral components are defined by time
averaging of covariance R  t ,  and spectral density f  , t  . They are called
respectively covariance function and spectral density of stationary approximation of
PCRP.


The presence or absence of periodic changes in the process fluctuation component   t  ,


when

 R  t,  d  

for all t   0, P  , doesn’t depend on the behavior of the



correlation function R  t ,  with respect to lag  or on the spectral density f  , t 
with respect to frequencies  . For example, for periodically correlated white noise [48]






  t     t   t  , where E  t   t     N   ,   t     t   m , m  E  t  , we
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have

R  t ,   N  t    t       .

f  , t   N 

2

t 

The

spectral

density

of

such

process

for fixed values of t is constant. For amplitude modulated oscillations

  t     t  cos 0t in the case of processes   t  with rapidly damped correlations, the
point of maximum value of the spectral density will be biased relatively to the frequency
of the carrier 0 , and in the case of very rapidly damped correlations the value at the point
  0 will be the maximum value. Thus, methods of hidden periodicity detecting should
be based on searching for changes of probabilistic characteristics which are periodic
in time.
The representation of the PCRP in terms of jointly stationary components (harmonic series
representation) [68-71]

  t     k  t  e ik t ,

(5.8)

0

k Z

is important for understanding the structure of a PCRP as a model of a hidden periodicity.
As can be seen from expression (5.8), a PCRP can be represented as a sum of amplitude
and phase-modulated harmonics, whose frequencies are multiples of the fundamental
oscillation frequency 0  2 P . The mean of the modulating processes k (t) are the

Fourier components of the mean m(t ): Ek (t )  mk. . The cross-covariance functions of






components rkl    E  k  t   l  t    , where  k  t    k  t   mk and " " signifies
complex conjugation, whose numbers are shifted by l determine the
l th covariance components:
Rl ( )   rk  l , k ( )e  ik0 .
k Z

It follows from the last expression that the cross-covariance of the modulating processes
 k  t  , k  Z , leads to periodic non-stationarity of the second order. The auto



covariance functions of these processes rkk    E  k  t   k  t    , determine the zeroth
covariance component of the PCRP.
Note, in this chapter we consider PCRP, whose covariance components are differentiable
functions such that they and their higher order derivatives tend to zero as the lag increases.
It is easy to obtain from expression (5.8) particular models of hidden periodicity: additive,
multiplicative, additive-multiplicative, quadrature and other models. If, for example,
 k (t )  mk   k  t  , where  k  t  are stationary random processes for which E k  t   0
, rkl    E k  t l*  t     rk    kl and mk are some complex numbers, then

  t    mk  t  e ik t    k  t  e ik t  f  t     t  ,
0

k Z

0

k Z
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where f  t  is the periodic function and   t  is the stationary random process with
covariance function
R     rk   e  ik0 .
k Z

If we put  k  t   mk  t  , then we obtain multiplicative model

  t     t   mk  t  e ik t    t  f  t  .
0

k Z

Combining the cases described above, we obtain an additive-multiplicative
representation.
If k (t )  0

 k  1,1, then
  t    c  t  cos  0 t   s  t  sin  0 t  A  t  cos  0 t    t   ,

where c  t   1  t    1  t  ,

  t   arctg

 s  t   i  1  t     1  t   ,

A  t   c2  t    s2  t  and

s t 
. It is the so-called quadrature model (Rice representation), the easiest
c  t 

model of amplitude and phase modulation.
We obtain the polyharmonic model (periodic random process) in the case that all
processes  k  t  degenerate to random values  k :

  t     k e ik  t .
0

k Z

If all coefficients are deterministic values, then   t  simply becomes a periodic function.
So, the hidden periodicity structures within a PCRP model are defined by the structure of
the modulating processes  k  t  in expression (5.8). The periodicity can appear either
solely in first order probabilistic characteristics, that is in characteristics of the
oscillation’s deterministic part, or solely in the second order characteristics, which
describe fluctuation oscillations, or in both order characteristics. The problem of their
detection is formulated below, accordingly.

5.4. Coherent Covariance Analysis
5.4.1. The Estimation of the Mean Function Period
First of all let’s consider statistics (5.3). Define the deterministic S  , t  and fluctuation

F  , t  parts as follows:
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S  , t   Emˆ  , t  

N
1
m  t  n , F  , t   mˆ  , t   S  , t  .

2 N  1 n  N

Expression (5.2) can be written as:

mˆ  , t   S  , t   F  , t  .
Proposition 4.1. The function S  , t  t  0, P , where m  t   0 , for  -values

 k  kP has absolute extrema S  kP , t   m  t  .
Proof. Using the representation of mean in the form of a Fourier series (5.1), we obtain

S  , t    mk H   k 0  e ik0t .
k Z

It is easy to see that

m  t  N
 S  , t  

 n0,


    kP 2 N  1 n  N
  2 S  , t  
m / /  t  N 2 m / /  t  N  N  1
.



n 
2
3
 
  kP 2 N  1 n  N

Taking into account that H kP  k0   1 , we conclude that S  kP, t   m  t  are absolute
extremes if m / /  t   0 .



– end of Proof.

The value 1  P henceforth will be called the first extremum.
Proposition 4.2. If R  t ,  , t   0, P  tends to zero as  increases, i.e.

lim R  t ,   0 or lim Rk    0 , k  Z ,

 

 

(5.9)

then D  mˆ  , t    0 as N   , i.e. (5.3) converges to S  , t  in mean square.
Proof. For statistic (5.3) variance we obtain (Appendix 5 A1)

D  mˆ  , t   

1
 eir0t
2 N  1 rZ

2N




0
,
R
f
N
N
Rr  k  f r   N , N  k   ,





r
 r
k 1



where
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fr   N , N  k  

N k
1
e ir0 n .

2 N  1 n  N

The covariance function R  t ,  is absolute integrability. Then it follows from the
Parseval’s relation
P

2
2
1
R  t ,  dt   Rk   ,

P0
kZ

that

 R     .
kZ

k

The function f r   N , N  k  tends to zero as N increases:

lim fr  N, N  k   0 .

N 

Thus if conditions (5.9) are satisfied we have D  mˆ  , t    0 as N   .



So, in the case of large N, the absolute extremes of (5.3) are close to points  k  kP ,

which correspond to absolute extremes of deterministic part S  , t  . That’s why the
period estimator P̂ can be found as  -value, producing the first absolute extremum of
(5.3). In order to analyze the properties of this estimator, we rewrite (5.3) in the form:

mˆ  , t   m  t   S  , t    1 F  , t   ,
where
1

 EF 2  P , t   2
1 
m t 

,

(5.10)

and S  , t  and F  , t  are the normalized deterministic and fluctuation parts:

S  , t  
F  , t 
, F  , t  
.
S  , t  
1
m t 
2
2
 EF  P , t  

(5.11)

Obviously, here it is assumed that we have chosen moments of time t for which
m  t   0 , m  t   0 and EF 2  P, t   0 . It is clear that
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EF 2  P, t   D  mˆ  t   

2N
1
k 


ir0 t 

e
R
0
2




r
1 
 Rr  kP   .

2 N  1 rZ
2N  1 
k 1 



 mˆ  , t  
Setting 
 0 for the period estimator evaluation, consider (5.10) and (5.11)

    Pˆ
transformed to the form:

 S  , t 
F  , t  
 1

 0.
   Pˆ
 

(5.12)

The parameter 1 can be chosen in such way as to define period estimator P̂ , similar to

the true value P: the solution of S  , t    0 , obtained as N   , since  1  0 . The
square of value  1 defines the ratio of the instantaneous power of the fluctuation and
deterministic part of (5.3). Suppose the value of this ratio is small. This is possible in the
case of a large number N of averaging points, and for those moments of time t, where
m  t   0 , m  t   0 and EF 2  P, t   0 .
Since the solution of the equation is close to the true value of the period P, we will find it
using the small parameter method [20, 21, 72, 73]. According to this method, the solution
is represented in the form of a series with power of 1 :

Pˆ  P   1 P1   12 P2   13 P3  ... .

(5.13)

The left side of equation (5.12) is represented in the form of the Taylor series in the
neighbourhood of point   P :
 S  , t 
  2 S  , t 
F  , t  
 2 F  , t  
 1


Pˆ  P 




1
2
2









   P 
  P



  3 S  , t 
 3 F  , t  



Pˆ  P

1
3
 3    P
 





2

 ...  0.



(5.14)

Put the denotation
  i F  , t  
  i S  , t  
,
ni  
 , i  1, 2, 3 ... ,
si  
i

i



   P




  P

and substitute series (5.13) into equation (5.14). This equation is only true if the
coefficients of power of small parameter  are equal to zero. Then we have
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n1  s2 P1  0 , n2 P1  s2 P2  0 , s2 P2 

1
1
n3 P12  s4 P12  n2 P2  0 ,...,
2
6

and hence

P1  

n1
nn
1 
1
1 s4 n13 
, P2  1 22 , P3   3  n12 n2  n3 n12 
.
s2
s2
s2 
2
6 s2 

(5.15)

Analyzing approximation (5.15) (Appendixes 5 A2, 5 A3, 5 A4) we define the
following proposition:
Proposition 4.3. For moments of time t for which m  t   0 , m  t   0 , EF 2  P, t   0 if
conditions (5.9) are satisfied,  -value producing the first absolute extreme   P̂ of (5.3)
is an asymptotically unbiased and consistent period estimator of the PCRP mean, and for
a finite number N of averaging points its bias and variance are
  Pˆ  

 3

   N 2  ,
 x 2 y R  t  nx, my  nx  
 m  t  N  N  1 2 N  1  m , n  N 
 xyPP

D  Pˆ  

N

9



2

 2

   N 3  .
R  t  nx, my  nx  

 m  t  N  N  1 2 N  1  m , n  N  xy
 xyPP
N

9

2



(5.16)

Note that formula (5.16) for the variance of estimator P̂ is obtained on the basis of the
first approximation P1 , and for the bias   Pˆ   EPˆ  P on the basis of the second P2,
since EP1  En1 S 2  0 , and hence the period estimator P̂ in the first approximation is
unbiased. The mean of the third approximation P3 is defined by derivatives of third-order
central moment functions. For Gaussian PCRP these moment functions are equal to zero,
so in this case EP3  0 . The formula for the bias and the variance of the period estimator
with consideration of higher approximations are cumbersome, and so are not present here.
We only remark that analysis of (5.13) shows that the variances of the higher
approximations and the correlations between them have a smallness of a higher order

 .
3

than  N

The second mixed derivative can be represented in the form (Appendix 5 A3):

  2 R  t  nx, my  nx  
  2 R  s,   2 R  s,  
.
 mn 




2





x
y
s


s

t
x

P

 yP

   m  n  P
Using this formula we specify an expression for the variance (5.16) for some special cases
of PCRP [4, 74]. For the additive model   t     t   f  t  , where   t  is a stationary
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process with mean m  E  t  and covariance function R    E   t   t    ,


  t     t   m , and f(t) is a periodic function with period P, the zero covariance
component R0   is non-zero only. Suppose R    Ae , we have
2

N

D  Pˆ  

36 A  mn e  m  n 

m , n 1

2

P2

 2  m  n 2 P 2  1  e  m  n 



N 2  N  1  2 N  1  f / /  t  
2

2

2

P2

 2  m  n 2 P 2  1 

 

2

Assume that the covariance function damps rapidly as the  increases and e P  0 .
Taking into account only the component for which m = n, we obtain
2

1

2
D  Pˆ   6 A  N  N  1 2 N  1  f / /  t    .



Variance, as it can be seen, has an order   N 3  . This quantity (respective to root

 

standard mean square error  Pˆ  D  Pˆ  ) increases as the variance of random process
 
  t  increases, and the rapidity of correlations damping increases, and is less for
moments of time t , where the second derivative of the periodic function f(t) is greater.
For

the

multiplicative

 t    t  f t 

model


R  t ,   R   f  t  f  t    . When R    Ae
we have

2

the

covariance

function

and correlations damp rapidly

2
3 A  2 f 2  t    f /  t   



D  Pˆ  
2
2
//
N  N  1 2 N  1 m  f  t  

This quantity is proportional to the square of the periodic function, and to the square of its
derivative at the reference point, and is inversely proportional to the second derivative at
this point. If f  t   cos 0 t , then

2 f 2  t    f   t     
2

02 

2 
    0  cos 20t.
2 
2 

Here, at points of the second derivative extremes t  0 and t  P / 2 , we have

2 f 2  t    f   t    2 . For such t the variance of the period estimator for the
2

multiplicative model coincides with the variance for the additive model, with the
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difference that in the first case the expression denominator contains the additional
2
multiplier m2 ; i.e. D  Pˆ  ~ A m . It can be clearly seen that period estimator P̂ for the

Gaussian PCRP, with rapidly damping correlations in the first approximation, is a
Gaussian random quantity with mean P , and its variance is defined by Appendix 5 A1.
Defining the value of confidential probability as





Pr Pˆ  P      ,



from the equation   



D  Pˆ    2 , where   u  

u

2

t

1
2
e
dt , we find

2 0

 
   D  Pˆ   1   ,
2

(5.17)

where  1  u  is the inverse function of   u  . Expression (5.17) defines the confidential





interval Pˆ    , Pˆ    for period of non-stationarity P. Numerical values of   can be
easily obtained for the above-mentioned specific cases of PCRP, specifying values of
parameters m , A ,  , and also functions f  t   cos 0t . For P  2 , t   , N  10 ,
m  1 , A  10 ,   1 the estimator variance equals D  Pˆ  =0.0156. If  =0.95, then
   =1.96 and  = 0.245.
 1   

2

5.4.2. Estimation of Mean Function and Its Fourier Coefficients
Let us consider the mean estimator
mˆ  t  





N
1
  t  nPˆ ,
2 N  1 n  N

(5.18)

where P̂ is the period estimator.
Proposition 4.4. Statistics (5.18) if conditions (5.9) are satisfied is asymptotically
unbiased and, for the Gaussian PCRP, is the consistent estimator of mean. For the finite
N of averaging points its bias and variance are defined by formulas:
  mˆ  t    

170

3

N

N  N  1 2 N  1 m
2

//

t 


m,n  N

 

 xy R  t  nx , my  nx  


2



 N
xP
yP

1

 , (5.19)
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D  mˆ  t   

2N

n 
1
1 
R  t , nP  

2 N  1 n 2 N  2 N  1 
2

 N

 2
 
2

R
t
nx
my
nx
,





 N  xy
  +   N  . (5.20)
2
2

x
P

,
n
m
 N N  1 2 N  1 m  t  

 yP

 
 
18

Proof. Represent the mean estimator in the form

mˆ  t  







N
1
    t  nx  x  Pˆ dx
2N  1 n N 

where   x  is the Dirac delta function. Using the representation of delta function in the
form of the Taylor series:













1
 x  Pˆ    x  P      x  P  Pˆ  P     x  P  Pˆ  P  ... , (5.21)
2

2

and also

   t  nx   ,

x
 xP



   t  nx     x  P  dx   



(5.22)

n
in the first approximation, when Pˆ  P   1 1 , we find:
s1
mˆ  t  

N
N
 2 

1
3
  t  nP  
.


 xy   t  nx    t  my  
2
2 N  1 n  N
N  N  1 2 N  1 m  t  m , n  N 
 xP
yP

Following this, for the bias   mˆ  t    Emˆ  t   m  t  we obtain formula (5.19). Leaning
on results given in Appendix 5 A4, we conclude that the bias value   m̂  t   has the order

  N 1  .

For the estimator variance D  mˆ  t    E  mˆ  t     Emˆ  t   for Gaussian PCRP after
transformation we obtain (5.20). 
2

2

The first component of the obtained expression coincides with the formula for the variance
of the mean function estimator in the case of a known period, and the second defines the
value of variance increasing for the case when the period should be estimated beforehand.
171

Advances in Signal Processing: Reviews. Book Series, Vol. 1

Taking into account the results of Appendix 5 A4, we find that this value has order

  N 2  , i.e. it is a value with a higher order of smallness than the first component.

Now we will analyze the properties of mean function Fourier coefficients
2

T

mˆ k 

ik t
1
  t  e Pˆ dt ,

2T T

(5.23)

where T is a semi-length of the realization.
Proposition 4.5. Statistics (5.23) is asymptotically unbiased if conditions (5.9) are
satisfied and, for Gaussian PCRP, it is a consistent estimator of the Fourier coefficient of
mean, while for finite N of averaging points its bias and variance are defined by formula:

  mˆ k   Emˆ k  mk   ml

sin  l  k  0T

 l  k  0T

lZ
l k

T

N

1
n  N 2T


D  mˆ k  

1
T



0 1  2T

2T




1

 
2

m , n  N 4T


 



2

 x y

T

 s s
1

T

2

 .



 s  x R  s, t  s  nx 

T

e  ik0 s ds  N

1

(5.24)

xP

2T

1

R0   cos k0 d  3   Rl  hl  T , T    cos k0 d 
2T l 0



N

3ik0

PN  N  1 2 N  1 m / /  t 



9k 202
 PN  N  1 2 N  1 m  t  

2




 

ik0  s2  s1 
ds1ds2 
 x R  s1 , t  s1  nx    x R  s2 , t  s2  mx   e
xP
x P



R  t  nx , my  nx  



 1

  2T   R     m m


x  P l Z
yP

2T

l

2

0

r

r l

e

ir  0


 g  T , T    cos k   d   



l

r Z

0

  N 2  ,

(5.25)

where

hl  T , T    

T 



T
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Proof. Estimator (5.23) is rewritten in the form

mˆ k 

1
2T

T



T

 

  t    e

 ik

2
t
x







 x  Pˆ dx  dt .


Taking into account expressions (5.21) and (5.22) we have

mˆ k 

1
2T

T

  t  e

 ik0t

dt 

T

N 
1
 
n  N  2T

3ik0

PN  N  1 2 N  1 m  t 




s

s



 t  nx   e  ik0 s ds  .
T  x
 xP

T

(5.26)

On this basis, we obtain formula (5.24). The first component of this formula is caused by
the leakage effect, which is absent if T = NP. The second component is a result of a priori
uncertainty of the period value. As the analysis shows (Appendix 5 A5) it has
an order of   N 1  .

ˆk
Following (5.26) for the variance D m

2

2

 E mˆ k  Emˆ k

2

we obtain the expression

(5.25). Function g 0  T , T      T 3  increases the most rapidly as T increases.
Placing T = NP, and taking into account results given in Appendixes 5 A4 and 5 A5, we
conclude that variance (5.25) components, caused by prior estimation of the period, have
order O(N-2).
The expressions obtained in this section for the bias and variance of estimators for the
mean function and its Fourier coefficients may be specified for individual cases of PCRP
and the numerical values of these quantities dependent on signals’ parameters and
realization length T can be obtained.
5.4.3. Estimation of Covariance and Correlation Function Period
The approach described in the Section 5.4.1 of this paper is useless for estimating the
PCRPs’ period estimator, if m  t   0 . In this case the following statistics should be used
Rˆ  , t ,  

N
1
  t  n    t    n  ,

2 N  1 n  N

(5.27)

where   t  is a realization of the PCRP with zero mean. Its deterministic part
S  , t ,    ERˆ  , t ,   can be presented in the form

S  , t ,  

N
1
H   k  0  Rk   e i0t ,
 R  t  n ,   
2 N  1 n  N
k Z

(5.28)
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where H   k0  is the transfer function of the Buys-Ballot filter.
Proposition 4.6. The function S  , t ,  for the point of time t , where Rt t ,   0 , for

 - values  k  kP has the absolute extremes S  kP, t ,   R  t ,  .
Proof. The derivatives of (5.28) for  k  kP are

  2 S  , t ,  
 S  , t ,  
1
 N  N  1 Rt t ,  .
,

0




2



  kP

  kP 3
Thus

S  kP, t , 

are

S  kP, t ,   R  t ,  .

extremes

R ''  t ,   0.

if

Since

H  k  k  0   1,

then



The presence of the fluctuation part
F  , t ,   Rˆ  , t ,   S  , t ,  ,

shifts the location of the extremes, but in the case of processing large length realizations,
these shifts will be slight.




Denote   t ,     t    t    . Obviously, E  t  n ,   R  t  n ,  and
F  , t ,  

N

1
  t  n ,  .

2 N  1 n  N

(5.29)

For the mean square value of (5.29) for Gaussian PCRP we obtain

EF 2  , t ,  

N

1

 2N  1

2

 R  t  n ,  m  n ,  ,

n  N

where

R  t  n ,  m  n   ,   R  t  n ,  m  n    R  t    n ,  m  n    
 R  t  n ,   m  n    R  t    n ,  m  n      .
So we can formulate a proposition like Proposition 4.2.
Proposition 4.7. For Gaussian PCRP statistics (5.27) converge in mean square to
S  , t ,  , defined by formula (5.28), i.e.
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2

lim E  Rˆ  , t ,   S  , t ,    0 ,
N 
if the conditions (5.9) are satisfied.
Put under consideration, as before, the parameter  2 :

 EF 2  P, t ,  
2  
R  t , 

1/ 2


k 
1  2N 

  1 
 R  t , kP,  
R  t ,   k 2 N  2 N  1 


1/2

.

(5.30)

The expression (5.30) coincides, up to the factor R 1  t ,  , with the square root of the
variance of the coherent covariance function estimator, obtained in the first approximation
for a known nonstationarity period [8-11]. If condition (5.9) is satisfied, then for all t for
which R  t ,   0 ,  2  0 as N   .The values of  2 in the case of finite N for
multiplicative model   t     t  cos 0t , m  0 , R ( )  e are shown in Table 5.1.
2

For given signal parameters, the values  2 as N  100 are very small.
Table 5.1. Dependence of parameter

2

on number of periods N for different
  0, t  7, P  12 .

N

  0.1

  0.01

10
50
100

0.2314
0.1055
0.0748

0.2435
0.1112
0.0789



So,  2 can be considered as a small parameter and a period estimator can be obtained as
a solution of the following equation

S  , t , 


2

F  , t , 


0

where

S  , t, 
S  , t ,  
, F  , t ,  
R  t, 

F  , t , 
EF 2  P , t , 

(5.31)

in the form of series (5.13).
Taking into account formulas (5.15) that define approximations P1, P2, P3 through the ith
order derivative of functions (5.31), similar to those provided in the Subsection 5.4.1
analysis, we come to the next proposition.
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Proposition 4.8. For Gaussian PCRP if conditions (5.9) are satisfied for t and  such that
2
R  t ,   0 , R  t ,   0 and EF  P, t ,   0 ,  – value producing the first absolute
extremum   P̂ of statistics (5.27) is an asymptotically unbiased and consistent period
estimator of the PCRP covariance function, and for a finite number N of averaging points
its bias and variance are:

  Pˆ  

  3 R  t  nx, my  nx,  
2
  o N  ,
2  
2
x y
 x  P
 R  t ,  N  N  1 2 N  1  m,n  N 
yP

D  Pˆ  

  2 R  t  nx, my  nx,  
3
  o N  .
2  
xy
 x  P
 R  t ,  N  N  1 2 N  1  m,n  N 
yP

9

9

N

N

The covariance function R  t  nx, my  nx,  can be represented in the Fourier series
form [10, 11]
ik t  nx
R  t  nx, my  nx,    R k  my  nx,  e 0   ,

(5.32)

kZ

where

R k  u ,    e  il0  Rk l  u    R*l  u     Rk l  u  R*l  u   .
lZ

Variance of period estimator then in the first approximation may be represented in the
following form


mn   ik0 R k  m  n  P,   R k   m  n  P,   eik0t 


 kZ
 , (5.33)
D  Pˆ   m , n  N
2
 N  N  1 2 N  1 R   t ,  
t


N

9



where

 R  u ,  
  2 R k  u ,  


,
.
R k   m  n  P ,    k
R
m
n
P
,









k 
 
u
u 2

 u  m  n  P

 u  m  n P
If conditions (5.9) are satisfied, then the nominator and denominator of this expression
damp as lag  increases. But the damping rate of nominator is smaller so it is possible
that variance (5.33) will increase as  increases.
For multiplicative model   t     t  cos 0t , where   t  is a stationary random process,
Fourier series (5.32) contains nonzero coefficients:
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1
R 0  u ,   R  u , 1  cos 20  cos 20u  ,
8





1
R 2  u ,   R  u1 ,  1ei 20  ei 20u  ei 20  u   ,
16
1
R 4  u ,   R  u ,  ei 20 u   ,
16
here




R  u ,   R 2  u   R  u    R  u    , R    E   t   t    ,


  t     t   m  t  , m  t   E  t  . For variance of period estimator at   0 then
we obtain:

D  Pˆ  

9 cos 2 0t
R 2  0  04 cos 2 20t  N  N  1 2 N  1 

2



 20 2 R 2  m  n  P  sin 2 0t 

.
  mn 
   R  m  n  P   R  m  n  P  R  m  n  P  cos 2 0t 
m , n  N


N

For the case of rapidly damped correlations we have:
D  Pˆ  

3cos 2 0t
 2 R 2  0   2 sin 2  t  R  0  R   0  cos 2  t  .
0
0
0




R  0  0 cos (20t ) N  N  1 2 N  1 
2

4

2

If R    Ae  then
2

D  Pˆ  

6 cos 2 0t 0 2 sin 2 0t   cos 2 0t 

0 4 N  N  1 2 N  1 cos 2 20t

.

The variance of the period estimator, as can be seen, doesn’t depend on the variance of
the modulated signal, and is determined only by the rate of damping of its correlations. If
t = 0 we have
D  Pˆ  

6
.
0 N  N  1 2 N  1
4

(5.34)

This value is proportional to  and damps rapidly as the number of averaging points
increases.
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The approach described above for the period estimation easily generalizes to the case
when the PCRP mean is not zero. In this case, it is expedient to use the correlation
transformation:
Kˆ  , t ,  

N
1
  t  n    t    n  ,

2 N  1 n  N

(5.35)

The deterministic part of this statistics

S  , t ,  

N
1
 K  t  n ,  ,
2 N  1 n  N

(5.36)

for   P is equal to the signal correlation function
S  P , t ,   K  t ,   R  t ,   m  t  m  t    .
The mean square value of fluctuation part F  , t ,   Rˆ  , t ,   S  , t ,  is
EF 2  , t ,  

N
1
R  t  n ,  r  n  ,  ,

2 N  1 n N





where R  t  n ,  r  n   ,   E   t  n ,    t  r ,  ,


  t ,     t    t     K  t ,  is the covariance function of the process
  t ,     t    t    . For Gaussian PCRP, taking into account that third central
moments are equal to zero, we obtain

R  t  n ,  r  n   ,   R  t  n ,  r  n    R  t    n ,  r  n    
 R  t  n ,  r  n      R  t    n ,  r  n      
 m  t    n  n  t    m  R  t  n ,  r  n    

 m  t  r  m  t    n  R  t  n ,  r  n      
 m  t  n  m  t    r  R  t  n ,  r  n      
 m  t  n  m  t  r  R  t  n   ,  r  n    .

2
The ratio  3   EF  P, t ,  

1/2

K 1  t ,  in this case is equal to
1


 R  t , nP  R  t   , nP   R  t ,  nP  R  t ,  nP     2
2N

n  2

1  1
2
3 

 .
1 
   m  t    R  t , nP   m  t  R  t   , nP  

K  t ,   2 N  1 n 2 N  2 N  1  


  m  t  m  t     R  t ,  nP   R  t ,  nP  
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If (5.9) is satisfied and N is large this value will be sufficiently small (see Table 5.2).
Calculations
are
made
for
the
model
when
  t     t  cos 0t

K  t ,    R    m 2  cos 0  t    and R    e , P = 12.
2

Table 5.2. Dependence of parameter

3 on number of periods N for different 

 t  7,   0,

m  1 .

N

  0.1

  0.01

10
50
100

0.2216
0.10104
0.0716

0.2586
0.1185
0.0841

So, the properties of the period estimator can be analyzed using the small parameter
method. Repeating the above transformation, we make the next proposition.
Proposition 4.9. For Gaussian PCRP if conditions (5.9) are satisfied, then (5.35)
converges to (5.36) in mean square; i.e.
2

lim E  Kˆ  , t ,   S  , t ,    0 ,
N 
where  is the value, producing its first absolute extremum   P̂ if K  t ,   0 and

EF  P, t ,   0 is the asymptotically unbiased and consistent estimator of the PCRP
correlation function period, and its bias and variance are

9

  Pˆ  

  3 R  t  nx, my  nx,  

 
xy 2
m , n  N 
 xy0P
N

 R  t ,  N  N  1 2 N  1 

2

  2 R  t  nx, my  nx,  
9  

xy
m , n  N 
 xyPP 

   N 2  ,

N

D  Pˆ  

 R  t ,  N  N  1 2 N  1 

2

   N 3  .

For the multiplicative model   t     t  cos 0t , if m  0 , R  t,   Ae

 2

the

variance expression for   0 and for the case of rapidly damped correlations has
the form:
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  2m2  2

 m2  2
6cos 0t 0 1 
sin 0t  a 1 
cos 0t 




A 
A 

 

2

D  Pˆ  

2

 m2 
 1    N  N  1 2 N  1 cos 2 20t
A 


.

4
0

Choosing t = 0 we will have

D  Pˆ  

6
 m2 
 N  N  1 2N  1 1  
A

4
0

Comparing obtained expression with (5.34) we conclude that using correlation
 2m2 
transformation (5.35) decreases the variance of the period estimator by 1 
 times.

A 

5.4.4. Estimation of Covariance Function and Its Fourier Coefficients
Consider now the estimator of the covariance function
Rˆ  t ,  



 



N
1
 t  nPˆ  t    nPˆ  mˆ  t  mˆ  t    ,

2 N  1 n  N

(5.37)

where
mˆ  t  





N
1
 t  lPˆ ,

2 N  1 l  N

and P̂ is the period of the nonstationarity estimator.
Proposition 4.10. For Gaussian PCRP if conditions (5.9) are satisfied the statistics (5.37),
where P̂ is an extreme point of
mˆ  , t  

N
1
  t  n  ,

2 N  1 n  N

is asymptotically unbiased and consistent estimator of the covariance function, and for the
finite N of averaging points its bias and variance in the first approximation are defined by
expressions:
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(5.39)

Proof. Expression (5.37) we rewrite in the form
Rˆ  t ,  

N 
N
1
1


  t  nx    t    rx     x  Pˆ dx ,
    t  nx    t    nx  


2 N  1 n  N   
2 N  1 r  N






where   x  is the Dirac delta-function.
In the first approximation we have
Pˆ  P 

N
   t  ly  
3


 .
y
N  N  1 2 N  1 m  t  l  N 
 yP

(5.40)

Taking into account this expression, and also (5.21) and (5.22) we obtain
Rˆ  t ,  



N
N
1
1







t
nP

t

nP
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 yP


(5.41)

The first two components of this formula define the covariance function estimator if the
period of nonstationarity is known [10].
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Averaging the components of the statistics (5.41) and analyzing them (Appendix 5 A6)
we conclude that these quantities have order of smallness O(N-1). Taking into account
these results, and also results obtained in [10] for the estimator bias
  Rˆ  t ,    ERˆ  t ,   R  t ,  we have expression (5.38).
The variance of the covariance function estimator we calculate neglecting the components
caused by the prior estimation of the mean. These components, as analysis [10] shows,
lead to their appearance in the expression for variance quantities with a higher order of
smallness. So we put

Rˆ  t ,  
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1
ˆ
ˆ

t

nP

t



nP


t

nP



 t    nP  


2 N  1 n  N
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Taking into account that for Gaussian PCRP












H  s1 , s2 , s3 , s4 , s5 , s6   E   s1    s2    s3    s4    s5    s6  
 R  s1 , s2  s1  G  s3 , s4 , s5 , s6   R  s1 , s3  s1  G  s2 , s4 , s5 , s6  
 R  s1 , s4  s1  G  s2 , s3 , s5 , s6   R  s1 , s4  s1  G  s2 , s3 , s4 , s6  
 R  s1 , s6  s1  G  s2 , s3 , s4 , s5  ,

G  s1 , s2 , s3 , s4   R  s1 , s2  s1  R  s3 , s4  s3   R  s1 , s3  s1  R  s2 , s4  s2  
 R  s1 , s4  s1  R  s2 , s3  s2  ,
for the estimator variance we obtain expression (5.39).



Estimators of covariance components
2

T

 ik t
1
Rˆk   
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2T T

(5.42)

we represent as:
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Proposition 4.11. For Gaussian PCRP if conditions (5.9) are satisfied the statistics (5.42),
where P̂ is a coherent estimator of mean function period, is asymptotically unbiased and
a consistent estimator of correlation components, and its bias and variance for finite T in
the first approximation are defined by expressions:
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lZ
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Proof. After averaging and transformation of (5.43) (Appendix 5 A7) for the bias
  Rˆ k     ERˆ k    Rk   we obtain expression (5.44). The variance of the
covariance components estimators in the first approximation can be computed by the
following statistic

1
Rˆ k   
2T
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  t  t    e

 ik

T

N 
3ik0
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2
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dt 
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  t  t    e

 ik0t

dt 

T




 

s
s
s








 t  nx   e  ik0 s ds  ,
T  x
 xP

T

where T is a semi-length of realization. For the Gaussian PCRP then we obtain expression
(5.45). 
Note that formulas given in this section for statistical characteristics of estimators of the
correlation function and its components contain components that coincide with
expressions for statistical characteristics in the case of a known period of nonstationarity,
as well as additional components caused by its prior estimation. These components have
a higher order of smallness than the estimator’s statistical characteristics for a period of
nonstationarity.
5.4.5. The Verification of the Developed Approach
Verify the method considered above for the estimation of the PCRP mean and covariance
function and their Fourier coefficients, using simulated data and an experimental time
series of the vibration signal. First of all we will illustrate the efficiency of coherent
procedures with a simulated data.
5.4.5.1. The Analysis of Simulated Data
The periodically correlated random sequence can be obtained using the parametric method
[74] based on PCRP harmonic series representation (5.8). We have chosen for simulation
of the simplest PCRP – the quadrature one:

  t   c  t  cos 0t   s  t  sin 0t ,

(5.46)

which describes amplitude and phase modulation. It can be obtained from (5.8) if for each
k 1, 1 k  t   0 and 1  t   1  t   1 c  t   i s  t   . In this case the mean
2
function is

m  t   mc cos 0 t  ms sin 0 t , mc  E c  t  , ms  Es  t  ,
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and covariance function is defined as

R  t ,    R0    R2c   cos 20t  R2s   sin 20t ,

(5.47)

where

1
R0     Rc    Rs    cos 0  Rcs   sin 0 ,
2
1
R2c     Rc    Rs    cos 0  Rcs   cos 0 ,
2
1
R2s    Rcs   cos 0   Rc    Rs    sin 0 ,
2








and Rc    E  c  t   c  t    , Rs    E  s  t   s  t    are autocovariance function of
the quadrature components, Rcs   and Rcs   are the odd and even parts of the




cross-covariance function Rcs  u   E  c  t   s  t    .
The estimation of the first order characteristics. Now we make a coherent processing
of random sequence realization which values are obtained using the formula

  nh     nh   f  nh  ,
where

f  t   a1 cos 0t  a2 cos 20t. Suppose that mc  ms  0,

(5.48)
Rc    A1e  a1 ,
2

R s    A2 e  a 2 , Rcs    0 . The parameters P  1 0 , A1  A2  3 , 1   2  1.0 , a1  3
2

, a2  2 were used for the simulations. Random process (5.46) in this case will be
stationary. Fig. 5.1a shows the realization of simulated sequence with h  P  103 . The
surface that represents the changes of statistics (5.3) with respect to test period  and
time t is shown in Fig. 5.1b. Test period  and time t where changed with step
h  P  103 . As it can be seen, the statistics (5.3) for chosen number of averaging periods
( N  100 ) damps rapidly as the test period value moves away from the value of P . For
the values  that differ insignificantly from P its variation with respect to time is close
to periodic one.
Sections mˆ  , t  obtained for those t that respond to minimum and maximum of

m  , t  are shown in Fig. 5.2a, c. The graph of statistics mˆ  , t  for the test period 
for moment of time t located near the inflection point of function

2
f  t   3cos t  2cos t has a form of fluctuations in respect to time axis (Fig. 5.2b).
5
5
As it follows from (5.16) the variance of the period estimator for such t is considerable,
because the second derivative of this function is close to zero. The graphs of statistics
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mˆ  , t  that correspond to moments of time t , where are close to its extremes, have a
pronounced maximum and minimum. Transformation (5.3) for such t is very selective in
relation  : points of its extremes are very close to period value.

(a)

(b)

ˆ , t  on test
Fig. 5.1. Realization of the simulated model (a) and dependences of statistics m
period  and time t (b).

(a)

(b)

(c)

ˆ , t  on test period  for different fixed t : (a) t  1.0 ;
Fig. 5.2. Dependences of statistics m
(b) t  8.0 ; (c) t  5.85 .
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The estimators of the mean function and its Fourier coefficients are represented
graphically in Fig. 5.3. They are obtained using expression (5.3) and also [55, 75]

mˆ kc 
2 L
 s
 mˆ Pˆ , nh
mˆ k  L  1 n 0





2 

cos k L  1 n 
ˆk 

, m
sin k 2 n 
L  1 


 mˆ    mˆ 
c 2
k

s 2
k

.

It is accepted here that Pˆ   L  1 h  10.00 , h  102 . As it is shown, the values of

 

mˆ Pˆ , t and mˆ k for the chosen N  100 differ insignificantly from simulated values.

(a)

(b)

Fig. 5.3. Estimator of mean function (a) and its Fourier coefficients (b).

Now we’ll carry out the numerical experiment which aim is to calculate errors of period
estimator on the base of simulated data processing. The functional mˆ  , t  we’ll calculate
using of various parts of signal (5.48) with the same length. If we chose h  103 P then
period estimator we’ll obtain with accurate within the second digit after the comma. The
data of calculations obtained for N  10 are given in the Table 5.3 and the graphs of the
respective functionals – in Fig. 5.4. The average value of the estimators equals to
1 10
Pˆm   Pˆi  10.002 .
10 i 1
Then for period estimator bias we have   Pˆc   Pˆ  P  0.002 and for the variance –
2
1 40
D  Pˆm    Pˆi  Pˆm  3.96  10 4 . For the rapidly damping correlations on the base
10 i 1
of
obtained
in
Subsection
5.4.1
formula
we
find





1

D  Pˆ   3 A  N  N  1 2 N  1  m  tm     4.1  104 . On the basis of the formula


for A  3.0 and   1.0 period estimator bias, given in Proposition 4.3, we find that for
2
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the chosen approximations   Pˆ   0 . As it follows from the carried out calculations the
values of the experimentally and theoretically obtained biases differ on value 2  103 and
the variances on the value 0.14  104 what is only 3.4 % . From the theoretical formula it
follows that variance of the period coherent estimator is proportional to the random process
variance as well as to parameter  , which defines rapidity of correlations damping. The
character of this dependence is also proved by the results of period estimation on the basis of
the simulated data (Figs. 5.5, 5.6, Tables 5.4, 5.5).
ˆ  , tmax  on test period  for different simulated
Table 5.3. Dependence of statistics m
realization ( N  10 ).
Realization
1

2

3

4

5

6

7

8

9

10

995

5.315

4.201

5.034

5.081

4.404

5.051

4.613

4.603

4.397

4.491

996

5.365

4.296

5.063

5.178

4.434

5.074

4.689

4.681

4.419

4.513

997

5.409

4.371

5.078

5.257

4.457

5.087

4.760

4.746

4.428

4.530

998

5.446

4.439

5.082

5.316

4.475

5.090

4.825

4.799

4.424

4.540

999

5.474

4.497

5.074

5.355

4.487

5.084

4.881

4.840

4.408

4.544

1000

5.495

4.545

5.057

5.373

4.493

5.069

4.926

4.869

4.380

4.541

  nh

1001

5.505

4.576

5.031

5.371

4.494

5.046

4.958

4.888

4.342

4.529

1002

5.506

4.595

4.998

5.349

4.487

5.019

4.973

4.897

4.295

4.509

1003

5.495

4.596

4.959

5.308

4.475

4.985

4.971

4.896

4.239

4.478

1004

5.472

4.578

4.915

5.248

4.455

4.946

4.949

4.888

4.178

4.437

10.02

10.03

9.98

10.00

10.01

9.98

10.02

10.02

9.97

9.99

Period
estimation

Pˆi

(a)

(b)

ˆ  , t  for different realizations.
Fig. 5.4. Estimators of statistics m
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Table 5.4. Coherent period estimators for different variances of signal stochastic part
( 1   2  1.0 ).

Pˆi

Realizations
A1  A2  6

1

2

3

4

5

6

7

8

9

10

9.96

10.03

10.00

9.97

9.97

10.00

10.03

10.06

10.01

10.02

A1  A2  9

10.03

9.96

9.98

10.04

10.05

10.03

10.01

9.97

10.06

9.95

(a)

(b)

Fig. 5.5. Dependences of estimator statistics mˆ  , t  on test period  : (a) A1  A2  6 ;
(b) A1  A2  9 .
Table 5.5. Coherent period estimators for different parameter   1   2 of signal stochastic
part  A1  A2  3  .

Pˆi

Realizations
 1   2  0.5

1

2

3

4

5

6

7

8

9

10

10.02

10.02

10.01

9.98

10.00

9.98

9.99

9.99

10.01

10.01

 1   2  2.0

9.97

10.01

10.00

9.99

10.06

10.00

10.03

9.95

9.98

10.03

(a)

(b)

Fig. 5.6. Dependences of estimator statistics mˆ  , t  on test period  : (a) 1  2  0.5 ;
(b) 1  2  2 .
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On the base of Table 5.4 for the А1  А2  6 we have D  Pˆm   9.05  104 , and for
A1  A2  9 – D  Pˆm   14.37  104 . In the first case it increases 2.28 times, and in the
second – 3.62 times. Existing difference between theoretically and experimentally
obtained values of the variances here and further can be explained by the theoretical
results, obtained with using only the first approximations of the period estimator and the
experimental – on the base of the short realizations (the number of averaged period
N  10 ). Such length of realizations was chosen for the simplicity of the experimental
investigations. From the graphs given in Fig. 5.5 it can be clearly seen that with increase
of the variance of   nh  the variation of estimator mˆ  , t  values increases, that can be
explained by increasing of their variance. On the basis of the given in Table 5.5 values of
period estimator we obtain the following values of the variances: D  Pˆm   2.09  104 for
1   2  0.5 and D  Pˆm   9.35  104 for 1   2  2 . The ratio of these values to the
variance computed for the 1   2  1 are equal to 0.53 and 2.36, respectively. It also can
be seen from Fig. 5.6 that growth of  leads to the increase of variation of estimator
mˆ  , t  values, since their variance increases.
The covariance analysis of the simulated data. The approach considered in
Subsection 5.4.3 was used for estimation of the covariance function and the covariance
components of simulated data, which deterministic part was analysed above. In this case
only stochastic part with zeros mean function was considered and the parameters values
A1  2 , A2  1 , 1   2  0.01 were chosen.
The realization of simulated sequence for h  103 P is shown in Fig. 5.7a and the surface
that represents the variation of statistics (5.27) for   0 with respect to test  and time
t is presented in Fig. 5.7b. The properties of the statistics Rˆ  , t , 0  are similar to the
properties of mˆ  , t  with difference being that periodic changes of the first have the
period that is twice as small as the period of mˆ  , t  time variation, and it is correct, since
in this case the covariance function is defined by formula (5.47).
Dependences of statistics Rˆ  , t , 0  on test period  for the fixed moments of time are
shown in Fig. 5.8. As it is shown for t  3.7 graph Rˆ  , t , 0  behaves like a weak
fluctuation. The value of the second derivative of Rˆ ''  , t , 0  for this moment of time t is
close to zero because the variance of the period estimator in this case is considerable.
Point t  2.5 and t  5.0 is located near the minimum and maximum of Rˆ  , t , 0 
respectively. The peak values of Rˆ  , t , 0  for these t are clearly seen and their locations
as close to points   5 and   10 . The value of statistics Rˆ  , t , 0  for t  5.0 and for
values of  close to point   5 are given in Table 5.6.
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(a)

(b)

Fig. 5.7. Realization of the simulated model (a) and dependences of statistics Rˆ  , t , 0  on test
period  and time t (b).

(a)

(b)

(c)
Fig. 5.8. Dependences of statistics Rˆ  , t , 0  on test period  for the fixed moments of time:
(a) t  2.5 ; (b) t  5.0 ; (c) t  3.7 .
Table 5.6. The values of statistics Rˆ  , t , 0  for t  5.0 and Rˆ2c  ,0  close to   5 .


4.5

4.6

4.7

4.8

4.9

5.0

5.1

5.2

5.3

5.4

5.5

Rˆ  , t , 0 

1.48

1.45

1.48

1.48

1.51

1.99

1.42

1.44

1.44

1.49

1.51

Rˆ 2  , 0 

-0.03

-0.01

0.06

0.01

0.02

0.45

0.01

-0.03

-0.05

0.03

0.04

c
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For comparison Table 5.6 also presents the component functional

Rˆ 2c  ,0  


K
1
4
 2  nh  cos nh ,

2 K  1 n  K


and the graph of this value is shown in Fig. 5.9. As it can be seen, both statistics reach the
maximum at the point   5 and these maxima are clearly defined. The neighbour values
of the statistics Rˆ  , t , 0  are close to values of the zeroth component Rˆ 0  0  and the
neighbour values of statistics Rˆ 2c  , 0  – to zero.

Fig. 5.9. Dependence of covariance component statistics Rˆ2c  ,0  on test period  .

The section of Rˆ  , t , 0  for fixed   5 , which illustrates changes of variance estimator
with respect to time, is shown in Fig. 5.10 a, and estimators of Fourier coefficients are
shown in Fig. 5.10 b.

(a)

(b)

Fig. 5.10. Estimators of the variance (a) and its Fourier coefficients (b)
for the simulated stochastic part.
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Numerical values of estimators for the variance Rˆ  , t , 0  and covariance components are
close to the theoretical ones. This result can be considered as a verification test of the
created algorithm and respective software.
5.4.5.2. The Covariance Analysis of Vibration of the Fast Moving Spindle
Given above methods were used for the analysis of vibration of the fast moving spindle
of the machine warping wolfram spirals of the lamps. The aim of this analysis was
monitoring of the technical state of the spindle and speed of its rotation. The scheme of
the spindle unit is given in Fig. 5.11.

Fig. 5.11. Schematic view of the spindle construction.

The shaft and the gearwheel rotates in two precision angular-contact bearings (type
7001 ACD manufactured by SKF). The bearings are mounted with the axial tension by
the way of loading of the outer race by the spring pressure force. Because of this the
bearing is very sensitive to the accuracy of its installation. Appearance of the skewness
leads to appearance of the comparable dynamic axial loading that causes fast wear of the
bearing cage and its destruction.
The covariance function of the stationary approximation. High-frequency
accelerometer for the signal measurement was mounted on the spindle unit housing by the
glue. The fragment of the axial vibration realization is shown in Fig. 5.12a. The graph of
the estimator of covariance function of stationary approximation is obtained by using
the formula
1
Rˆ   
K

K 1

1
  t   mˆ    nh     mˆ  , mˆ 

K
n0

K 1

   nh  ,
n0
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where h  T K is a sampling interval, K is the natural number, is given in Fig. 5.12 b.

(a)

(b)

Fig. 5.12. Realization of spindle vibration (a) and covariance function estimator (b)
for the stationary approximation.

The undamped tail of the covariance function estimator is an indication of the presence of
a strong deterministic component in a signal. Comparing correlogram value at zero with
estimator of oscillating tail power we can define a ratio between powers of stochastic and
the deterministic components. In the present case these powers are almost equal. The first
issue of the analysis is a separation of deterministic and the stochastic components.
Parameters of the deterministic component characterize quality of bearing installation,
shaft imbalance and also developed operational faults of the construction elements. The
periodic modulations present in the stochastic component, which can be described by the
second order characteristics of PCRP contains, as a rule, an information about lubrication,
friction, hydrodynamic phenomena.
The estimator of mean function and its Fourier coefficients. For the deterministic
component separation the coherent averaging was used. Designate the chosen for the
signal recording sampling interval by the arbitrary unit h0  1 . In order to obtain estimator
of mean function period less than h0 we made a resampling of the data. First of all we
approximated it using the Shannon Formula [24]

 t  

M

   kh 

k  M

sin m  t  kh 

m  t  kh 

,

where m is the highest signal frequency. For the further calculation the sampling interval

ˆ  , t  in
h  102 was chosen. Using the new signal realization the values of m

dependencies on the test period  and time t were estimated (Fig. 5.13b). The estimator
of the mean function period was defined as a value of test period  that corresponds to
extremes of mˆ  , t  . These extremes are the most pronounced for the moments of time t
where mˆ  , t  has a minimum or maximum. For those t where values of mˆ  , t  are close
to zero mˆ  , t  has a shape of weak fluctuations. Value Pˆ  25.36 was chosen as the
period value. This value responses to period of shaft rotation. For the application of
coherent averaging with such a period we resampled a realization one more time, in such
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a manner that Pˆ  25 h , where h  1.0148 h . Estimators of mˆ  , t  obtained on the basis
of the resampled realization, are shown in Fig. 5.14.

(a)

(b)

Fig. 5.13. Realization of vibration signal (a) and dependence of estimator mˆ  , t  on test period

 and time t (b).

(a)

(b)

(c)
Fig. 5.14. Dependences of mˆ  , t  on test period  for different fixed t :
(a) t  18 ; (b) t  21 ; (c) t  5 .

Graphs of the mean function estimator for the vibration signal and its Fourier coefficients,
obtained for Pˆ  25 , are shown in Fig. 5.15. Estimators of Fourier higher coefficients are
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not shown in Fig. 5.15b, because their values are significantly less than the values of the
first four components. On the base of obtained amplitude spectrum of deterministic
oscillations we can conclude that the non-uniform radial loading acts on bearing outer
race and it testifies that the defect of its fit in the housing is present.

(a)

(b)

Fig. 5.15. Estimator of vibration signal mean function (a) and its Fourier coefficients (b).

PCRP coherent covariance analysis. Further analysis of the spindle unit vibration is
done on the base of quantities which describe the second order nonstationarity of its
stochastic component. It is caused by a unit nonlinearity, which parameters, including
contact rigidity, periodically vary in time. The main principle of the diagnosis in this case
is the detection of appearance of the friction force modulation which occurs due to
changes of the contact stresses on rolling races or due to the friction coefficient jump at
the moments of impacts appearance that occur when local damages are present.





The surface of statistics Rˆ Pˆ , t ,0 , obtained on the basis of the vibration signal stochastic
part is shown in Fig. 5.16 a. Its intersections for the fixed moments of time t are
represented in Fig. 5.17.

(a)

(b)

Fig. 5.16. Vibration signal stochastic part (a) and the dependence of estimator Rˆ  , t , 0  on test
period  and time t (b).
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(a)

(b)

(c)
Fig. 5.17. Dependences of estimator Rˆ  , t , 0  on test period for different fixed t: (a) t  8 ;
(b) t  5 ; (c) t  16 .

Represented in Figs. 5.16a and 5.16c graphs are obtained for these t that correspond to
estimator Rˆ Pˆ , t ,0 extremes, and in Fig. 5.17b to the Rˆ Pˆ , t ,0 deviation point. It can











be clearly seen in the graphs that the maximum and minimum of estimator Rˆ Pˆ , t ,0



correspond to   25 . This value was chosen as a period of the covariance function and
coincides with the vibration signal mean function.
The obtained period estimator was used for the coherent estimation of the covariance
function of the vibration signal stochastic part, and also for the covariance components
(Fig. 5.18). The graph of variance estimator time variety has two peaks per period
(Fig. 5.18a) that reveals the presence of a distributed fault in the bearing. Analysis of the
harmonic structure of the variance estimator shows this too: harmonics amplitudes rapidly
damp as number k increases.
As it is shown, the zeroth component Rˆ 0  0  has the greatest amplitude and the amplitudes
of the first four components are significantly greater than the amplitudes of the others.
Dependences of the covariance components on time lag  are represented in Fig. 5.19,
which reveals that these dependences have a form of rapidly damping oscillations that
demonstrate the pure stochasticity of vibrations related to friction. Relatively large values
of higher covariance components show a wrong interpretation of fluctuations as a
stationary random process. The rapidity of correlations damping as time lag increases
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depends on the degree of friction surfaces wear and on lubrication quality. As a rule,
relatively uniform wear is characterized by a smooth modulation of friction force but the
cracks, cavities, pits cause the rapid jump-like changes of friction forces. The defect of
the present spindle unit belongs to the first group. However, we should note that stochastic
 6

modulation is quite significant   Rˆ k  0  Rˆ0  0   1.45  , that’s why presence of such a
 k 1

defect may cause a local damage on the outer race of the bearing and its fracture [76].

(a)

(b)

Fig. 5.18. Estimators of variance (a) and their Fourier coefficient for vibration signal
stochastic part (b).

(a)

(b)

(c)

(d)

Fig. 5.19. Dependences of the zeroth (a), first (b), second (c) and third (d) covariance
components estimators on time lag  .
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5.5. Component Covariance Analysis
5.5.1. Period Estimation of Deterministic Component
5.5.1.1. Cosine and Sine Transforms of Realization
For the estimation of the period of the PRPC signal, we can apply the cosine and sine
Fourier transforms (5.4). The probabilistic means (expectations) of (5.4), called here
deterministic components of the transforms, are defined by
T

Slc    Emˆ lc   

1
m  t  cos  l t  dt ,
T T

S    Emˆ ls   

1
m  t  sin  l t  dt ,
T T

s
l

(5.49)

T

(5.50)

where   2  . We know that

mc , s , if   lP / k for some k  0,
lim Slc , s ( )  mlc , s ( )   k
 
otherwise.
 0,
More precisely, substituting series (5.1) in relations (5.49) and (5.50), after integration
we obtain


S lc  2 m0 J 0  l T    mkc  J 0   k 0  l  T   J 0   k 0  l  T   ,
k 1



S ls   mks  J 0   k 0  l  T   J 0   k0  l  T   ,
k 1

where J 0    sin    for   0 and J 0  0  1 , and the convergence of the previous
sums in uniform in   0 and in   0 . It is known that the function J0   has a narrow
high peak around   0 . Indeed J 0    1  and

J 0 ( )  1 

2
6

 R ( )

with | R ( ) | 

4
120

For any  , so for instance J 0    0.84 for   1 , J 0    0.25 for   2.5 , and
J 0   tends to 0 as    . Thus the extreme values of the functions Slc   and Sls   are
in the neighborhood of the points LP k for k  0 . Actually, it can be proved (see Appendix
c
s
5 B1 for more details) that for every k  0 such that mk  0 (or mk  0 ), there is an extreme
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point Pˆkc (respectively Pˆks ) of Slc   (respectively Sls   ) which converges to lP k , as
T   with the rate  T 2  and in this case Slc Pˆkc converges to mkc as T  
(respectively S s Pˆ s converges to m s ). For k  l , we obtain that Pˆ c and Pˆ s converges to
P, S

c
l

 

l

 

 
k

k

l

 

l

Pˆl c converges to mlc and Sls Pˆl s converges to mls as T   .

Until now we have considered extreme values of the deterministic mean components
Slc   and Sls   . However in realistic context, we can only compute the random estimators

mˆ lc   and mˆ ls   that we decompose as

mˆ lc, s ( )  Slc, s ( )  Fl c, s ( ),
where the so-called fluctuation mean components are defined by
T

1 
Fl ( )  mˆ ( )  S ( )    (t )cos(l t )dt ,
T T
c

c
l

c
l

Fl s ( )  mˆ ls ( )  Sls ( ) 

(5.51)

T

1 
 (t )sin(l t )dt.
T T

(5.52)

We state in the following (see Proposition 5.1) that the fluctuation mean components tend
to 0 as T   , thus we study the period estimates as extreme points of
mˆ lc , s    Slc , s    Fl c , s   , and they are solutions of the non-linear equations

dSlc , s ( ) dFl c , s ( )

 0.
d
d

(5.53)

For this purpose we need to analyze the asymptotic behavior of the fluctuation mean
components. For (5.51) we have

E  Fl c    
2

2
 2
T

T T

1
R  t , s  t  cos  l t  cos  l s  dtds 
T 2 T T

2T T

  R  t,  cos  l t  cos  l  t     dtd .

(5.54)

0 T

After we substitution into formula (5.54) the Fourier series expansion (5.2) and integration
over t, we obtain that
2T

2
1
E  Fl c       Rk    f k0  T , T    cos  l   
T k 0

1

  f k0  2 l  T , T    eil   f k0  2  T , T    e  il    d ,
2
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where

f  T , T    
   e i T     e i  T
same way we obtain that

so

f T , T  

E  Fl s    
2



1
T2

1
T

T 

e

it

dt ,

T

 i t  for   0 and f 0  T , T     2   T . In the

T T

  R  t , s  t  sin  l t  sin  l s  dtds 

T T

2T



1
 Rk    fk0  T ,T    sin  l  
T k 0

(5.56)

1

  f k0  2l  T , T    eil   f k0  2  T , T    e il    d .
2

Notice that f   T , T     2  T  for   0 and f   T , T     2 for all  and u
in  . Then from relations (5.54) – (5.56), we deduce the convergence to 0 of the
random fluctuations.
Proposition 5.1. Assume that


  R   d  .
k

 k 0

(5.57)

Then statistics (5.4) are converging in mean square to Slc , s   :

ˆ lc,s ( )  Slc,s ( )]2  limD[m
ˆ lc,s ( )]  0,
limE[m

T 

T 

and
2

lim sup T E  N lc , s ( )   lim su p TD  mˆ lc , s ( )   .
T 

T 

Since

ˆ lc,s ( )  mlc,s ( ),
limEm

T 

ˆ lc , s ( ) will give estimates of lP k for k  0 and
the research of the extreme values of m
ˆ lc , s ( ) by the method of small
we can analyze the behavior of these extreme points of m

Sl ( )
Fl c , s ( )
c, s
c,s


S
(
)


, Fl ( ) 
.
parameter. Consider the normalization l
2
Slc,s ( )
E  Fl c , s ( P) 
c, s

Then we will study the extreme points of
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Slc , s ( P )[ Slc , s ( )   1 Fl c , s ( )],
E [ Fl c , s ( )]2

for  1 

S lc , s ( P )

 0 as T   . They are solutions of the non-linear equation
dSlc , s ( )
dF c , s ( )
 1 l
 0.
d
d

(5.58)

Notice that equations (5.53) and (5.58) coincide.
c, s
Assume in addition of the fulfilment of the conditions of Proposition 5.1 that ml  0 for
c,s
some fixed l  0 . Then Sl ( P)  0 for T large enough, and we can consider a local
c,s
c,s
extreme point P0 of Slc , s   such that T ( P0  P)  o(1) as T   . By the method of

small parameter we are going to study the behavior of a solution Pˆc , s ( 1 ) of the non-linear
c,s
equation (5.53) in the neighborhood of P0 , representing it in the form of a power series

of the small parameter  1
Pˆc , s ( 1 )  P0c , s   1 P1c , s   12 P2c , s   .

(5.59)

When P0 and so Pˆc , s  Pˆc , s   1  are close to T, we decompose the left part of equation
(5.58) into Taylor series in the neighborhood of P:
c,s

 dSlc , s ( )
 d 2 Slc , s ( )
dFl c , s ( ) 
d 2 Fl c , s ( ) 








 ( Pˆc , s  P ) 
1
2
2
d
d
d
d





  P 
  P
3  c,s
3  c,s
d Fl ( ) 
1  d Sl ( )
2
 
 1
 ( Pˆc , s  P )  ...  0,
3
d 3   P
2  d

and substitute (5.59). The equation is true for any  1 in a neighborhood of 0 if and only
if the coefficients of the powers of the small parameter  1 are equal to zero. Then we have

1
s1c , s  s2c , s Pc , s  s3c , s (Pc , s ) 2  ...  0,
2

(5.60)

1
n1c , s  s2c, s P1c , s  n2c , s Pc, s  s3c , s Pc, s P1c , s  n3c , s (Pc , s )2  ...  0,
2

(5.61)

1
s2c , s P2c, s  n2c , s P1c , s  s3c , s ( P1c, s )2  s3c , s Pc , s P2c , s  n3c , s Pc , s P1c , s ...  0,
2

(5.62)

where for i  1, 2,3
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 d i Slc , s ( ) 
 d i Fl c , s ( ) 
c,s

sic , s  
,
n


 ,
i
i
i
 d
  P
 d
  P

and

Pc , s  P0c , s  P.
Equation (5.60) determines the difference Pc, s , which in linear approximation is
equal to
Pc , s  

s1
.
s2

c,s
c,s
Equation (5.61) gives us the first approximation P1 , and (5.62) – second one P2 :

P1c, s

P2c , s

1
n1c,s  n2c,s Pc,s  n3c,s (Pc,s )2
2
,

s2c,s  s3c,s Pc,s
1 c,s c,s  c,s
 c,s
c,s
 n2  n3 Pc , s  2 s3 P1  P1
.

s2c , s  s3c , s Pc , s

The bias of the estimator   Pˆc,s   EPˆc,s  P we may approximate
  Pˆc , s   

s1
  1 EP1c , s   12 EP2c , s .
s2

c, s
Because of Eni  0 , then EP1  0 and bias in first approximation is determined by

Pc, s  

s1c, s
. Since s1c , s   1 and , for some constant , we have and the searched bias
s2c, s

is small as (See Appendix 5 B2). The value we may approximate

It is easy to see (Appendix 5 B2) that under the condition (5.57) converges to 0 with rate.
We will not show the equations for approximations of mean values of Pjc , s , j  2 , but we

  . Thus we may write that  [ Pˆ

have to notice that they are as small as o T


2

c,s

]

s1
  12 EP2c , s  o (T 2 ).
s2
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The period estimator variance under the second order approximation (5.59) can be
calculated in next way

D  Pˆc , s    12 D  P1c , s   213 EP1c , s P2c , s   14 D  P2c , s  ,
here the variance of the first approximation is equal to (See Appendix 5 B2)
2

 n1c , s  n2c , s Pc , s 
3
ˆ


D  P1   E  c , s
 ~  T  ,
c,s
 s2  s3 Pc , s 

(5.63)

and the variance of second approximation is

D  Pˆ2  

2



1

E  n2c , s  s3c , s P1c , s  n3c , s Pc , s  P1c , s   o T 3  .
4
c,s
2


 s3  Pc , s   
1

 s2c , s


Because of EP1c , s P2c , s  D  P1c , s  D  P2c , s  , then D  Pˆc , s    12 D  P1c , s   o T 3  .
Proposition 5.2. If the conditions (5.57) are fulfilled, and if ml  0 , then there is an
c, s
extreme points Pˆc , s of   Sl ( ) with bias   Pˆc , s    T 2  and variance
D  Pˆc , s    T 3  .
c, s

We are going to investigate the asymptotic behavior of first order expansions of the biases
and the variances of the estimates.
c, s
Bias of the estimator Pˆc , s . We have assumed that ml  0 . In first approximation the

s c,s
bias is equal to   Pˆc , s   1  Pˆc , s    2  Pˆc , s  , here the bias 1  Pˆc , s    1c , s is defined
s
2

from the deterministic part of the signal and  2 [ Pˆc , s ]   12 EP2c , s from the random part. For
the deterministic part of the bias we have:

1  Pˆc  

T
P
m(t )t sin(l0t )dt  o T 2  ,


T
h1 T 

1  Pˆs  

T
P
m(t )t cos(l0t )dt  o T 2  ,


h2 T  T

where
T
T
1
h1 (T )  2 m(t )t sin(l0t )dt  l0  m(t )t 2 cos(l0t )dt ~ l0T 3 mlc ,
T
T
3
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T
T
1
h2 T   2  m(t )t cos(l0t ) dt  l0  m(t )t 2 sin(l0 t )dt ~  l0T 3 mls .
T
T
3

These biases 1  Pˆc  and 1  Pˆs  dominate the biases of the period estimate in the case of
small 1 1 .
Furthermore using Fourier series expansion (5.2), we obtain the following equalities
1
T2
1
T3





T

T



m (t )t sin(l0 t ) dt  2 m0 J1 (l0T )   mkc  J1   k  l  0T   J 1   k  l   0T   ,
k 1


T

T

m (t )t 2 cos(l0 t ) dt  2 m0 J 2 (l0T )   mkc  J 2   k  l  0T   J 2   k  l  0T   ,
k 1

1
T2
1
T3



T

T



T

T

m (t )t cos(l0 t ) dt   mks  J1   k  l  0T   J1   k  l  0T   ,
k 

m (t )t 2 sin(l0 t ) dt   mks  J 2   k  l  0T   J 2   k  l   0T   ,
k 

herewith
1

J 1 ( )   t sin( wt ) dt ,
0

1

J 2 ( )   t 2 cos( wt ) dt ,
0

thus
J1 ( ) 

J 2 ( ) 

sin( )   cos( )

2

for   0, and

J1 (0)  0,

 2 sin( )  2 cos( )  2sin( )
1
for   0, and J 2 (0)  .
3
3


It results that the bias 1  Pˆc , s  in the first approximation is defined only by the mean
coefficients of the signal and the length of realization 2T . More precisely we deduce that
1  Pˆc , s  is proportional to mlc , sT 2   (T 2 ) as T   if mlc,s  0 .
Variance of the estimator Pˆc , s . Let find the first approximation equations for the
variances of estimates Pˆc and Pˆs , as the functions of PC processes characteristics. In order
to simplify the equations we will not take into consideration the parts, which depend on
the difference Pc, s , because they are negligible. Then

E (n1c ) 2
P2 T T

D  Pˆc  ~
tsR(t , s  t )sin(l0t )sin(l0 s )dtds,
( s2c ) 2
h12 (T ) T T
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E (n1s ) 2
P2  

tsR (t , s  t ) cos(l0t ) cos(l0 s )dtds.
( s2s ) 2
h22 (T )  

D  Pˆs  ~

After transformation and integration on t, we obtain
T

T

T

T

 
 2

2T

T 



0


k  



tsR (t , s  t ) sin(l0 t ) sin(l0 s ) dtds 

t (t   ) R (t , ) sin(l0 t ) sin(l0 (t   )) dtdu 

    Bk ( ) cos(l0 ) g k ( , ) d 
2T

0

1


2

2T

0

Bk ( )  g k  2 l (T , )e

il0

 g k  2 l ( , )e

 il0

 d ,


and
T

T

T

T

 
 2

2T

0


k  



T 



tsR (t , s  t ) cos(l0 t ) cos(l0 s )dtds 

t (t   ) R (t , ) cos(l0 t ) cos(l0 [t   ]) dtdu 

    Bk ( ) cos(l0 ) g k (T , ) d 
2T

0

1


2

2T

0

Bk ( )  g k  2 l (T , )e

il0

 g k  2 l (T , )e

 il0

 d .


Here

2
3
g 0 (T , )  T 3  T 2  ,
3
6
 (T   ) 2  2
 

2 
g k (T , )  eik0 (T  )  i

i
i

 (T   ) 
2
2
k 0
k 0 
( k 0 )
(k0 )3 
 ( k 0 )

 T2  2
 

2 
e  ik0T  i

i
i
.
T 
2
2
k 0 
( k 0 )
(k0 )3 
 k0  (k0 )
c, s 2
Under conditions (5.57) we can deduce that E(n1 ) is asymptotically proportional to T
c,s 2
4
while (s2 )  (T ). So DPˆc , s   (T 3 )  0 as T   .

More precisely
D  Pˆc  

12 2
l 202T 3 ( mlc ) 2

  2 R ( ) cos(l  ) 
2T

0

0

0

(5.64)

 R ( ) cos(l0 )  R   sin(l0 )  d  o(T ),
c
2l

D  Pˆs  

3

s
2l

12 2
l 202T 3 (mls ) 2

  2 R ( ) cos(l  ) 
2T

0

0

0

(5.65)

 R ( ) cos(l0 )  R   sin(l0 )  d  o(T ).
c
2l
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The variance are approximately inversely proportional to the square amplitude of cosine
or sine components on which basis we estimate the period. These values are as well,
inversely proportional to the squares of their harmonic indexes. In general, they are
determined by stationary covariance component and the covariance components of index
k  2l , where l is the index of harmonic on which the estimations are based.
Examples. Let’s specify formulae for the bias and for the variance of the estimates in the
additive model  (t )   (t )  f (t ) , where   t  is a stationary random process, and f  t 
is a periodic function, and for multiplicative ones  (t )   (t ) cos(0t )
 (t )   (t )sin(0t ).

and

Additive model. Assuming that E (t )  m  0 in the additive model, we obtain that

m(t)  f (t),

m0  0,

c,s
b0 ( )  R ( )  E (t ) (t   ), and bl ( )  0 for l  0. Let

T  NP , then we have



  Pˆc  ~  P 1  4




mkc l 2  
mkc l 2 k 2 
2 2
2
l
T




/
1
16
 c 2 2  3 0
 c 2 2 2 ,
k , k  l ml k  l  
k , k  l ml (k  l ) 

  Pˆs  ~ P 1  4


mks l 2   2 2
mkc l 2 k 2 
2
l
T



/
1
8
.



0
2
2
2
2 2
s
c
3
k , k  l ml k  l  
k , k  l ml (k  l ) 



as T   . The bias of the estimate Pˆc depends only on the ratio of the amplitudes of the
c
cosine components of the mean to m l , the amplitude of the cosine component of the
harmonic on which the estimation is based. For estimate Pˆ we have analogically. The
s

value of the bias decreases with the rate T

2

c
c
when the length T   . If mk  ml and

mks  mls for all k  l , then

 [ Pˆc ]  

3
3P
 2 2 2,
2
8 l N P
8 l T
2 2

 [ Pˆs ] 

3
3P
 2 2 2.
2
8 l N P 8 l T
2 2

All the covariance components of the additive model, except of the stationary one
(index 0), are equal to zero. Therefore the variances of the estimates Pˆc and Pˆs , as seen
c 2
s 2
from (5.64) and (5.65), differ only in the denominators by the factors (ml ) and ( ml ) .

Assume that the covariance function of the additive noise   t  has exponentially
decreasing oscillations that is R ( )  De   | | cos( ) . Then the variances of the estimates
verify
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D  Pˆc , s  ~

3 DP 3
2 l 2 0T 3  mlc , s 

2

 c  l0 ( , T )  c  l0 ( , T )  ,

(5.66)

as T   , where

c ( , T ) 

1
[ (1  e2T cos(2T ))  e2T sin(2T )].
2
 
2

3

These variances have order  (T ) as T   . This indicates the high efficiency of the
method. The variances decrease with the increasing of the ratio of the basic harmonic
power to the additive noise power. The variances are also affected by the indexes of the
basic harmonics (inverse proportional dependency on
proportional dependency). If  T  1 then
c  l 0 ( , T ) 

l 2 ) and by the period T (direct


.
 2  (  l 0 ) 2

If the decrement rate  is very small – thus the decreasing of the covariance is relatively
slowly – and   l0   , then we obtain the following approximation for the variance
of the estimator
D[ Pˆc , s ] 

3 D  2  l 202 

 l 20 N 3 ( mlc , s ) 2 ( 2  l 202 ) 2

,

which implies that in this case it is approximately a linear function of the decrement  .
In case of a high decrement rate  , and   l0   , we can approximately consider
D[ Pˆc , s ] 

3D

 l 2 0 N 3 ( mlc , s ) 2

.

In this case the variance is inversely proportional to  (see Fig. 5.20).
Multiplicative

model.

For

multiplicative

models

 (1) (t )   (t )cos(0t )

and

 (t )   (t )sin(0t ) , we have respectively
(2)

m(1) (t )  m cos(0t ),
R (1) (t , ) 
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1
R ( )[cos(0 )(1  cos(20t ))  sin(0 )sin(20t )],
2

(5.67)
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Fig. 5.20. Dependency of the period estimate variance D  Pˆ  on decrement rate



(D = 1, m  1 ,   0.05 , 0  0.1 , N = 10).

m (2) (t )  m sin(0 t ),
R (1) (t , ) 

1
R ( )[cos(0 )(1  cos(20 t ))  sin(0 )sin(20 t ].
2

(5.68)

For the two models, the biases of the estimates Pˆc and Pˆs satisfies

 [ Pˆc ] ~ PJ1 (20T ) / [2 J1 (20T )  0  J 2 (0, T )  J 2 (20T ) ],
 [ Pˆs ] ~ PJ1 (20T ) / [2 J1 (20T )  0  J 2 (20T )  J 2 (0, T ) ].
If T  NP , N   , then



8




 [ Pˆc ] ~ P /  1   2 N 2  ,
3




8




 [ Pˆs ] ~ P /  1   2 N 2  .
3
2

The biases of the estimates for large N are quite small, they are of order N . The relative
biases   Pˆc , s  P do not depend on any signal parameters and are determined only by the
number N  T P  of complete periods in  0, T  . Taking into account equations (5.67)
and (5.68), respectively for the two models,   i  , i  1, 2 , we get

1
R ( ) cos(20 )  2 R0 ( ) cos(0 )  ( 1)i R2c ( ) cos(0 )  (1)i R2s ( )sin(0 ).
2
Hence for the variances (5.64) and (5.65) we have

D[ Pˆc,s ] ~

6 2 D 2T
R ( )cos(20 )d .
04T 3m2 0
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Assume that R ( )  De  | | . Then

D[ Pˆc , s ] ~

3DP 3
c2 ( , T ),
40T 3 m2

where for l  0 we have

cl ( , T ) 

1

 2  l 202

[ (1  e 2 T cos(2l0T ))  l0 e2 T sin(2l0T )].

(5.69)

For large T   1 we get

D[ Pˆc , s ] 

3 D
( 2  402 ),
3 2
40 N m

since
c 2 ( , T ) 


  4 02
2

.

The variances of the estimates are determined by the number N  T P  of complete

periods that are contained in  0, T  , by the decrement rate  of the covariance, and by
the ratio of the variance D to the square mean m2 . Increasing of D m2 , obviously, can
be compensated by increasing of N. For m  0 the variances D  Pˆc , s  tend to infinity
and the application of the functionals (5.4) becomes impossible for the period estimation.
If the covariance function of the modulating signal  decreases slowly, i.e. 0  , then
c2 ( , T )   / 402 and

D[ Pˆc , s ] 

3D
.
1603 N 3 m2

Otherwise    , we have c2 ( , T )  1 /  and

D[ Pˆc , s ] 

3D
.
40 N 3 m2

The dependency of the variances of the estimates on the decrement rate  for these
extreme cases, as seen, is fundamentally different (see Fig. 5.21).

5.5.1.2. Component Period Estimation
In real estate situation we usually do not know what kind of functional to use mˆ lc   and
mˆ ls   . In one case first functional will be more effective than the other one, so it is better
to use a statistic that is based on both functionals. So we will analyze the properties of the
period estimates obtained by the statistic
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Fig. 5.21. Dependency of the period estimate variance D  Pˆ  on decrement rate



(D = 1, m  1 , 0  0.1 , N  10 ).

mˆ l (t , )  mˆ lc ( )cos(l t )  mˆ ls ( )sin(l t ) 

1 T
 (v) cos(l (v  t )) dv, (5.70)
T T

ˆ lc ( ) and mˆ ls ( ) are determined by formula (5.4), t varying in  . For t  0 , we
where m
ˆ l (0, )  mˆ l ( ) . The arguments of Subsection 5.5.1 work as well, so we will only
have m
present the sketch of the study and the main results.
c

For l  0 , the deterministic component of mˆ l (t , ) is equal to

Sl (t , )  Slc ( ) cos(l t )  Slc ( )sin(l t ) 

1 T
m(v) cos(l (v  t )) dv,
T T

and

mc cos(k0t )  mks sin(k0t ) if   lP k for some k  0,
lim Sl (t , )   k
T 
0 otherwise.
Thus for   lP k ,
lim Sl (t , ) 

T 

2 P
m(v) cos(k0 (v  t ))dv.
P 0

The fluctuation component can be expressed as
Fl (t ,  )  mˆ (t ,  )  Sl (t ,  )  Fl c ( ) cos(l t )  Fl s ( )( ) sin(l t ) 

1


T

T

T



 (v ) cos(l (v  t )) dv,

And its variance is equal to
E [ Fl (t ,  )]2 


2
T2

1
T

T

T

T

T

 

2T

T 

0



 

R ( s1 , s 2  s1 ) cos(l ( s1  t )) cos(l ( s 2  t )) ds1 ds 2 

R ( s , ) cos(l ( s  t )) cos(l ( s  t   )) d sd  .
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Hence, using the Fourier decomposition (5.2) of R  s ,  we deduce that

E[ Fl (t , )]2 

2T
1
Rk ( )[ f k0 ( T , T   ) cos(l ) 


T k 0

1
[ f k0  2l (T ,T   )eil  f k0 2l (T , T   )eil ]cos(l t ) 
2
1
 [ f k0  2 l ( T , T   )eil   f k0  2l ( T , T   )e  il  ]sin(l0 t )]d ,
2i


and, neglecting oscillating components which tend to zero as T   , we conclude that
1
T



)[2 R0 ( ) cos(l ) 
2T
[ Rkc ( ) cos(l  )  Rks ( )sin(l u )]cos(2l t ) 
E[ Fl (t , )]2 



2T

0

(1 

[ Rks ( ) cos(l  )  R2cl ( )sin(l  )]sin(2l t )]d   (T 2 ),

for   2lP k . Otherwise

E[ Fl (t , )]2 

2 2T

(1  ) R0 ( )cos(l )d   (T 2 ).

0
T
2T

Corollary 5.1. Under condition (5.57) we have

lim E[mˆ (t , )  S (t , )]2  lim D[mˆ (t , )]  0,

T 

T 

and

lim sup TD[mˆ (t , )]  0.
T 

Then the properties of the functional (5.70) are determined basically by the deterministic
component. Thus, by the same way than in Subsection 5.5.1, to estimate the period P, we
are going to study the solutions of the non-linear equation

dSl (t , ) dFl (t , )

 0,
d
d
for l and t such that ml (t , )  0 , using the small parameter method. Hence we study the
solutions of the following non-linear equation
dSl (t , )
dF (t ,  )
 1 l
 0,
d
d
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F1 (t , )

where Fl (t , ) 

EF 2 (t , P)

, Sl (t , ) 

Sl (t , )
EFl 2 (t , P )

and  1 
 0 as T   .
Sl (t , P)
S (t , P )

Here should be noted that we do not take under consideration these moments of time
2
which give Sl (t , T )  0 and EFl (t ,T )  0 . Small parameter 1 in the case of finite T
takes the minimal values at the points t nearly the extreme values of function Sl (t, P) , so
in order to obtain more precise period estimate we have to take these points as t.

Corollary

5.2.

If

the

condition

of

proposition

5.1

are

fulfilled

and

if

ml (t , P)  m cos(l0t )  m sin(l0t )  0 , then there is an extreme point P̂ of
c
l

s
l

  Sl (t, ) which converges to the period P and such that  [ Pˆ ]   (T 2 ) and
D[ Pˆ ]   (T 3 ) as T   .
More precisely using the small parameter method we obtain
 [ Pˆ ] 

T
P
m ( s )( s  t ) sin(l 0 ( s  t )) ds  o (T 2 ),


hT (t ) T

D[ Pˆ ] 

P2 T T
[(s1  t )(s2  t ) R(s1 , s2  s1 ) 
hT2 (t ) T T

(5.71)

(5.72)

 sin(l0 ( s1  t ))sin(l0 ( s2  t ))]ds1ds2  o(T 3 ),
under the condition that hT (t )  0 where
T

T

T

T

hT (t )  2  ( s  t )m( s )sin(l0 ( s  t )) ds  l0  ( s  t ) 2 m( s ) cos(l0 ( s  t )) ds.
We can show that

lim

T 

hT (t ) 2l0

T2
3P



P

0

m(s  t )cos(l0 s)ds 

l0
ml (t , P).
3

The bias and the variance of the estimate of the period in this case, as in the coherent
estimation method [21, 22], depends on time t. The best results can be obtained in the
maxima of t | hT (t)| .
If the mean and the covariance function of the PCRP are represented in the form of Fourier
series, then the bias and the variance of the estimate of the period can be represented with
the Fourier coefficients of these characteristics. Therefore, for the variance after reduction,
neglecting components of order of values less T  3 , we obtain
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3P 3

2 l 20T 3 (mlc cos(l0t )  mls sin(l0 t )) 2

D[ Pˆ ] 


2T

0

[2R ( ) cos(l  )  [ R
0

c
2l

0

( )cos(l0 )  R2sl ( )sin(l0 )]cos(2l0 t ) 

(5.73)

[ R2sl ( )cos(l0 )  R2cl ( )sin(l0 )]sin(2l0t )]d  o(T 3 ).
Additive model. For additive model  (t )  f (t )   (t ) , we deduce that
D[ Pˆ ] ~

3P 3

 l 0T (m cos(l0t )  m
2

3

c
l

s
l


sin(l t ))
2

2T

0

R ( ) cos(l0 )d .

(5.74)

0

When , this expression differs from (5.66) only in denominator. So the ratios of variance
(5.74) to variances (5.66) of the period estimates obtained by the cosine and sine
transforms,

are

respectively

equivalent

to

(mlc ) 2 / (mlc ) 2  (mls ) 

2

and

(mls ) 2 / (mlc ) 2  (mls )  .
2

Quadrature model. Now we are going to specify variance (5.73) when the process   t 
follows the quadrature model  (t )  c (t ) cos(0t )   s (t )sin(0t ) . In this case if

Rcs    0 , we have

D[ Pˆ ] ~

3P 3
40T 3 m(t ) 2

 1  cos(2  )[ R ( )  R ( )] 
2T

0

0

c

s

[ Rc ( )  Rs ( )]cos(20 t )  2 Rcs   sin(20 t )  d .

The numerator of this expression is a periodic function of t with period P 2 while the
denominator has period P. The variation of the numerator is caused by the non-stationarity
of second order of the signal. This phenomena will be absent when Rc ( )  Rs ( ) and
Rcs ( )  0 , that is when the quadrature model is stationary relatively to the covariance of
the process. Furthermore the non-stationarity of the covariance can increase or decrease
the variance of the estimate of the period, according to the value of t.
2
We obtain the highest gain when the oscillations of m (t ) and

k (t )  

2T

0

  Rc    Rs ( )  cos(20 t )  2 Rcs ( ) sin(20 t )  d ,


2
occur in phase. Then for extreme points of m (t ) and

k (t ) , the value of the variance will

be minimal. Note that the function in the integral, that is  Rc (0)  Rs (0) cos(20 t ) 

2Rcs (0)sin(20t ) , coincides with the variance D[ (t )]  R(t ,0) of the signal. The
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deviation of the function k (t ) from the occurrence in phase with m (t ) will lessen as
quickly as the covariances vanish. In this case, if the variance of the signal reaches its
maxima at points of extreme of the mean, then the variance of the estimate of the period,
found using functional (5.70) can be significantly decreased in these points.
2

5.5.2. Covariance Functionals
5.5.2.1. Cosine and Sine Covariance Functionals
In the following we assume that the mean of the signal does not contain any periodic
components, thus E (t )  m for all t and for some known m   . Then we are going to
consider the covariance components R lc , s (  ) and for estimating the period we introduce
the statistics

1 T  
Rˆlc ( , )    (t )  (t   )cos(l t )dt ,
T T

(5.75)

1 T  
Rˆls ( , )    (t )  (t   )sin(l t )dt ,
T T

(5.76)



where  (t)   (t)  m . The deterministic components of these transforms are equal to

Slc ( , )  ERkc ( ) 

1 T
R(t , )cos(l t )dt ,
T T

(5.77)

Sls ( , )  ERks ( ) 

1 T
R(t , )sin(l t )dt.
T T

(5.78)

for l  0 . We know that

 R c , s ( ) if   lP k for some k  0,
lim Slc , s ( , )  Rlc ( , )   k
 
otherwise.
0
More precisely, substituting series (5.2) in relations (5.77) and (5.78), and after integration
we obtain
S lc ( ,  )  2 R0 ( ) J 0 (l T )   Rkc ( )  J 0  ( k  0  l )T   J 0  ( k  0  l )T  , (5.79)
k 

S ls ( ,  ) 

R

k 

s
k

( )  J 0  ( k  0  l )T   J 0  ( k  0  l )T   .

(5.80)

We deduce that the extreme values of the deterministic components (5.79) and (5.80) are
in the neighborhoods of the points lP / k for k  0 . The fluctuation components of
Rˆ lc ( ,  ) and Rˆ ls ( ,  ) are equal to
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Fl c ( , )  Rˆ lc ( , )  S lc ( , ) 

1
T



Fl s ( , )  Rˆls ( , )  S ls ( , ) 

1
T









t

(
)
(t   )  R (t , )  cos(l t ) dt ,
T 


T




(
)
(t   )  R (t , )  sin(l t ) dt .

t

T 


T



Let  (t , )    t    t    . Then the covariances of the fluctuation components can be
expressed as
2

E  Fl c ( , )  
2

E  Fl s ( , )  

1
T2

T

 

T

R (t , s  t , )cos(l t )cos(l s)dtds,

(5.81)

1 T T
R (t , s  t , )sin(l t )sin(l s)dtds,
T 2 T T

(5.82)

T  T

where R (t , s  t , ) is the covariance function of process

 (t, ) :


 


R (t , s  t , )  E  (t )  (t   )  R(t , )   ( s)  ( s   )  R( s, )  











 E  (t )  (t   )  ( s)  ( s   )  R(t , ) R( s, ).
From now on, for the sake of simplicity we assume that the signal



is Gaussian. We

also assume that only a finite number of covariance components Rk ( ), k  are nonnull, that is
R ( t , ) 

M



k  M

Rk ( )eik0t ,

for all t and  , and for some fixed integer M.
Since the process is Gaussian, the fourth central moment is equal to (Isserli's formula)








E  (t1 )  (t2 )  (t3 )  (t4 )  R(t1 , t2  t1 ) R(t3 , t4  t3 ) 
 R(t1 , t3  t1 ) R(t2 , t4  t2 )  R(t1 , t4  t1 ) R(t2 , t3  t2 ),
so

R (t , s  t , )  R (t , s  t ) R(t   , s  t )  R(t ,  s  t ) R(t   , s  t   ),
and we deduce that R (t  P, v, )  R (t , v, ) : the function t  R (t , v, ) is periodic and
admits the Fourier series expansion
R (t , v, ) 
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2M



k 2 M

R k (v, )eik0t .

(5.83)
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Since R (t ,  )  R (t   , ) for any PCRP, we have R (t , v, )  R (t  v, v, ) , and it
 ik v
results that Rk (v, )  Rk (v, )e 0 . Moreover the coefficients Rk (v, ) can be
expressed as functions of the Fourier coefficients of t  R (t , ) (the covariance
components)
[10, 11]

 M  iq0
[ Rq  k (v   ) Rq* (v   )  Rq  k (v) Rq* (v)], k  2 M ,0,
  e
qM k
(5.84)
R k (v, )   M  k
 iq0
*
*

e
[ Rq  k (v   ) Rq (v   )  Rq  k (v) Rq (v)], k 1, 2 M ,
 q
 M

and Rk (v, )  0 otherwise. By substitution of series expansion (5.83) in expressions
(5.81) and (5.82) we deduce that
2

E  Fl c ( , )  


1
[ f k0  2l (T , T  v)eil v  f k0  2l (T , T  v)eil v ]]dv,
2
2

E  Fl s ( , )  


2 2 M 2T 
 Rk (v, )[ f k0 (T , T  v) cos(l v) 
T k 2 M 0

2 2 M 2T 
 Rk (v, )[ f k0 (T , T  v) cos(l v) 
T k 2 M 0

1
[ f k0  2l (T , T  v)eil v  f k0  2l (T , T  v)eil v ]]dv.
2

If in addition we assume that

lim Rk (v)  0, k M , M ,

|v|

c,s
then Rl (v, ) and Rl (v, ) tend to 0 for any



(5.85)

as v  . Thanks to the behavior of the

function f (T,T  ) as T   , we deduce that in the case where   2lP / k for some
k 0

2 2T
(1  v )[2 R0 (v, ) cos(l v) 

0
T
2T
c
s


 Rk (v, ) cos(l v )  Rk (v, ) sin(l v )]dv  o (T 1 ),
2

E  Fl c ( , )  

2 2T
(1  v )[2 R0 (v, ) cos(l0 v) 

0
T
2T
c
s


 Rk (v, ) cos(l v )  Rk (v, ) sin(l v )]dv  o(T 1 ),
2

E  Fl s ( , )  

otherwise for   2lP / k for any k  0
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2

E  Fl c , s ( , )  

4 2T
(1  v )R0 (v, )cos(l v)dv  o(T 1 ),

0
T
2T

s
*
c
*
where Rl (v, )  Rl (v, )  Rl (v, ) , Rl (v, )  i Rl (v, )  Rl (v, ) .
2

c, s
Furthermore sup E  Fl ( , )  0 as T   .

By analogy with Subsection 5.5.1, period estimator P̂ is obtained as the solution of the
non-linear equation
dSlc , s ( , )
dF c , s ( , )
2 l
 0,
d
d

(5.86)

where
S

c,s
l

 ,  

S lc , s  , 

S lc , s  , P 

,

Fl

c,s

 ,  

Fl c , s  , 
 Fl

c,s

 , P  

2

, 2 

E  Fl c , s  ,  
S lc , s  , P 

2

.

c, s
Note, we are considering all  , such that Sl ( , P)  0 and E  Fl c , s  , P    0 . The
2

value  2 is small for large T, and we may apply small parameter method to (5.86). Then
Pˆc , s   2   P0c , s   2 P1c , s   22 P2c , s   .

(5.87)

Proposition 5.3. For Gaussian PC processes, under condition (5.85) functionals (5.75,
5.76) converge
2

in mean square to (5.77, 5.78) that is lim E  Rˆ lc , s  ,    S lc , s  ,    0 . Period
T 

estimates (5.87), for S ( , P)  0 , are asymptotically unbiased and consistent. For biases
of the estimators we have
c, s
l

  Pˆc  
  Pˆs  

T
P
t R (t , ) sin(l 0 t ) dt  o (T 2 ),

p1 (T , )  T

(5.88)

T
P
t R (t , ) cos(l 0 t ) dt  o (T 2 ),

p 2 (T , )  T

(5.89)

and for variances

D  Pˆc  
218

T T
P2
tsR (t, s  t, )sin(l0t )sin(l0 s)dsdt  o(T 3 ), (5.90)
2

p1 (T , ) T T
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D  Pˆs  

T
T
P2
tsR (t , s  t , )cos(l0 t )cos(l0 s )dsdt  o(T 3 ), (5.91)
2




T
T
p2 (T , )

where
T

T

T

T

p1 (T , )  2  tR (t , )sin(l0 t ) dt  l0  t 2 R(t , ) cos(l0 t ) dt ,
T

T

T

T

p2 (T , )  2  tR (t , ) cos(l0 t )dt  l0  t 2 R (t , )sin(l0 t ) dt.
Taking into consideration the Fourier series expansion of the covariance function, for first
approximation of biases (5.88) – (5.89) we have
 1  Pˆc  

M


2
R
(

)
J
(
l

T
)

Rkc ( )[ J 1 (( k  l ) 0T )  J 1 ((l  k ) 0T )]  o (T 2 ),

0
1
0

p1 (T ,  ) 

k  M

P

 1  Pˆs  

M
P
Rks ( )[ J 1 (( k  l ) 0T )  J 1 (( k  l ) 0T )]  o (T 2 ),

p2 (T , ) k   M

herewith

J1 ( ) 
J 2 ( ) 

sin( )   cos( )

for   0, and

2

J1 (0)  0,

 2 sin( )  2 cos( )  2sin( )
for   0, and J 2 (0)  1 / 3.
3

The bias 1  Pˆc  is determined by the stationary and the cosine covariance components,
and 1  Pˆs  by the sine ones. Thanks to the properties of the function J1 ( ) , these biases
  Pˆc  and   Pˆs  tend to zero as the length of realization 2T goes to infinity, i.e. the
period estimates obtained by the functionals (5.75) and (5.76), are asymptotically
unbiased. Furthermore the rate of convergence is T  2 . Thanks to (5.83), we deduce the
asymptotic expressions of variances (5.90) and (5.91)

D  Pˆc  

12 2
l 204T 3  Rlc ( ) 

 [2 R (v, )cos(l v) 
2T

2

0

0

0

 R 2cl (v, ) cos(l0 v)  R 2sl (v, )sin(l0 v)]dv  o(T 3 ),
D  Pˆs  

12 2

 [2R (v, ) cos(l v) 
2T

2

0

0

l  T  R ( ) 
 R 2cl (v, ) cos(l0 v)  R 2sl (v, )sin(l0 v)]dv  o(T 3 ),
2

4
0

3

s
l

0
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1
1
here we approximate p1 (T , ) ~ l0T 3 Rlc ( ) and p2 ( , ) ~ l0T 3 Rls ( ) . The
3
3
variances are mainly determined by the amplitudes of the harmonic covariance
c
s
components Rl ( ) and Rl ( ) that form the bases of the evaluating functionals and that

are assumed non-null, as well as by zero covariance component R0 (v, ) and the harmonic




c
s
covariance components R 2 l (v, ) and R 2 l (v, ) of the process  (, )   () (   ) .
c,s
If condition (5.85) is fulfilled, then the values R0 (v, ) and R2l (v, ) , determined by
relation (5.84), tend to zero as | v |  . It follows that D  Pˆc , s   0 as T   , with the
rate T  3 . Hence the estimates Pˆc and Pˆs are consistent under the previous conditions. The
rate of convergence being optimal T  3 / 2 .

Example: amplitude modulated signal. We specify the previous formulae for the
multiplicative model (amplitude modulated signal)  (t )   (t ) cos(0t ) , for which
1
1
c
s
m  0 , R0 ( )  R2 ( )  R ( )cos(0 ) , R2 ( )   R ( )sin(0 ) , Consider 
2
2
c,s
such that R2 ( )  0 , that is R ( ) cos(0 )  0 and respectively R ( )sin(0 )  0 .
Then

  Pˆc  

P  2 J1 (20T )  J1 (40T ) 

4[0 J 2 (20T )  J1 (20T )]  2[ J1 (40T )  0[ J 2 (0, T )  J 2 (40T )]]

  Pˆs  

PJ1 (40T )

2 J1 (40T )  20[ J 2 (0, T )  J 2 (40T )]

 o(T 2 ),

 o(T 2 ).

These biases do not depend on any parameter of the signal but the period P. These values
tend to 0 as T   , and they can be calculated with sufficient accuracy by formulae:

  Pˆc   
where N  T / P 

15P
,
32 2 N 2

  Pˆs  

3P
,
32 2 N 2

number of complete period in the interval [0, T ] . For the variances

D  Pˆc  and D  Pˆs  , we calculate the first Fourier coefficients of the covariance function
R (t , v, ) which in this case is equal to
R (t , v , )  R 0 ( v , ) 

with
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k   2,  4

R k ( v , ) e ik  0 t ,
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R0 (v, )  R02 (v)  R0 (v   ) R0 (v   ) 
2
2
1
   R2c (v)    R2s (v)   R2c (v   ) R2c (v   )  R2s (v   ) R2s (v   )  cos(20 ) 

2

1
   R2c (v   ) R2s (v   )  R2s (v   ) R2c (v   )  sin(20 )  ,
2

R2 (v, )  R0 (v) R2 (v)  R0 (v   ) R2 (v   )%   R0 (v) R2 (v)  R0 (v   ) R2 (v   ) ei 20 ,
R4 (v, )   R22 (v)  R2 (v   ) R2 (v   )  ei 20 .
By substituting the formulae of the covariance components of the multiplicative model
 (t )  (t )cos(0t ) into the previous relations, we obtain

1
R0 (v, )  R (v, ) 1  cos(20 )  cos(20 v)  ,
8

(5.92)

1
R4c (v, )  R (v, )cos(20 (  v)),
8

(5.93)

1
R 4s (v, )  R (v, )sin(20 (  v)),
8

(5.94)

where R (v , )  R2 (v )  R (  v ) R (  v ) . Then we have

D  Pˆc  

3 2

204T 3 R2 ( ) cos 2 (0 )

2T
 R (v, )[1  cos(20 )  2(1  cos(20 ))cos(20 v)  cos(40 v)]dv  o(T 3 ),
0

D  Pˆs  

3 2

204T 3 R2 ( )sin 2 (0 )

2T
 R (v, )[(1  2cos(20 v))(1  cos(20 ))  cos(40 v)]dv  o(T 3 ).
0

Assume that R ( )  De  | | , and denote
2T

cl ( , , T )   e  (|v  | |v  |) cos(l 0 v ) dv.
0

(5.95)

Then we obtain
D  Pˆc  

3e 2 | |
{[c0 (2 , T )  c0 ( , , T )](1  cos(20 )) 
8 N 30 1  cos(20 ) 

2[c2 (2 , T )  c2 ( , , T )](1  cos(20 ))  c4 (2 , T )  c4 ( , , T )}  o(T 3 ),
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D  Pˆs  

3e 2 | |
{[c0 (2 , T )  c0 ( , , T ) 
8 N 30 (1  cos(20 ))

2[c2 (2 , T )  c2 ( , , T )]](1  cos(20 ))  c4 (2 , T )  c4 ( , , T )}  o(T 3 ).
We have assumed that R2 ( )  0 , that is cos(20 )  1 , and respectively cos(20 )  1 ,
thus the denominators of the first terms in the previous expressions of the variances are
different to 0.
c,s

Approximately the variances of the period estimates do not depend on the variance of the
signal, but are determined only by the decrement rate  . Furthermore their values depend
substantially on the lag  . The variance D  Pˆc  of the estimate Pˆc tends to infinity as
the lag  goes to some  m   (2m  1) P  4 , m   , which is a zero of the covariance
c
component R2 ( ). While the variance D  Pˆs  of the estimate Pˆs tends to infinity as the
lag  tends to some  m  mP 4, m   , which is a zero of the covariance
s
component R2 ( ) .

The numerators of the expressions for the variances contain functions which are
increasing with increase of lag, and decreasing as well. But the rate of increasing is higher,
and decreasing occurs not to zero level. Thus, for such lags, for which cl  , , T   0 , the
variances can be represented in the form
D  Pˆc  ~

3e 2 | |
{c0 (2 , T )  2c2 (2 , T )  c4 (2 , T ) 
8 N 30 1  cos(20 ) 
[2c2 (2 , T )  c0 (2 , T )]cos(20 )},
D  Pˆs  ~

3e 2 | |

8 N 30 1  cos(20 ) 

{c0 (2 , T )  2c2 (2 , T )  c4 (2 , T )  2c2 (2 , T ) cos(20 )}.

It results that the accuracy of the estimation of the period decreases with increasing of lag.
The lowest variance D  Pˆc  will be at point
D  Pˆc  ~



where

3
 4c2 (2 , T )  4c4 (2 , T ) .
8 N 3 0

For relatively slow decreasing  0    and fast decreasing  0    covariances for
the noise, we have respectively

222

Chapter 5. Covariance Analysis of Periodically Correlated Random Processes for Unknown Nonstationarity Period

D  Pˆc  

3
,
4 N 3 03

D  Pˆc  

15
.
16 N 3 0

These two expressions differ only in multiplicative constant (the difference between them
is small) and in the decrement rate. In the first case, we have linear dependency, and in
the second case – inverse (linear) dependency with respect to (see Fig. 5.22).

Fig. 5.22. Dependency of the period estimate variance D  Pˆ  on decrement rate
0  0.1, N  10 .



s
The sine transformation at   0 is of no use in this example, because R2 (0)  0 . On the
s
other hand R2 ( ) takes its highest value at   T 4 , where

D  Pˆs  ~

3e aP / 2
c4 (2 , T )  c4 ( , P 4, T ).
16 N 30

So the value D  Pˆs  is exponentially dependent on the product  P .

5.5.2.2. Component Covariance Functional
In this subsection, we assume that the general conditions of Subsection 5.5.1 are fulfilled.
Similar to the component functional of first order, we form the covariance one

Rˆl (t , , )  Rˆlc ( , )cos(l t )  Rˆls ( , )sin(l t ),

(5.96)

which can be rewritten in the form

1 T 
Rˆl (t , , )    ( s)  ( s   )cos(l ( s  t ))ds.
T T
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Its deterministic component is equal to

Sl (t , , ) 

1 T
R( s, )cos(l (s  t ))ds  Slc ( , )cos(l t )  Sls ( , )sin(l t ).

T

T

As T   the deterministic component is a function of the corresponding harmonic
components of the covariance function of the signal

lim Sl (t , , )  Rlc ( , ) cos(l t )  Rls ( , )sin(l t ).

T 

Hence

2 P
 0 R( s, )cos(k0 ( s  t ))ds if   lP / k
lim Sl (t , , )   P
T 
0
otherwise.

for k  0

The fluctuation component is determined by the formula

Fl (t , , ) 






1 T 
 ( s, )cos(l (s  t ))ds,
T T









where  (s, )   (s) (s   )  E  (s) (s   )   (s) (s   )  R(s, ) . Its variance is
equal to
EFl 2 (t , , ) 

1
T2



0

2 T



T

 T 



T 

0



T 

 R ( s , v , ) 


T

[cos(l v )  cos(l (2 s  v )) cos(2l t )  sin(l (2 s  v ))sin(2l t )]dsdv,

and after integration we deduce
EFl 2 (t , , ) 

1 M 2T 
 Rk ( , v)[2 cos(l v) f k0 (T , T  v) 
2 k  M 0

[ f k0  2 l ( T , T  v )eil v  f k0  2 l ( T , T  v )e  il v ]cos(2l t ) 
i[ f k0  2 l ( T , T  v )eil v  f k0  2 l ( T , T  v )e  il v ]sin(2l t )]dv.

It is easy to see, that under (5.85) we have
lim sup sup E  Fl (t , , )   0.
2

T 



The points of extreme values of the functional (5.96) can be chosen as second order period
estimators. In order to find the behavior of the estimate P̂ as T   , we have studied
the properties of non-linear equation
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dSl (t , ,  )
dF (t , , )
 2 l
0
d
d

where

Sl  t , ,  

Sl  t , , 

Sl  t , , P 

, Fl  t , ,  

Fl  t , , 
E  Fl  t , , P  

2

E  Fl  t , , P  

, 2 

2

Sl  t , , P 

,

and Sl  t , , P   0, EFl 2  t , , P   0 .
Taking into consideration the results of Section 5.5.2 we have

Corollary 5.3. Under the conditions of Proposition 5.1 we have
2

lim E  Rˆ l  t , ,   S l  t , ,    0

 

and if Sl (t , , )  0 the estimator P̂ , as extreme of Rˆl  t , ,  , converges to P and
 [ Pˆ ] ~  T 2  and D[ Pˆ ] ~  T 3  as T   .
The bias and the variance of this estimator may be approximated by
  Pˆ  

T
P
( s  t )R ( s , ) sin(l 0 ( s  t )) ds  o (T 2 ),


p (T , t , ) T

D  Pˆ  

T
T
P2
( s1  t )( s2  t ) R ( s1 , s2  s1 , ) 
2



T

T
p (T , t , )

 sin(l0 ( s1  t ))sin(l0 ( s2  t ))ds1ds2  o(T 3 ),
where the term
T

T

T

T

p(T , t , )  2 ( s  t )R( s, )sin(l0 ( s  t ))dt  l0  ( s  t ) 2 R( s, ) cos(l0 ( s  t ))ds,
is asymptotically proportional to T 3  Rlc ( ) cos(l0t )  Rls sin(l0t )  .
After integration and reduction, we come to the following asymptotic formula
for the variance
D  Pˆ  


2T

0

3

20 l N [ R ( ) cos(l0 t )  Rls ( )sin(l0 t )]2
2

3

c
l



{2 R (v, ) cos(l v)  [ R (v, ) cos(l v)  R (v, )sin(l v)]cos(2l t ) 
[ R (v, ) cos(l v )  R (v, )sin(l v)]sin(2l t )}dv  o(T ).
0

c
2l

0

s
2l

0

s
2l

0

c
2l

0

0

3

0

0
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c
s
Since Rl ( )cos(l0t )  Rl sin(l0t )  0 , so p ( , t , )  0 for large T, we have
  P̂   0 and D  Pˆ   0 , as T   . Hence the estimate of the period P, obtained as
extreme value of the functional (5.96), is asymptotically unbiased and consistent. The
expressions of the first approximations of the bias and the variance can be specified for
some models of PCRP.

5.5.3. Correlation Functionals
In Section 5.5.2 we have assumed that the mean m(t )  E (t ) of the PCRP signal  (t ) is
a known constant, and it gives us a possibility to estimate the period of covariance
function. Now we will assume, that the mean function is an unknown periodic function.
Note, the process is PCRP, that is first and second order frequencies are equal. For that
we are going to consider the shifted second moment K (t , )  E (t ) (t   ) that we call
correlation function of the process  (t ) .
The correlation function being a periodic function of time t, it admits a Fourier
series expansion
K (t , )   K k ( ) e ik0 t ,
k 

and
K k ( )  R k ( )   m j  k m j e ij 0 .
j

5.5.3.1. Cosine and Sine Correlation Functionals
Consider the following functionals

1 T
Kˆ lc ( , )    (t ) (t   )cos(l t )dt ,
T 0

(5.97)

1 T
Kˆ ls ( , )    (t ) (t   )sin(l t )dt ,
T 0

(5.98)

c,s
c,s
for l > 0. For the determinist components Sl ( , )  EKl ( , ) , we know that for l > 0

 K c , s ( ) if   lP / k
lim Slc , s ( , )  K lc , s ( , )   k
T 
otherwise
0

for some k  0

,

and


S lc ( ,  )  2 K 0 ( ) J 0 (l , T )   K kc ( )  J 0 ( k 0  l )T )  J 0 (( k  0  l )T )  , (5.99)
k 1
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S ls ( , )   K ks ( )[ J 0 (( k 0  l )T )  J 0 (( k  0  l )T )],

(5.100)

k 1

where Kk ( )  Kk ( )  Kk ( ) , K ks ( )  i  K k ( )  K k ( )  . Thus the extreme values of the
c

deterministic components (5.99) and (5.100) are in the neighborhoods of the points lP k
for k  0.
The fluctuation components of (5.97) and (5.98) are equal to

1 T
[ (t ) (t   )  K (t , )]cos(l t )dt ,
T T
1 T
Fl s ( , )   [ (t ) (t   )  K (t , )]sin(l t )dt.
T T
Fl c ( , ) 

Hence,
2

E  Fl c ( , )  
2

1
T2

 

1
T2

 

E  Fl s ( , )  
Here

R (t , s  t , )

T

T

T T
T

T

T  T

R (t , t  s, )cos(l t )cos(l s)dtds,
R (t , t  s, )sin(l t )sin(l s)dtds.

is the covariance function of the process  (, ) where



 (t , )   (t ) (t   ) for each

:

R (t , s  t , )  E (t ) (t   ) ( s ) ( s   )  K (t , ) K ( s, ).
For the sake of simplicity we assume that the PC process  is Gaussian. Then
R (t , s  t , )  R (t , s  t ) R (t   , s  t )  R (t , s  t   ) R (t   , s  t   ) 
 m (t ) m ( s ) R ( t   , s  t )  m ( t ) m ( s   ) R ( t , s  t ) 
 m (t ) m ( s   ) R (t   , s  t   )  m (t   ) m ( s ) R (t , s  t   ),

and
2

E  Fl c ( , )  
2

E  Fl s ( , )  

2
T2
2
T2

 

2T

T v

0

T

2T

T v

0

T

 

R (t , v, )cos(l t )cos(l (t  v))dtdv,
R (t , v, )sin(l t )sin(l (t  v))dtdv.

The function t  R (t , v, ) is periodic, so admits a Fourier series expansion
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R (t, v, )   K k (v, )eik0t 
k



 K 0 (v, )    K kc (v, )cos(k0t )  K ks (v, )sin(k0t ),

(5.101)

k 1

where K k (v, )   K kc (v, )  iK ks (v, )  2 . Notice that there is only a finite number of
terms which are not equal to 0.
After integration on t, we obtain
2T
1
K k (v, )[ f k0 (T , T  v)cos(l v) 
2  0
T k
1
1
 f k0  2l (T , T  v)eil v  f k0  2l (T , T  v)e  il v ]dv,
2
2
2

E  Fl c ( , )  

2T
1
K k (v, )[ f k0 (T , T  v)cos(l v) 
2  0
T k
1
1
 f k0  2l (T , T  v)eil  f k0  2l (T , T  v)e  il v ]dv.
2
2
2

E  Fl s ( , )  

Taking into considerations the results of previous sections, we may put

Proposition 5.4. Under the conditions of Proposition 5.1 we have
2

lim E  Kˆ lc , s  ,   S lc , s  ,    0,

T 

and if Sl (t , , P )  0 , the estimator Pˆ c , s , as extreme of Kˆ lc , s  ,  , converges to P with
 [ Pˆ c , s ] ~  T 2  and D[ Pˆ c , s ] ~  T 3  as T   .
For the bias we have
 1  Pˆc  

T
P
K (t , )t sin(l 0 t ) dt  o (T 2 ),


q1 (T , ) T

 1  Pˆs  

T
P
K (t , )t cos(l 0 t ) dt  o (T 2 ),


q2 (T , ) T

where
T
T
1
q1 (T , )  l0  t 2 K (t , ) cos(l0 t )dt  2 K (t , )t sin(l0t ) dt ~ l0T 3 K lc ( ),
T
T
3
T

T

T

T

q2 (T , )  l0  t 2 K (t , )sin(l0t )dt  2  K (t , )t cos(l0 t )dt ~
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It follows that   Pˆc , s   0 . This means that estimates Pˆc and Pˆs are asymptotically
unbiased. The rate of convergence is T  2 . The variance of the estimates Pˆc and Pˆs are
respectively equal to

D  Pˆc  
D  Pˆs  

T T
P2
tsR (t, s  t, )sin(l0t )sin(l0 s)dtds  o(T 3 ),
2

q1 (T , ) T T
T T
P2
tsR (t, s  t, )cos(l0t )cos(l0 s)dtds  o(T 3 ).
2

q2 (T , ) T T

After integration and reduction, we deduce the following asymptotic expressions

D  Pˆc  

12 2

 [K (v, )cos(l v) 
2T

l 204T 3  2 Klc ( ) 

2

0

0

0

 K 2cl (v, )cos(l0 v)  K 2sl (v, )sin(l0 v)]dv  o(T 3 ),
D  Pˆs  

12 2
l 204T 3  Klc ( ) 

 [2K (v, )cos(l v) 
2T

2

0

0

0

 K 2cl (v, )cos(l0 v)  K 2sl (v, )sin(l0 v)]dv  o(T 3 ).
Hence the variances tend to zero as T   , indicating the consistency of the estimates
Pˆc and Pˆs . The rate of convergence of these estimates of periods is optimal, that
is T  3 / 2 .
Their explicit asymptotic expressions of bias and the variance of these estimators can be
calculated for specific models of signals.

Example: amplitude modulated signal. For the amplitude modulated signal
 (t )  (t)cos(0t), the correlation components are equal to

1
K0 ( )  K2c ( )  K ( )cos(0 ),
2

1
K2s ( )  K ( )sin(0 ),
2

where K ( )  E (t ) (t   ) is the correlation function of the stationary process

 {(t): t }. If





m  E (t ) is the mean of process  , and R ( )  E  (t ) (t   ) is

its covariance function, then K ( )  R ( )  m2 . In this case, the Fourier decomposition




of R (t , v, )  E  (t , )  (t  v, ) is given by
229

Advances in Signal Processing: Reviews. Book Series, Vol. 1

R (t , v, )  K 0 (v, ) 

  K

k  2,4

c
k

(v, ) cos(k0t )  K ks (v, )sin( k0 t ) ,

where

K 0 (v, )  R 0 (v, )  M 0 (v, ),

c,s
c,s
c,s
K 2,4
(v, )  R 2,4
(v, )  M 2,4
(v, ),

c,s
with R0 (v, ) and R 2,4
(v, ) expressed by formulae (5.92), (5.93) and (5.94), and

M 0 ( v , ) 
M 2 ( v , ) 

m2
8
m2
16

[2 R (v )  R (v   )  R (v   )](1  cos(2  )  cos(2 v )),
0

[2 R (v )  R (v   )  R (v   )](1  e

M 4 ( v , ) 

m2
16

i 2  0

0

 e i 2 0 v  e i 2 0 (  v ) ),

[ 2 R (v )  R (v   )  R (v   )]e

i 2  0 (  v )

.

Assume now that R ( )  De  | | . Then for   (2m  1) P / 4 , m   , we obtain
D  Pˆc  

3
160 N cos (0 )( De | |  m2 )2
3

2



{[D[c0 (2 , T )  c0 ( , , T )]  m2[2c0 ( , T )  u0 ( , , T )  v0 ( , , T )]](1  cos(20 )) 
2[D[c2 (2 , T )  c2 ( , , T )]  m2[2c2 ( , T )  u2 ( , , T )  v2 ( , , T )]](1  cos(20 )) 
[D[c4 (2 , T )  c4 ( , , T )]  m2[2c4 ( , T )  u4 ( , , T )  v4 ( , , T )]]}  o(T 3 ),

where the functions cl ( , T ) , cl ( , , T ) are determined by (5.69) and (5.95), the
functions ul ( , , T ) and vl ( , , T ) are defined by
2T

ul ( , , T )   e  |  v| cos(l0 v ) dv,
0

2T

vl ( , , T )   e  |  v| cos(l0 v ) dv,
0

and N  T / P  is the number of complete period P in the interval [0, T ] . The variance
of the period estimate Pˆ varies with oscillations, and tends to infinity as the lag  goes
c

to  m  (2m  1) P / 4 , for some m  . These points  m correspond to the zero values of
the component R2c ( ) .
For null lag (   0 ), we have

D  Pˆc  ~
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If T  NP and  T  1 we can take
cl ( , T ) 


  ( l 0 ) 2
2

and if in addition the decrement rate 

,

is relatively small   0 then

cl ( , T )   / (l0 ) and
2

D  Pˆc  

3 D
.
4 N 3 ( D  m2 )
3
0

When m  0 , this expression coincides with formula of the variance of the period
estimate by the covariance functional (5.75). So, the ratio D / ( D  m2 ) shows that the
variance of the period estimate defined by the correlation method is smaller than the one
from the covariance functional method. For relatively fast decreasing covariance of the
(), taking , we obtain

15D( D  4m2 )
ˆ


D  Pc  
.
16  N 3 ( D  m2 ) 2
0



The ratio of the variances of correlation and covariance period estimates is determined by

D( D  4m2 )
( D  m2 ) 2

1

2m2 D  m4
( D  m2 ) 2

.

When m2  2 D , this ratio is decreasing and smaller than 1.

5.5.3.2. Component Correlation Functional
Consider now the statistic

1 T
Kˆ l (t , , )  Kˆ lc ( , )cos(l t )  Kˆ ls ( , )sin(l t )    ( s, )cos  l  t  s   ds,
T T
for l  0 , where  (s, )   (s) (s  ) , Kˆ lc ( , ) and Kˆ ls ( , ) are defined by (5.97)
and (5.98). The deterministic component of this statistic can be expressed as
2
Sl (t , , )  EKˆ l (t , , )  K 0 ( ) J 0 (l , T ) 
T
1
 K nc ( )[ J 0 (k0  l )  J 0 (k0  l )]cos(l t ) 
T k
1
  K ns ( )[ J 0 ( k0  l )  J 0 ( k0  l )]sin(l t ).
T k
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Then

lim Sl (t , , )  Kl (t , , )  Klc ( , )cos(l t )  Kls ( , )sin(l t ) 

T 

2 P
K (s, )cos(k0 (s  t ))ds if   lP / k for some k  0

.
  P 0
0
otherwise
We consider l, t and



such that and is close to its extreme values as l, t, vary.

The fluctuation properties of transform are determined by

Fl (t , , ) 

1 T
( (s, )  k ( s, ))cos(l ( s  t ))ds.
T T

Its mean is equal to zero and its variance can be expressed as

E  Fl (t , , )  
2

1
2T


k

2T

0

K k (v, )  [2cos(l v) fl (T , T  v) 

[ f k  2l (T , T  v)eil v  f k  2l ( T , T  v)e  il v ]cos(2l t ) 
i[ f k  2l (T , T  v)eil v  f k  2l (T , T  v)e  il v ]sin(2l t )]dv.
Following the same way as in the previous sections, to estimate the period P one can study
the solutions of the equation dKˆ l (t , , ) / d  0 , and use the small parameter method to
establish the rate of convergence as T tends to infinity.

Corollary 5.4. Under the conditions of Proposition 5.1 and K lc ( )cos(l0 t ) 

 K ls ( )sin(l0t )  0 , the estimator P̂ , as extreme of Kˆ l  t , ,   , converges to P with
 [ Pˆ c , s ] ~  T 2  and D[ Pˆ c , s ] ~  T 3  as T   .
More precisely we have:
  Pˆ  

T
P
( s  t )K ( s , ) sin(l 0 ( s  t )) ds  o (T 2 ),


q (T , t , ) T

D  Pˆ  

T
T
P2
(s1  t )(s2  t ) K (s1 , s2  s1 , u) 
2


q (T , t , ) T T

 sin(l0 (s1  t ))sin(l0 (s2  t ))ds1ds2  o(T 3 ),
where
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T

T

T

T

q(T , t , )  2 ( s  t )K ( s, )sin(l0 ( s  t ))ds  l0  ( s  t ) 2 K ( s, ) cos(l0 s )ds,
which is asymptotically proportional to

T 3 Kl (t , , P)  T 3 ( Klc ( )cos(l0t )  Kls ( )sin(l0t ) as T   .
From the Fourier series expansion (5.101) of K  (t , v , ) we deduce the following
expression of the variance,
D  Pˆ  


2T

0

3P 3

l 202T 3[ K lc ( ) cos(l0 t )  K ls ( ) sin(l0 t )]2



[2 K (v, ) cos(l v)  [ K (v, ) cos(l v)  K (v, ) sin(l v)]cos(2l t ) 
[ K (v, ) cos(l v )  K (v, )sin(l v )]sin(2l t )]dv  o (T ).
0

c
2l

0

s
2l

c
2l

0

s
2l

0

0

0

3

0

0

Taking into account last equations we may see that proposed method gives us
asymptotically unbiased and consistent period estimates.

5.5.4. Moment Functions Estimators
5.5.4.1. Mean Function Estimator
Consider now the coherent estimator of mean function estimator (5.18), where P̂ is the
extreme point of statistics

mˆ kc   

1 T
2
  t  cos k tdt.


T
T


(5.102)

In the first approximation we have
s
n
Pˆ  P  1   1 .
s2
s2

Then

mˆ  t  

N 
 s1
n1    t  nx   
1

t
nP










 .
2N  1 n N 
s2 
x
 s2
 xP 

Taking into account relationships

s1 

T
l0
tm  t  sin l0 tdt ,

TPSl  P  T

(5.103)
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s2 

l0
 2 T tm  t  sin l tdt  l T t 2 m  t  cos l tdt  ,
0
0  T
0

TP Sl  P   T
2

n1 

l0
TP EFl 2


 P

T

T



t   t  sin l0 tdt ,

(5.104)
(5.105)

we obtain

mˆ  t  

N 

T
  t  nx  
1
  t  nT   A 

 T s  s  sin l0 sds ,
2N  1 n N 
x


 xT

where
1

T
T
A  T  2 sm  s  sin l0 sds  l0  s 2 m  s  cos l0 sds  .
T
 T


Since
N
N
1
 1

E
  t  nP   
m  t  nP   m  t ,


 2 N  1 n  N
 2 N  1 n  N



E



1

N
N
1
1
   t  nx   
 m  t  nx  
nmt'  t  nP   0 ,







 2N  1
N
x
2
1
x




n  N 
n
N
n
N
 xP 


N


2N  1


   t  nx     

E   s  
    E  s    t  nx   


x
x
 xP

 x  P  


 



  E   s    t  nx    m  s   m  t  nx   ,


x
x

 xP

 xP

we deduce that
Emˆ  t   m  t  

N
T
 R  s , t  s  nx  
A
s sin l0 s 
 ds .


2 N  1 n  N T
x

 xP

Thus, for finite N an estimator of PCRP mean function (5.18) upon condition of the
preliminary estimation of non-stationary period by using functional (5.102) is biased. As
follows from formula

  mˆ  t   
234

N
T
 R  s , t  s  nx  
A
s sin l0 
 ds ,


2 N  1 n  N T
x

 xP

(5.106)
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the value of the bias depends both on the mean function and on the PCRP covariance
function. The analysis of this expression leads to a conclusion that if conditions (5.9) and






R  t ,  dt  ,

(5.107)

are fulfilled, bias   mˆ  t    0 , if N   . One can easily ascertain this fact by passing
to concrete representations of PCRP. Hence, for the multiplicative model
  t     t  f  t  , where f  t  P   f  t  , while   t  is the stationary random process,
we have




R  s, t  s  nx   E   s   t  nx  f  s  f  t  nx   R  t  s  nx  f  s  f  t  nx  .
Then
  mˆ  t  

A

N

 df  t 

T

 n  s sin l s f  s  
2N  1
0

n  N

 dt

T

R  t  s  nx   f  t 

dR  t  s  nx  

 ds .
 xP

dt

Let us further assume that   t  is the stationary white noise, i.e. R  t  s  nx  

 D  t  s  nx  . Then, for t  nP   T , T  we have
T

 s sin l s f  s   t  s  nP  ds   t  nP  f  t  sin l t ,
0

0

T
T

d


 s sin l s f  s   t  s  nP ds    ds s sin l sf  s  
1

0

.

0

T

s t  nP

For components of quantity A we find:
T

Pm

 sf  s  sin l sds   T  ,
2

0

T
T

2 lm  s2 f  s  cos l0 sds   T 3  .
T

With due regard for relationship
N

n

n  N

2



N
 2 N  1 N  1 ,
3

we can arrive at a conclusion that   m̂  t      N 1  .
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Let us concentrate on the analysis of the variance of estimate (5.18):
D  mˆ  t   E  mˆ  t   Emˆ  t  
2

2

 1



  
  t  nx   A   s sin  l s    t  nP    s   R  s, t  s  nx  ds   
 E



  

 x
 2N  1 
T



N



0

n N

T



xP




t

nP



 t  mP  
 
2
  2 N  1 n , m   N 

1

 E



2 A 

T

N






 

  xP



 s  sin  l0 s    t  mP    t  nx    s   R  s, t  s  nx  ds 

 x T

(5.108)


 2  T T



su
sin
l

s
sin
l



t
nx

s

t
my











  
0
0
 

 xy  T T

 A2 





  t  nx    s  R  , t    my     t  my     R  s , t  s  nx  


yP   

R  , t    my  R  s, t  s  nx  dsd  x P    .

For the first component we easily find:

1

 2 N  1

2

E

N


n 
1 
 R  t , nP  .
2N  1 
n 2 N 
2N

1
   t  nP    t  mP   2 N  1 




n , m  N

Assuming that PCRP is Gaussian, we obtain




 

E   t  mP    t  nx    s   E   t  mP    t  nx   m  t  nx     s   m  s   



 m  s  R  t , nx  mP   m  t  nx  R  t , s  t  mP  .

Then the second component assumes the form

 2A
E
2
  2 N  1




 T

  




t
nx
s







 ds   
s sin  l0 s    t  mP  




 
x

m , n  N
  R  s, t  s  nx    x  P 
 T
N

T

2A

0

T
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 x R  t , nx  mP   ds.
 xP
m , n  N 
N

s m  s  sin  l s  
 2 N  1 
2
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The third component is transformed with due regard for the following relationship:




E   t  nx    s    t  my        t  nx    s  R  , t    my  



  t  my     R  s , t  s  nx   R  , t    my  R  s , t  s  nx   


 R  s,  s  R  t  nx, my  nx   R  s, t  s  my  R  , t    nx  
 m   m  s  R  t  nx, my  nx   m  s  m  t  my  R  , t    nx  
 m  t  nx  m  t  my  R  s,  s   m   m  s  m  t  nx  m  t  my  .
As a result, we obtain the following expression for variance (5.108):
D  mˆ  t  

1 
 b  t , nP  



2N  1
 2N  1 
1

n

2N

n  2 N



T

2A

N

 s m  s  sin  l s  
 2 N  1
0

2

m,n N

T

  R  t , nx  mP   ds 
 x

xP

(5.109)


  
 s sin  l s  sin  l     

 R  s,  s  R  t  nx, my  nx  



 2 N  1 
  xy
A

2

T

T

N

0

2

2

0

n N

T T

 R  s , t  s  my  R  , t    nx   m   m  s  R  t  nx , my  nx x  P duds.
yP

The first component of the obtained relationship coincides with the formula for the
variance of mean function estimator in the case of a known period [4, 8], while the last
one define the value of variance increasing for the case when the period should be
estimated by hand by using functional (5.102). This change of variance depends both on
the mean and on covariance function. The analysis of formula (5.109) shows [78] that
preliminary estimation of the non-stationary period does not alter of the fundamental
property of the mean function coherent estimator; it remain consistent, i.e., D  mˆ  t    0
at N   .
Let us specify the properties of variance (5.109) for multiplicative model
  t     t  f  t  . For the integral expression determining the second component we have
T

 sm s  sin l0 s

T
T





T

sm  s  sin l0 s



 x R  t , nx  mP   ds 
 x P
m, n  N 
N





 dR   
2

 ds .

n
f
t
f
t
R
n
m
P
f
t














 
 

d  u   n  m  P 
m , n  N



N
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If covariance function or process (t) decreases to zero on interval [0, P], we should take
into account only those components in the double sum, for which n  m . Then
N

nR  n  m  P   R  0 



m , n  N

N

 n  0,

n  N

N



m , n  N

N
 dR   
 dR   

n 0.



 d   n  m  P  d   0 n  N

n

Thus, the second component of variance (5.109) for damping of covariance function of
process   t  becomes negligibly small as T increases.
Since


T T


2
R  s, t  s  my  R  , t    nx   d ds 
m , n  N xy
 xP
N

   s sin l  sin l s  
0

0

T T

yP



N
T
d
 
   s sin l0 sf  s   n   R  t    mP  f  t    ds  ,
 
n  N  dt
 T

and taking into account the results obtained by the analysis of the bias of estimator (5.18),
we educe that for rapidly damping covariance this value has order O  N 6  .
In such way we have
N
 2 R t, y  x  2 R t, y  x  
 2






R
t
nx
,
my
nx
mn







t y
xy
m , n  N  xy
 xyPP m , n  N

 x  nP
N



y  mP



 2 R t, y  x  2 R t, y  x  
N

 2 N  1 N  1 
 ,
3
t y
xy

 x 0
y 0

T T

   s sin l s sin l  R  s,  s  d ds  DN
0

4

,

4

,

0

T T
T T

   sm   m  s  sin l s sin l  d ds  BN
0

0

T  T

where D and B are bounded constants.
Based on the above, we find that the component of variance (5.106) caused by the
preliminary estimation of the period, as the period, as a whole, has order O  N 1  .
Summarizing the obtained results we make the next proposition.
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Proposition 5.5. If condition (5.9) and (5.107) are satisfied, statistics (5.18), where P̂ is
non-stationary period estimator obtained by using of functional (5.102), is asymptotically
unbiased and consistent estimator of mean function, its bias and variance are small as
O  N 1  and in the first approximation are defined by formulas (5.106) and (5.109).
5.5.4.2. The Covariance Function Estimator
Now we shall analyze the affecting of preliminary estimation of non-stationary period on
properties of the coherent estimator of the covariance function. Let us assume that the
period is determined by using functional (5.102). We shall consider estimator (5.37).

Proposition 5.6. If condition (5.9) and (5.107) are satisfied, statistics (5.37) where
estimator P̂ is obtained by using of functional (5.102), is asymptotically unbiased and in
the first approximation its bias is defined by formula

  Rˆ  t ,    


2N 
n 
1
1 
 R  t ,  nP  

2 N  1 n 2 N  2 N  1 

 N 

sin

s
m
s
l
sds


    R  t  nt ,  m  n  x   x  P   (5.110)
0
2 
 2 N  1 T
 m ,n  N  x

T

A

T
 N    m  t  nx  R  s, t  s    nx   
A
  

s
sin
l

s

0
2 N  1 T
 n  N  x   R  s, t  s    nx  m  t  nx  





N

  R  s, t  s  nx  m  t    nx   R  s, t  s    mx  m  t  nx  

m  N


 ds .
xP 

Proof. Taking into account relationships (5.21) and (5.22) we have:
Rˆ  t ,  

  t  nP    t    nP  

  t  nP    t    mP  




2N  1
2N  1

1

1

N

n N



n 
s
 

s 
2N  1  s
1

1

1

2

2

1

N

m N

  x   t  nx    t    nx   2 N  1    t  nx    t    mx  


N

n N



1

N

m N

.
xP

Let us find the mathematical expectation of this quantity. Since
N
N
1
1



t

nP

t



nP

  t  nP   t    mP  







2N  1 n N 
2N  1 m N
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N


1
1
  t  nP    t    mP  

2
2 N  1 n  N
 2 N  1

N





   t  nP    t    mP  ,

n , m  N

we get
E



1

1

N



N

   t  nP    t    nP   2 N  1    t  nP    t    mP 
2N  1
n N

m N

 R  t ,  

1

2N



2 N  1 n  2 N



(5.111)

 1  n  R  t ,  nP .


 2N  1 

With due regard for relationships (5.103) – (5.105) we obtain


s
E 1
 s2



   t  nP    t    nx  
 
N
 1
 
  
N
1

 2 N  1 n
 
  t  nx    t    mx     
 N x 


  2 N  1 m  N
  x  P  

E


1

N
s1  1

 R  t  nt ,   m  t  nx  m  t    nx  


s2  2 N  1 n  N  x

m  N







N

  R  t  nx,   m  n  x   m  t  nx  m  t    mx 
2N  1


T

A

(5.112)

ds   
xP





R  t  nt ,  m  n  x x  P  ,


m , n  N  x

N

 s m  s  sin l sds  
 2 N  1
0

2

T

and also



   t  nP    t    nx  
 
N
 
 n1  1


E  
  x  1 N   t  nx    t    mx     
s
N

2
1
n  N
 2
  2 N  1 m
  x  P  
 N


T
 N    m  t  nx  R  s, t  s    nx   
A

s
l

s
sin
  

0

2 N  1 T
 n  N  x   R  s, t  s    nx  m  t  nx  
N

(5.113)

 
 ds.
 xP 

   R  s, t  s  nx  m  t    nx   R  s, t  s    mx  m  t  nx 
m  N

We then conclude from (5.111) – (5.113) that bias   Rˆ  t ,    ERˆ  t ,   R  t ,  of
estimator (5.37) is given by (5.110). 
Additional components appearing in the formula for the bias of the covariance function
estimator (in case the period is precalculated) introduce changes into the value of
systematic error of estimation. However these changes become negligibly small
at N   .
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Let us calculate the variance of estimator (5.37). In this case we neglect the components
of the higher order of smallness and assume that

Rˆ  t ,  

N

1



t
nT



 t    nT  

2 N  1 n  N 

(5.114)

1

 
  s1   n1     t  nx    t    nx     .
s2
 x
 x T 
Hence

ERˆ  t ,   R  t ,  

T

A
s sin l0 s 
2 N  1 T

 N 
 
     R  s, t  s  nx  m  t    nx   R  s, t  s    nx  m  t  nx     ds.
 xP 
 n  N  x
It can be easily seen that



N



  x  R  s, t  s  nx  m  t    nx   R  s, t  s    nx  m  t  nx  

n  N





N


x P



 n m  t    t R  s, t  s  nP   m  t  t R  s, t  s    nP  



n  N

 R  s, t  s  nP 

dm  t   
dt

 R  s, t  s    nP 

dm  t  
.
dt 

For periodically correlated white noise, when R  s, t  s  nP   g  s    t  s  nP  ,

g  s   0 , we have
T

 sg  s  sin l s  t  s  nP  ds   t  nP  g  t  sin l t ,
0

0

T
T

d

 sg  s  sin l s  t  s  nP  ds    ds  sg  s  sin l s  
'

0

.

0

T

s  t  nP

Hence, we conclude that bias of (5.114)   Rˆ  t ,     N 1   .
Taking into account that for Gaussian processes [79]












E   s1    s2    s3    s4    s5    s6   R  s1 , s2  s1  G  s3 , s4 , s5 , s6  
 R  s1 , s3  s1  G  s2 , s4 , s5 , s6   R  s1 , s4  s1  G  s2 , s3 , s5 , s6  
 R  s1 , s5  s1  G  s2 , s3 , s4 , s6   R  s1 , s6  s1  G  s2 , s3 , s4 , s5  ,
241

Advances in Signal Processing: Reviews. Book Series, Vol. 1

where

G  s1 , s2 , s3 , s4   G  s1 , s2 , s3 , s4   R  s1 , s2  s1  R  s3 , s4  s3  ,
G  s1 , s2 , s3 , s4   R  s1 , s3  s1  R  s2 , s4  s2   R  s1 , s4  s1  R  s2 , s3  s2  ,
after cumbersome transformations we obtain:
2

2

D  Rˆ  t ,    E  Rˆ  t ,     ERˆ  t ,   




2N 
n 
1
1 
  R  t , nP  R  t   , nP   R  t ,  nP  R  t ,  nP   

2 N  1 n 2 N  2 N  1  
N 1

2A

 2 N  1

2

T

   R  t , mx  nP  R  t   , mx  nP  





 x  P

   s sin l sds  x  R  t ,  mx  nP  R  t   , mx    nP 
0

n , m  0 T







T
   m  t  mx  G  s, t    mx, t  nP, t    nP    
  s sin l0 sds  
 
 x   m  t    mx  G  s, t  mx, t  nP, t    nP   
T




A2

T T

sv sin l0 s sin l0 v 
2
 2 N  1 T T

  2  N 1

   R  s, t  s  nx  G  t    nx, v, t  my, t    my  
 xy  n  0

(5.115)

 R  s, t  s    nx  G  t  nx, v, t  my, t    my  
 R  s, v  s  G  t  nx, t    nx, t  my, t    my  
 R  s, t  s  mx  G  t  nx, t    nx, v, t  my  
 R  s, t  s    my  G  t  nx, t    nx, v, t  my  
 m  t    nx  m  t    my  G  s, t  nx, v, t  my  
 m  t  my  m  t    nx  G  s, t  nx, v, t    my  
 m  t  nx  m  t    my  G  s, t    nx, v, t  my  
 m  t  nx  m  t  my  G  s, t    nx, v, t  my     x  P dsdv .
 yP
Similar to the above expressions obtained for estimators of probabilistic characteristics,
the last formula also includes additional components that are determined by preliminary
determination of the period of non-stationarity. They depend both on mean function and
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on covariance function of PCRP. Under condition (5.9) and (5.107) these components
converge to 0 as N   .
From the above we can pose the following proposition.

Proposition 5.7. If condition (5.9) and (5.107) are satisfied statistics (5.37), where period
estimator P̂ is obtained by using component functional (5.102) is consistent and its
variance in the first approximation is defined by formula (5.117).
It is evidently that a prior period estimation causes increasing of the root-mean-square
error of processing results. The concrete values of this increasing can be determined by
passing to the specific types of PCRP.

5.5.5. Period Estimation for Simulated and Real Data
The theoretical investigation described in the previous sections show that the hidden
period estimation problem can be represented as an extreme functional search task. The
arguments of functional extremes are asymptotically unbiased and consistent period
estimators. In this section we illustrate the eﬃciency of the period estimate procedures
presented in the paper with simulated and real data. An experimental signal is a discrete
time sequence   nh  , h  0 , thus the integral transformations (5.4) and (5.75), (5.76)
are replaced by the following sum transformations:

2 

cos k
nh 
K

mˆ kc   
2





nh
 
 s

,

2

2
1
K

n  K
mˆ k   
sin k
nh 




(5.116)

2 

K
 Bˆ kc  jh,  


cos k  nh 
2
 s

    n  j  h    nh   2  ,
 Bˆ k  jh,   2 K  1 n  K
sin k
nh 




(5.117)

Where K is an integer number, T   2 K  1 h 2 . The analysis of these functionals
requires specific investigation, thus we describe only their main properties. We consider
that the test period  does not depend on the sampling step h and can vary continuously.
If the period is a multiple of h, that is   Lh , where L is an integer number, then
c
mˆ kc   
mk  qL   
lim E  s
   s
,
K 
mˆ k    q mk  qL   

and
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c
ˆc
 Bk  jh,  
 Bk  qL  jh,  
lim E 
   s
.
K 
ˆs
 Bk  jh,   q  Bk  qL  jh,  

This is the well-known aliasing effect of the first kind [75]. Aliasing effect can be avoided
only in the case when the numbers of harmonic components of mean M 1 and covariance
function M 2 are finite. Then there are no aliasing errors if L  2 M i . The aliasing effects
of the second kind, which degrade the convergence rate of period estimators, are absent if
L  2 M 2 in the case of using functionals (5.156) and if L  4 M 2 when functionals
(5.117) are using.
The sampling step for simulated and real data analysis was chosen to be small enough to
satisfy these conditions. Furthermore there is no change in the results for the estimators.

5.5.5.1. Simulated Data Analysis
First of all we will illustrate the eﬃciency of the period estimate procedures with a
simulated data. The periodically correlated random sequence  n    nh  , n   , is
obtained using the parametric method based on harmonic series representation (5.8) [74].
We have chosen one of the simplest PC random sequences – the quadrature one:
 n   nc cos  2 f 0 n    ns sin  2 f 0 n  , where f 0  0.1 ,  nc  and  ns  are two jointly
stationary sequences with E  nc   0.2 , E  ns   0.5 . The auto- and cross-covariances of

  and   are equal to
c
n

s
n

Rc  jh   Rs  jh   Ae

 jh

cos  2 jh  ,

Rcs  jh   A1e  jh cos  2 jh   A2 e  jh sin  2 jh  ,
where: A  0.1,

A1  0.075,

A2  0.06,

  0.025,   0.01. The period of the

simulated sequence  n  is P  1 f 0  10 h , and its covariance components are equal to:

R0  jh   Ae

 jh

cos  2 jh  cos  2 f 0 jh   A2 e

 jh

sin  2 jh  sin  2 f 0 jh  ,

R2c  jh   A1e jh cos  2 jh  sin  2 f 0 jh  ,
R2s  jh   A1e

 jh

cos  2 jh  cos  2 f 0 jh  .

Furthermore R c  jh   R c  0  , R s  jh   R s  0  and R cs  jh   R cs  0  , for j large
enough.
We proceed to the simulation of 1000 replications of the signal, each with 1001 sample
points. Fig. 5.23 represents one replication of the signal  n  . The 1000 replications give
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the possibility to obtain a confidence interval for the computed functionals and the relative
error of the estimated period, the relative error being defined as P P , where P is the
confidence interval width.

Fig. 5.23. Simulated periodically correlated random sequence.

For each replication, we have applied the component method presented in this section to
estimate the period. Fig. 5.24 shows the cosine (a) and sine (b) first mean component
functionals m1c , s   computed from one signal replication (black line) and their 95 %
conﬁdence intervals (grey line) from the 1000 replications of the signal. We observe that
the extreme value abscissas   ph lie very close to the true period P  10h , and the
conﬁdence interval covers it. Fig. 5.25 shows the estimated cosine (a) and sine (b) second
mean component functionals m2c , s   (black line) and their 95 % conﬁdence intervals
(grey line). As we see, there is no dominant extreme value of the functionals that can be
interpreted as hidden period, because the conﬁdence intervals cover the τ-axis fully. In the
following the mean function was extracted from the sequences and we apply covariance
functionals to identify the second order frequencies. Fig. 5.26 shows the estimated cosine
(a) and sine (b) ﬁrst covariance component functionals R1c , s  0,  (black line) and their
95 % conﬁdence interval (grey line), and Fig. 5.27a shows the cosine second covariance
component functional R2c  0,  . No hidden periodicity is detected. But, the second sine
covariance component functional R2s  0,  (Fig. 5.27b) shows the existence of some
second order periodicity in the signal.
Another way to compute some conﬁdence interval is to apply the periodic block bootstrap
technique to one signal realization [80, 81]. Although we know [20] that the limit
distribution of T Rˆ1c , s  ,   R1c , s  ,  are Gaussian, the limit covariances depend on





the unknown period P and are very difficult to handle. So one of the simplest way to pass
round this diﬃculty is to compute the bootstrap conﬁdence interval. This method can be
used in real life data when we manage only one observation replication.
See Section 5.5.5.2.
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(a)

(b)

Fig. 5.24. Cosine (a) and sine (b) first mean component functionals.

(a)

(b)

Fig. 5.25. Cosine (a) and sine (b) second mean functionals.

(a)

(b)

Fig. 5.26. Cosine (a) and sine (b) first covariance functionals.

(a)

(b)

Fig. 5.27. Cosine (a) and sine (b) second covariance functionals.
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Actually, Table 5.6 presents the 95 % conﬁdence intervals and relative errors for the
hidden period. According to the signal model, the ﬁrst mean components m1s and m1c , and

the second covariance component R2s  0  are not equal to zero, and this corresponds to
the simulated results we have obtained. The bootstrap conﬁdence intervals obtained from
one replication of the signal, lie very close to the intervals obtained from the 1000
replications of the signal.
Table 5.6. Conﬁdence intervals and relative errors of the period estimates
for different functionals.
Functional

Conf. int.

Bootstrap conf. int.

mˆ 1c  

Rel. error
(%)

Bootstrap rel.
error (%)

9.9908-10.0082

0.17

9.9897-10.0097

0.20

mˆ  

9.9967-10.0037

0.17

9.9961-10.0037

0.08

Rˆ  0, 

9.9934-10.0066

0.13

9.9950-10.0049

0.10

s
1

s
2

5.5.5.2. Application to Vibration Signal Analysis
This subsection presents the application of component hidden period search technique to
identify mechanical system fault. We will analyze the acceleration of a thermal power
plant turbo-generator VK-100-6 defect slider bearing. Fig. 5.28a presents the realization
of a discrete-time process whose sampling rate is 2000 Hz (h = 0.0005 sec) and the signal
realization length is 5 sec.

(a)

(b)

Fig. 5.28. Slider bearing vibration signal (a) its random (b) component.

We cannot apply commonly used coherent, linear ﬁltration or LSM methods [10-14] to
the data because the main period is unknown. To estimate the ﬁrst and/or second order
periodicity the proposed component approach of hidden period analysis is used.
Covariance approach gives more accurate results for PC process. Unfortunately the results
of this approach mix up the ﬁrst and second order periodicities, and this is useless because
of the ﬁrst and second order periodicities describe different mechanical system states.
Thus this covariance approach cannot be applied to our data in the present case because
the signal structure is unknown.
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In order to estimate the mean function of a vibro-signal with unknown period we use the
autoregressive forecasting technique [82]. Thanks to Akaike information criteria the order
of auto-regressive ﬁlter should be p = 1280, and the time lag   100  R    R  0   .
The estimated deterministic and random components of our signal are shown in
Fig. 5.28b. The fraction of the residual deterministic component in the estimated random
component is less than 3 % of power.
Fig. 5.29 shows the cosine and sine ﬁrst mean component functionals and Fig. 5.30 shows
the ﬁrst mean component functional and its cross sections in the case of t = 7.999 and
t  17.995. The mean component functionals are deﬁned in Subsection 5.5.1.2.

(a)

(b)

Fig. 5.29. Cosine (a) and sine (b) first mean component functional.

(a)

(b)

(c)

Fig. 5.30. First mean component functional (a) and its cross-sections in the case
of n  7.999 h (b) and n  17.995 h (c).
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The black lines correspond to the functionals built on the signal observation and the grey
lines represent the lower and upper bounds of the 95 % bootstrap conﬁdence intervals. In
Fig. 5.30c the three lines are relatively very close to each other. As we can see, all the
functionals give us period estimators which lie nearly 39.995h ≈ 0.02 sec. This periodicity
is usually caused by the number of factors such as unbalance, misalignment, shaft journal
ellipticity, etc. It is impossible to identify the cause of these oscillations without additional
information about the system.
The advantage of component functional over the cosine and sine one consists in a more
accurate period detection. But if the time t is not chosen correctly (Fig. 5.30b), we may
detect no periodicity in the signal.
For the estimation of the second order periodicity we may use cosine and sine ﬁrst
covariance component functionals (Fig. 5.31) and ﬁrst covariance component functional
(Fig. 5.32). Here we estimate the second order period 39.995h ≈ 0.02 sec. The nonstationary random component is caused by the modulation of stochastic processes (ﬂuid
ﬂows, frictions, rubs, impacts) that usually attends the defect [53, 54].

(a)

(b)

Fig. 5.31. Cosine (a) and sine (b) ﬁrst covariance component functional.

We have computed a set of functionals and have identified the hidden periods of the
vibration signal. Table 5.7 reports the 95 % bootstrap conﬁdence intervals and the relative
errors for the hidden period of the signal. According to the results, we have obtained the
ﬁrst and second statistical moments are periodic in time with P ≈ 39.995h.
It should be noted that this approach is the simplest way to identify the hidden periodicity
of second order and, as a consequence, to identify the presence of mechanical system fault.
Whereas having the period of the process to be estimated we may apply to the signal all
possible methods for statistical properties estimation including parametric ones.
In order to identify the spectral structure of the vibration process we have applied to the
signal the frequency shift method [14] and we have estimated the statistical properties of
the stationary components. The detailed spectral analysis of the stationary components
shows a signiﬁcant coherence at the 14-19 Hz frequency band [54]. That is, the vibration
nonstationarity seems caused by the amplitude modulation of a narrow band stationary
process (a modulating signal) on a periodic waveform (50 Hz). It should be noted that the
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cyclic coherence does not give us the possibility to identify the properties of the
modulating signals and as result it fails to identify the structure of the vibration.

(a)

(b)

(c)

Fig. 5.32. First covariance component functional (a) and its cross sections in the case
of t  8.20 h (b) and t  18.20 h (c).

Using the component method [11] we have estimated the time characteristics of the
vibration process. The variance (Fig. 5.33) has two signiﬁcant extremes. Such form of
variance is typical for the slider bearings with rotating parts that strike the stationary ones.
Moreover, we may estimate the resonance frequency of the element which is striking.
Indeed, the time distance between two extremes is 0.0022 s that gives us the resonance
frequency nearly 230 Hz. Taking into consideration the shape of the variance and coherent
functions of the stationary components, we ﬁnd that the slider bearing has a rotary
breakdown fault [83].

5.6. Comparison with Other Results
As it was emphasized in Section 5.2, the issue of estimation of nonstationarity period of
the PCRP can be considered as an issue of hidden periodicities detection formulated
within the PCRP-model. A number of the articles can be found in the literature where this
issue is solved based on the simplest models of PCRP – additive and multiplicative. In the
first case it is formed as a calculation of the sum of harmonics with the unknown
frequencies which are observed against the stationary noise, and in the second – amplitude
modulation of harmonics is assumed. For the estimation of the harmonic frequencies the
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maximum likelihood method, least square method, spectral methods, including various
modifications of the autoregressive methods, are used. Comparative analysis of the
various methods efficiency can be found in [35]. If harmonic signals with the amplitudes
mk are observed against the white noise with a power  w2 , then low boundary of the

ˆk is defined by the Cramer-Rao bound
variances of frequency estimators 
Table 5.7. Conﬁdence intervals and relative errors of the period estimates for different
functionals.
Functional
mˆ  
c
1

Confidence interval

Bootstrap rel.
error (%)

First order periodicity
39.9934-39.9958

0.006

mˆ  

39.9896-39.9990

0.024

mˆ 1  t , 

39.9940-39.9961

0.005

mˆ  

39.9941-39.9957

0.004

mˆ  

39.9938-39.9954

0.004

ˆ 2  t , 
m

39.9942-39.9953

0.003

mˆ  

39.9938-39.9957

0.004

mˆ  

39.9940-39.9954

0.003

ˆ 7  t , 
m

39.9941-39.9955

0.003

s
1

c
2

s
2

c
7

s
7

Rˆ1c  ,0 

Second order periodicity
39.9892-40.0012

0.030

Rˆ1s  ,0 

39.9515-40.0391

0.220

Rˆ1  ,0, t 

39.9900-40.0007

0.026

Rˆ  ,0 

39.9888-40.0010

0.030

Rˆ2s  ,0 

39.9809-40.0109

0.075

Rˆ 2  , 0, t 

39.9917-39.9977

0.015

Rˆ12c  , 0 

39.9932-39.9965

0.008

Rˆ12s  , 0 

39.9882-40.0002

0.030

Rˆ12  , 0, t 

39.9928-39.9969

0.010

Rˆ13c  , 0 

39.9919-39.9979

0.015

 , 0 
Rˆ13  , 0, t 

39.9912-39.9983

0.017

39.9927-39.9969

0.010

c
2

Rˆ

s
13
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Fig. 5.33. Variance estimate or random part of vibration signal.

D ˆ k  

24 w2
Td3 mk

2

(5.118)

,

where Td  2T . In the colored noise case the smallest variance estimator D ˆ k  was
obtained in [66] for so called non-linear least-squares estimator

D ˆ k  

12
,
T SNRk
3
d

where SNRk denotes the generalized signal-to-noise ratio for k-th sine wave

SNRk 

mk

2

2 H  k 

2

,

where H   is the noise-shaping filter. In the white noise case SNRk 

mk

2

2 w2

.

In [61] the issue of estimation of the parameters of amplitude modulated signal observed
against the stationary random process

  t     t  cos 0 t       t  ,

(5.119)

is considered. Here   t  is the stationary random process with unknown mean function

m  E   t  . Using of least squares method the authors obtained such expressions for the
variance of frequency estimator

D ˆ 0  
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where f   and f    are the power spectral densities of the stationary random
processes   t  and   t  . If   t   m this formula has a form
D 0  

24 f 0 
Td3 m2

,

(5.121)

and in the case η(t) is a white noise we obtain the expression of the Cramer-Rao bound.
Compare these relations with the expressions obtained as an individual cases, which deﬁne
variances of coherent and component [20-22] estimators of nonstationarity period of
PCRP. For this purpose we use relation, which in the ﬁrst approximation relates variances
of the period estimator P̂ and the frequency ̂ . Taylor series for estimator Pˆ  2 ˆ
has a form

2 2 2
4
2

 2 ˆ  0   3 ˆ  0   ...
ˆ 0 0
0
Following this we have D  Pˆ    4 2 04  D ˆ    P 4 4 2  D ˆ  . Variance of the
period estimator of the signal (5.119) at   0 , what is defined as an extreme
of the statistics

mˆ   

1
 2 
  t  cos  t  dt ,

T T
  
T

has a form [20-22]
D  Pˆ  

12 3
m2 04T 3

2T

  2 R   cos    R   cos    R   sin    d .
c
2

0

0

s
2

0

0

If   t   m , then R2c    R2s    0 and R0    R   . So

D  Pˆ  

24 2
m2 04T 3

2T

 R   cos   d .
0

0

For the large T
2T

2  R   cos 0 d  f 0  .
0

The variance of the frequency estimator T  Td 2 
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 4 24 f 0 
D ˆ 0   D  Pˆ  0 2 
,
4
m2 Td3
coincides with (5.121), and in the case of   t  is the white noise, has a form of the
Cramer-Rao bound (5.118).
In the case   t   0 and   0 , taking into account that

R0    R2c   

1
R   cos 0 , R2s     R   sin 0
2

we obtain the expression
D  Pˆ  

6 2
m2 04T 3

2T

 R   cos 2  d .
0

0

Hence

D  Pˆ  

3 2
f   20  ,
m2 04T 3

and

D ˆ 0  

6
f   20  .
m Td3
2

This formula also can be obtained from the ratio (5.120).
So, the variance of the component estimator of nonstationary period for the individual
simplest cases of PCRP coincides with the known in literature. Following this we can
compare variance of coherent estimator of period with this value of the variances.
The variance of the component estimator Dcm  Pˆ  obtained on the base of the ﬁrst
harmonic of the additive model (5.48) is determined by the formula

Dcm  Pˆ  

3A
4a120 N 3 

e



02
4

Rewriting variance of period coherent estimator in the form
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Dch  Pˆ  

3 A
N  m ''  t  
3

2

,

(5.123)

for the ratio of quantities (5.123) and (5.122) we obtain:

Dch  Pˆ 
Dcm  Pˆ 



a12



P



3

02

 m ''  t  
2  

2
 0 

e 4 .
2

Assume that inequality 02 4  1 , which also can be represented in the form  P 2   2

or P 2  10 , is satisfied, then exp 02 4   1 . For the chosen in the Subsection 5.5.1
obtain Dch  Pˆ   2.1Dcm  Pˆ  .
Dch  Pˆ   1.8Dcm  Pˆ  .

parameters

If   0.1 ,

we

P  10

we

have

If in relationship (5.48) f  t   a cos 0t , then

Dch  Pˆ 
Dcm  Pˆ 




P



3

2 2 

02

e 4 .

In the case   0.1 , P  10 the variance of the coherent estimator of the period exceeds
the variance of the component estimator more than 25 times. The difference between these
quantities will decreases as the  P decreases. But in this case the more precise
formulas should be used for such comparison.
We should note, that using coherent or component method for the estimation of period of
nonstationarity we estimate also respective characteristics of PCRP. These estimators are
extreme values of the used statistics. But in the case of coherent estimation we can
estimate mean or covariance function values on arbitrary time interval independently on
its harmonic composition. Calculating it within the interval 0, Pˆ  we may provide the
harmonic analysis of this quantity. In the case of using of component method we estimate
amplitude of only one harmonic and for the estimation of mean or covariance function
time variety we should provide estimation of every possible harmonics with multiple
frequencies. Because of this it is reasonable to use the coherent method on the initial stage
of experimental data analysis and after for the speciﬁcation of the estimator values to use
component method, which allows to ﬁlter out insigniﬁcant harmonics.
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5.7. Conclusions
Investigation methods of hidden periodicities have begun to develop with ideas of
harmonic analysis of periodic and almost periodic functions, and now they have come to
be used in statistical spectral analysis of the stationary and non-stationary random
processes. In this evolution, the hidden periodicity conception has been transformed.
Efforts to describe both time recurrence and stochasticity of the oscillation properties have
been reduced to the class of PCRP. Then the hidden periodicity is presented as the sum of
stochastically modulated harmonics (5.8). Such representation covers particular hidden
periodicity model: additive, multiplicative, additive-multiplicative, quadrature,
polyharmonic etc. Stationary random processes and periodical functions are its extreme
cases. In the framework of hidden periodicity model in the form of PCRP the problem of
discovering and analysis is formulated as a problem of estimation of non-stationary period
P and the first and the second order moment functions: mean, covariance function, spectral
density and their Fourier coefficients. Such approach to discovering problem is more than
that in the form of a stationary model, since it does not reduce the presence of periodicity
to certain properties of the time averaged covariance and spectral characteristics, but
which issues from the time periodicity of mean and covariance function.
As the investigation show, development of the method of period estimation can based on
ideas of the coherent and component estimation methods of PCRP moment functions.
Both coherent and component statistics have certain selective properties to the value of
test period and a points of their absolute extreme values can be considered as a period
estimators. The magnitude of these extremes are defined by the values of the mean,
covariance and correlation functions and their Fourier coefficients. The investigation of
such period estimators led to the analysis of the solutions of some types of nonlinear
equation, obtained using the small parameter approach. This parameters values decreases
as a number of the averaging points increases, and the condition needed to be a consistent
estimator of the corresponding moment functions is satisfied [10, 11, 55]. It is shown that
the estimators obtained in this manner are asymptotically unbiased and consistent. The
biases of the first and the second order period estimators are of order O T 2  , and the
variances are of order O T 3  , where 2T is the observation length of the signal. The
formulas derived in the first approximation for the estimator biases and variances allow
us to calculate the period estimator error, and to investigate their dependencies on the
realization length, and on the parameters which describe the probabilistic structure of the
signal. It should be noted that the result of the coherent estimation method depends
significantly on the choice of the origin point of averaging process, and the best results
are obtained when this point corresponds to one of the extreme values of the mean or
covariance and correlation functions and to the maximum values of their second
derivatives.
The efficiencies of coherent and component period estimators differ insignificantly in the
case then the correlations damp slowly as time lag increases. The known in the literature
results of frequencies estimation of the signal described by the simplest models of PCRP,
i.e. additive and multiplicative, are the individual cases of the results obtained at
component estimation. If periodical or almost periodical signal is observed against the
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white noise, the variance of component frequency estimators coincides with Cramer-Rao
bound.
In order to understand the inﬂuence of the signal characteristics on the period estimators
we have applied this method to the simplest models of PC process. For multiplicative
model and quadrature model, the dependencies of the bias and the variance of a period
estimator on the decrement rate of the signal covariance and its variance are established.
The derived formula gives us the possibility to determine the best functional and the
optimal parameters to reach the desired estimator.
The eﬃciency of the approach that is developed in the paper is conﬁrmed by the results
from simulated and real time series processing. The application of the bootstrap technique
and the component hidden period search method to vibration signals give us the possibility
to evaluate the probability of the presence of some periods in the signal and as result to
estimate the probability of the presence of a defect.
It is shown, that mean, covariance and correlation functions coherent statistics and also
their Fourier coeﬃcient statistics, using a period estimator, are asymptotically unbiased
and consistent for Gaussian PCRP. Prior estimation of the period of nonstationarity leads
to the appearance of additional components with a higher order of smallness than the main
one in the estimator variances.
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Appendix 5.A1
Based on (5.3) we have
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Let us transform this expression and introduce a new index of summation k  m  n :
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After, we have (Fig. 5.A1).

Fig. 5.A1. Rearranged summation.
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Using the substitutions r   k and n1  n  r , and taking into consideration the symmetric
property for the covariance function R  t   ,   R  t ,   , we can transform the first
sum into
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Using the relationship (5.1) we have
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Appendix 5.A2
n
In the first approximation for the period estimator we have: Pˆ  P   1 1 . The mean
s1
value of n1 is equal to zero En1  0 , and hence the period estimator P̂ in the first
approximation is unbiased. Its variance is defined as:
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Taking into account the second approximation, the variance of period estimator has the
form:
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Appendix 5.A3
Derive some further ratios that will use the period estimator convergence for analysis.
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Appendix 5.A4
Define the order of smallness for the obtained expressions of bias (5.A2), and for both the
first and the second approximations of the period estimator variance. Using the results
from Appendix 5 A1 and denoting
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Making analogical operations, we can transform the sum in (5.A2), which defines the bias
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It is easy to see that the last expression has order  N 4 . So, in the second approximation
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Analyzing the period estimator variance in the second approximation (5.A3), using ratio
(5.A4), we conclude that D  P2    N 4 .
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Appendix 5.A5
Place T   N  1 2  P and make the next transformations:
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It follows from Appendix 5 A4 that this quantity has order  N 2 .

Appendix 5.A6
Find mean values of random functions that are in the formula for the covariance function
estimator (5.37). However, the third central moment of Gaussian PCRP equals zero, so
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Taking into account the results given in Appendixes 5 A4, 5 A5 we conclude that quantity
(5.A5) has an order of smallness  N 3 and (5.A6) –  N 4 .
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Appendix 5.A7
Taking into account expressions (5.21), (5.22) and (5.40) we obtain
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First components of those expressions describe the structure of the covariance function
estimator when the period is known, and the other components appear if the period is
prevalued.
Mean values that form covariance components estimator (5.41) are equal, respectively, to
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It can be clearly seen that by summing the obtained ratios on n and r (Appendixes 5 A4
and 5 A5) we obtain quantities that have an order of   N 2  .

Appendix 5.B1. Rate of Convergence of P0c
In the development of the small parameter method in this work, we need that
P c  P   T 1  . Here we state this property.
Lemma 1. Let k0  0 such that m kc  0 . Let l  0 and 0    1 be fixed.
0

Consider the interval


Pl
Pl 
I 0     :
 
.
k0   
 k0  

 

Then any extreme point Pl ,T of Slc   in I 0   converges to Pl / k0 with rate o T

1

as T   .

Proof. Here k0  0 and l  0 are fixed. First notice that for 0    1 ,   0

Pl
Pl
Pl
 Pl
 


k0  
k0  
k0 1    k02
and



Pl
 Pl
Pl
Pl


 
.
2
k0 1    k0
k0  
k0  
269

Advances in Signal Processing: Reviews. Book Series, Vol. 1

On the other hand, Fourier series expansion of Slc   can be decomposed as
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where p  1 and 1/ p  1/ p  1 . From Hausdorff-Young inequality [77], we deduce
that there is b  0 such that for any   I 0   we have

Slc    mkc0 J 0   k00  l  T  

b
.
T

(5.B1)

ii) Since 0  0 , there exists a  0 such that J 0    J 0  a 0  for   a0 , and

J 0    J 0  a 0  for   a0 . (It sufficient to choose a  0 such that J 0  a0   0.8 .)
Notice that the value

a does not depend on T , it depends on 0 : J 0 0   0.8 .

iii) If PT is an extreme point of Slc   in I   then  PT  converges to Pl / k0 as T   ,

limsup k00  lPT T  0
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for any   0 in a neighborhood of 0 , so
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iv) Now consider a family  PT : T  0 which converges to Pl / k0 as T   with a rate
equal to T  1 , in the sense that

lim sup T PT 

T 

Pl
c
k0

for some finite c  0 . Then there exists a sequence Tn  n  N increasing to infinity and
such that for each n

Tn PTn 

Pl c
 .
k0 2

This implies that PT  I 0   , where   k02 c /  2Tn l  k02 c  and for c  0 sufficiently
n

small  0  c   Pl / k02  we obtain





J 0 k 0 0  l PT Tn  J 0  0   1

for any

n

n . So

 

lim sup Slc PTn  mkc0 J 0   mkc0 .
n 

That is in contradiction with relation (5.B2). Consequently in the neighborhood I 0   of

Pl / k0 , any family of extreme points PT of Slc   converges to Pl / k0 at a rate faster then
T 1 .
Furthermore we can consider   0 such that J0   is a decreasing function in the

interval  0,  0  .

Let T   /  so    / T and I 0  / T   I 0   . For   I 0  / T  , that is k0 

 T  0 , we have
J 0   k00  l    J 0 0   0
and from relation (5.B1)
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On the other hand, for   I 0   \ I 0  / T  , that is 0  k00  l T  0T , we
have

J0   k00  l  T   J0 0   1
and from relation (5.B1)
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Appendix 5.B2. Rate of Convergence of Fluctuation Component Derivatives
In order to approximate the period estimator properties we have to calculate the smallness
of the deterministic component
1
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For the variance of random component first derivative we have
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Chapter 6

Learning Colours from Textures by Effective
Representation of Images
Jun Li, Zijing Chen and Zhenyuan Ma1

6.1. Introduction
Arguably the majority of existing image and video analytics are done based on the texture.
However, the other important aspect, colours, must also be considered for comprehensive
analytics. Colours do not only make images feel more vivid to viewers, they also contains
important visual clues of the image [20, 54, 24]. Although a modern point-and-shoot
digital camera can easily capture colour images, there are circumstances where we need
to recover the chromatic information in an image. For example, photography in the old
days was monochrome and provided only gray-scale images. Adding colours can
rejuvenate these old pictures and make them more adorable as personal memoir or more
accessible as archival documents for public or educational purposes. For a colour image,
re-coloursation may be necessary if the white balance was poorly set when shooting the
picture. In this case, a particular colour channel can be severely over- or under- exposure,
and makes infeasible to adjust the white balance based on the recorded colours. A possible
rescue of the picture is to keep only the luminance and re-colourise the image. Another
example of the application of colourisation arises from the area of specialised imaging,
where the sensors capture signals that are out of the visible spectrum of light, e.g. X-ray,
MRI, near infrared images. Pseudo colours for these images make them more readily for
interpretation by human experts, and can also indicate potentially interesting regions.
Consistent and efficient image colourisation is a non-trivial problem because of a basic
ambiguity of the relation between luminance and colours: a pixel of a particular luminance
intensity can have any colour. It seems that the brightness conveys little chromatic
information and colourisation is an ill-posed problem. However, given a gray-level image,
a human viewer often has a rough idea about the missing colours. This is because the
intensity values of the pixels in an image are not independent, but make textures. Human
recognises familiar elements from the textures and infers the corresponding colour
patterns. With the help of the side information, image colourisation becomes possible. In
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practice, semi-automatic tools have been developed to facilitate the texture-to-colour
inference. For example, given a grayscale image, an artist can indicate essential image
cues regarding to textures, and invent some colour schemes for such textures, then a
computer program can propagate the texture-to-colour mapping over the entire image on
each pixel [36]. The essence of such techniques is to guide a computer with humanrecognised image semantics, and let it continue with the mechanical job of computing the
colour details.
Inspired by the capability of the human artist and the semi-automatic tools in colouring
images, a natural development has been to let the computer recognise the semantics from
grayscale images and therefore make the entire process fully automatic. The
representation and communication of the chromatic knowledge, regarding to the
semantics of image content, is essential for the success of such a colour-painting scheme.
One solution is via learning from examples: given a request for painting colours on a query
image, the system is supplied with example colour images and can rely on the assumption
that similar textures in the query image and the example images tend to have similar
colours. Before we further discuss the techniques, it is worthy making a remark that such
a learning scheme is not only natural, but also necessary in the inference of colours from
texture. We argue that letting users provide example images in each specific deployment
scenario strikes the right balance between human effort and tractability of the solution. As
discussed above, manual and semi-automatic systems involve much human intervention.
On the other hand, despite the seemingly straightforward problem setting, colour inference
from texture is an inherently ill-defined problem, due to the lack of semantic context. Let
us consider an example shown in Fig. 6.1, where the colours of a grayscale image patch
are of interest. Without further information, one is free to assign any greenish colour to
the patch. The scenario represents a problem inherently under-determined,
notwithstanding, it is hypothetical, too, and based on the unlikely ideal assumption that
each such patch has been successfully recognised as a part of a green leaf. Given the colour
image on the right, the solution will be significantly clarified. First the green tune out of
many green possibilities will become specific; second, the patch is unlikely to be
recognised as similar but confusing patterns, such as road networks taken from an
aeroplane. So providing relevant examples is cost-efficient, involves slightly more human
effort, but assists the system with much more information.

Fig. 6.1. An example of estimating colours from texture.

Guessing colours is an under-determined problem in multiple aspects. Left panel displays
a grayscale patch extracted from an image of a plant leaf. Assumably, the colours are
greenish. But the specific tune can vary significantly. On the other hand, since the patch
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is small and contains textures from a local area. It is not trivial to recognise the patch to
represent leaves. Given a reference image on right, both ambituity can be resolved.
In the review, we will consider the automatic machine “painters”, that learn colours for
textures from examples. More specifically, we are concerned with the problem of
developing an effective example based colour transfer algorithm. The goal is to
automatically learn the colour-texture relations in the examples and recovers the colours
of the gray-scale query. We start from the first generation of techniques represented by
the pioneering work by Welsh et al. [46], where the texture information is used to query
colours from reference image. Then we consider the development employing full-fledged
learning models to infer colours. In particular, we will provide details on a technique
developed by the authors, where we exploit the non-linear structures of the distributions
of both the texture and colour channels. Recently, artificial neural networks have been
gaining momentum in various image and video analysis tasks. Several works of colour
transfer by deep neural networks are remarkable [54, 28, 75, 73, 55], and will be discussed
when we discuss the state-of-the-art and future research of this problem.

6.2. Early Learning-based Colourisation Methods
Automatic systems for applying colours to monochromatic images have been developed
in the cartoon industry since long ago. Early systems need intensive human interaction
[36]. Qu et al. proposed a method to alleviate human effort [32]; but the system needs an
initial estimation of the colours for each component in the image, which may pose
difficulties for users without corresponding expertise. Moreover, direct user interaction
prevents batch processing: assigning colours to multiple gray-scale images efficiently. An
example-based scheme has been proposed by Welsh et al. [46]. This semi-automatic
scheme minimises human intervention and only requires the user to provide a reference
colour image of similar contents as the interested gray-scale image. The algorithm in [46]
predicts colours at each pixel of the gray-scale image by looking up colours of
corresponding pixels in the reference image.
The system first extracts descriptors of local luminance at a number of locations in the
reference image. At each location, the luminance at the pixel, and the statistics of the
luminance in a surrounding area are used as a simple descriptor to characterise the
location. The colours at the selected locations are saved as a colour knowledge base, S ,
indexed by the descriptors. Call the knowledge of colours. Note the workflow of the
system requires that the descriptors must depend only on the luminance, without referring
to colours. Given a query grayscale image, where only the luminance is available,
descriptors of the same kind as above are computed at each pixel. Then the colours at each
pixel of the query image can be obtained by using the query descriptor to retrieve from
the knowledge base S built from the reference image. Due to the limit of computational
resources at the time, the reference images are of 300-500 pixels in their edges, which
requires about 200 random locations to sufficiently represent the texture-colour
association. The employed statistics is the deviation of the luminance in 5  5 patches.
279

Advances in Signal Processing: Reviews. Book Series, Vol. 1

The learning model is straightforward, however, the scheme design is effective and has
motivated a series of following-up research exploiting the connection between the image
texture and colour [37, 38, 48, 24, 9]. On the other hand, when the application requires
richer colour information, such as colour learning for multiple images related to a certain
kind of scenes, or when the texture is rich or the size of the image is large, more examples
are needed to construct a sufficient colour knowledge base. To effectively make use of
information in a large sample set corresponding to a complex data distribution, it is
essential to have meaningful measurement of the similarity between the samples. In other
words, given a query sample, it is challenging yet crucial to find samples of relevant colour
information. Rich studies are devoted to this problem [22, 1, 45, 29, 21].
As to the metric issue in learning colours, we have developed techniques [25-27]
exploiting the manifold structure of the data distribution in the high-dimensional raw
observation space of image pixels. In particular, we adopt the strategy of assuming a
manifold structure of the data distribution, where the low dimensional manifold helps
define meaningful geometric structures in the sample space, which will be our topic of the
next section.

6.3. Learning Colours from Texture on Non-linear Manifolds
It is not very difficult to demonstrate that the Euclidean distance between high
dimensional vectors of collected image pixels may not be the optimal metric to measure
(dis-)similarity of such data samples. Take an image of a hand-written letter/digit as an
example: changing a relatively small number of pixels can alter a pen stroke and thus the
meaning of the image; or on a natural image, a small number of pepper and salt noise can
be very noticeable. On the other hand, if one changes the overall brightness of an image
slightly, the modification may remain negligible even the total change of the pixel values
is significant. Such observations lead to the hypothesis that natural images are distributed
with a structure in the high-dimensional space of raw pixel values. The fact that the change
of the image semantic is disproportional to the change of position (i.e. Euclidean distance)
in raw pixel space indicates that the embedded structure is non-linear. In this section, we
introduce our research on colour learning using non-linear manifold learning.
Early research has demonstrated that the manifold assumption is suited to image data [4].
The past decade has witnessed the emergence and flourishing of tools that analyse
manifold data and their applications in wide areas [31, 14, 15], e.g. face and biometric
recognition, [50, 30]. For example, Isomap [40] finds a low-dimensional representation
of the data by preserving the geodesic distance between the samples. More related to the
techniques used in this work, local manifold learning techniques aim to maintain local
structures in the data. Locally linear embedding (LLE) [34] represents local geometric
attributes by reconstructing a sample linearly using its nearest neighbours. Laplacian
eigenmaps [3] uses locally pair-wise Euclidean distances to characterise the local
structure. In [25], we proposed to use multiple textural details at a pixel to represent
corresponding luminance information at the position. The structures of the texture and
colour populations are represented by a linear model, which helps predict unknown
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colour. The model has been built based on the manifold assumption of the
populations [4, 35].
In [26], we introduce sparsity to address an important issue about a locally linear model:
how to determine the accurate range of a local area in the data distribution. For a good
prediction, the choice should achieve a balance between including rich information and
taking high risk of mixing difference branches of the manifold. On the other hand,
previous research of linear models has shown that constraints such as sparsity or
non-negativity on the weights can help the model automatically choose proper predictor
variables in training [42, 16, 17, 41, 18]. In particular, models regularised by sparsity
constraint tend to be more robust and more interpretable [49]. Therefore, when
constructing the locally linear prediction model, we impose sparsity constraints by
employing the technique in [11]. The improves the stability of the algorithm with respect
to the uncertainty of the local structure of the unknown manifold.
In [27], developing from [25] and [26], we have introduced semantic information to help
control artefacts of the prediction. To represent the textures in an image, previous works
including our algorithms [25, 26] consider a rectangle region at each pixel. To reduce the
artefacts introduced by this arbitrary choice of the shape of a unit image region, we
propose to include the semantic attributes of the pixels in the prediction model. The
semantic attribute of a pixel is determined by the group to which the pixel belongs. The
groups are obtained by clustering orientation-invariant features [43]. The
orientation-invariant features consist of 8 maximum response (MR8) from a bank of
38 features. The response of the filter bank reflects local contents in an image, and the
maximisation provides the desired orientation-invariance. Intensive research has shown
that clustering of representative local features of an image provides semantic analysis of
the image. For example, global- and local-spatial features are used with fuzzy clustering
for image segmentation [47]. Local features have been explored in recognising facial
characteristics in [2]. Recently, models for document analysis has proved effective in
dealing with visual data, i.e. images and videos [13], where feature groups serve as
vocabulary of visual words and topic-based statistical models have been employed to deal
with the data [5].
The remaining parts of this section present the technical details of colourisation techniques
in [25, 26] and [27]. We begin with a formal definition of the example-based image
colourisation problem, which is followed by a discussion on the motivation of the
proposed model. Then the prediction model is treated with the essential settings, i.e.
manifold data distribution, sparsity and semantic grouping of pixels. We also consider
necessary implementation details. Experiment results, both qualitative and quantitative,
are reported, including a subjective assessment.
The flow chart of locally linear embedding with sparsity constraint is shown in Fig. 6.2.
The white boxes indicates grayscale patches. The big enclosing gray box indicates the
reference image. The blue boxes behind each grayscale patch represents the colour
information of those patches. After the coefficients w1,,wK have been computed, they
are used to recover the colours of the query patch (shown in the orange box).
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Fig. 6.2. Flow Chart of Locally Linear Embedding with Sparsity Constraint.

6.3.1. Colourisation Problem
For the convenience of discussion, we first introduce some denotation conventions and
frequently used symbols. We use latin letter “X/x” in symbols for variables related to
gray-scale (luminance) information, and “Y/y” for those related to chromatic information,
respectively. We attach a subscript “t” to symbols of variables related to the target image,
i.e. the image for which we have its luminance information and want to infer the colours;
correspondingly, we attach a subscript “s” to symbols of variables related to the source
image, i.e. the reference example.
In particular, the task of colourisation is to predict the colours Y t for a monochrome
image X t , given a reference image Xs , Ys . As specified above, X s and Ys represent
the luminance (gray-scale intensities) and colour channels of the reference image,
respectively; and X t and Y t represent those of the target image. The goal of learning is
a representative model of the relations between the information in X s and that in Ys .
Thus for X t , the model produces estimated colours Y t .





As we have discussed in Section 6.1, it is generally not possible to find a unique pixelwise luminance-colour mapping from an example colour image. On the other hand, the
patterns of the luminance intensities in a small region provide clues of the content in the
region. Given the example image, this information can help determine the colours in the
region. In other words, at a particular position in an image, textual information eliminates
the ambiguity about the potential colours and allows us to make a unique estimate.
Therefore we consider the (overlapping) rectangular patches in an image and learn the
relation between the texture and colour patterns at these patches. We let the symbols of
the images denote the corresponding collection of patches and use lower-case symbols for
p N

p N

q N

q N

t
t
s
s
individual patches, i.e. Xt :={xt }p=1
, Yt :={yt }p=1
, Xs :={xt }q=1
and Ys :={y s }q=1
,

where Nt and N s are the number of patches in the grayscale image and the reference
image, respectively.
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A prediction model of the target colours can be formulated as



yt = f xt | (yqs , xqs )

Ns
q=1

,

(6.1)

where we have omitted the superscript p =1,, Nt for the target patches. A shared linear
model is arguably the simplest representation of the population of the texture and colour
patterns. In particular, we assume the texture pattern x t is linearly dependent on the
reference texture patterns x s , and thus equals to a weighted sum

xt = qwqxqs . Since

we have assumed a shared geometric structure of the texture and the colour populations,
the weights

w =[w1,, wq ] characterised the relation between the target patch (xt , yt )



q

q



and the reference patches (ys , xs ) . Thus the estimation of the colours of the target patch
is the linear combination of

ys by using weights

w

. Equation (6.1) is implemented by

yt = wqyqs ,

(6.2)

q

s.t. xt = wqxqs ,
q

which is a linear regression problem.

6.3.2. Manifold of Patch Populations
Despite the simplicity of the linear model of (6.2), it is obviously impractical for the
patches in an image. Meaningful patches from real images consist of only a small fraction
of all possible appearances of a region. Nevertheless, the population of real patches is not
a linear subspace of the space of appearances. This is clear if we consider the fact that the
superposition of two practical patches often produces meaningless result. Therefore, the
globally linear structure in (6.2) is not a reliable representation of the texture and colour
pattern populations, and the linear prediction model cannot give accurate estimation of the
target colours.
On the other hand, rich research works have pointed out that the population of real image
patches form a low-dimensional Riemannian manifold [10, 44, 39, 6, 12]. The variance of
the appearances of the patches are controlled nonlinearly by a few latent semantic factors.
It is sensible to assume that most semantic factors, e.g. distance to the camera sensor,
spatial position of an object, occlusion relations between objects, etc., affect both
luminance intensities (texture) and the colours in a similar manner. Thus our basic
assumption that the texture and colour populations share a geometric structure remains
viable if we adopt manifold distributions of the data. It is the assumption of a globally
linear distribution that needs modification.
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Fortunately, although presenting a non-linear structure globally, a Riemannian manifold
has locally linear geometry. Each sample taken from a Riemannian manifold has a small
neighbourhood1, which can be deemed as lying in a linear subspace. Therefore we limit
the range of the linear relationship modelled by (6.2). More specifically, only a small
number of the reconstruction weights { w1 , , w N } are allowed to be effective, i.e.
s
nonzero. If there are K effective weights { wi , , wi } , then the corresponding reference
K
1
patches {i1,,iK } are the K nearest neighbours to the target patch. In practical
implementation, the neighbours are measured by the luminance,

 xis  xt  x sj  xt 

i {i1,, iK }, j {1,, Ns }\{i1,, iK }.
Then we let the population of the colour pattern of the patches share the neighbourhood
and the associated linear geometry, which are represented by { wi , , wi } . The desired
1

K

colours are estimated by

yt =



i

wi y sk ,

k{1,, K }

(6.3)

k

i

where y sk , k = 1, , K are the corresponding reference colour patterns. Note that the
number of nearest neighbours is generally less than the dimension of the feature space of
q
x t and x s , thus the equation regarding the weights, xt = qwqxs becomes a least

squared error minimisation
K

w = arg min  x t  wi x sk 22 ,
w

k =1

i

(6.4)

k

where    p stands for p -norm. Note that the weight vector

w

in (6.2) and (6.4) are of

different dimensions, N s and K , respectively.

6.3.3. Sparsity Constraints
To implement the locally linear prediction model (6.3), an important issue is to determine
the size K of a neighbourhood. A big number of neighbours can improve the reliability
of the reconstruction of the locally linear subspace, and can provide rich information of
the colours. The downside of a large neighbourhood is that it increases the risk of
intersecting different branches of a manifold, i.e. some samples in a oversized
neighbourhood cannot be summarised in a linear structure. An oversized neighbourhood
contains confusing colours and harms the prediction.

1 Note that a neighbourhood in a patch manifold is not to be confused with the small surrounding rectangular
area at a pixel in an image: the former consists of a subset patches in the population of all patches, and the
latter makes one patch from an image.
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Choosing the number of nearest neighbours is a non-trivial task. First, without observing
the data, we cannot have much confidence for any preset value to be close to the ideal
size. Second, consider a better informed case, where we have some rough idea about a
good neighbourhood size and choose K * nearest neighbours at each patch. However, the
ideal size of a neighbour often varies from one sample to another in practice. Third, given
the overlapping nature of the patches in our problem, the nearest neighbours can be
inappropriate choice of a neighbourhood. We consider an example to clarify this
paradoxical statement. Let the neighbourhood size be determined to be some value, e.g.
five, at some target luminance patch x t . Because we take overlapping patches from the
reference image, it is possible that four out of the five nearest neighbours are patches that
nearly duplicate each other and contribute essentially the same colour information. In this
case, the colours y t are estimated from two, instead of five, example patches, which can
be insufficient.
Sparsity constraint has been shown effective for determining the complexity of a linear
model automatically [42]. We adopt the sparsity constraint for our particular problem of
determining a neighbourhood on an manifold to conduct linear regression. The
neighbourhood size K is initially set to a relatively large value, and K nearest
neighbours for each target patch are found accordingly. The tentative choice of the
neighbourhood is trimmed by imposing sparse regularisation on the weights in the
regression problem. In particular, we adopt the technique of least angle regression [11] to
impose  1 -penalty on the weights. The weights are obtained by minimising the

 1 -penalised least squared error problem (developed from (6.4))
K

w = arg min  x t  wi x sk 22   w 1 ,
w

k =1

i

k

(6.5)

where the  1 is the penalty encourages the individual weights in w to shrink to 0, and
consequently, the corresponding neighbours to cease affecting the prediction of colours.
The parameter  controls the strength of the sparsity penalty.

6.3.4. Semantic Groups
In the previous development, we have used rectangular patches of an image are the basic
unit of learning and prediction. This practice is both convenient for implementation and
consistent with convention in the literature. However, the rationale of the colourisation
scheme is to infer colours based on the semantic information conveyed by the texture.
Rectangular patches do not respect the boundaries between semantic contents in an image
and may introduce artefacts in the prediction. In each patch, there can be multiple
sub-regions belonging to different semantic categories. The shapes of those sub-regions
vary from one patch to another, and are difficult to match between the target patch and
the reference patches. Thus linearly combining the reference patches may mix colours
from different semantic contents and result in artefacts.
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Therefore we propose to use semantic information to assist the colour prediction. In
particular, texton maps are computed for both the reference and the target image. In a
texton map, a semantic category is assigned to each pixel by clustering features computed
at the pixels. For features, the respondences to a bank of 38 filters are computed at each
pixel: 18 edge filters (6 orientations by 3 scales), 18 bar filters of the same settings, one
Gaussian filter and one Laplacian filter. For the feature to represent semantic contents,
orientation-invariance is a desired attribute. Therefore we employed the MR8 feature [43],
where only the maximum respondences of the 6 orientations are taken at each scale for
the edge and the bar filters. The texton map is obtained by clustering the
orientation-invariance features by K-means.
Having computed the texton maps, we consider the consistence of the textons between a
reference patch and the target patch when using the reference patch in prediction. The
texton map in the reference patch are compared pixel-wisely with that in the target patch.
Colours at the pixels with matched texton map are transferred from the reference patch by
using the weights computed from the locally linear model. If all effective reference
patches (with nonzero weights) are not matched by texton maps for a pixel, the weights
of matched patches are re-normalised to compensate the mis-matched reference patches.
i
Let the texton map of the target patch x t be st , that of the reference luminance patch x sk
i
i
N
be ssk . Comparing st and ssk , we have the matching map u k  {0,1} P for the

k-th

reference patch, where NP represents the number of pixels in a patch. The colour patch
y sk is added to the prediction after being weighted by the corresponding weight wk and
i

being masked by

uk .

6.3.5. Prediction Algorithm
In summary, for an input grayscale patch xt  Xt , we can formulate the procedure of
estimating the corresponding colours y t as the following steps:
1. Compute orientation-invariant features for the target and reference image.
2. Cluster the features into textons. Obtain textion map for the target and reference image.
i
i
3. Find the K nearest neighbours of xt in X s , {x s1 , , x sK } , where K is a relatively
i
i
large number. The corresponding texton maps are s s and {s t1 , , s tK } .
i

i

4. Compute K combination coefficients { wi , , wi } for {x s1 , , x sK } , respectively. The
K
1
coefficients are obtained by solving an 1 -penalised regression problem formulated in 5.

286

Chapter 6. Learning Colours from Textures by Effective Representation of Images

5. Synthesize y t by combining the corresponding neighbours { y s1 ,  , y sK } with the
coefficients { wi , , wi } computed in Step 4 with matching mask as specified in
i

1

i

K

Subsection 6.3.4.
Steps 3-5 are performed for each patch in the target image. In Step 5, the matching mask
is a binary array of comparing the texton maps of the target and the reference patches at
each pixel,
1, s sk (l ) = st (l )
,
u k (l ) = 
 , otherwise
i

where   0 is a tiny positive number for normalisation and l = 1,, N P the the index
for the pixels in a patch. The prediction is completed by

yt =
where





i

 i  y sk ,
w
k

k{1,, K }

(6.6)

represents element-wise product and

w u (l)
(l ):=
,
u (l)
k

i
w

k

ik

k

k

k

for l = 1,, N P . The pixel-wise weights w

ik

combines the reconstruction weights and



texton matching. The small conditioning number is introduced for singular pixels,
where the texton at a singular pixel does not find a match in any effective reference patch
with a non-zero weight. For the singular pixels, the colours are the average of the colours
at the corresponding pixels in all effective reference patches.
The following discussion provides some further technical details about the
implementation of the proposed scheme and demonstrates experimental results showing
effectiveness of our algorithm. We show examples of how the adopted settings help
improve the colourisation, compared to previous methods. We also report subjective study
of the results. All figures in our report are better viewed in colours on a computer screen.

6.3.6. Implementation Details
Feature Vectors of Patches
The luminance information of a patch is represented by feature vector x , which is
constructed as in [6, 8]. The feature vector x consists of three components: the average
pixel intensity, the first and the second order intensity gradients at individual pixels. This
composition reflects both the overall luminance and textures in the patch.
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Formally, the feature vector of an image patch is built as follows. An image can be

 : 2   . The horizontal and vertical differentiation

considered as a function
operators are defined as

x  (x, y) =  (x 1, y)   (x 1, y),
 y  ( x, y ) =  ( x, y  1)   ( x, y  1).

(6.7)

The feature vector of a grayscale patch  is then defined as

   |


 x  |

 y  |

 2x  |

T

 2y  |  ,

where the first element represent the average pixel intensity in that patch



 | =

 ( x, y )

( x , y )

| |

,

and  is the weight of the intensity. The weight should be chosen according to the patch
size, which is to keep the balance between the influence of the average intensity
(representing luminance) and the gradients (representing the texture details). The weight
is necessary, because the entries of the gradients in the feature vector grows with respect
to the size of the patch, but the average intensity is a scalar irrelevant to the size of a patch.
The colour patches are the hue/saturation values at individual pixels in the corresponding
patches. In our implementation,  is set to the number of pixels in a patch NP, which
gives satisfactory results.
Fig. 6.3 demonstrate the construction of the feature vector for an input grayscale patch
and that for its 3 nearest neighbours in the reference grayscale patches.

Fig. 6.3. Nearest neighbours (a) input; (b) training; (c)-(g) features
(Courtesy of the authors of [25]).
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Fig. 6.3 (a) and (b) shows the input and the reference images, respectively. The blueish
box in (a) indicates an input patch, whose colours are to be predicted. The first column in
Fig. 6.3 (c-g) represents the feature of the query patch: the intensity values, the horizontal
graidents, the vertical gradients, the horizontal second order gradients and the vertical
second order gradients, respectively.
Three patches with closest features to the query feature has been shown in Fig. 6.3 (b) by
greenish boxes. Their feature components are shown in the second, the third and the last
column in Fig. 6.3 (c-g).

Parameter and algorithm settings
In practical implementation of the colourisation, there are several parameters to be
determined. We discuss the settings of these parameters for completeness of our
introduction.
The first implementation setting is the size of the patches. Large patches contains rich
textural information. But large patches tend to be more specialised for a particular image;
and it is more difficult to find good correspondence in a reference image. On contrary, if
the patch size is too small, the textures in many patches are ambiguous; and it is difficult
to choose relevant neighbours from many “good” correspondences. We resize our images
so that the edges are of 300 to 400 pixels. Then we have found the patch size between
5  5 to 15  15 gives satisfactory results. We use the patch size of 5  5 in our
experiments. In our tests, the overlapping is set to two pixels less than the patch size.
For the tentative neighbourhood size K , we have found that 20 to 100 is a reasonable
range in our experiments 1 . The sparsity constraint is configured so that K / 4
neighbouring patches are effectively contributing to the prediction.
Finally, the number of textons, i.e. that of the clusters of pixel-wise orientation-invariant
features, affects the fineness of semantic partition we consider when constructing the
colours. Our algorithm is stable over a range of choices, we have used 8 in our
experiments.
Fig. 6.4 demonstrate the procedure of choosing reference patches for a particular
configuration of the algorithm. The input grayscale image and the reference example are
the same as we have shown in Fig. 6.3. In Fig. 6.4, we use patches of 15  15 to make the
illustration clear. Fig. 6.3 (a) shows the input image with a patch of interest. Fig. 6.3 (b)
shows 2 0 nearest neighbours found for the target patch in the reference image. Fig. 6.3
(c) marks only the effective reference patches, i.e. patches with non-zero weights. In (d)
and (e) we give the texton maps of the input and the reference image with marked relative
patches. The figure indicates that the sparsity constraint is effective in selecting useful
reference patches. Moreover, even if an irrelevant patch passed the sparsity checking

1

The total number of reference patches is about 10,000 to 15,000 for the chosen image and patch sizes and
overlap.
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(consider a patch of the grass in (b) passed through into stage (c)), the texton map of the
patch is unlikely matched with the target patch, and most of the pixels in the irrelevant
reference patch will be masked off.

Fig. 6.4. Choose reference patches (a): input image, blue box indicates a patch of interest;
(b): reference image and 20 nearest reference patches to the target patch in (a), marked by green
boxes; (c): effective (with non-zero weights) reference patches, marked by red boxes; (d): texton
map of the input image, target patch is marked as in (a); (e): texton map of the reference image,
target patch is marked as in (c).

Figs. 6.5-6.7 shows some colourisation results with different configurations of the
algorithm. The target and the reference images are shown in Fig. 6.5, as well as the ground
truth of the colours in the target image. Those results demonstrates that the algorithm
performed stably in the tested settings. This is consistent with our discussion above.

Fig. 6.5. Colourisation with different patch sizes.
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Fig. 6.6. Colourisation with neighbourhood sizes.

Fig. 6.7. Colourisation with different number of textons.

6.3.7. Experiment Results
We use two examples to show how the proposed treatments improve the colourisation
performance. Fig. 6.8 displays the predicted colours for the input and the reference images
in Fig. 6.5.

Fig. 6.8. Transfer colours to an image of a squirrel.

The image in (a) is resulted by the method of [46], where the colours of the subject are
not distinguishable from those of the background. Fig. 6.8 (b) shows that the introduce of
texture information and manifold assumption of the data distribution improves the
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colourisation [25]. Fig. 6.8(c) shows the colours recovered by the sparse model [26]. Both
results (b) and (c) are satisfactory, as they apply correct colour tunes to the squirrel and
the background respectively. However, result (c) demonstrates sharper contrast in colour
tunes between the subject and the scenery. A possible explanation is the contribution from
the sparsity constraint. For each patch in the input image, the sparse constraint limits the
number of patches in the training image that can transfer their colours to the input patch.
Therefore the constraint reduces the mix of colours and produce distinctive colours for
different components in the image. This is consistent with the example of selecting
effective reference patches as we have seen in Fig. 6.4.
The next example shows the usefulness of the introduction of texton maps. A second
example is needed to emphasise the contribution of texton maps, because the benefit from
texton maps is similar to and complementary for that from the sparsity constraint: both
sparsity constraint and texton maps help reduce mixing of irrelevant colours in the
prediction. Fig. 6.9 demonstrates the effect of the texton maps for recovering the colours
of a tree. The texton maps worked as expected as the discussion above (c.f. Fig. 6.4) and
helped eliminate the artefacts indicated by the red arrows. We can see that when the
neighbourhood size is big, texton maps can assist the sparsity constraint to eliminate
irrelevant colours.

Fig. 6.9. Transfer colours w/wo texton maps. Top: neighbourhood size is 20; Bottom:
neighbourhood size is 80. The effect of texton maps becomes more obvious when the
neighbourhood size is big.

Fig. 6.10 shows more examples of the colourisation results. The effectiveness of the
proposed method can be observed from most of those results. It is worth noting that the
predicted colours may not be faithful replica of the ground-truth colours, but reflect the
colour tunes in the reference image. However, since the reference image is a natural image
containing the similar content as the that in the target image, the predicted colours remain
satisfactory to an observer’s eyes. This effect is clear in the example of the swan images.
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Fig. 6.10. Prediction colours. In each sub-figure, the top-left pane shows the reference image, the
top-right pane shows the grand-truth target image, the bottom-left pane displays the colourisation
result by the proposed method, and the bottom-right pane compares the colours resulted by the
method in [46].

As an objective evaluation, we also test the proposed techniques for predicting missingcolours in images. I.e. we set a region of an image into monochromatic, then use the
remaining colours of the image to predict the removed colours. This testing scheme can
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avoid irrelevant variations in a practical scenario, and thus is useful for assessing the
merits of the techniques. In particular, we take a region of [40×80] from images of
[180×270] for the test. The test is performed on 10 image classes consisting of totally
100 images. The predicted and the true colours are compared and the squared errors of the
saturation and hue channel are recorded. Four schemes are tested: (i) the technique of [46],
(ii) the manifold-based regression scheme in (6.3) and (6.4), (iii) sparse scheme (6.5)
based on (ii), and (iv) semantic texton map introduced based on (iii). The errors on each
image classes are normalised against the mean error of scheme (i) for a clear display.
Fig. 6.11 shows the progressive improvement on the performance introduced by the
proposed techniques. The overall performance is shown in the figure as well.

Fig. 6.11. Prediction of missing colours [Welsh02]: scheme (i); Manif.: scheme (ii) based
on manifold assumption; LARS: scheme (iii), introducing sparsity; Seman.: scheme (iv),
introducing semantic texton map. See text for detailed discussion.

It is generally difficult to develop an objective criterion to assess the result. Even if the
ground-truth colours of the target image is available, an algorithm cannot be simply
judged by comparing the predicted colours with the ground-truth colours. This is because
the result of colourisation is affected by both the textures in the target image and the
colours in the reference image, and the lighting conditions may differ from the reference
and the target images. Furthermore, from a wider perspective, colourisation belongs to the
family of techniques of visualisation. The result should be judged by the end users, who
are human observers. Therefore, we employ a group of volunteers to assess the
colourisation results given by the proposed method and that by the previous method [46].
We use both methods to colourise 100 images, for which some examples are shown in our
earlier discussion. Then for each image, we let a subject select the preferred result or
indicate that there is no obvious preference for the image. Fig. 6.12 and Fig. 6.13
summarised the results of the subjective study. Fig. 6.12 displays the preference by each
subjects. Fig. 6.13 is a histogram of the preference of the images. For each image, the
preference is determined by the number of subjects who preferred the proposed method
subtracted by the number of subjects who preferred that by [46]. Thus an image can have
a score in [-#.subjects, +#.subjects], higher score indicates stronger preference of the
proposed method. The two figures clearly demonstrated the improvement achieved by the
proposed colourisation technique.
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Fig. 6.12. Subjects’ preference of predicted
colours.

Fig. 6.13. Histogram of preference of predicted
colour images.

6.4. Transferring Colours by Deep Neural Networks
Deep neural networks represent a family of effective frameworks of function
approximation by multi-stage non-linear learnable transformation. The basic idea of
neural networks has a history dated back to the early research of computation models of
digital computers [69]. Useful learning techniques have also been proposed several
decades ago [70]. However, due to misunderstanding [65] and limitation of computational
resources, neural networks are adopted slowly in practical applications, with a few
noteworthy exceptions, such as the early successful image analytics work, to recognise
hand-written digits [59]. An effective architecture, convolutional networks, has been
proposed and since then been widely adopted in image and video processing tasks. The
recent breakthrough of efficient training and design techniques of deep and complex
network architectures [56, 66, 72] helps realise the potential of those powerful data
models. Having superiority established in practical image recognition [58], the deep
neural network has become the state-of-the-art in an increasing number of image and
video analysis tasks [68, 67, 62].
Related to our topic in this chapter, predicting image colours, some recent network
architectures have started advancing the analysis of image beyond the synoptic descriptive
annotations toward pixel-level semantics [57]. In particular, besides one or a few labels
associated with the image contents, the new architectures aim to infer information locally
connected to the parts of images. We consider such analyses at a finer granularity to be
more challenging than conventional tasks, such as image classification. On one hand, as
in conventional analysis, the desired model output must be semantically sensible. On the
other hand, it is necessary to model the structure of the output to keep consistence with
locality-induced image statistics. Inferring colours of from reference examples can be
formulated within this framework [63, 61, 51]. In the rest of this section, we will review
the key technique to develop a deep neural network architecture for inferring pixel-level
semantics in images. Then we present an implementation of the architecture for image
colourisation adapted from the network proposed in [75]. We also propose a novel scheme
to infuse the result from other semantic analysis for more robust colour learning.
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6.4.1. Fully Convolutional and Diluting Neural Networks
In [64], Long et al. proposed an essential revelation enabling to develop end-to-end
network learning for pixel-by-pixel image semantic analysis: the entire pipeline of
forward transformation in a standard image classification network can be considered as
performing multiple steps of convolution, including viewing the conventionally dubbed
“fully connected” layers as convolution operations using convolutional kernels of the
same 2D extent as the inputs. Adopting this perspective, one can apply a conventional
image classifier that produces a single synoptic label of a fix-sized input image to an image
of arbitrary size, by treating the entire classifier as a big complex “convolutional”
operation. For example, if one has classifiers that predict single label for 128  128
images, given an image of 150  150 , it is possible to consider the classifier as a map of

128128   , say OpCLS . If one applies OpCLS to all possible locations by sliding on the
150  150 frame of the image of question, the result would be a 23  23 2D label array
(where 23 = 150  128  1 ). Then one or more layers of convolution with the dilution trick
can be employed to enlarge the output to have the same extent as the input image.

The dilution is realised by strategically inverting the strides of the input and the output
signals during the computation of convolution. Consider a specific example1, in standard
convolution, the computation of the output signal at position o depends on a range of the
input signal, say, starting from position i . If the stride is p >1, then to compute the output
signal at position o  1 , one needs to stride to position i  p in the input signal; the
process condenses information from the input to the output. For dilution, the
correspondence between the in-/output is inverted. The output signal at o  p depends
on an input signal range starting from i  1 , where the outputs between o  1 and
o  p 1 are linearly interpolated using the convolutional weights. The dilution layers
are often referred to as “deconvolutional” in literature. It is worthy noting that the term
deconvolution is overloaded. Readers should distinguish in the context between the
dilution operation discussed above and an optimisation aiming to find the original signal
before convolution.
Pixel-level semantic analysis is useful for a wide range of image processing tasks, such as
object detection [74], fore-/back-ground segmentation [71, 52], tracking, content-style
inference [57].

6.4.2. Colouration by FCN
In this subsection, we discuss a novel learn-to-colour scheme based on the
deconvolutional network architecture. Similar to [75], the scheme trains a colourprediction network on rich colour images. We adopt the helpful techniques proposed in
[46, 54, 7, 75], i.e. we i) adopt deep convolutional networks followed by dilution for
prediction, ii) cast colours in CIE space so the distance metric is more consistent with

1

The example is about convolution on 1D signals, and trivially generalises to multi-dimensional convolution.
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intuition, iii) formulate the problem of predicting colours as a multi-class classification to
deal with multi-modality, iv) rebalance training samples to cope with rare colours and v)
experiment with loss functions that suits intuition. Note both ii) and v) are both aiming at
results that are visually plausible. This is necessary as colouration is an inherently underdetermined problem and subjective assessment is important as we have discussed in
Sections 6.1 and 6.3. The deep neural network structure in our is illustrated in Fig. 6.14.

Fig. 6.14. Deep neural network for coloursation. The network includes 7 layers of convolution for
encoding the image, followed by two branches of diluting convolution (de-convolution) structures.
One branch (a) results in pixel-level colour distribution as in [75, 53, 19]. The other branch (b)
produces pixel annotation of a scene segmentation [76]. The information at each pixel (predicted
colour and annotation) is fused using a Markov Random Field (MRF) [60].

As shown in the network diagram, we propose to import alternative semantic information
to benefit the colourisation. We utilise the pixel annotations from a scene segmentation
net to improve consistency in the predicted colours. A deconvolutional semantic scene
segmentation network [76] is adopted for pixel annotations. Given the colours predicted
by network branch (a) the annotations output by branch (b) and (see Fig. 6.12), the Markov
random fields (MRF) model is employed to fuse the two sources of information.
Specifically, the MRF model is formulated as

log p(oic | hic ) =  E2 (oic  hic )2 ,

(6.8)

log p(hic , hnc ) =  P2 (hic  hhc )2 ,

(6.9)

n  NiA = {n : n  Ni and 1[ai = an ]},

(6.10)

c

c

where the variables represent the following notions: o and h stand for the networkpredicted colour (intermediate result from branch (a)) and the target of MRF inference
(final output), respectively; a represents the pixel annotation produced by the
segmentation network (branch (b)). The indexes, such as i and n , specify an element in
the signal; in this problem, the signal is image pixels and the indexes are image
coordinates. The index sets Ni represent a neighbourhood of a pixel i on the image plane.
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The qualified neighbourhood NiA is conditioned on the annotations as in (6.10):
A
a pixel nNi belongs to N i iff the annotations a i and a n are the same. The MRF
depicts the relationships between the predictions at the pixels and the underlying colours
( h -values), and how close-by pixels affect each other. The conditional probability in
(6.8) represents the likelihood a pixel is predicted to have colour o given that the unknow
target colour is h . The potential energy in (6.9) states a constraint originated from the
locality of image statistics, that colours (as well as other factors) tend to change smoothly
across the image plane. The smoothness potential regularises the prediction of colours.
The potential itself is modulated by the predicted high-level semantics of the image: the
smoothness potential only applies to areas where the annotation prediction is
homogeneous. In other words, the MRF model as defined in (6.8), (6.9) and (6.10) allows
sharp change at the junction between different objects or objects and the background. It
can be seen from the equations that both the potential and the likelihood probability
2
2
density take for form of a Gaussian distribution. The parameters  P and  E are their
respective variance.
For inference, we adopt an iterative maximal a posterior scheme to infer the colours. In
each step of the iteration, the colour value of one pixel is set to the optimal value by
considering all the other variables in the model to be fixed to their current values. The
inference is done per colour channel. The scheme is similar to the Gibbs sampling
technique of inferring in a graphical probabilistic model [23]. A slight modification is that
since the distributions are Gaussian, we can solve for the local mode (maximising (6.8)
and (6.9)) analytically without drawing samples, which helps reduce variance and
accelerates convergence. Generally, the inference converges in a couple of tens iterations.
The colourisation model based on deep-deconvolutional net-MRF has been applied to a
test image set. We compare the colourisation results with the deep colourisation network
[75]. Figs. 6.15 and 6.16 show MRF-induced semantic information fusion. Fig. 6.15
displays the visual effect of the colourisation. It can be seen the the proposed MRF helps
improve the consistency of the predicted colours and the image contents. Fig. 6.16 reports
the improvement quantitatively. The horizontal axis represents the inference progress,
each unit represents an episode of iteration steps, i.e. visiting all the pixels once. The
vertical axis represents the root-mean-square-error in RGB (a) and colour channels (b).
Note the horizontal line represents the error of the results from the deep deconvolutional
neural network (as the output of network branch (a) in Fig. 6.14). The results confirm the
impression in Fig. 6.15 that the imported higher-level semantic can help colour prediction.
We remark that the annotation adds little computational overheads, since the heavy load
of the forward operation of the network lies in the convolutional layers, which are shared
between the two branches (a) and (b) as shown in Fig. 6.14. Therefore, as one is to pay
the cost of the inference in MRF, we suggest that it might be worthy attempting extra
deconvolutional predictions such as those in [54, 7, 33] to further enrich the information
that could be helpful for inferring the final colour.
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Fig. 6.15. Colourisation results using deep neural networks. Each row shows the colourisation of a sample image. From left to right, the coloumns
correspond to (i) input grayscale image, (ii) the segmentation result, (iii) and (iv) colour channels produced by the deep net in [75] and our MRF
inference, respectively, (v) and (vi) recovered colour image using [75] and our MRF inference, (vii) ground-truth colour image.
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Fig. 6.16. Improvement of colour prediction by infusing semantic information using MRF. This
figure illustrates how the semantic annotation help to predict colours. The x-axis represents
iterations in MRF inference; y-axis is for the root-mean-square-errors (RMSE). The performance
has been evaluated on (a) RGB and (b) Colour space respectively. More iterations correspond to
increasing influence of the annotation on the colours.

6.5. End Notes
In this chapter, we have reviewed automatic methods of learning the relations between
colours and texture in images, and transferring colours to a grayscale image by exploiting
the learned relations. We began with early attempts relying on straightforward retrieval
by texture feature, discussed manifold learning methods exploiting the nonlinear structure
of data distribution and introduced recent advances using deep neural network structures.
This chapter is based on our work [27], thus the focus is mostly on the manifold learning
methods, where the main assumption is about the geometric property of the texture
distributions. We employ sparsity constraint to determine the interested local area of the
manifold. The prediction is assisted by semantic maps of the image, which are obtained
via clustering robust features. We would like to make a remark for more theoretically
oriented readers. Three branches of previous research precede the present work: the study
about the geometry of the image feature space [4, 12], the study of sparse algorithms [42,
11], and the study of invariant image features and the associated segmentation techniques
[43]. The contribution of the manifold colour learning work reviewed here is at the
methodological level. We integrate those methods as model analysing the relations
between colours and textures in images. The model is then applied to the prediction of
colours for grayscale images using examples; and useful results are obtained.
In the final part of the review, we considered a new generation of methods that are able to
encode texture-colour relation in a deep network and formulate the colour learning
problem as an end-to-end function approximation problem. We argue that the new
learning scheme is obviously promising, as it is naturally capable of enhance from rich
training data and side tasks, and with the potential for knowledge transfer to a general
sense. On the other hand, unlike the learning scheme in Section 6.3, the current network
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architecture does not directly accommodate user-provided relevant reference pictures. We
believe it is helpful to develop a novel deep neural network architecture that learns from
rich training data, but is also compliant to reference specific to individual tasks
at deployment.
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7.1. Introduction
The Internet-of-Things (IoT) is a trending topic and the focus of many current research
works [1]. The general definition of IoT was first suggested by the International
Telecommunication Union (ITU) in 2012 [2]. It is defined as a global infrastructure based
on existing and evolving communication technologies and interconnecting things.
“Things” refer to many possible entities such as sensors or actuators as well as more
complex systems such as vehicles or buildings. The existing communication technologies
mentioned in the definition refer to legacy networks (Long Term Evolution, WiFi,
Bluetooth, etc.), which are still expected to be used for the IoT. Evolving communication
technologies correspond to new networks that must be designed and deployed. Low Power
Wide Area Networks (LPWAN) are part of these networks [3, 4], and 10 % of the overall
IoT connections are expected to be done through them [5]. LPWAN aims to offer a
technical solution for applications that require a long range of communication and a low
consumption at the “thing” level, i.e. the device.
LPWAN differs from legacy cellular networks by both the requirements and the possible
applications. These networks are commonly characterized by some key features [6]:
 Long range communication;
 Low throughput communication;
 Low cost devices;
 Long battery life for the devices (up to 10 years).
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To illustrate the various requirements for the physical layer of LPWAN, a simple
schematic of the exchange of messages between the “thing” and the base station is
depicted in Fig. 7.1. The long range is featured by a long distance between the “thing” and
the base station, which collects the signal and transmits it further in the IoT network. This
means that the physical layer must be designed in such a way that even highly attenuated
signals can be decoded at the base station. In a later section, we will see how achieving
long range is related to the notion of sensitivity, and define this concept. Usually, a low
throughput is considered for LPWAN applications, i.e. only a few bytes are transmitted
by the device. However, we will see that this requirement can also be interpreted as a
consequence of the necessity for a long range. Devices are expected to be low cost with
the capability to offer only few applications (unlike a smartphone, offering hundreds of
possible applications). Complexity of the operation realized by the devices must be either
efficiently done or reduced to a minimum. Low cost operating units could thus be
considered. This problematic is closely related to the low power constraint, as low
computational capacity may lead to a lower energy consumption. The device must be
energy efficient, since it is assumed to have no access to an energy source. A long battery
life is thus required and energy must be saved in any possible way. In the transmission
chain, the most consuming element is the Power Amplifier (PA) [7]. This component is
in charge of amplifying the signal to be transmitted through the air. For LPWAN, the
modulation should therefore be chosen to minimize the consumption of the PA, as this
would dramatically reduce the consumption of the device and save battery life.

Fig. 7.1. Illustration of the exchange of messages in the context of LPWAN.

This chapter is dedicated to the study of the physical layer of LPWANs. It is divided into
three sections, each one addressing a different problematic. The first one concerns the
analysis of the constraints imposed on the physical layer of LPWAN due to its various
features. The second section is dedicated to the identification of the strategies that allow
for long range transmission. Several techniques are reviewed and compared to the
information theory’s limit of the channel capacity, which gives insight into achievable
gains. Finally, the last section is a review of the existing LPWAN solutions, including a
detailed description of the principle of each technology and a comparison of the
techniques.
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7.2. Constraints of the Physical Layer
The various features of LPWAN imposes some constraints on the physical layer. In this
section, we will see how these constraints are related to two concepts, namely constant
envelope modulations and the sensitivity.

7.2.1. Power Amplifier and Constant Envelope Modulations
The PA is one of the last elements of the transmission chain. It converts the low-level
signal to a high-power signal to be transmitted through the transmitter antenna [8]. This
critical component turns out to be a high energy consumer, and selecting an efficient PA
is a major concern when designing a Radio Frequency (RF) system [7]. When considering
LPWAN, the PA needs to be highly energy efficient and low cost, thus ensuring a longer
battery life for the device and reducing its cost. The efficiency of a PA is closely related
to the variations of the envelope of the amplified signal. In Fig. 7.2, the typical output
power of a PA is depicted versus its input power. The ideal amplifier (in dashed) performs
linear amplification. However, in common amplifiers (plain curve, in red), the output
power is limited to the saturation level denoted 𝑃 , and the amplification stops being
linear from a certain input power value. Non-linearities introduced by the amplification
induce distorsions of the output signal, such as apparition of out-of-band harmonics. In
order to avoid these effects, the input power is regulated and kept outside of the non-linear
region of the amplifier. The 1 dB compression point corresponds to the value of input
power for which the output power is reduced of 1 dB compared to the ideal amplifier
response. This value is often chosen as the maximum acceptable input power, i.e. as the
beginning of the non-linear region of the amplifier.

Fig. 7.2. Output power versus input power for a typical power amplifier.

The envelope of the signal to be amplified often experiences variations. These variations
are commonly characterized by the Peak-to-Average Power Ratio, defined as
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where 𝐵 is the block index corresponding to the time interval, 𝐱 is the signal to be
1 where 𝑁
is the size of
amplified and 𝑥 𝑘 its elements with 𝑘 ∈ 0, … , 𝑁
the considered block 𝐵 . The PAPR is a statistical measure, and it is often the
Complementary Cumulative Distribution Function (CCDF) of the PAPR which is
evaluated. It describes how the values of the PAPR are distributed.
Since the PAPR describes the variation of the envelope, it also indicates how to drive the
input of the PA. In order to avoid the non-linear region, a back-off from the compression
point is considered for the input power 𝑃 , as represented in Fig. 7.2. This back-off is
selected depending on the distribution of the PAPR. Selecting a specific back-off will
ensure the PA to reach the non-linear region for only a given probability, which is usually
chosen as a low value. The consequence of selecting a large back-off (or equally, that high
values for the PAPR are more likely), is that the average level of output power is lowered.
The efficiency of the PA can be shown to be dependent on the level of output power [9].
For class A and B amplifiers, the theoretical efficiency versus the level of PAPR is
depicted in Fig. 7.3. Dealing with a signal that exhibits a high PAPR will then result in a
poor efficiency for the PA, and consequently a high consumption. On the opposite, dealing
with a signal that exhibits no variation will allow the PA to be driven directly at the
compression point, thus ensuring the maximum possible efficiency. These signals are
called constant envelope signals and have a PAPR equal to 0 dB.

Fig. 7.3. Theoretical efficiency of class A and class B amplifiers versus the PAPR.

A constant envelope modulation is a modulation which generates a constant envelope
signal. For LPWAN, these types of modulation are of prime importance as they allow to
increase the efficiency of the PA and to reduce the energy consumption. Used at the device
level, they ensure a longer battery life. We will see that most of the existing solutions
employ constant envelope modulations.
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7.2.2. Achieving Long Range
As mentioned previously, one of the requirements for the physical layer of LPWAN is to
be able to communicate at long range. The range of the communication can be defined as
the distance 𝑑 for which the Quality of Service (QoS) is reached. This QoS is often
expressed in terms of Bit Error Rate (BER) or Packet Error Rate (PER). In order to express
this distance with the other parameters of the system, we consider Line-of-Sight (LOS)
and free path loss for the transmission. This simplified model will allow us to clearly
identify the strategies employed by LPWAN solutions. Using the Friis equation [10], the
square of the distance 𝑑 is expressed
2

PG G  λ 
d  t t r
,
Pr  4 
2

(7.1)

where 𝑃 (resp. 𝑃 ) is the power at the transmitter side (resp. the receiver side), 𝐺 (resp.
𝐺 ) is the antenna gain of the transmitter (resp. the receiver), and  is the wavelength of
the transmitted signal. In this equation, several of the quantities could vary for the distance
to increase. However, most of the quantities are subject to regulations, either for
economical or sanitary reasons. Namely the transmitted power 𝑃 , the antenna gains or
the wavelength  (inversely proportional to the carrier frequency) are regulated, for
example by the Federal Communications Commission (FCC) for the United States of
America [11]10/16/2017 9:02:00 PM. All these quantities can be considered as constants.
The square of the distance becomes proportional to the inverse of the received power 𝑃 .
As the range was defined for a given QoS, the value 𝑃 is the level of received power
required to obtain that QoS. That quantity is often referred to as the sensitivity of the
receiver, and represents the only available degree of freedom to reach long range. By
reducing the sensitivity level, long range can be achieved.

7.2.3. Sensitivity of the Receiver
The sensitivity of the receiver was introduced previously as the level of received power
required to obtain the specific QoS. This quantity is a power and can be expressed with

𝑃

𝐸

,

𝑅,

(7.2)

where 𝐸 ,
is the average energy of one bit required for the QoS, expressed in Watt.s,
is intrinsic to the technology
and 𝑅 is the binary rate, expressed in bit/s. The value 𝐸 ,
selected. This genuinely simple equation gives the principle behind most of the
technologies for LPWAN, which is to reduce the data rate 𝑅. Indeed, reducing the data
rate reduces the sensitivity, and thus increases the range of the communication.
In order to illustrate this effect, we propose a comparison of the performance, under
Additive White Gaussian Noise (AWGN), of a same technique, the Binary Phase Shift
Keying (BPSK), with various rates. Rates from 100 bps to 10 kbps are selected. The PER
for a packet of size 128 bytes is computed for various values of received power, expressed
in dBm. The result is depicted in Fig. 7.4. The sensitivity of each technique is evaluated
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by selecting a specific QoS and its associated received power. For example, if we choose
a QoS corresponding to a PER of 10 , the sensitivities of the rates 100 bps, 1 kbps and
10 kbps are equal to -144.5 dBm, -134.5 dBm and -124.5 dBm, respectively. Using (7.1)
with all parameters constant except the distance and the receiver’s power (i.e. the
sensitivity), the gain in distance between two techniques can be expressed with

Preq, 2
d1

,
d2
Preq,1

(7.3)

where 𝑑 (resp. 𝑑 ) is the distance between the transmitter and the receiver of the first
(resp. the second) technique, and 𝑃 , (resp. 𝑃 , ) the sensitivity of the first (resp. the
second) technique, expressed in linear. The gain of 10 dB in sensitivity achieved by
considering a data rate of 100 bps instead of a data rate of 1 kbps can thus be interpreted
as a gain equal to 3.2 in the range of the transmission (for a constant transmit power).
Simply by reducing the data rate, a gain in range was achieved.

Fig. 7.4. PER performance under AWGN of BPSK with various data rates, versus
the received power.

The reduction of the data rate can be done through several strategies. Before presenting
these strategies, another expression of the sensitivity is formulated.
The receiver, as any electronic device, is subject to thermal noise. This electronic noise is
due to the thermal agitation of the electrons, and is proportional to the ambient
temperature. The noise power can be expressed

𝑃

𝑁 𝐵,

where

N 0  k BT ,
Joules/K) and 𝑇 the
with 𝑘 the Boltzmann’s constant (equal to 1.3806 ⋅ 10
temperature, in Kelvins. 𝐵 is the bandwidth of the signal, in Hertz. 𝑃 is expressed in
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Watts, or Joules/s. The quantity 𝑁 is commonly referred to as the noise power spectral
density. In order to characterize the noise versus the signal power, we define the Signalto-Noise Ratio (SNR) as
SNR 

P
P

.
Pn N 0 B

(7.4)

Typical receivers also present some imperfections that affect the SNR. In order to
characterize the loss compared to an ideal receiver, the noise factor 𝐹 is introduced, with
𝐹 1 [12]. When the receiver is considered ideal, the noise factor is taken to equal 1.
A new expression of the sensitivity, including the noise factor of the receiver and
expressed in W, can be derived as

Preq  SNR req  N 0  B  F ,
is the ratio between the sensitivity as defined in Eq. 7.2 and the noise
where SNR
power. As we usually deal with small values for 𝑃 , it is common to express the power
in dBm, using the conversion

P 
req

dBm

 Preq 
 10log10  3  ,
 10 

where the division by 10 stands for the fact that we consider the ratio of the power (in
Watt) over 1 mW. More generally, we choose to represent any ratio in dB, or 10 times
the base 10 logarithm of the power ratio. The sensitivity in dBm is thus given by

P 
req

dBm





dB
 SNR req
 10log10  B   10log10 N0 103  10log10  F  .

The quantity 10log 𝑁 ⋅ 10 is often taken equal to 174 dBm, which is its value for
𝑇 ≃ 288 K (≃ 15 °C). The noise factor expressed in dB is called the noise figure 𝑁 .
Unless stated otherwise, we consider that the front end of the receiver does not add any
additional noise, and thus has a noise figure 𝑁
0 dB. Typical noise figures can range
from 1 to 15 dB when not considering deep space applications [12]. With these
simplifications, the expression of the sensitivity becomes

P 
req

dBm

dB
 SNR req
 10log10  B   174.

(7.5)

7.3. Strategies
When simply expressing the sensitivity from the expression of the signal power, it
appeared that the most obvious solution to increase the range of the communication is to
reduce the data rate. In the new expression of the sensitivity, given in Eq. 7.5 , the same
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solution appears implicitly. What appears clearly is the two main possible strategies to
reduce the sensitivity: reducing the value of 𝐵, the bandwidth, and reducing the value of
SNR , the required SNR for the QoS. This second strategy can allow a reduction of the
level of sensitivity while maintaining a constant data rate. In this section, we will review
the different strategies and their implications. Performance of examples of technique
following the presented strategies will also be presented.

7.3.1. Reduce the Bandwidth
The first strategy to reduce the sensitivity is to reduce the bandwidth of the signal. In the
example of Fig. 7.4, this was that strategy that was considered. For a given technique,
reducing the bandwidth implies a reduction of the data rate, and consequently a reduction
of the level of sensitivity. Following this strategy implies to deal with narrow band signals.
While the term “narrow” is somehow relative (e.g. 10 kHz is narrow compared to
10 MHz), it is common for LPWAN to consider Ultra Narrow Band (UNB) signals, for
which the bandwidth is less than 1 kHz [13]. By considering such small bandwidths, very
low levels of sensitivity can be obtained. The use of UNB signals allows for very simple
transceiver to be used and lowers the cost of the device. However, due to their small
bandwidth, UNB signals are very sensitive to frequency drifts (for example a Doppler
shift due to mobility or a carrier frequency offset due to a low-quality oscillator). They
impact negatively both the detection and the demodulation of the UNB signal. In the case
of multi-user transmission, frequency drifts also lead to a larger number of collisions [13].
While UNB signaling is a clearly identified strategy for LPWAN, this technique alone
does not offer flexibility in the design of the physical layer. Any technique can be selected
and associated to a UNB signal. For the following sections, we focus on the second
strategy, which offers more flexibility regarding the physical layer’s design.

7.3.2. Reduce the Required Signal-to-Noise Ratio
The second strategy is to reduce the SNR. The expression presented previously can be
modified to explicitly show different ways to reduce the SNR. Associating Eq. 7.2 with
Eq. 7.4 , the SNR is expressed
SNR req 

where  

Preq
N0 B



E 
  b  .
N0 B
 N 0  req

Eb , req R

(7.6)

R
,
B

is the spectral efficiency, expressed in bits/s/Hz. This expression explicits the three main
methods used to reduce the level of SNR, which may or may not lead to a reduction of the
data rate.
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7.3.2.1. Reduce the Spectral Efficiency
The first method is to reduce the spectral efficiency  only. This is commonly realized
through the use of a repetition factor, sometimes referred to as Spreading Factor (SF).
This trivial technique repeats the information a total of  times at the transmitter side. The
receiver is able to recombine (using Maximal-Ratio Combining) the repetitions and to
achieve a processing gain in SNR. This gain, expressed in dB, is equal to 10log  .
However, the technique does not allow for a gain in 𝐸 /𝑁 . If we consider a primary
technique with a given required SNR noted 𝑆𝑁𝑅 , the gain in SNR achieved when
repeating by a factor  can be expressed

SNR 

SNR1



.

Using 7.6 , the expression becomes
 Eb 
1  Eb 

   
 ,
  N 0 1 1
 N 0 

and since the use of the repetition divided the spectral efficiency by the factor , we have

 

1
,


and thus
 Eb   Eb 

 
 ,
 N 0   N 0 1

which demonstrates that the level of 𝐸 /𝑁 remains unmodified by the application of the
repetition factor.
When considering a fixed bandwidth B, the level of sensitivity (in dB) is reduced by the
same factor 10log  and the data rate is reduced by a factor . It is thus possible to
reach very low levels of sensitivity using the repetition factor, at the expense of a reduced
spectral efficiency. This simple technique is widely used, for example in the Direct
Sequence Spread Spectrum (DSSS), which is employed in the Coded Division Multiple
Access (CDMA) technique [14].

7.3.2.2. Reduce the Spectral Efficiency Along with the Required 𝑬𝒃 /𝑵𝟎
The other method to reduce the level of SNR is to reduce the level of required 𝐸 /𝑁
along with a reduction of the spectral efficiency. The most common way to reduce both
𝐸 /𝑁 and the spectral efficiency is to use Forward Error Correction (FEC), also called
channel coding [15]. Principle of FEC is to add redundancy at the transmitter (thus
reducing the spectral efficiency), and to use an efficient receiver that will require a smaller
level of 𝐸 /𝑁 to reach the same QoS. Various families of FEC codes exist, and each
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family offers various ranges of spectral efficiency and required 𝐸 /𝑁 . A powerful FEC
solution is the Turbo Code (TC) [16], which combines the use of two Convolutional Codes
(CC) with an iterative receiver. This family allows for high gains in 𝐸 /𝑁 at the expense
of a reasonable reduction of the spectral efficiency. The TC have been extensively studied
in the literature and are used in the current generation of cellular networks, the 4G [17].
Another interesting technique which reduces both the spectral efficiency and the level of
required 𝐸 /𝑁 is the use of M-ary orthogonal modulations [18]. When using orthogonal
modulation, an alphabet composed of M symbols (or codewords) is considered. Groups
of log 𝑀 bits are then associated to one of the symbols from the alphabet. The alphabet
is said to be orthogonal as pairs of distinct symbols have an inner product equal to zero.
If we consider orthogonality with complex (versus real) inner product, a symbol is
composed of M chips (or samples) where the chip rate is equal to 1/𝑇 , with 𝑇 the chip
time. The (minimum) bandwidth of the signal is thus equal to 𝐵 1/𝑇 (after frequency
carrier translation). The symbol time 𝑇 can be obtained with 𝑇
𝑀𝑇 , and the symbol
rate is equal to 1/𝑇 . The binary rate is given by 𝑅
𝐵log 𝑀 /𝑀 for complex inner
product (and would be twice this value for real inner product).
Examples of orthogonal modulation include Pulse Position Modulation (PPM) or
Frequency Shift Keying (FSK) modulation. In Fig. 7.5, the binary words association,
sampled time symbols (each composed of 4 chips), baseband waveforms and shaped
spectrums of the elements of the 4-FSK modulation alphabet are depicted. This
modulation is said to be localized in frequency as each symbol is localized around a
specific frequency. The minimum subcarrier spacing is 1/Ts (resp. 1/2Ts) for an
orthogonality with complex inner product (resp. real inner product). Orthogonal
modulations are said to be energy efficient as the level of required 𝐸 /𝑁 for a specific
QoS is reduced when the size of the alphabet M increases. However, the spectral
efficiency is also reduced with the size of M. It is expressed (and would be twice if
orthogonality was ensured only for real inner product instead of complex one):



log 2 M
.
M

Fig. 7.5. Binary words association, sampled time symbols, baseband waveform and shaped
spectrum of the 4-FSK modulation with a subcarrier spacing 1/Ts.
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Since these modulations are spectrally inefficient, they are not often considered for high
rate applications. Instead, linear modulations (such as Phase Shift Keying (PSK) or
Quadrature Amplitude Modulation (QAM)) are used, as they offer an increased spectral
efficiency with an increasing size of alphabet M. One of the drawbacks of linear
modulations is that the required level of 𝐸 /𝑁 increases as well with the size of alphabet,
making these modulations inefficient regarding the energy. For LPWAN, orthogonal
modulations are preferred as they allow to reach for low levels of sensitivity through the
reduction of both the spectral efficiency and the level of required 𝐸 /𝑁 .

7.3.2.3. Reduce the Level of Required 𝑬𝒃 /𝑵𝟎
Eq. 7.6 indicates that it is possible to reduce the SNR by reducing the level of 𝐸 /𝑁
only, i.e. with a constant data rate or spectral efficiency. This can be done by selecting a
different modulation technique (while maintaining the spectral efficiency constant) or by
choosing a different FEC. For example, using a rate 1/3 TC instead of a rate 1/3 CC may
lead (depending on the information block size selected) to a reduction of the required
𝐸 /𝑁 for a given data rate. More generally, it is possible to reduce the level of required
𝐸 /𝑁 simply by optimizing the receiver.
In order to express more clearly the impact of the level of required 𝐸 /𝑁 on the level of
sensitivity, 7.5 is expressed using 7.6 and the definition of the spectral efficiency. It
gives

P 
req

dB

dBm

E 
  b   10log10  R   174.
 N0 req

(7.7)

This new expression of the sensitivity distinguishes differently the techniques: those that
reduce the data rate R only (for example, UNB signalling or repetition), those that reduce
the level of 𝐸 /𝑁 only (for example, the use of a more efficient FEC), and those that
reduce both, such as orthogonal modulation. Overall, all these techniques lead to a
reduction of the sensitivity, but they may do it in a more or less efficient way.

7.3.3. Comparison to the Information Theory’s Limit
In order to assess the efficiency of the different techniques, their performance (in both
spectral efficiency and level of 𝐸 /𝑁 ) is compared with the information theory’s limit of
the transmission medium. This limit was defined by Claude Shannon in 1948 [19] and it
commonly referred to as the channel capacity. The capacity corresponds to the maximum
achievable data rate under AWGN for an arbitrarily small level of error. It is expressed in
bits/s and denoted C, with
C  B log 2 1  SNR  .

By dividing the capacity by the bandwidth B, we obtain the maximum achievable spectral
efficiency 𝜂
expressed by
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 max  log 2 1  SNR  .
With the definition of the SNR given in Eq. 7.6 , the maximum achievable spectral
efficiency can be expressed with



 max  log 2 1 



Eb
max  ,
N0


or alternatively, the limit can be expressed as the minimum achievable level of 𝐸 /𝑁 .
This value corresponds somehow to the maximum achievable energy efficiency of the
system for a given spectral efficiency and an arbitrarily small level of error. This quantity
is expressed

 Eb 
2  1

.



 N 0  min

(7.8)

𝐸 /𝑁
is thus an increasing function of the spectral efficiency. This means that it is
possible to increase the spectral efficiency as wanted at the expense of an increased level
of 𝐸 /𝑁 , i.e. a reduction of the energy efficiency. However, the value 𝐸 /𝑁
is
bounded when 𝜂 → 0, with the limit being equal to

 Eb 

  ln 2  1.59 dB ,
 N 0 lim
While the 𝐸 /𝑁
efficiency, 𝐸 /𝑁

is the minimum achievable level of 𝐸 /𝑁 for a given spectral
is the absolute minimum achievable level of 𝐸 /𝑁 .

In Fig. 7.6, the maximum achievable spectral efficiency is depicted versus the level of
𝐸 /𝑁 . The operating zone of any reliable communication system must be in the area
under the curve, which is generally divided into two main regions. The first region is the
spectrally efficient region. In this area, spectral efficiency is high ( 1) while the 𝐸 /𝑁
is high as well. This region concerns techniques designed for very high data rates without
considering the energy efficiency as a major constraint. The second region, which is the
region of interest for LPWAN, is the energy efficient region. For this region, the level of
𝐸 /𝑁 is low (inducing a high energy efficiency) but so is the spectral efficiency. This
area concerns techniques for which the energy efficiency constraint is very high, while a
lower data rate is required, or more bandwidth usage is accepted. From the information
theory, the conclusion is that a trade-off between the spectral efficiency and the energy
efficiency must always be made.
The figure also depicts the performance of several techniques following the previously
presented strategies. For each point, simulations were run to find the level of 𝐸 /𝑁
required to obtained a QoS equivalent to a BER equal to 10 . For the repetition factor
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solution, the BPSK is considered as primary technique. As mentioned previously, the use
of a repetition reduces the spectral efficiency but not the level of required 𝐸 /𝑁 . This
appears clearly on the figure. A consequence is that the technique cannot approach the
channel limit, there will always be a gap in 𝐸 /𝑁 . This means that the channel resource
is not used in the most efficient way.
On the other hand, the use of orthogonal modulations allows to reduce both the spectral
efficiency and the level of required 𝐸 /𝑁 by increasing the size of alphabet. The
orthogonal modulation gets closer to the channel capacity as the size of alphabet increases,
eventually reaching the capacity for an infinite size of alphabet [18]. Unfortunately, this
implies a spectral efficiency tending towards 0, which is not conceivable for practical
solutions.

Fig. 7.6. The maximum achievable spectral efficiency along with performance of various
techniques following the strategies presented.

In the figure, the performance of the rate-1/3 [13 15] TC for a block size of 1000 bits and
10 decoding iterations is depicted. Associated with BPSK modulation, the scheme
requires a level of 𝐸 /𝑁 of 1 dB to reach a BER of 10 . Compared to the uncoded
modulation, this represents a gain of 8.6 dB, which is considerable. Using this FEC, the
gap to the minimum achievable spectral efficiency is only equal to 2 dB.
In the representation, we considered a normalization by the bandwidth. UNB signaling is
achieved by considering very small bandwidths. As a consequence, narrow band solutions
will appear very far from the capacity, even though it can be used to achieve low levels
of sensitivity. One could for example imagine a solution using the BPSK modulation
associated with UNB signaling. A simple physical layer is used, with performance
approximately 9 dB from the capacity. Nonetheless, the choice of UNB signaling will lead
to very low levels of sensitivity.
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7.4. Existing Solutions
In the previous section, both the constraints on the physical layer and the strategies to
achieve long range transmission were presented. In this section, we present five different
solutions which rely on the various possible strategies: two proprietary solutions, two
standards, and an academic solution.

7.4.1. Proprietary Solutions
Both proprietary solutions presented here are industrial solutions. Only few technical
details are available and most of the documentation comes from marketing information.
The European Telecommunications Standards Institute (ETSI) nonetheless set-up an
Industry Specification Group within TG28 for low throughput networks [20], and some
backward engineering of the LoRa physical layer has been performed [21].

7.4.1.1. Sigfox
Sigfox is a French company, created in 2010 and dedicated to LPWAN [22]. The
company widely advertised that its technology relies on narrow band signaling. As
presented previously, reducing the data rate 𝑅 𝜂𝐵 lowers the sensitivity level, and this
can be done by reducing either the spectral efficiency of the technique or the bandwidth.
Narrow band signaling follows this second approach. A modulation with a relatively high
spectral efficiency is used (without any channel coding), functioning at a high 𝐸 /𝑁 , but
the bandwidth 𝐵 is low enough to ensure a satisfying sensitivity level.
Documentation suggests a bandwidth of 100 Hz and DBPSK modulation. This
modulation is a memory modulation and the information is in the phase shifts. While using
probabilistic decoding, the 𝐸 /𝑁 required to reach a BER of 10 is equal to 9.9 dB. The
spectral efficiency is equal to 1 bits/s/Hz. According to Eq. 7.5 , with a bandwidth of
100 Hz, the sensitivity is equal to 𝑃
143.7 dBm (without considering the noise
factor of the receiver).

7.4.1.2. LoRa
The LoRa Alliance [23] is an association of companies that collaborate to offer a LWPAN
connectivity solution. The physical layer is based on a technology patented by the former
company Cycleo and acquired by Semtech since. The original patent [24] describes a
technology based on the emission of orthogonal sequences, chosen as chirps, hence the
denomination Chirp Spread Spectrum (CSS). The use of chirp signals for communication
has been explored before [25], and can be considered as an orthogonal modulation
depending of the choice of the chirp sequence. The Zadoff-Chu sequences [26] are
orthogonal as the circular autocorrelation of the sequence is zero for all nonzero delays.
With a sequence of size 𝑀, a total of 𝑀 delayed (or circularly shifted) sequences can be
constructed, giving an alphabet of size 𝑀 where each sequence is orthogonal to another
thanks to the autocorrelation property. Alternatively, the process of chirp modulation can
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be seen as a form of FSK modulation (i.e. an alphabet of pure frequencies), and then
multiplying the complex symbols by the base chirp. Spectrally, this spreads the power
over all the carriers instead of exciting only one frequency. The Zadoff-Chu sequence is
a Constant Amplitude Zero Auto-Correlation (CAZAC) sequence, and has interesting
properties such as constant envelope.
The transmitter and receiver sides of the LoRa modulation are given in Fig. 7.7. While the
transmitter is described in the patent [24], we chose the RX side that performs the dual
operations of the TX, with ML detection and decoding, as suggested by their technical
document [27]. The FEC used is the Hamming code where 𝑎 parity bits are computed,
with 𝑎 ∈ 1, 2, 3, 4 . The case 𝑎 3 corresponds to the regular Hamming code, while
𝑎 4 is the extended version. The parity bits can also be punctured, i.e.not sent, giving
lower values for 𝑎. After encoding, bits are grouped into words of size 𝑆𝐹 (which stands
for Spreading Factor (SF), even if it does not match the usual definition of the SF principle.
With our notations, SF is equivalent to log 𝑀 , with M the size of the orthogonal
modulation). Each group of bits is associated to one of the 2 orthogonal dimensions,
and the result is multiplied by the base chirps in order to spread the signal
on all frequencies.

Fig. 7.7. The LoRa CSSS transmitter and receiver.

At the receiver side, the signal is despreaded by multiplying it with the conjugate of the
base chirp. After this step, a classic orthogonal demodulation can be performed, in a
coherent or non-coherent way. Each codewords of length 4 𝑎 is then decoded, and the
information bits are retrieved. The global spectral efficiency of the scheme is given by



4 SF
,
4  a 2SF

which is coherent with the use of an orthogonal modulation and the rate of the scheme.
The LoRa specifications indicate values of 𝑆𝐹 from 6 to 12 , and a signal bandwidth
𝐵 125 kHz, 250 kHz or 500 kHz.
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7.4.2. Standardized Technologies
In telecommunications, standards are defined in order to allow for various systems and
operators to coexist. Without some level of standardization, communication between
devices would be impossible. The proprietary solutions respect the regulations concerning
bandwidth and duty cycles, but need to transmit in the unlicensed frequency bands. These
bands are used by numerous applications, thus interference with other users may be high.
One of the benefits of using standardized solutions is the possible use of licensed bands,
where interference level is contained.
While the technology used by proprietary solutions is kept secret to ensure the monopoly
of the inventor company for this very technology, standards are open access and simply
define rules to follow for the design of the communication system. Anybody can then
create its own system, compliant with the standard, but using their own algorithms for
signal detection, demodulation and decoding. In this section, the definition of the rules for
the physical layer of two standards are reviewed.

7.4.2.1. 802.15.4k
The 802.15.4k is a standard for local and metropolitan area networks, and is part of the
Low-Rate Wireless Personal Area Networks (LR-WPAN) [28]. It aims at low energy
critical infrastructure monitoring networks. This standard supports three physical layer
modes: Direct Sequence Spread Spectrum (DSSS) with DBPSK or Offset-QPSK, or FSK.
DSSS with DBPSK modulation is adapted to more constrained situations, and will be
presented here. Standard specifications allow the use of a value 𝑆𝐹 from 16 to 32768.
Block diagrams for transmitter and receiver are given in Fig. 7.8. The transmitter is
composed of a FEC block, defined to be the convolutional code of rate 1/2, with generator
polynomials [171 133] and constraint length 𝐾 7. After encoding, interleaving is done
to ensure diversity at the reception side. The data is modulated using DBPSK and is
“repeated” by the use of a binary direct sequence of size 𝑆𝐹 . The spectral efficiency of
the physical layer is



1
.
2SF

Fig. 7.8. The 802.15.4k specifications transmitter and receiver.

The receiver executes the reverse operations of the transmitter side. After dispreading the
signal (executing the mean weighted by the elements of the binary direct sequence), we
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use a soft DBPSK decoder. Given how data was interleaved at the transmitter side, the
deinterleaving operation is applied before the Soft Viterbi decoder, designed to retrieve
the information bits.
While the standard has been considered as a LPWA solution [29], the Random Phase
Multiple Access (RPMA) technique, developed by the US company Ingenu [30], is
allegedly based on the 802.15.4k standard, i.e. its physical layer is compliant with the
standard. It uses the DSSS technique, and their specific access technique is described by
the patent [31]. Regarding the physical layer, we will consider the exact same elements as
the 802.15.4k standard, except the possible values for the SF, ranging from 64 to 8192.

7.4.2.2. Narrow-Band IoT
The 3GPP consortium recently issued a standard for the NB-IoT [32]. This standard is
actually a new release of the LTE standard [33], and includes three modes for IoT
applications. Since it is an evolution of the LTE, it includes other elements of this
standard, such as its channel coding procedure [17]. Some industrial group research teams
also unveiled more about the NB-IoT standard, such as Nokia [34] and Ericsson [35].
They have two main modes: the uplink (UL) and downlink (DL) modes.
For the UL mode, the modulation can be chosen between BPSK and QPSK, and the FEC
used is the [13 15] TC from the LTE standard [17]. The parity bits of the TC can be
punctured, giving two possible rates for the channel code: 1/3 and 1/2 (when punctured).
The message can be repeated up to 128 times, giving a processing gain at the
receiver side.
For the DL mode, i.e. the connection from the base-station to the device, data is modulated
using QPSK. The channel code used is a Tail Biting Convolutional Code (TBCC), with
generator polynomials [133 171 165], giving a rate 1/3. The use of TBCC allows the
receiver (the device) to use a low complexity Soft Viterbi decoder, and the tail biting
property avoids the needs to send extra bits to close the trellis. A repetition up to 512 can
also be applied.
As part of the LTE standard, the data must be modulated using Orthogonal Frequency
Division Multiplexing (OFDM) signaling. For the DL, classic OFDM is assumed, while
for the UL, both Single Carrier Frequency Division Multiple Access (SC-FDMA) and
single tone transmission are considered. Compared to OFDM, both SC-FDMA and single
tone offer a lower PAPR [36], which is interesting at the device level as it lowers the
energy consumption of the PA.
The architecture of an OFDM/SC-FDMA transceiver is given in Fig. 7.9. Modulated
symbols are grouped into blocks of size 𝑁DFT, and a Discrete Fourier Transform (DFT)
of the same size is applied on each group. The symbols are then mapped to 𝑁 carriers,
and an Inverse Fast Fourier Transform (IFFT) of size 𝑁FFT is applied. The mapping of
the symbols is done in the frequency domain and the IFFT generates a signal in the time
domain. After this step, a Cyclic Prefix (CP) is inserted, i.e. the last 𝑁 samples of a time
symbol (which contains 𝑁
samples) are added at the beginning of the symbol, giving
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𝑁 . At the receiving side, after removing the CP, a Fast Fourier
a symbol of size 𝑁
Transform (FFT) is applied to recover the mapped symbols from the transmitter. The
Inverse Discrete Fourier Transform (IDFT) is then applied to the blocks sent in the first
place, in order to recover the modulated symbols. SC-FDMA is a multiplexing technique,
as several symbols are transmitted at different frequencies during the same time symbol.
The DFT step can be seen as a type of pre-coding, and is omitted when OFDM signaling
is considered.

Fig. 7.9. The OFDM/SC-FDMA transmitter and receiver.

The value of 𝑁 is usually equal to 𝑁DFT, equal to 12, 6 or 3. With the carrier spacing in
being 15 kHz, the bandwidth of 12 carriers is equal to 180 kHz. When only a single tone
is used, the bandwidth can be chosen equal to 15 kHz or 3.75 kHz. The spectral efficiency
of the scheme is given by

𝜂  Rc 

 mod
SF

,

where 𝑆𝐹 is the repetition factor, 𝑅 the coding rate and 𝜂
the modulation used.

the spectral efficiency of

7.4.3. Turbo-FSK
The Turbo-FSK is a low spectral efficiency scheme dedicated to LPWAN that we
proposed in [37], [38]. It is the result of an academic work, which was inspired from a
binary FEC, the Turbo Hadamard [39]. The Turbo FSK scheme is based on the
combination of orthogonal waveforms with a low complexity convolutional code
associated with an iterative receiver. Turbo-FSK can achieve very low levels of 𝐸 /𝑁
while ensuring a low complexity transmitter and a constant envelope modulation.

7.4.3.1. Transmitter
The Turbo-FSK transmitter architecture is depicted in Fig. 7.10. The structure is
composed of λ stages, each one encoding an interleaved version of the input bits,
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with Q the number of input bits. For each stage, the Q bits are segmented into 𝑁 words
of q bits, with

Q  qN q .

Fig. 7.10. Transmitter of the Turbo-FSK.

The Parity-Accumulator encoder is then applied, as depicted in Fig. 7.11. The parity of
each word is computed and accumulated in the memory. The q + 1 bits are then associated
one of the codewords from the FSK alphabet. The size of the alphabet is given by
𝑀
2 . The use of the accumulator links every consecutive symbol to the previous
1 FSK codewords (an extra symbol is
one. The output of each encoder is a set of 𝑁
required to set back the accumulator’s memory to the zero state). A Parallel-to-Serial
Conversion is finally realized to send the FSK codewords through the channel. The
spectral efficiency of the system is given by



log 2 M  1
Q

,
M
  N q  1 M

where the approximation is valid for large sizes of Q. The scheme has three main
parameters: the size of alphabet M, the number of stages  and the block size Q.

Fig. 7.11. Parity-Accumulator Encoder.
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7.4.3.2. Receiver
The receiver of the Turbo-FSK system is depicted in Fig. 7.12. The observation of each
stage is retrieved by performing a Serial-to-Parallel conversion. Then, for each of the
𝑁 1 codewords, the detector computes the likelihood of the codeword. This can be
performed using the Fast Fourier Transform (FFT) algorithm, and allows the receiver to
have an OFDM-like front end. The result of the FFT is a vector of size M, which is the
number of possible codewords. The output of the detector is thus a matrix of size
𝑁
1
𝑀. This matrix is fed to the decoder, which uses both the observation from
the channel and an a priori information from the other decoder to compute the log-APP
of the bits, expressed with

L  b|r   log

Pr  b  1|r 
Pr  b  1|r 

,

where 𝒓 is the observation. Details about the computation of the log-APP and about how
the a priori information is used can be found in [38]. The process is based on the Bahl,
Cocke, Jelinek and Rajiv (BCJR) algorithm [40], which is also considered for decoding
TCs [41]. The information computed is then passed to the next decoder, and the whole
process is repeated for several iterations.

Fig. 7.12. Receiver of the Turbo-FSK.

The Turbo-FSK has been the topic of multiple studies. In [42], the optimization of the
scheme was considered, using the well-known EXIT-chart tool [43] for iterative
processes. In [44], the implementation of the scheme on off-the-shelf components was
studied, and comparison with state of the art techniques was studied in [45]. An extension
of the scheme, the Coplanar Turbo-FSK is under investigation [46]. This patented
technology improves the flexibility in terms of spectral efficiency of the original
Turbo-FSK scheme, thanks to the use of a hybrid alphabet, which holds properties of both
linear and orthogonal modulations.
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7.4.4. Performance
A total of five different techniques have been presented. To each technique correspond a
various number of possible configurations which will lead to different values of spectral
efficiencies and required 𝐸 /𝑁 for a QoS equivalent to a BER of 10 . Packet sizes of
1000 bits and AWGN are considered. In order to compare the performance of the various
schemes, we consider the maximum achievable spectral efficiency as expressed by (7.8).
The comparison is depicted in Fig. 7.13. This plot can be divided into three groups, each
containing several techniques.

Fig. 7.13. Comparison of the spectral efficiency and required 𝑬𝒃 /𝑵𝟎 (for a BER of 𝟏𝟎 𝟓 ) of all
the configurations and all the scheme, compared to the maximum achievable spectral efficiency
and under AWGN.

The first group contains only the Sigfox technique. Due to its use of UNB signaling, the
technology uses a simple physical layer which gives performance rather far from capacity.
If the technology can reach low levels of sensitivity, this demonstrates that it does not use
the energy resource in the most efficient way.
The second group contains the techniques LoRa, 802.15.4k and RPMA. All these
techniques allow for low levels of spectral efficiency. They follow the second strategy,
which is to reduce the level of SNR. The solutions related to the 802.15.4k standard only
rely on the use of a SF and a convolutional code. The different configurations correspond
to different values for the SF, hence the vertical representation of the performance. For
LoRa, the use of the orthogonal modulation allows for the level of required 𝐸 /𝑁 to be
reduced with an increasing size of alphabet. However, due to their choice of association
of FEC and modulation, the required level of 𝐸 /𝑁 for the technique remains more than
5 dB from the capacity. By considering the use of a different FEC, the gap to capacity
could be reduced.
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The third group contains technologies using FEC with iterative receivers. These FEC
typically reach lower levels of required 𝐸 /𝑁 . Compared to the second group, a
significative gain in 𝐸 /𝑁 is achieved. The NB-IoT uses the TC [13 15] associated with
BPSK, and reaches levels of required 𝐸 /𝑁 close to 1 dB. However, the value of the
block size (1000 bits) reduces the efficiency of the code. The scheme offers a large
flexibility in spectral efficiency. When considering low spectral efficiencies, the gap to
capacity remains larger than 2.5 dB, but this gap is reduced to 1.5 dB for high spectral
efficiencies. The Turbo-FSK relies on the combination of an orthogonal alphabet with a
convolutional code, associated with an iterative receiver. In the figure, various
combinations of size of alphabet M and number of stages  were considered. This
unconventional association allows for very low levels of required 𝐸 /𝑁 while achieving
low spectral efficiencies. The best combination has been demonstrated to be 𝑀 512
and 𝜆 3 [42] and has a required 𝐸 /𝑁 only 1.6 dB from the capacity for the considered
QoS. Combining this low required 𝐸 /𝑁 and a low spectral efficiency, the scheme can
reach very low levels of sensitivity. However, it should be noted that the scheme is
restricted to low spectral efficiencies, lower than 6.25 10 bits/s/Hz. It is therefore
much less flexible than the NB-IoT solution, which can offer spectral efficiencies
up to 1 bit/s/Hz.
As mentioned previously, this representation of the performance disregards the value of
the bandwidth. It is however possible to compare the range of different techniques by
selecting a specific spectral efficiency, and find the technique’s configuration that gives
this spectral efficiency. The performance of the 802.15.4k standard, the LoRa technique,
the NB-IoT and the Turbo-FSK for a spectral efficiency close to 5.16 10 bits/s/Hz is
depicted in the Fig. 7.14. With these configurations, the 802.15.4k exhibits the poorest
performance with a required 𝐸 /𝑁 equal to 5.7 dB. The LoRa solution performs better
with an improvement of the required level of 𝐸 /𝑁 of 0.9 dB. Here again, iterative
solutions perform much better with levels of required 𝐸 /𝑁 equal to 1 dB and 0 dB for
the NB-IoT and the Turbo-FSK, respectively. With these parameters, the Turbo-FSK
technique performs 4.6 dB better than the LoRa technique.
Since the spectral efficiency is set to a constant, the difference in required 𝐸 /𝑁 of the
different techniques compared is similar to the difference in required SNR. We now
consider a fixed data rate 𝑅 1.22 kbps for all techniques. This specific data rate
corresponds to a bandwidth 𝐵 250 kHz for the LoRa technique, which is an existing
configuration according to their specifications. Due to small differences in spectral
efficiency between the configurations of the techniques, the bandwidths for the other
techniques are slightly different from 250 kHz. In Fig. 7.15, the PER performance under
AWGN versus the received power in dBm is depicted for five techniques: the four
previous techniques, and the simple BPSK modulation to which was applied a repetition
factor of  205 . This last technique corresponds to the strategy which consists in
reducing the spectral efficiency of a primary technique (in this case, BPSK with a spectral
efficiency of 1 bits/s/Hz and a bandwidth of 250 kHz) in order to reduce the data rate (see
Section 7.3.2.1 and Fig. 7.6). By selecting a QoS corresponding to a PER of 10 , the
sensitivity for the LoRa technique and the Turbo-FSK are equal to 138.5 dBm and
143.4 dBm, respectively. This 4.9 dB difference in sensitivity can be interpreted in
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different ways. Using (7.3), the gain in sensitivity of the Turbo-FSK versus the LoRa
technique can be interpreted as a gain equal to 1.76 in the range of the transmission (for a
constant transmit power). Alternatively, for a constant distance between the transmitter
and the receiver, the transmit power in case of Turbo-FSK can be reduced by a factor 3.1.

Fig. 7.14. Comparison of 4 techniques for a given spectral efficiency,
equal to 5.16 10 bits/s/Hz.

Fig. 7.15. PER performance under AWGN versus the received power, for the 4 existing
solutions. The data rate is set to 𝑅 1.22 kbps, leading to bandwidths around 250 kHz.

These results demonstrate the capacity of the Turbo-FSK to outperform other systems as
well as the potential of turbo coded systems for LPWAN. Additionally, Turbo-FSK
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employs a constant envelope, which reduces the constraints on the PA (see Section 7.2.1).
By considering spectral efficiency practically similar, we ensured a fair comparison of the
technique. The difference in sensitivity are observed for a constant data rate and
bandwidths of the same order of magnitude.

7.5. Conclusion
This chapter was dedicated to a general presentation of LPWAN. This new type of
network is part of the IoT and currently in the process of expansion. The requirements of
this network and their implications on the physical layer were presented. The Power
Amplifier (PA) is the most consuming element of the transmission chain. However, an
adequate choice of modulation can allow for a reduction of the consumption of the PA,
along with reduced costs. More specifically, constant envelope modulations are a
preferred choice, as they allow the PA to be used up to its compression point. The
long-range requirement of LPWAN can be achieved by ensuring a low sensitivity level at
the receiver, which is obtained by ensuring a low data rate for the communication. There
are several possible strategies to reduce the data rate. For example, Ultra Narrow Band
(UNB) signaling or the use of a Spreading Factor can be considered, or potentially a more
complex technique such as Forward Error Correction. In order to approach the theoretical
limit of the channel while achieving long range, the LPWAN solution should minimize
its level of required 𝐸 /𝑁 for the given QoS. After analyzing these considerations,
5 existing solutions were presented: the Sigfox solution, the LoRa technology, the IEEE
802.15.4k standard, the 3GPP NB-IoT standard and an academic solution, the Turbo-FSK.
By comparing the achievable spectral efficiencies and required 𝐸 /𝑁 for each technique
with various possible configuration, it is clear that turbo coded systems offer a
considerably more efficient solution regarding the theoretical bound. Additionally, the
flexibility of the NB-IoT solution makes it attractive since a combination of strategies can
be considered. For example, selecting the configuration that gives the highest spectral
efficiency and a UNB signaling could lead to extremely low levels of sensitivity, with
both a constant envelope and a low complexity transmitter. The Turbo-FSK is limited in
terms of spectral efficiency but it is a promising academic solution, which additionally
employs a constant envelope modulation. An extension, the Coplanar Turbo-FSK, has
also been patented and improves the spectral efficiency flexibility of the scheme with the
use of a hybrid linear and orthogonal alphabet.
The problematics of LPWAN are not limited to the physical layer. Indeed, for this type of
network, a single base station is expected to handle hundreds of devices, leading to
problematics for the access procedure. This topic was not explored in this chapter, but is
also an important field of research for LPWAN.
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8.1. Introduction
Vehicles improve efficiency and have become one of the most important non-human
entities in individuals’ daily lives. Many people spend substantial amounts of time in
vehicles; thus, the comfort and sound quality, i.e., NVH (Noise, Vibration and Harshness),
of a vehicle have become increasingly important to passengers. In addition, vehicle noises,
which constitute more than 70 % of urban noise [1], have been studied for many years.
Vehicle interior sound quality evaluation (SQE), or sound quality prediction (SQP), has
accordingly become increasingly important in vehicle design [2]. A bad vehicle interior
sound quality would not cause hearing damage; however, it would negatively affect
passenger psychology and physiology [3]. In addition, the sound quality of a vehicle is a
key factor in customers’ purchasing decisions. Therefore, it is necessary and reasonable
to apply sound quality prediction to passenger cars, as has been performed by many
researchers and engineers in recent decades [2, 4-10].
Different types of cars have different types of interior sound quality, including sporty,
conservative, powerful, and refined. To improve the sound quality in vehicle designs,
researchers and engineers should first understand how to evaluate interior noise [11].
Consequently, a substantial number of research studies related to sound quality evaluation
have been conducted and have produced a relatively satisfactory subjective evaluation
system [7]. The characteristics of interior noise perceived by passengers have been found
to be slightly dissimilar to the characteristics of the sound being emitted [12]; to some
extent, the characteristics are the result of a process related to the physical structural
effects of the human hearing system. Therefore, many psychoacoustics-based metrics,
such as loudness, sharpness, fluctuation strength, and roughness, have been developed and
applied to predict interior sound quality in, for example, vehicles, trains [13] and airplanes
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[14], due to their good quantitative explanation of noise characteristics. However, further
studies on the prediction of interior sound quality have shown that the relationship
between human sensations and acoustical motivation presents strong nonlinearity, and as
such, no dominant psychoacoustics-based metric representation for sound quality
prediction has emerged.
The strong nonlinear relationship between vehicle interior noise and subjective perception
makes it an especially active research problem for the application of signal processing and
feature learning. Thus, various non-stationary, or transient, analysis methods and machine
learning techniques have been introduced to address this issue. Correspondingly, a wide
range of practical applications for vehicle interior sound quality prediction have been
reported in the literature, where successful methods include the wavelet transform (WT)
[6], empirical mode decomposition (EMD) [15-17], artificial neural networks (ANNs)
[18] and statistical learning models (SLMs) [19, 20]. In addition to general interior noise,
there are various other types of vehicle noise, such as heating, ventilation and air
conditioning noise (HVAC) [9]; suspension shock absorber rattling noise [3]; and axle
gear noise [21, 22], which have been objectively predicted based on the above advanced
methods. Despite their success, the more effective prediction of vehicle interior sound
quality remains an intricate problem, and substantial work remains for the following two
reasons. First, the representational ability of a sound quality feature is limited. Although
there are many sound quality metrics for estimating human hearing perception, features
seldom perform overwhelmingly better than other features. Second, most generally used
models, such as ANNs, support vector machines (SVMs) and logical regression (LR), are
shallow models, namely, these models only have one or even no hidden layer (Multihidden-layer ANNs will not be discussed in this chapter due to their defect of gradient
diffusion) and thus cannot fully consider the space distributions of features or learn the
deeper feature representations alone.
Despite the challenges in predicting vehicle interior sound quality, a new deep machine
learning method, called deep belief networks (DBNs), brings new hope to addressing the
above problems. DBNs were first proposed by G. E. Hinton in 2006 [23] and currently
receive substantial attention in both the signal processing field and machine learning field
while being successfully applied to pattern recognition problems, especially image
classification [24], speech recognition [25], and natural language feature learning [26].
DBNs represent a probability generation model with a hierarchical structure and are
stacked by many restricted Boltzmann machines (RBMs) [27]. In addition, DBNs provide
various advantages such as the ability to encode deeper and higher order network
topological structures and the ability to prevent over-fitting and falling into local
minimum through a special unsupervised pre-training phase [28]. Analysis of the
similarity between sound quality prediction and pattern recognition in the above
successful applications has motivated collaboration with their analysis process. Therein
lies the great potential in utilizing state-of-the-art deep machine learning techniques to
address the challenges faced in the prediction of vehicle interior noise. However,
generally, almost all DBN research is focused on classification problems; the application
of regression issues has received very little attention. Thus, in this chapter, we propose a
novel regression-based DBN method that replaces the classification binary RBM by a
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continuous CRBM (Continuous restricted Boltzmann machines). Moreover, this method
could be easily extended to any regression-based machine learning problem.
This chapter is organized as follows. In Section 8.2, we briefly review related work on
sound quality prediction methods. Section 8.3 presents the theory background of the DBN
and the process to improve the CRBM-DBN model; Section 8.4 curries out the noise
recording test and implements the subjective evaluation; In Section 8.5, acoustic features
of vehicle interior noises have been extracted and compared; Section 8.6 develops the
sound quality evaluation model based on CRBM-DBN, and shows the model performance
and comparison results. Finally, the conclusion was summarized in Section 8.7.

8.2. Related Works
The prediction of vehicle interior sound quality has been studied for many years. Roughly
speaking, the reported methods for sound quality prediction in the literature can be briefly
categorized into two classes, namely, psychoacoustics-based methods and
machine-learning-based methods, both of which will be introduced below.

8.2.1. Psychoacoustics-based Interior Sound Quality Prediction
To numerically quantify acoustical stimuli, the ISO (International Standardization
Organization) has generalized objective sound quality evaluation methods into two types
[29]. The first type is the octave-band-based analysis for linear or weighted sound pressure
levels. The most generally used analysis using this method is the one-third octave-band
analysis with A-weighting due to its high calculation speed and simplicity. The second
type is the critical-band-based analysis for the human sensation of loudness. The masking
effect considered in the latter method makes it more effective and accurate than the former
method. Typically, the standard ISO 532B [30] has adopted the second method to
calculate loudness levels and has been proven to be a very powerful method for sound
quality prediction in automotive engineering [7, 31]. In addition to loudness, there have
been many other psychoacoustic metrics developed by scientists and engineers, such as
sharpness, roughness, fluctuation strength, articulation index, and tonality, although they
have not been completely recognized. These sound quality metrics have been widely
utilized in research on interior noise.
Y. S. Wang etc. [8] used a roughness index to evaluate vehicle interior noise and proposed
a modified roughness metric, HAP-RM, based on human auditory perception; their
method provided good results in analyzing stationary and non-stationary sound signals.
E. Parizet etc. [32] analyzed the car door closing sound quality based on some
psychoacoustic metrics and found that two timbre parameters, namely, frequency balance
of the sound and its cleanness, were the most effective indices for evaluating this special
type of noise. H. H. Lee etc. [33] found that it is difficult to predict the gear whine sound
quality when only using the A-weighted sound pressure level but that the loudness,
articulation index and tonality can be used to objectively and efficiently evaluate the gear
whine noise. H. B. Huang etc. [34] adopted four psychoacoustic metrics to evaluate the
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vehicle suspension shock absorber ratting noise and found that all generally used sound
quality metrics cannot accurately reflect this specific noise. Other studies have been
conducted on psychoacoustic metrics and sound quality problems, as noted in
references [8, 35].
In addition, many researchers have integrated the characteristics of practical noises with
human hearing procedures as well as advanced signal processing methods, therein
developing new sound quality metrics. S. K. Lee etc. [6] introduced a special sound
quality index, namely, HFEC (High Frequency Energy Contribution), using WT to
evaluate the impact and shock noise of a car. To predict the squeak and rattle (S&R) noise
of vehicle suspension shock absorber, H. B. Huang etc. [3] proposed a quantifiable metric,
namely, SMWVD (Sound Metric based on the Wigner-Ville distribution), that can extract
the S&R parts of suspension shock absorber noise. L. Zhou etc. [36] presented an IEI
(Impact Energy Index) metric that uses order analysis and spectral analysis to evaluate
and improve the sound quality of vehicle powertrain noise during acceleration.
Additionally, FINI (Friction-Induced Noise Intensity) and SQPWVD (Slamming Quality
based on Pseudo WIGNER-VILLE distribution) have gradually emerged for the
prediction of vehicle wiper system noise [37, 38] and car door slamming noise,
respectively [39].

8.2.2. Machine-learning-based Interior Sound Quality Prediction
Psychoacoustic metrics are largely designed to represent the specific perceived
characteristics of a noise, and it is difficult to find a psychoacoustic model to extract noise
features that can precisely describe the perception responses for all individuals. Therefore,
the individual psychoacoustic criterion is not entirely adequate for the overall objective
quantification of vehicle sound quality. Consequently, machine learning techniques have
often been used to solve this problem. Machine-learning-based pattern recognition can be
broadly divided into classification-based learning methods and regression-based learning
methods; this chapter focuses on regression-based techniques. A number of state-of-theart vehicle interior sound quality prediction methods based on machine learning have been
applied and seen significant advances. For instance, the relatively simple
multiple linear regression (MLR) and the relatively complicated ANN and SVM
techniques have been adopted because of their outstanding prediction ability.
MLR is a typical statistic regression method. MLR provides two advantages: the small
amount of required experiment data and the ease of interpreting the results. The
mathematical expression of MLR is given by

yi  0  1x1  2 x2  ...  n xn  i

i  1, 2,..., m,

(8.1)

where yi is the output objective; x is the input feature; n and m are the number of input
dimensions and the number of output data, respectively; α is the weighting coefficient
related to x; 𝛼 is the constant term; and 𝜀 is the error term. MLR can effectively solve
problems whose inner relationship is not very complex; however, it performs poorly when
addressing strongly nonlinear issues. On the other hand, ANN and SVM present much
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better advantages when addressing such issues. An ANN is a multi-layer perceptron
(MLP) with three or more layers: one input layer, one or more hidden layers and one
output layer. ANNs approach expected targets by optimizing the weights between the
layers and the biases of the layer. It has been proven that an ANN with one hidden layer
structure can approach any form of output. Similar to ANNs, SVMs also have three layers:
the input layer, the interface layer and the output layer. Note that many optimization
methods have been developed for SVMs; this chapter mainly illustrates the least squares
algorithm due to its excellent performance. SVMs were originally developed for binary
classification; when given training data and their corresponding targets {(xn, yn)},
n = 1, 2, …, N, xn, yn ∈ R, tn = {–1, +1}, the SVM optimization function with constraints
can be written as follows:

min
w , n

N
1 T
w w  C  nk
2
n 1

s.t. n, w T xn tn  1- n

(8.2)

n,  n  0,
where w is the normal vector of the hyper plane, C is the soft margin parameter, ξ is the
orthogonal distance away from the hyper plane, and k is a positive integer. In general, the
input data will be normalized between [0, 1], and the corresponding unconstrained
optimization model can be transformed into
min
w

N
1 T
w w  C  max(1  w T xn t n , 0) k .
2
n 1

(8.3)

In Eq. (8.3), if the parameter k is set to 1, the objective of this equation is known as
L1-SVM, and if the parameter k is set to 2, the objective of Eq. (8.3) is known as
L2-SVM, which is differentiable and with a squared hinge loss. The predicted value y of
input data x can be calculated through Eq. (8.4):
N

yi    j K ( x , xk )  b ,

(8.4)

j 1

where 𝛼 is the support vector, K(x, xk) is the kernel function that maps the input data from
a low-dimensional feature space to a high-dimensional feature space, and b is the
offset value.
The above-mentioned methods as well as other similar techniques have been widely
applied to many aspects of vehicle noise. J. H. Yoon etc. [9] used MLR and
back-propagation neural networks (BPNN) models to predict HVAC system sound
quality, and their results demonstrated that both the MLR and BPNN can be used to
evaluate the acoustic quality but that the BPNN obtains a better performance. Y. S. Wang
etc. [11] combined the WT technique and a BPNN to predict the sound quality of
non-stationary vehicle interior noise. The input noise signal being pre-processed by WT
and then fed into the BPNN was found to produce more accurate results compared to only
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using the psychoacoustic metric as input. K. Manimala, etc. [40] and G. R. Ibrahim etc.
[41] applied advanced signal processing methods, namely, WT, EMD and WVD, to
extract the discriminable features from noise signals to compare their discriminability.
They subsequently applied machine learning methods, namely, an SVM, probabilistic
neural network (PNN) and fuzzy k-nearest neighbor classifier (FKNN), as feature fusing
tools for regression. Finally, they found that the features extracted from the original
signals and the fusing ability of the adopted learning methods were both very important
for pattern recognition. In addition, other research reported in the literature [5, 33] presents
the similar results.
Despite the achievements obtained by the general machine learning methods, there
remains significant potential for improvement. MLP models can easily become trapped in
local extremum if the initial weights and biases are not selected appropriately, and
increasing the number of hidden layers and units can make the problem computationally
intractable. Because different features distribute differently, the predefined kernel
combination functions in SVMs and models derived from SVMs poorly express the
characteristics of all features simultaneously. More importantly, because the general
machine-learning-based methods are shallow models, they are not sufficiently powerful
to learn new information on their own. Moreover, because the original features are merely
concatenated linearly in the original feature space or kernel-induced feature spaces [42],
they cannot fully fuse the diversity of features.
The limited capability of general machine learning methods prevents them from learning
and fusing streams of information sourced in noise signals, and solving this issue may
require deeper and richer architectures. Therefore, to further improve performance, a deep
machine learning technique, namely, DBNs, the advantages of which could overcome
most current challenges through the advanced unsupervised pre-training phase and
supervised fine-turning phase, will be introduced in this chapter to predict interior noise
sound quality. The following sections will detail the procedure for applying this advanced
method to predict interior sound quality.

8.3. Deep Belief Networks
Simply speaking, DBNs are densely connected hierarchical structures that are stacked by
multiple restricted Boltzmann machines (RBMs). In other words, they are composed of
many nonlinear hidden layers. Therefore, in this section, we first introduce the architecture
of an RBM and then detail the DBN architecture.

8.3.1. Restricted Boltzmann Machine Architecture
RBMs are a special type of Markov random field (MRF), which consists of one layer
(typically Bernoulli or Gaussian) of binary stochastic visible units 𝐯 ∈ 0, 1 𝒱 and one
layer (typically Bernoulli) of binary stochastic hidden units 𝐡 ∈ 0, 1 ℋ . As noted in the
name, the connections between the units within different layers are restricted. In this
model, all the visible nodes are concatenated to the hidden nodes; however, there are no
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connections within the visible-visible or hidden-hidden nodes. The topological structure
of the RBM is shown in Fig. 8.1.

Fig. 8.1. Topological structure of the RBM.

In the RBM model, the weights between each unit of different layers and the biases on the
individual units define a probability distribution via an energy function. For a
Bernoulli-Bernoulli RBM (BB-RBM), the energy function is given as
V

H

V

H

i 1

j 1

E ( v , h; )     wij vi h j   ai vi   b j h j ,
i 1 j 1

(8.5)

where 𝜃
𝑤, 𝑎, 𝑏 are the model parameters; vi and hj are the visible unit i and hidden
unit j, respectively; wij is the weight connection between vi and h, with ai and bj their
biases; and V and H are the number of visible and hidden units, respectively.
Given the energy function and the model parameters, the joint distribution over the visible
units and the hidden units is defined as follows:

p( v, h; ) 

exp( E ( v, h; ))
.
 exp(E(v, h; )
v

(8.6)

h

Because the visible-visible or hidden-hidden unit connections do not exist, the
probabilities of the visible unit vi and the hidden unit hj are independent. Hence, the
condition distributions p(h|v) and p(v|h) can be computed via Eq. (8.7) and Eq. (8.8)
as follows:
V

p ( h j  1| v; )   ( wij vi  b j ),

(8.7)

i 1
H

p ( vi  1 | h ; )   (  wij h j  ai ),

(8.8)

j 1
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1 exp 𝑥
. If the input data are not binary values but rather
where 𝜎 𝑥
real-valued stochastic variables, then the Gaussian-Bernoulli RBM (GB-RBM) should be
introduced. Similar to the BB-RBM, the energy function of GB-RBM is defined as
V

H

E(v,h; )  
i 1 j 1

wij vi hj

i

(vi  ai )2 H

 bj hj ,
2i 2
i 1
j 1
V

(8.9)

where 𝜂 is the standard deviation of vi. The joint distribution over the visible units and
the hidden units of GB-RBM is the same as Eq. (8.6). Then, the condition distributions of
GB-RBM can be expressed as
V

wij vi

i 1

i

p(hj  1| v; )   (

wij vi  bj ),

( i  j wij h j  ai  x ) 2
1
p (vi  x | h; ) 
exp( 
),
2 i 2
 i 2

(8.10)

(8.11)

where x is the real-valued input data. Therefore, the GB-RBM can transform the realvalued data into binary variables. This enables the development of a deep architecture for
feature learning.
The RBM model parameters 𝜃 can be estimated by steepest gradient descent or conjugate
gradient descent to maximize the positive log-likelihood probability of training data. The
update rule for the weights wij and biases ai and bj is

wij   (vi h j  data  vi h j  model ),
ai   (vi  data  vi  model ),

(8.12)

b j   ( h j  data   h j  model ),
where 𝜀 is the learning rate, which ranges from 0 to 1. The term 〈∙〉data is the expectation
over the training data, and the term 〈∙〉model is the same expectation over the distribution
defined by the model [43]. In practice, the expectation 〈∙〉 model is computationally
intractable [28]; therefore, an approximation method called the contrastive divergence
(CD) is introduced to substitute the 〈∙〉model term by performing Gibbs sampling to initialize
the data. Using this method, the new update rule for Eq. (8.12) is given as

wij   (vi h j  data  vi h j  k ),
ai   (vi  data   vi  k ),

(8.13)

b j   ( h j  data   h j  k ),
where 〈∙〉 k denotes the expectation in terms of the distribution of samples after Gibbs
sampling for step k. Usually, the 1-step Gibbs sampler can obtain adequate results [23].
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To increase the efficiency of the training procedure, the training set can be divided into
several “batches” that contain fewer samples than the original set [44]. In addition, to
stabilize the learning process, a momentum term (m) [28] can also be introduced in the
RBM update rule; Eq. (8.13) can then be updated to Eq. (8.14) as follows:

(wij ) n  m(wij ) n 1   ( vi h j  data   vi h j  k ),
(ai ) n  m(ai ) n 1   ( vi  data   vi  k ),

(8.14)

(b j ) n  m(b j ) n 1   ( h j  data   h j  k ).
With the momentum, the updating of the weights and the biases in the current epoch will
be related to the corresponding terms in the previous epoch.

8.3.2. Deep Belief Network Architecture
Based on the above description, it is easy to understand the architecture of DBNs. DBNs
are a probabilistic generative model that are stacked by a number of RBMs, and a typical
DBN model with three hidden layers is shown in Fig. 8.2. Note that the bottom layer of
DBNs will receive the real-value dataset, the first RBM model should be the GB-RBM,
and the remaining RBM models are BB-RBM. The learning procedure of the DBNs
consists of two phases: pre-training and fine turning.

Fig. 8.2. Topological structure of the DBNs with three hidden layers
(the bias items are omitted for simplicity).

In the pre-training phase, the DBNs will be greedily trained layer by layer from bottom to
top. Each RBM is trained individually, and the weights between layers and biases of layers
are fixed and saved for further analysis. This process can be expressed as Eq. (8.15):
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p ( h j ( l 1)  1 | h ( l ) ; ( l ) )   (  wij( l ) vi( l )  b j ( l 1) ),

(8.15)

i 1

where l is the number of layers, and the other variables are the same as in Eq. (8.7). The
states of the bottom units (visible layer) are written as h(0); there is a similar form for
GB-RBM in terms of Eq. (8.10). This learning process will be continued until the last
hidden layer is trained. The pre-training phase simplifies the optimization of the deep
architecture and allows a number of parameters to be used to improve the feature fusing
ability as well as prevents overfitting. In the fine-turning phase, the weights and biases of
the DBN model will be updated via the back-propagation algorithm using the labeled
input data.

8.3.3. Development of Deep Belief Networks to Model Continuous Data
Because the subjective evaluation of vehicle interior noise is continuous, a DBN must be
developed to model continuous data. According to the conventional DBN approach, the
RBM can model continuous data if we treat the probabilities of visible units in Eq. (8.7)
as approximations to the continuous values [44]. In this chapter, we introduce a specific
RBM called the CRBM, which tends to generate continuous data with high symmetry
through a simple and reliable training algorithm proposed by Chen and Murray [45], to
improve the conventional classification DBN model by substituting the CRBM for the
RBM to develop a regression-based DBN.
The basic learning rule for the CRBM is similar to that of the RBM except that the binary
unit of the RBM is replaced with the continuous stochastic unit with zero-mean Gaussian
noise added to the input of a sampled sigmoid unit [46]. Let 𝑠 be the output of hidden
unit j, with inputs from the visible units with states 𝑠 :
s j   j (  wij si   N j (0,1)),

(8.16)

i

with

 j (x j )  L 

( H   L )
1 e

(  j x j )

,

(8.17)

where 𝜇 is a constant and 𝑁 0, 1 represents a Gaussian random variable with zero mean
and unit variance. 𝜑 𝑥 is a sigmoid function with asymptotes at 𝜃 and 𝜃 . Parameter
𝛼 controls the slope of 𝜑 𝑥 and thus the nature and extent of the unit’s stochastic
behavior [45]. The developed CRBM allows for a smooth transition from noise-free,
deterministic behavior to noise-controlled, stochastic behavior. The update rules for the
weight w and noise-control parameter 𝛼 are as follows:

wij w( ss
i j data  ss
i j model ),
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 j 


( s j 2 data   s j 2 mod el ),
j

(8.19)

where 𝜂 and 𝜂 are the learning rates and
and
refer to the
expectation over the training data and the distribution by the model. Similar to the update
method of the RBM in Eq. (8.14), the one full-step Gibbs sampler is utilized in the term
to reduce the computation time and in the training process of biases.
Because the newly developed CRBM-based DBN is a regression model, the logistic or
softmax output layer is removed. Meanwhile, the training error of the fine-tuning step is
calculated using the mean square error (MSE) of the estimators. Hereafter, the learning
procedure of the CRBM-based DBN model is the same as that of the RBM-based DBN
model. Fig. 8.3 shows the training procedure of the CRBM-DBN model.

Fig. 8.3. Flowchart of the CRBM-DBN model’s learning process.
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8.4. Recording and Evaluating the Vehicle Interior Noise
8.4.1. Development of the Vehicle Interior Noise Database
The vehicle interior noise measurement was conducted on a straight test road, and no
reflecting buildings or other objects were present within 20 m of the test site. Considering
the direction and frequency-filtering properties of the human hearing system, an artificial
head measurement system1 was employed in this experiment. Following the measurement
method in the standard GB/T 18697 [47], the vehicle interior noise above the seats of the
front and rear-left passengers was recorded through dummy heads, as shown in Fig. 8.4,
and the test conditions were set as listed in Table 8.1.

Fig. 8.4. Recording of the vehicle interior noise.
Table 8.1. Working conditions for the vehicle interior noise measurement.
# Index

State setting

1

Idling state

2

Constant speed
state

3

Acceleration state

4

Deceleration state

Vehicle running conditions
Neutral shift for MT (manual transmission) and “N” shift
for AT (automatic transmission)
Running speed of 40 km/h to 120 km/h with incremental
intervals equal to 20 km/h. Timely shift for MT and “D”
shift for AT.
Wide-open throttle from 40 to 120 km/h. Highest gear for
MT and “D” shift for AT.
Breaking from 100 km/h to 0

Because the vehicle interior cavity is a closed and reverberant system, the diffused-field
response equalization for noise signals in the acquisition system was selected. A signal

1

The artificial head measurement system, HMS II.3 is made by the HEAD acoustics company.
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length of 10 s for the stationary noise (idling state and constant speed state) and speed
tracking method for the non-stationary noise (acceleration state and deceleration state)
along with a sampling rate of 44.1 kHz were adopted to measure the interior sound. Fifteen
vehicles of six types were selected for this test, as summarized in Table 8.2. Each of the
sample vehicles has been tested under the working conditions once, and all collected noise
signals were saved on a mobile workstation for further analysis. The recorded sound
signals have a signal-to-noise ratio greater than 20 due to the good control over the
measurement conditions. Fig. 8.5 presents the noise signals recorded under different
working conditions. The overall processes of acceleration and deceleration states are time
variant, and the duration for juries to evaluate the subjective rating is comparatively long.
In this experiment, each of the stationary noise signals was cut to 5 s, and each of the nonstationary noise signals was divided into several sequential segments of 3-6 s using the
Cooledit software application, with approximately 20 km/h speed intervals for
acceleration and approximately 35 km/h speed intervals for deceleration. We used this
procedure because the subjective and objective evaluations are not as sensitive to time as
to the vehicle speed [48]. This preprocessed procedure can make noise samples timeavailable to estimate and save the total evaluation time; meanwhile, for the acceleration
and deceleration noise samples, the noise variation of approximately 3-6 s will not change
dramatically, so the juries can evaluate their perceptions more accurately. We obtained
390 total noise samples from the preprocessing step.
Table 8.2. Test vehicles and their attributes.
# Index
1
2
3
4
5
6

Vehicle type (level)
Compact family car
Medium family car
Large family car
Compact sport utility vehicle
Medium sport utility vehicle
Large sport utility vehicle

Wheelbase
(m)
2.30 to 2.45
2.45 to 2.60
2.60 to 2.80
2.45 to 2.60
2.60 to 2.80
2.80 to 3.00

Displacement
(L)
1.0 to 1.6
1.6 to 2.4
2.4 to 3.0
1.0 to 1.6
1.6 to 2.4
2.4 to 3.0

Number
3
3
2
3
2
2

8.4.2. Subjective Evaluation of the Vehicle Interior Noise
Human hearing is generated by signal transmission and frequency filtering through the
physical system (the outer geometry, ear and auditory nerves) [49]. A sound first arrives
at the outer geometry (torso, shoulder, head and pinna), causing reflection and diffraction,
and is then transmitted into the ear (outer ear, middle ear and inner ear). The function of
the outer ear is that of a direction filter that changes the sound pressure level at the ear
drum by +15 to -30 dB depending on the frequency and direction of the sound incidence
[3]. In the middle ear, sound waves are transferred to vibrations of the stapes, which
improve the sound transmission efficiency. Furthermore, the vibration signals are
transferred into electrical signals after nonlinear filtering in the inner ear. Finally, the
human brain obtains the auditory perception via the nervous system.
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Fig. 8.5. Recorded interior noise signals of a sample vehicle: (a) idling;
(b) constant speed at 60 km/h; (c) acceleration from 40 km/h to 120 km/h;
(d) deceleration from 100 km/h to 0 km/h.

Human hearing involves complex signal processing but has a short memory; hence, the
sound perception of vehicle interior noise must be evaluated through a playback system.
Sennheiser HD800 headphones were employed in this evaluation test, and the binaural
noises were reproduced and displayed in real time. The subjective ratings of noise samples
are best determined statistically due to the variability of human responses to a particular
sound event. Twenty-six reviewers (14 males and 12 females with a mean age of
27.3 years and a standard deviation of 6.2) with normal hearing and university or vehicle
company affiliations participated in the experiment. The laboratory conditions for the jury
test are set with an appropriate temperature and low background noise. A rating method
for given semantic meanings was used to assess the interior sound quality; the six-grade
subjective rates and their relationships with human perceptions are shown in Table 8.3.
For flexibility, the reviewers can also rate the sounds between each continuous grade. The
noise samples were randomly played to the participants, and the evaluation result is
presented in Fig. 8.6. The x-axis represents the evaluation of noise samples ordered by
their mean values, and the y-axis represents the subjective rating. First, the subjective
ratings were obtained by averaging the results of all reviewers, and then, the error bar with
𝑆𝑡𝑑 was added. Fig. 8.6 illustrates that the evaluation scores for each noise sample are
relatively concentrated and can thus be used for further analysis.
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Table 8.3. Grades for the subjective evaluation of vehicle interior noise.
Rate scores
9
8
7
6
5
4

Subjective perception
Highly excellent
Excellent
The vehicle interior sound quality is good
The vehicle interior sound quality is acceptable (marginal)
The vehicle interior sound quality is not good
The vehicle interior sound quality is bad

Fig. 8.6. Subjective evaluation of vehicle interior noise. The green asterisk ‘ *’: subjective ratings
of the jury; the red solid line ‘—’: mean values of the subjective ratings; the blue dash line‘-.’:
error bar with standard deviation.

Fig. 8.7 shows the subjective ratings of the interior noise with respect to different types
and working conditions of vehicles. For a certain type of vehicle, its interior noise
perceptions vary based on different working conditions, and the jury evaluation of
different vehicle interior noise differs greatly even in the same working conditions.
Fig. 8.7(a) illustrates that in the idling state, the subjective rating of the interior sound
quality improves with increasing vehicle size, and the evaluation scores are similar
between the same levels of family cars and sport utility vehicles. For the constant speed
state shown in Fig. 8.7(b), there is a trend in which the subjective ratings first increase or
remain stable at middle-low speeds and then decrease sharply at high speeds. This trend
occurs because of the relatively low transmission ratio and relatively high engine RPM
(revolutions per minute) at low vehicle speeds, which might result in a lower interior
sound quality compared with that at more moderate speeds. However, when the vehicle
speed continues to increase, the wind noise and tire noise become dominant, which results
in a lower noise quality than at middle-low speeds. In addition, higher-priced cars present
better interior noise performance than lower-priced cars. Fig. 8.7(c) illustrates that the
subjective evaluation drops during vehicle acceleration. The overall subjective estimation
during acceleration is lower than that under a constant speed because the interior noise of
the acceleration state contains not only the characteristic noise of the constant speed state
but also the noise orders emitted by the engine and transmission system. Fig. 8.7(d) shows
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that the noise sound quality when decelerating from 35 km/h to 0 km/h is worse than that
of the other two speed ranges for each type of vehicle, which results from the squealing
noise that occurs when vehicles brake at a low speed. Compared with the other three
working conditions, interior noise during deceleration shows relatively lower subjective
ratings. The jury evaluation demonstrated that the subjective estimation of interior sound
quality was highly related to the vehicle type and working conditions.
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Fig. 8.7. Subjective ratings of the interior noise with respect to different working conditions and
vehicle types. The bars and scatter points are mean values for the same type of vehicle at the same
working condition. (a) Idling state; (b) Constant speed state; (c) Acceleration state;
(d) Deceleration state. ‘Type #1’: compact family car; ‘Type #2’: medium family car; ‘Type #3’:
large family car; ‘Type #4’: compact sport utility vehicle; ‘Type #5’: medium sport utility vehicle;
‘Type #6’: large sport utility vehicle.

8.5. Interior Noise Feature Extraction
8.5.1. Psychoacoustic-based Feature Extraction
The A-weighted sound pressure level is widely used to objectively evaluate the sound
quality of vehicle interior noise because of its simple application and ability to be easily
understood. Evaluations using the A-weighted technique have demonstrated that human
hearing has highly complex level-dependent evaluation mechanisms [49]. The perception
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of a sound event is affected by not only the sound pressure level but also psychoacoustic
characteristics, such as loudness, sharpness, roughness, fluctuation strength and other
extended sound metrics. In this chapter, we calculated six psychoacoustic sound quality
metrics, including the four major metrics given above and two extended metrics,
articulation index (AI) and tonality, to extract the features and objectively evaluate the
vehicle interior noise.
Loudness is the auditory characteristic related to the category of intensity sensations. We
selected the standard ISO 532B – i.e., the Zwicker model [50] – to calculate the loudness.
Sharpness represents the auditory characteristic involving the high-frequency portion of a
sound. Higher sharpness values typically indicate harsher sounds. Aures and Bismarck
introduced a model to calculate sharpness [51], and we selected their model. Roughness
is the auditory perception property related to the frequency modulation of approximately
70 Hz and amplitude modulation for a sound. It is related to the relatively high-frequency
modulation of the sound. The Aures roughness model [52] was adopted in this study. The
fluctuation strength represents the auditory perception characteristic involving the
frequency modulation of approximately 4 Hz and amplitude modulation for a sound. It is
related to the relatively low-frequency modulation of the sound. The Zwicker and Fastl
model [50] was selected to compute the fluctuation strength. The articulation index (AI)
is a quantitative measure of the intelligibility of speech: the percentage of speech items
correctly recorded and perceived. Specifically, an AI of 100 % means that all speech can
be understood, whereas an AI of 0 % means that no speech can be understood. Tonality
represents the auditory perception property related to the pitch strength of sounds. We
also adopted the Aures model [53] to calculate the tonality. The six sound quality metrics
and their attributes are summarized in Table 8.4.
Table 8.4. Sound quality metrics and their attributes.
Sound metrics

Units

Loudness

sone

Sharpness

acum

Roughness

asper

Fluctuation
strength

vacil

Articulation
index (AI)

percent

Tonality

tu

Description
1 sone is the loudness for a pure tone sound with an
amplitude of 40 dB at 1 kHz.
1 acum is the sharpness for a pure tone sound with an
amplitude of 60 dB at 1 kHz.
1 asper is the roughness of a pure tone sound with an
amplitude of 60 dB at 1 kHz, which is fully modulated in
amplitude at a modulation frequency of 70 Hz
1 vacil is the fluctuation strength of a pure tone sound with
an amplitude of 60 dB at 1 kHz, which is fully modulated in
amplitude at a modulation frequency of 4 Hz.
The AI value (0–100 %) is the percentage of speech that can
be understood.
1 tu is the tonality of a 1 kHz sine wave of 60 dB sound
pressure level loudness; this is a reference level.

The conventional psychoacoustic models are developed for stationary signals; the
time-varying analysis method should be applied for non-stationary signals. In this study,
the interior noise samples of the idling state and constant speed state were directly
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processed through the stationary psychoacoustic models, whereas the interior noise
samples of the acceleration and deceleration states were calculated by dividing the signals
into several frames. Specifically, a non-stationary noise in a short time can be
approximately regarded as a stationary noise [32]. Considering the forward and backward
masking effects, the non-stationary signals were divided into 100 ms with 50 % overlap
for each frame, and the stationary psychoacoustic models can be used on these frames of
noise. The average value of sound quality metrics in all frames was calculated for a
non-stationary noise, and the average value of left and right channels in the artificial head
was adopted to obtain an overall objective rating of a vehicle interior noise.
The scatterplots between the psychoacoustic metrics and subjective ratings are presented
in Fig. 8.8, which illustrates that the loudness has the highest absolute correlation
coefficient (0.817) with the subjective rating among the six psychoacoustic metrics. The
sharpness, roughness, and fluctuation strength have relatively high absolute correlation
coefficients with subjective evaluation, namely, 0.777, 0.714 and 0.743, respectively. The
articulation index and tonality exhibit relatively low correlation relationships with the
subjective rating (i.e., less than 0.7). Except for the articulation index, the other five sound
quality metrics exhibit a negative correlation with the subjective evaluation. The above
results illustrate that the psychoacoustic metrics can extract the main features of the
vehicle interior noise. However, each sound quality metric has its own limitations to a
certain characteristic of the sound, and no dominant sound metric for evaluation of vehicle
interior noise emerged. Therefore, a combination of psychoacoustic metrics and
intelligent pattern recognition methods would be helpful in the evaluation of vehicle
interior sound quality.

8.5.2. Energy-based Feature Extraction
People will experience different hearing perceptions when receiving different frequencies
of sound waves. Vehicle interior noise, including the stationary and non-stationary
signals, can be represented in the time and frequency domains. It is thus important to select
a signal processing approach to extract sound perception features according to human
auditory properties. In this chapter, the WT, WPT, EMD, critical-band-based bandpass
filter [11], and Mel-scale-based triangular filter [54] have been applied and compared for
the sound feature extraction. In general, low-frequency sound waves can be transmitted
over a longer distance on the basilar membrane than high-frequency sound waves.
Therefore, high-frequency noise can be masked more easily by low-frequency noise [3].
Human hearing perception is more sensitive to low-frequency sound waves [11], and we
selected 16 kHz as the bandwidth to extract the sound features in this study. To guarantee
a dense resolution at a low frequency, the corresponding parameters of the five approaches
were selected as shown in Table 8.5. Fig. 8.9 shows the frequency resolutions of the signal
processing methods; all methods have a high resolution at low frequencies. The WT
exhibits an exponential resolution in the middle and high frequencies, and the WPT
presents a constant resolution in the entire bandwidth. The critical band and Mel scale
both illustrate the nonlinear resolutions at middle and high frequencies. The EMD has a
self-adaptive frequency resolution, so its resolution varies and depends on the
analyzed signal.
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Fig. 8.8. Psychoacoustic metrics for vehicle noise samples. (a) Scatterplot between loudness and
subjective rating. (b) Scatterplot between sharpness and subjective rating. (c) Scatterplot between
roughness and subjective rating. (d) Scatterplot between fluctuation strength and subjective rating.
(e) Scatterplot between articulation index and subjective rating. (f) Scatterplot between tonality
and subjective rating.

349

Advances in Signal Processing: Reviews. Book Series, Vol. 1

Table 8.5. Parameter settings for the five methods used to analysis vehicle interior noise.
Method
WT
WPT
EMD
Critical band-based
bandpass filter
Mel scale-based
triangular filter

Parameter settings
Wavelet function: ‘db6’, analysis level: 7-level for 8 sub-bands
Wavelet function: ‘db6’, analysis level: 7-level for 128 sub-bands
Interpolation scheme: ‘spline’; maxmodes: 15; maxiterations: 2000
24 critical bands according to standard DIN 45631 [55]
26 Mel scales, frequency interval of 150.9 Mel

4

Frequency resolution (Hz)

10

WT
WPT
Critical band
Mel scale

3

10

2

10

1

10
1
10

2

10

3

4

10
Frequency (Hz)

10

Fig. 8.9. Frequency resolutions for the analysis methods.

Human auditory perception is related to the amplitude and frequency distribution of sound
waves. An alternative means of expressing the feature of a sound is via its energy
distribution. Therefore, the five aforementioned methods were used to extract the energy
features of vehicle interior noise. Fig. 8.10 shows the extraction procedure of sound
features for the measured interior noise samples. First, because humans cannot hear
frequencies below 20 Hz, a three-order high-pass Butterworth filter was designed to
remove this infrasound. The five introduced signal processing methods were then applied
to consider the preprocessed noise, and the corresponding sub-signals were obtained. For
each series of sub-signals, the energy value can be calculated by summing the square of
the signals with respect to the sub-bands, as defined in Eq. (8.20). According to the
conservation of energy, the sum of the sub-energies should be equal to the total energy of
the original signal.


t  finite

Ei   | ai (t ) |2 dt 


 [ a (t )]  t ,
2

i

(8.20)

t

where 𝐸 is the energy of the ith sub-signal, 𝑎 𝑡 is the ith sub-signal, and ∆𝑡 is the time
interval of 𝑎 𝑡 .
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Fig. 8.10. Feature extraction process of the vehicle interior noise.

The energy feature extraction process for non-stationary noise signals is the same as that
in Section 8.4.1, and the average energy of each frame and channel was calculated.
Figs. 8.11 and 8.12 provide the extracted energy features of vehicle interior noise on the
constant speed state and acceleration state, respectively. Fig. 8.11 illustrates that the noise
energies are mainly distributed at frequencies under 500 Hz. The WT has the minimum
number of energy features because its frequency resolution increased exponentially,
whereas the WPT has the maximum number of energy features because of its constant
frequency resolution. The EMD has an adaptive frequency resolution, and the original
signal was decomposed into several intrinsic mode functions (IMFs), which consist of the
natural frequencies of the decomposed signal with amplitude and frequency modulation.
The EMD energy is mainly distributed in the range of 2 to 8 IMF modes. The critical band
and Mel scale have frequency resolutions according to certain filters of the human hearing
system. Additionally, compared with the WT and WPT, the frequency resolutions of the
critical band and Mel scale are between constant and exponential, which could help them
control the proportion of feature number in low and high frequencies. The critical band
energy and Mel scale energy are both mainly distributed under the 10th sub-band;
however, because of the different frequency resolutions, the energy features of the two
methods differ in each sub-band. Although the energy features in the high frequencies
appear to be lower than those in the low frequencies, they have specific influences on
people’s auditory perception. Fig. 8.12 shows similar patterns as those in Fig. 8.11, but
the interior noise of the acceleration state contains more high components (e.g., up to
2,000 Hz) compared with the interior noise of the constant speed state. This trend occurs
because the interior noise at the acceleration state has the order of components distributed
in the relatively high frequency range, which is consistent with the experiment results
presented in Section 8.4. However, the effectiveness of these energy features must be
investigated further so that we can apply a better noise feature to evaluate the sound
quality of vehicle interior noise.
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Fig. 8.11. Energy features of the vehicle interior noise by using a noise sample for a vehicle
travelling at a constant speed of 80 km/h. (a) WT; (b) WPT; (c) IMF; (d) Critical-band-based
bandpass filter; (e) Mel-scale-based triangle filter.

8.5.3. Feature Comparison and Selection
The psychoacoustic metrics and energy features can, to some extent, reflect the
characteristics of the measured vehicle interior noise. One feature set typically requires a
corresponding intelligent model to cooperate for pattern recognition. However, the
selection of an appropriate model is complex and time consuming, especially for models
with multiple hidden layers and many free parameters. To reduce the time cost in
intelligent network modeling, the extracted sound features were compared with one
another and an integrated feature set was then developed, as detailed in this section.
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Fig. 8.12. Energy features of the vehicle interior noise by using a noise sample for a vehicle
accelerating to 80-100 km/h. (a) WT; (b) WPT; (c) IMF; (d) Critical-band-based bandpass filter;
(e) Mel-scale-based triangle filter.

To compare the effectiveness of the extracted noise features and visualize the comparative
result, a method called t-distributed stochastic neighbor embedding (t-SNE) [56] was
introduced to reduce redundancy and produce 2-D embeddings of the extracted features.
t-SNE produces 2-D embeddings, in which points that are close in the high-dimensional
vector space are also close in the 2-D vector space [57]. First, it converts the pairwise
distances 𝑑
in the original high-dimensional space to joint probabilities





pij  exp  dij2 . An iterative search for corresponding points in the 2-D space is then
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performed, which gives rise to a similar set of joint probabilities. Because there is more
volume near a high-dimensional point than a low-dimensional one, t-SNE calculates the
joint probability in the 2-D space by utilizing a heavy tailed probability distribution
𝑞 ∝ exp 1 𝑑
. This can lead to 2-D maps that exhibit structures at many
different scales [57].
The sound quality metrics and energy features were processed via the t-SNE to map the
original features to the 2-D vector space as the guide of [56]. Fig. 8.13 shows the t-SNE
2-D maps of each extracted vehicle interior noise feature. Figs. 8.13(c) and (d) illustrate
that the energy features of WPT and EMD in 2-D maps are relatively discrete, and their
noise samples of four working conditions are distributed disorderly. The energy features
of the WT, critical band and Mel scale present better distributions in the corresponding
2-D maps. However, the noise samples of the idling state overlap with those of the
constant speed state in Figs. 8.13(b), (e) and (f). Compared with the above three features,
the t-SNE mapping for psychoacoustic metrics can clearly differentiate the interior noise
between the idling state and constant speed state presented in Fig. 8.13(a). However, it in
turn causes confusion on other working conditions. Therefore, each type of extracted
sound feature has its own defect.
Considering that the psychoacoustic metrics and energy features are different properties
of a sound, and they might complement each other according to the result of t-SNE 2-D
maps, which are discussed above. In this study, we integrate noise features by adding the
psychoacoustic metrics to the energy feature sequences and then form new feature sets,
which could combine the advantages of both methods. Similarly, these newly formed
fusing features are validated through the t-SNE method, and the visualization results are
presented in Fig. 8.14. This figure illustrates that the effectiveness of the new features
increased in varying degrees—especially for the feature combination of critical band
energy and psychoacoustic metrics shown in Fig. 8.14 (d), which separates the vehicle
interior noise of four working conditions clearly except for one noise sample. Therefore,
this feature set is the best among the developed ones and can be selected as the input
feature of the intelligent model for sound quality evaluation of vehicle interior noise.

8.6. Development of the CRBM-DBN-based Sound Quality
Prediction Model
8.6.1. Performance Measurements
Four criteria are introduced to measure the performance of a developed CRBM-DBN
model: mean absolute percentage error (MAPE), root mean square error (RMSE),
variance (VAR) and Pearson correlation coefficient (CORR). Each formula of the four
measurements is summarized as follows:

MAPE 
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Fig. 8.13. t-SNE 2-D maps of the extracted interior noise feature. (a) Psychoacoustic metrics.
(b) WT. (c) WPT. (d) EMD. (e) Critical band. (f) Mel scale. ‘○’: Interior noise samples of the idling
state. ‘△’: Interior noise samples of the constant speed state. ‘◇’: Interior noise samples of the
acceleration state. ‘*’: Interior noise samples of the deceleration state.
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Fig. 8.14. t-SNE 2-D maps of the developed fusing feature sets. (a) WT + psychoacoustic metrics.
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where 𝑥 is the actual value, 𝑥 is the predicted value, 𝑥̅ is the mean value of 𝑥 , and N is
the number of samples.
These criteria are frequently applied in research to assess model performance. The MAPE
and RMSE are real numbers greater than zero and are inversely related to the accuracy of
the prediction. Meanwhile, they are all mean-based measures and cannot illustrate the
result variation via different runs. Because stability is also an important target for
intelligent models, we calculate the variance of the mean-based measures of 50 runs to
show stability. In other words, we run each model 50 times, obtain 50 values of the MAPE
and RMSE and then compute their variances. CORR is an index to measure the linear
relationship between the predicted interior sound quality and subjective evaluation. In
contrast to the mean-based measures, the CORR is proportional to the model performance.

8.6.2. Designing the Architecture of CRBM-DBN
There are two critical parameters in the design of a CRBM-DBN model: the number of
hidden layers (maxlayer) and the number of units in each hidden layer (hidden units);
many other free parameters should be decided. The hidden units enable the CRBN-DBN
model to capture the nonlinear patterns from input data. An insufficient number of hidden
units would lead to under-fitting, which may not be able to model the data, whereas an
excessive number of hidden units would lead to overfitting, which may result in poor
prediction performance. CRBM-DBN is a probability generation model with many hidden
layers, which allow the model to be more powerful in modeling the complex and abstract
relationships from the data. Therefore, selecting the maxlayer and hidden units provides
researchers with a great deal of freedom. However, there is no general method to guide
the determination of these parameters, and the architecture design of an appropriate
multilayer CRBM-DBN model remains difficult.
Previous studies have shown that the performance of a deep belief network is more
sensitive to the model architecture than to certain free parameters [58]. In this chapter, we
first determine the model structure (i.e., the maxlayer and hidden units) via a cut-and-try
method with experimentally selected free parameters and then modify these free
parameters by using the determined model structure. Ten levels of hidden units ranging
from 4 to 40 with intervals equal to 4 were applied in this study. Because the number of
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input nodes corresponds to the dimensionality of the input feature, the neural units of the
model input layer can be fixed at 30. For vehicle interior sound quality prediction, one
node in the output layer is sufficient to meet our needs. Selection of the maxlayer is an
important problem. Extensive experiments by Le Roux and Bengio [59] suggest that
several hidden layers are better than one in the majority of cases. However, there is not
yet an optimal maxlayer in theory, and the best way to determine the optimal maxlayer is
still based on the experimental method and task at hand. The data were divided into
training, validation and testing sets, which consist of 60 %, 20 % and 20 % of the database,
respectively, and each dataset has a similar proportion of noise samples of different
vehicle types and working conditions. Before the experiment, each attribute of the data
was normalized to the range of [-1, 1].
To design an optimal CRBM-DBN architecture, we first initialize the CRBM-DBN model
with 1 hidden layer, 30 input nodes and one output node. The model was trained by the
training set, and the effects of hidden units on the prediction performance of the vehicle
interior sound quality on the validating set are presented in Table 8.6. The MAPE, RMSE
and CORR of each designed model listed in Table 8.6 are the average values of 50 runs.
The best performance across the MAPE, RMSE and CORR occurs at 16 hidden units,
with values of 3.7489, 0.3021 and 0.9038, respectively. The lowest MAPE variance is
0.1328 at 28 hidden units, and the lowest RMSE variance is 0.0011 at 8 hidden units.
Additionally, the five criteria change irregularly as the number of hidden units increases.
Hence, we fix the number of units in the first hidden layer at 16 and continue to study the
second layer.
Table 8.6. Effect of the number of hidden units in the first layer on the validating performance.
Hidden
units
4
8
12
16
20
24
28
32
36
40
Average

MAPE

RMSE

CORR

3.8553
3.9510
3.9659
3.7489
3.7760
3.9164
4.0650
3.9009
3.9886
3.9345
3.9103

0.3100
0.3159
0.3436
0.3021
0.3076
0.3196
0.3340
0.3113
0.3341
0.3201
0.3198

0.8965
0.8955
0.8752
0.9038
0.8991
0.8944
0.8857
0.8989
0.8879
0.8812
0.8918

VAR
(MAPE)
0.1682
0.1597
0.1758
0.1678
0.3482
0.2745
0.1328
0.1454
0.2268
0.2808
0.2080

VAR
(RMSE)
0.0022
0.0011
0.0047
0.0018
0.0081
0.0023
0.0021
0.0021
0.0029
0.0039
0.0031

Based on the analysis results above, we initialize the CRBM-DBN model with 2 hidden
layers, with 16 hidden units in the first hidden layer and a combination of different
numbers of units in the second hidden layer. The experimental results are summarized in
Table 8.7, which illustrates that except for the RMSE variance, the other 4 measurements
reach the best performance at 20 hidden units. The average values of MAPE, RMSE,
CORR and variances of MAPE and RMSE in the model with 2 hidden layers are 3.3861,
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0.2647, 0.9195, 0.1252 and 0.0016, respectively, which are better than the average
performance of the CRBM-DBN model with only one hidden layer.
Table 8.7. Effect of the number of hidden units in the second layer
on the validation performance.
Hidden
units
4
8
12
16
20
24
28
32
36
40
Average

MAPE

RMSE

CORR

3.2799
3.5982
3.2900
3.4366
3.1823
3.3936
3.3456
3.4345
3.5062
3.3939
3.3861

0.2546
0.2835
0.2500
0.2629
0.2479
0.2668
0.2626
0.2757
0.2776
0.2654
0.2647

0.9199
0.9161
0.9218
0.9191
0.9269
0.9231
0.9240
0.9124
0.9130
0.9189
0.9195

VAR
(MAPE)
0.0920
0.1018
0.0980
0.1502
0.0872
0.1770
0.1183
0.1870
0.1209
0.1195
0.1252

VAR
(RMSE)
0.0016
0.0017
0.0008
0.0019
0.0011
0.0014
0.0012
0.0034
0.0020
0.0011
0.0016

We then initialized CRBM-DBN with 3 hidden layers with 16 and 20 units in the first
2 hidden layers. Table 8.8 shows the experimental results, and the best performance is
obtained at 8 hidden units. A comparison of the performance among Tables 8.6, 8.7 and
8.8 illustrates that the model with 2 hidden layers outperforms that with 3 hidden layers
in terms of the best and average results, whereas the model with one hidden layer performs
the worst.
Table 8.8. Effect of the number of hidden units in the third layer on the validation performance.
Hidden
units
4
8
12
16
20
24
28
32
36
40
Average

MAPE

RMSE

CORR

3.5423
3.3513
3.5192
3.5583
3.6076
3.6090
3.6122
3.5531
3.5365
3.5373
3.5427

0.2964
0.2607
0.2960
0.2797
0.2851
0.2909
0.2802
0.2743
0.2889
0.2788
0.2831

0.9039
0.9216
0.9106
0.9172
0.9145
0.9120
0.9157
0.9173
0.9129
0.9166
0.9142

VAR
(MAPE)
0.1110
0.1660
0.2302
0.3346
0.1506
0.3263
0.1690
0.1728
0.1721
0.1914
0.2024

VAR
(RMSE)
0.0015
0.0014
0.0068
0.0029
0.0019
0.0046
0.0018
0.0014
0.0022
0.0017
0.0026

To further analyze the effects of more hidden layers and hidden units, the foregoing
experiment has been repeated for the CRBM-DBN model with 4, 5 and 6 hidden layers.
The experiment results are shown in Fig. 8.15. The MAPE and RMSE values first
decreased and reached their minimum values at the 2nd hidden layer, after which they
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increased with further increases in the number of hidden layers and finally dropped off at
the 6th hidden layer. The correlation coefficient presents the opposite trend of MAPE and
RMSE, as shown in Fig. 8.15 (c). The MAPE and RMSE variances changed irregularly
with increasing maxlayer, but their average values reached their minimum at the
2nd hidden layer. Therefore, the CRBM-DBN model was selected with 2 hidden layers,
and the optimal structure of the model is 30-16-20-1. This means that the best combination
is 30 input units, 16 units in the first hidden layer, 20 units in the second hidden layer and
one output unit, and we choose this model in the following analysis.
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Fig. 8.15. Effects of the maxlayer for the five criteria. (a) MAPE error; (b) RMSE error;
(c) CORR; (d) Variance of MAPE; (d) Variance of RMSE.
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There are still other free parameters to be determined in the CRBM-DBN model. The
learning rates 𝜂 and 𝜂 in Eqs. (8.18) and (8.19) and the constant parameter 𝜇 in
Eq. (8.16) should be predefined by the user. In this study, a fourfold cross-validation
method has been adopted on the training dataset to determine the values of these free
parameters. The best combination of these parameters is selected as 𝜂
0.8 ,
𝜂
0.6, and 𝜇
0.3. In addition, as the guide of [27], the boundary parameters 𝜃
and 𝜃 should be set to the minimum and maximum values of the training dataset. Thus,
the values of 𝜃 and 𝜃 are set to -1 and 1, respectively. The weight matrix 𝑤 and
noise control parameter { 𝛼 } were randomly initialized and then updated through the
pre-training and fine-tuning phases. The pre-training phase provides an optimal initial
value in the training process but often cannot reach the minimum directly. Therefore, the
fine-tuning process is introduced to make the minimum converge quickly via the
backpropagation algorithm. Based on experiments, the numbers of epochs for the
pre-training and fine-tuning phases are set to 200 and 300, respectively.

8.6.3. Model Verification and Comparison
To verify the effectiveness and generalization of the newly developed model, the trained
CRBM-DBN model is applied to evaluate the vehicle interior sound quality on the testing
set. Meanwhile, the MLR, BPNN and SVM have been introduced for comparison to
further verify the performance of the developed model. The optimal architectures of each
comparison model used in this experiment are as follows. The MLR has 30 independent
variables, and the ordinary least squares (OLS) estimator is adopted to learn the training
data. The BPNN structure has three processing layers: one input layer, one hidden layer
and one output layer, with 30, 40, and 1 neuron units in each layer, respectively. The
transfer functions for the hidden layer and output layer are selected as ‘tansig’ and
‘purelin’, respectively, and the ‘LM’ algorithm is set to be the training function. An SVM
model with the Gaussian kernel function is applied, in which the soft margin parameter 𝐶
and kernel parameter 𝛾 are determined via a fourfold cross-validation and 10-level grid
search method. To account for the stochastic characteristic of intelligent algorithms, the
prediction processes for each method are repeated 50 times, and the average values
are reported.
Fig. 8.16 shows the prediction results of the testing dataset compared with the actual
subjective ratings, which indicates that all four methods have the capability to objectively
evaluate the vehicle interior sound quality well. The relative error between the predicted
and actual values are presented in Fig. 8.17. The scatter points of the MLR prediction
error are more dispersed from the centerline (zero line) than the other three methods. In
addition, the prediction errors of the MLR, BPNN and SVM are greater than 0.5 for
several noise samples, whereas the prediction errors of CRBM-DBN are all smaller than
0.5. This illustrates that the CRBM-DBN model can evaluate the vehicle interior sound
quality more accurately, possibly because of its capacity to learn the highly complex and
nonlinear relationship between the noise features and the subjective ratings by encoding
a richer and higher-order network architecture in the deep learning process with both
unsupervised pre-training and supervised fine-turning phases.
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Fig. 8.16. Comparison results between the predicted and actual values in the testing dataset.
(a) MLR; (b) BPNN; (c) SVM; (d) CRBM-DBN.

The numeric calculation results are summarized in Table 8.9. The values of the
error-based criteria for the MLR, BPNN, SVM and CRBM-DBN decreased gradually.
The MAPE and RMSE declined from 4.7182 and 0.3657 to 3.2784 and 0.2604,
respectively. The correlation coefficients of the MLR, BPNN, SVM and CRBM-DBN are
0.8784, 0.8913, 0.9047 and 0.9152, respectively, which shows that the CRBM-DBN
model outperforms the other three methods in the relationship with the subjective
evaluation. The nonlinear models (BPNN, SVM and CRBN-DBN) outperform the linear
model (MLR), which implies that the characteristics of a sound perceived by the human
auditory system are different from those of the sound being produced. In other words,
nonlinear models could fit these abstract characteristics more precisely than linear models.
Regarding the stability of the four models, the variances of the MAPE and RMSE of the
MLR model are both zero because MLR is a deterministic mathematical model when the
experimental dataset (training dataset) is fixed. That is, the MLR result will not change in
different runs in this study, so zero variances are obtained. However, the data-driven
models, such as the BPNN and CRBM-DBN, which have many hyper-parameters to be
determined randomly or with probability, yield variable results in different runs.
Similarly, the random cross-validation and grid search for parameter selection in the SVM
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may also result in different results for each run. The MAPE variances for BPNN, SVM
and CRBN-DBN in 50 runs are 0.4356, 0.2202 and 0.1519, respectively, and there is a
similar decreasing trend in the RMSE variance. Thus, CRBM-DBN is superior to BPNN
and SVM in terms of stability and reliability and also outperforms the other three methods
in terms of sound quality evaluation of vehicle interior noise.
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Fig. 8.17. Relative error between the predicted and actual values. Relative error = prediction
value – actual value. (a) MLR; (b) BPNN; (c) SVM; (d) CRBM-DBN.

Table 8.9. Prediction results of the four methods in the testing dataset.
Method
MLR
BPNN
SVM
CRBM-DBN

MAPE
4.7182
4.1977
3.6461
3.2784

RMSE
0.3657
0.3290
0.2838
0.2604

CORR
0.8784
0.8913
0.9047
0.9152

VAR (MAPE)
0
0.4356
0.2202
0.1519

VAR (RMSE)
0
0.0076
0.0051
0.0033
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8.7. Conclusion
This chapter proposes an intelligent approach, CRBM-DBN, which substitutes the
continuous restricted Boltzmann machines for the conventional restricted Boltzmann
machines in the DBN to model the continuous data, to evaluate the sound quality of
vehicle noise. A vehicle road test indicated that the subjective evaluation of the recorded
interior noise was highly related to the vehicle types and working conditions. A feature
extraction process was applied and compared via psychoacoustic and energy-based
methods, which showed that a feature combination of psychoacoustic metrics and critical
band energy can better extract the characteristics of vehicle interior noise. Furthermore,
the CRBM-DBN model was trained, validated and developed taking the extracted feature
vectors as the input and the subjective ratings as the output. Experimental verification and
comparison demonstrated that the CRBM-DBN model is more accurate than the MLR,
BPNN and SVM, with MAPE, RMSE and CORR values of 3.2784, 0.2604 and 0.9152,
respectively. In addition, CRBM-DBN outperforms the other two machine learning
methods (BPNN and SVM) in terms of reliability and stability, with MAPE and RMSE
variances of 0.1519 and 0.0033, respectively. As an intelligent technique, the newly
proposed approach can be expended to more a general application in the evaluation of
sound quality; therefore, it might be a promising technique in the future.
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Chapter 9

Selection of Diagnostic Symptoms
for Technical Condition Assessment
and Prognosis
Tomasz Gałka1

9.1. Introduction
There are several definitions of technical diagnostics. One of them states that this is ‘the
field of knowledge that includes the entirety of theoretical issues related to identification
and estimation of past, current and future condition of a technical object’ (see e.g. [1]). In
practice this process of identification and estimation is typically of an indirect nature.
Condition of an object is described by the condition parameters vector X(θ), where θ
denotes time. Components of this vectors are usually inaccessible and non-measurable, so
diagnosis and prognosis have to be based on measurable symptoms Si(θ), which can be
expressed in the form of the diagnostic symptoms vector S(θ). These symptoms have their
physical sources in so-called residual processes (such as vibration, noise, heat radiation
etc.), which accompany the basic process of energy transformation. A comprehensive
description of relations between the above-mentioned vectors and of related issues can be
found e.g. in [2].
Large and complex objects usually have many possible fault types, which is sometimes
referred to as a multidimensional fault space. At the same time they generate various
residual processes and hence provide a large number of very diversified diagnostic
symptoms. The term ‘fault’ is sometimes intuitively understood as referring to a sudden
occurrence. If we restrict our attention to irreversible changes of the object condition, two
types can be distinguished [3]: ‘hard’ or ‘random’ faults and ‘soft’ or ‘natural’ faults. In
condition monitoring, the main objective is often to trace lifetime consumption, i.e. the
‘soft’ fault development, and to estimate residual life rather than to detect and identify
‘hard’ faults. If the object under consideration has been designed for long service life,
which is often the case with costly critical machines, evolution of its condition is usually
slow. This immediately brings about the problem of selecting the ‘best’ symptoms, i.e.
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those with the highest sensitivity to object condition parameters. This problem shall be
dealt with in the following.
Symptom selection procedures shall be illustrated by experimental data obtained with
steam turbines operated by utility power plants. Vibration measurements were performed
in the off-line mode and available database cover rather long periods, up to over sixteen
years. Although proposed symptom selection methods are basically applicable
irrespective of symptom physical origin and method of acquisition, some technical
information is provided for completeness:
 Measured quantity: absolute vibration velocity;
 Measurement points: turbine bearings, typically in three mutually perpendicular
directions;
 Frequency range: 10 kHz;
 Type of spectral analysis: 23 % constant percentage bandwidth (CPB);
 All symptoms are normalized with respect to their values at θ = 0.
The following examples refer to vibration components generated by turbine fluid-flow
systems. Frequency bands that contain these components were determined from the
vibrodiagnostic model (for details see e.g. [1, 4]). Their mid-frequencies are typically
contained in the range from about 1 kHz to 10 kHz or slightly more, which is often referred
to as the blade frequency range.
For most diagnostic objects, especially complex ones, measured symptom values depend
not only on condition parameters. Due to the influences of control and interference, the
following general relation holds:

S(θ) = S[X(θ), R(θ), Z(θ)],

(9.1)

where R and Z indicate vectors of control parameters and interference, respectively. For
this reason, symptom time histories can be very irregular [5]. In general, their fluctuations
reflect the random nature of diagnostic symptoms. However, certain values differ so much
from the ‘average’ that they have to be qualified as outliers. From the point of view of
information theory, outliers should be treated as noise and eliminated. There is no precise
definition of an outlier and hence no ‘universal’ method of removing them [6]. The
well-known three-sigma rule employs a measure of ‘outlyingness’ ti in the form of

ti 

| Si  E(S ) |



,

(9.2)

and assumes that if ti  3, then Si should be regarded an outlier; in Eq. (9.2), E(S) is the
expected value and  is standard deviation. This rule is, however, not applicable for
long-tailed distributions. The author has proposed a procedure referred to as ‘peak
trimming’ [6], based on an assumption that if
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Si(k)/Si(k-1) > ch and Si(k)/Si(k+1) > ch,

(9.3)

Si(k)/Si(k-1) < cl and Si(k)/Si(k+1) < cl,

(9.4)

or

then Si(θk) is treated as an ‘upper’ or ‘lower’ outlier, respectively, and replaced by
Si(k) = [Si(k-1) + Si(k+1)]/2.

(9.5)

Upper ch and lower cl threshold values should be adjusted experimentally. For
vibration-based symptoms in the blade frequency range, ch = 1.5 and cl = 0.7 have been
shown to give reasonable results.

9.2. Singular Value Decomposition (SVD) Method
Application of the Singular Value Decomposition (SVD), known from linear matrix
algebra, for diagnostic symptoms evaluation was first proposed by Cempel [7]. Although
this approach is not the main subject of this study, the author feels it necessary to provide
at least a brief description. More detailed mathematical treatment can be found e.g. in [8].

9.2.1. Theoretical Outline
In principle, any m  n matrix A can be expressed as a product of three matrices
U,  and VT:

A = U    VT,

(9.6)

where U is the m  n unitary orthogonal matrix,  is the n  n diagonal matrix and V is
the n  n unitary orthogonal square matrix (superscript T denotes transpose). The factorization given by the above equation is called a Singular Value Decomposition of A.  is
the singular values matrix and can be written as
 = diag(1, 2, …, q), q = max(m, n),

(9.7)

i being non-negative real numbers. It should be noted that the decomposition given by
Eq. (9.6) is not unique. However, by convention, the non-zero elements i of the matrix 
are arranged in such a way that

1  2  …  p, p = min(m, n).

(9.8)

With such convention,  is uniquely determined by A. In general, columns of V are
orthonormal vectors that can be seen as ‘input’ basis vector directions of A; similarly,
columns of U can be seen as ‘output’ basis vector directions. Singular values i within
such approach can be considered ‘gain’ scalars, indicating factors by which ‘input’ values
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are multiplied to give corresponding ‘output’ values. In other words, matrices U and V
form the sets of left-singular vectors ui and right-singular vectors vi, respectively, which
obey the relation

A  vi = i  ui, AT  ui = i  vi.

(9.9)

Let us now consider m distinct symptoms Si(), i = 1, 2, …, m, and n symptom readings:
Si(k) = Si( = 0 + k),  << b, k = 1, 2,..., n.

(9.10)

 denotes time interval between consecutive readings and b is time to breakdown, in
the sense of the Energy Processor model [1]. It is assumed that condition monitoring was
commenced at  = 0. The method can handle various symptoms of different physical
origins; in order to make all of them comparable, they are normalized with respect to their
initial values and then 1 is subtracted, so that all become dimensionless and start from
zero. In this manner, the measurement database is transformed into a m  n symptom
observation matrix O. As already mentioned, m is usually large. If, however, we are
analyzing data that refer to a given measuring point or a given sub-system, this number
shall be substantially reduced and typically m < n. Of course this implies that attention is
focused on this sub-system rather than on the machine as a whole.
In view of Eq. (9.9), we may rewrite Eq. (9.6) in a more convenient form:
p

O    t  (u t v Tt ) ,

(9.11)

t 1

so that the tth generalized fault is characterized by the scalar t and singular vectors ut and
vt. In Eq. (9.11) p represents the number of generalized faults (cf. Eq. (9.8)). From
Eqs. (9.9) and (9.11) we may conclude that the tth fault can be described by two
independent measures or discriminants, namely [5]:

SDt = O  vt = t  ut,

(9.12)

||SDt|| = t.

(9.13)

SDt() is a time-dependent vector which represents the tth fault profile at a given moment.
On the other hand, t() is a time-dependent scalar energy norm (length) of this vector
and hence represents fault advancement. Thus, the sum given by
p

F ( )    i ( ),

(9.14)

i 1

can be interpreted as a measure of overall lifetime consumption advancement and
consequently of the overall machine condition. Similarly, the vector given by
p

P ( )   SDi ( ) ,
i 1

372

(9.15)

Chapter 9. Selection of Diagnostic Symptoms for Technical Condition Assessment and Prognosis

describes the evolution of the total generalized fault profile. Furthermore, we may define
yet another discriminant [7], namely

ALt = uTt  O = t  vTt,

(9.16)

which – by analogy with Eq. (9.12) – also represents the t-th fault profile; obviously,
||ALt|| = ||SDt||,

(9.17)

but elements of the ALt vector may be interpreted as contributions of individual
symptoms, rather than condition parameters, into the t singular value. In other words,
they may be seen as measures of their diagnostic information content and hence of
importance for diagnostic inference. Obviously ALt is much more important from the
point of view of practical applications, as condition parameters are typically
non-measurable.

9.2.2. Examples
Results shown in Fig. 9.1 have been obtained with the low-pressure turbine of a 16K260
unit, rated at 260 MW. Available database covers about four years of operation and first
data was recorded shortly after commissioning. Fluid-flow system of this turbine
generates vibration components that are contained in six 23 % CPB spectral bands. It is
easily seen (Fig. 9.1a) that first two singular values dominate and the third one has
markedly lower contribution, yet still far from negligible. As for symptoms (Fig. 9.1b),
none can be described as dominant. Such situation is typical for a comparatively new unit,
wherein dominant failure mode still has to develop.

Fig. 9.1. (a) Contributions of singular values into generalized damage; (b) Relative contributions
of symptoms into first three singular values; 16K260 unit, rear low-pressure turbine bearing,
axial direction.

Fig. 9.2 shows similar data obtained with a 13K215 unit, rated at 215 MW, with confirmed
failure of the last stage blades of the intermediate-turbine rotor. For this turbine,
373

Advances in Signal Processing: Reviews. Book Series, Vol. 1

components generated by the fluid-flow system are contained in ten frequency bands. In
this case, one singular value clearly dominates, its contribution being almost 50 %, while
for the second one it is over three times lower (Fig. 9.2a). Similarly, two symptoms,
labelled 4 and 5, markedly dominate over the remaining ones (Fig. 9.2b). These symptoms
are representative for this type of fault. More details can be found in [10].

Fig. 9.2. (a) Contributions of singular values into generalized damage; (b) Relative contributions
of symptoms into first three singular values; 13K215 unit, rear intermediate-pressure turbine
bearing, axial direction (after [10]).

9.3. Information Content Measure (ICM) Method
9.3.1. Background
Fig. 9.3 shows typical symptom time history, albeit in a specific manner, wherein
individual symptom readings are represented by points and dashed line indicates fitting
results (in this particular case, Fréchet function has been used).

Fig. 9.3. An example of symptom time history: individual readings (squares) and results
of Fréchet function fitting (dashed line).
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It is easily seen that ‘raw’ symptom time history is in fact a superposition of two
components. One of them is deterministic (and corresponds to the well-known symptom
life curve) and the other one represents random fluctuations. In view of this, on the basis
of Eq. (9.1), we may express ith symptom value at θ = θk as:
Si(θk) = Fi(θk) + i,

(9.18)

where Fi is the corresponding symptom life curve and i is a random variable. It has been
shown [11] that parameters of this random variable, in particular dispersion measures,
depend on object condition and thus can be employed as diagnostic symptoms, but this
issue is beyond the scope of this study.
An alternative interpretation of Eq. (9.18) is that any diagnostic symptom can be
considered a random variable with time-dependent parameters. And for any random
variable we may speak in terms of information content and its measure. First such measure
was introduced by Shannon in 1948 [12] and later termed Shannon entropy. It is given by
n

H  K  pi logb pi ,

(9.19)

i 1

where K is a constant depending on the units used and pi denotes the probability of the ith
event. Logarithm base is typically 2, Euler’s constant or 10, H being expressed in bits,
nats or bans, respectively. H may be interpreted as a quantification of the expected value
of the information contained in a message (understood here as a specific realization of a
random variable). Equivalently it may be considered a measure of the amount of
information that is missing when the exact value of a random variable is not known, or of
uncertainty (or, perhaps more precisely, unpredictability) of the outcome of an experiment
[13]. Obviously H = H(θ). Keeping in mind that (cf. Eq. (9.18)):

⋀ 𝜃 → 𝜃 ⇒ 𝐹 𝜃 → ∞.

(9.20)

We can easily recognize that H should decrease as θ  θb and the higher is the (negative)
slope of H against θ, the better the symptom represent object condition deterioration.
Thus, in order to quantify symptom suitability, one should analyze the entropy or, more
generally, an information content measure as a function of time.
Shannon entropy was originally conceived for verbal communication and is thus of
discrete nature. On the other hand, Si(θ) is typically a continuous function, at least as long
as natural faults are taken into account. For continuous random variables a measure known
as continuous or differential entropy was formulated as (see e.g. [14])


h   K  p( Si )logb p( Si )dSi .


(9.21)

Despite apparent formal similarity, continuous entropy is not the limit case of the Shannon
entropy for n  . As pointed out in [15], which is itself a good introduction into
problems of entropy in information theory, h cannot be regarded a true measure of
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information content, as it depends on the chosen system of coordinates. As a result, h may
be negative, while H is always non-negative. It can be shown, however, that for a given
case time histories of Shannon and continuous entropies are just mutually shifted along
the vertical axis. In view of the fact that the shape of entropy versus time is of interest
here rather than its absolute value, continuous entropy can be used for diagnostic symptom
assessment. This simplifies calculations, as for commonly used statistical distributions
this quantity is given by relatively simple analytical expressions, namely [16]

h

k 1

 E  ln  1,
k
k

(9.22)

for Weibull distribution,
h  ln(   ( k ))  (1  k ) ( k )  k ,

(9.23)

for gamma distribution and





h  ln  2 e ,

(9.24)

for normal distribution; k and λ denote shape and scale parameters, respectively,  is the
standard deviation,  is the gamma function and E is the Euler-Mascheroni constant.
Weibull and gamma distributions are both compliant with general requirements for
diagnostic symptoms, such as Si > 0 or long right-hand tail, as no upper limit value can
usually be imposed on a diagnostic symptom. Normal distribution has been included here
despite the fact that it is not compliant with all relevant requirements. However, results
obtained with this distribution have been found consistent with those obtained with
Weibull and gamma distributions and qualitative conclusions have been virtually
identical. Fig. 9.4 shows an example of fitting results, which illustrates this observation.

Fig. 9.4. An example of fitting results for normal (N), Weibull (W) and gamma (G)
distributions (after [9]).
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Several other information content measures have been proposed e.g. by Hartley [17],
Rényi [13] or Tsallis [18]. Hartley entropy, historically the first one, was introduced in
1928 and is given by
Hh = logb(n),

(9.25)

with b as in Eq. (9.19). It is generally assumed that Hh is a special case of the Shannon
entropy for uniform distribution, which limits its applicability, although this is not
generally accepted [19]. Rényi entropy, or entropy of the order α, may be considered a
generalization of the Shannon entropy:
H 

n
1
log b  pi .
1
i 1

(9.26)

It may be shown that Shannon entropy is the limit case of the Rényi entropy for α  1.
The idea behind this measure was to eliminate one of the Shannon entropy shortcomings,
resulting from the assumption of generating a series of random variables with identical
probability distributions. With increasing α, Hα is dominated by occurrences of higher
probabilities; the limiting case is called min-entropy and given by
H    log b max pi .
i

(9.27)

In practical applications, the problem of the physical meaning of α is encountered. For
this reason, Hα has yet found no widespread use. Tsallis entropy of the order α (or
Havrda-Charvát-Daróczy-Tsallis entropy, HCDT) is a non-logarithmic measure, given by
n

HT 

 p 1
i 1

i

1

.

(9.28)

Also in this case physical interpretation of α is rather vague. Initial studies by the author
have revealed that these measures offer no advantages compared to continuous entropy.
It also has to be noted that Tsallis entropy is pseudo-additive [20], which is not
conformable with axioms formulated for an information measure (see e.g. [19]). In the
following, continuous entropy shall be used throughout.

9.3.2. The Question of Stationarity
Determination of the h(θ) is accomplished by employing time window of the length δθ
which is moved along the time axis. Approximation of experimental symptom value
histograms with Weibull, Fréchet or normal distributions within a window requires at least
weak stationarity. This means that for the entire period under consideration the following
condition should be fulfilled:

X

i

(   )  X i ( ) .

(9.29)

i
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(cf. Eq. (9.1)). It may be easily verified that, due to deterministic relation between S and
X vectors, equivalent condition will be valid for any symptom Si. As θ  θb, this becomes
problematic, as θb determines the vertical asymptote. As early as in 1900s it was pointed
out (see e.g. [21]) that, in the statistical analysis of time series, deviation from trend should
be analyzed rather than from some ‘mean’ or ‘average’ value. It has thus been suggested
to employ a ‘trend-normalized’ symptom Si rather than its ‘raw’ value Si. Two simple
methods may be proposed [22], based on the multiplicative:
S i '( )  S i ( )

S it (0)
,
S it ( )

(9.30)

and the additive approaches:
Si(θ) = Si(θ) + Si(0) – Sit(θ),

(9.31)

respectively, where lower subscript t denotes symptom value determined from a
monotonic trend, obtained by fitting an analytical function to experimental data covering
the entire period under study. Theoretical considerations do not give any clue to the choice
between the above approaches. The Energy Processor model, from which relations
between condition parameters and symptoms are derived [2], is based on energy
accumulation, a process additive from its very nature. However, all proposed symptom
operators are nonlinear, so symptom additivity might only be approximate and limited to
specific cases. Moreover, in practical applications additive approach sometimes yields
negative symptom values, which is physically incongruous. On the other hand,
multiplicative approach has been shown to yield consistent results [22].

9.3.3. The Question of Abrupt Changes
Up till now we have tacitly assumed that symptom life curves are continuous. However,
complex objects designed for long service life, like steam turbines, typically undergo
overhauls that modify their properties to a certain extent. Such object is therefore
characterized by a sequence of symptom life curves rather than a single continuous one.
This fact is of prime importance when fitting an analytical function to experimental data,
as resultant S(θ) curve is in general discontinuous.
First attempts to employ ICMs for symptom assessment were based on the assumption
that turbine fluid-flow system is influenced only by overhauls that involve opening of
casings and removing rotors. If no such operation had been performed, the curve was
assumed continuous. More detailed study and further experience, however, have thrown
doubt upon this issue. It has been shown [23] that, for symptoms which originate from
vibroacoustic processes, the following general relation holds:
z(r,t) = hp(r,t)  uw(r,t) + (r,t),

(9.32)

where z denotes measured diagnostic signal, hp is the response function for signal
propagation from its origin to the measuring point and  is uncorrelated noise; r and t
denote spatial variable and dynamic time, respectively. uw(r,t) is given by
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n

u w ( r , t )   hi ( r , Di , t )  x (t )  h( r , t )  x (t ) ,

(9.33)

i 1

where Di describes development of the ith defect, hi is the response function pertaining to
this defect and h is the response function with no defect present; x(t) is the input signal,
generated by an elementary vibroacoustic signal source. Without going into details, it may
be inferred that every overhaul modifies also response functions and hence measured
symptom value, even if the fluid-flow system is not directly affected. This means that
symptom evolution is described by a discontinuous sequence of curves. A schematic
illustration is shown in Fig. 9.5.

Fig. 9.5. Schematic illustration of a sequence of symptom life curves for an object
undergoing overhauls.

Influence of transitions between consecutive life cycles can be eliminated by introducing
so-called logistic vector which, in general, characterizes the ‘quality’ of a given cycle [2].
For the purpose of this study, we may replace logistic vector by its scalar measure L,
which influences initial value of symptom Si(0) and steepness of the Si(θ) curve. Each jth
cycle is characterized by Lj. In order to normalize the influence of L, the cycle with the
lowest Lj is taken as the reference one Sr(θ). Relative value of L for this cycle is taken as
L = 1 and for any ith cycle Lj is given by Lj = Si(0)/Sr(0) and normalization is
accomplished by simple multiplication. Fig. 9.6 illustrates the effect of such procedure;
influence of the major overhaul, commenced at θ = 4974 days, is clearly seen.
Normalization of the influence of abrupt changes caused by above-mentioned transitions
is a straightforward task providing that moments of these transitions are known. If this is
not the case, a method for their detection is needed. Such method may be based on
techniques originally developed for statistical process control. Following classic studies
by Shewhart [24], several control charts have been introduced, initially mainly of
graphical type. In 1954 Page proposed a more sensitive process control chart, employing
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cumulative sum and consequently named CUSUM [25]. Basically this method consisted
in introducing a quantity originally referred to as a ‘quality number’, developing an
algorithm to estimate its changes and establishing some form of a criterion or a limit value.
Initially a graphic procedure known as V-Mask was commonly used; currently, various
software packages are available. In general, this ‘quality number’ is a statistical parameter.
If this procedure is employed for mean value, it can be used for detecting abrupt changes.
Detailed treatment of this issue is behind the scope of this study. A comprehensive
description of the CUSUM technique can be found in [26]; preliminary results of author’s
studies have been reported in [27].

Fig. 9.6. Normalized symptom time histories before (a), and after (b) life cycle normalization.

9.3.4. Representativeness Factor
In a descriptive manner, entropy decrease with time may be referred to as an organization
of symptom time history around some deterministic and monotonically increasing curve
with a vertical asymptote. Degree of this organization, of which entropy is a measure,
increases with lifetime consumption. However, increase rate of the symptom itself is also
of importance. Organization may take place around a curve that is only weakly increasing.
Such symptom is comparatively insensitive to object condition evolution and as such
would have been of little use. An example is shown in Fig. 9.7a. Entropy decrease is easily
seen, but at the same time symptom value fluctuates about a value which is almost
constant. In fact this symptom reveals only very weak increasing trend (Fig. 9.7b).
By intuition, it is accepted that a measure is required that would combine both sensitivity
to condition parameters and a degree of process organization. Such suggestion was put
forward by the author in an earlier study [9]. Initially exponential approximation was used
for symptom life curve determination; actually it has been used in the example illustrated
in Fig. 9.7b, which is justified by comparatively low lifetime consumption, i.e. θ << θb.
Such approximation, however, fails as θ  θb. It is therefore proposed to use linear
approximation for continuous entropy:
h  h(0) – A  θ (A > 0),
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Fig. 9.7. (a) Plot of normalized symptom and entropy vs. time, showing entropy decrease
and lowsymptom sensitivity to object condition; (b) Exponential approximation of normalized
symptom vs. time (broken line).

Weibull approximation for normalized symptom:
si(θ)  [ln(1/(1 – θ/θb)]1/γ,

(9.35)

and define representativeness factor as R = A/γ. Obviously R should be positive (excluding
possible situations wherein both A and γ are negative); the larger R, the more
representative is the symptom under consideration. Alternative approach may be adopted
if the Fréchet approximation is used, also employing the corresponding shape factor.
Choice between these two approximations does not influence qualitative results of
symptom assessment.
381

Advances in Signal Processing: Reviews. Book Series, Vol. 1

9.4. Example
As already mentioned, symptom assessment based on information content measures have
been employed for fluid-flow systems of several steam turbines. Fig. 9.8 shows a few
examples of continuous entropy time histories, obtained with ch = 1.5 and cl = 0.7
(cf. Eq. (9.3)) and employing trend normalization. This figure illustrates three basic types
of the h(θ) time histories, namely:
 More or less decreasing, with some fluctuations: symptom 1;
 Erratic (comparatively large fluctuations, but no marked increasing or decreasing
trend): symptom 2;
 Weakly time-dependent with no pronounced increasing or decreasing trend:
symptom 3.

Fig. 9.8. Examples of continuous entropy as a function of time; entropy given in nats.

Obviously only symptoms that exhibit marked decrease should be considered
representative for technical condition deterioration assessment and lifetime prognosis.
On the basis of steam turbine vibrodiagnostic model (see e.g. [1, 28]) it can be determined
that the high-pressure fluid-flow system of the turbine under consideration generates
vibration components that are contained in ten 23 % CPB spectral bands. With two
measurement points (front and rear bearings) and three mutually perpendicular directions
(vertical, horizontal and axial), this gives a total of sixty symptoms. It has to be noted that
this choice of the measurement points is by no means optimum and results from technical
considerations (accessibility). In principle, the number of these points, and hence of
available symptoms, has no upper limit.
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Preliminary selection from the above-mentioned sixty symptoms was performed using the
SVD method, briefly described in Section 9.2. For each measurement point and direction,
two symptoms with the highest contributions into first three singular values were
determined. This limits the scope of the ICM analysis to twelve symptoms, which have
been listed in Table 9.1.
Table 9.1. High-pressure fluid-flow system of a 200 MW turbine: representative symptoms
determined from the SVD analysis (after [22]).
Symptom
number
1
2
3
4
5
6
7
8
9
10
11
12

Measurement
point

Measurement
direction
Vertical

Front
high-pressure
turbine bearing

Horizontal
Axial
Vertical

Rear highpressure turbine
bearing

Horizontal
Axial

Mid-frequency
6300 Hz
8000 Hz
5000 Hz
6300 Hz
6300 Hz
8000 Hz
5000 Hz
8000 Hz
6300 Hz
8000 Hz
2000 Hz
8000 Hz

Continuous entropy time histories for these twelve symptoms are shown in Fig. 9.9. It
may be easily noted that symptoms numbered 1, 2, 6, 7, 9 and 12 should be discarded, as
their entropy time histories either are very irregular or even reveal an increasing trend. For
the six remaining symptoms, representativeness factors have been calculated according to
the procedure outlined in Section 9.3.4. Results are listed in Table 9.2. Symptoms
numbered 3, 4 and 5 are characterized by the highest factor values, from 2.42 to
3.5110-8 (with normalized symptom s(θ), R is expressed in nat/day units). These
symptoms may thus be identified as the most suitable from the point of view of technical
condition deterioration representation.

9.5. Conclusions
In technical condition assessment and prognosis of its development, the proper choice of
symptoms is of prime importance. This is particularly the case for complex objects. The
method described in this study is relatively simple and straightforward and can be applied
to various types of symptoms, irrespective of their physical origins. This approach has
been tested for vibration-based symptoms of large steam turbines and shown to give
consistent results. On the other hand, further development is certainly possible. While
final results are only weakly influenced by trend normalization procedure and even by
entropy type, they are rather sensitive to outlier removal and in particular to the logistic
vector normalization. These issues require further study.
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Fig. 9.9. Continuous entropy vs. time: front (a) and rear (b) high-pressure turbine bearings,
normal distribution assumption. Numbers in the inset correspond to symbols listed in Table 9.1
(after [22]).
Table 9.2. Representativeness factor values for six symptoms from Table 9.1 (after [22]).
Symptom
number
3
4
5
8
10
11

384

Representativeness factor value
(nat/day)
3.51  10-8
2.42  10-8
2.65  10-8
0.41  10-8
0.83  10-8
-2.58  10-8
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Nonlinear Acoustic Echo Cancellation
Using a Dynamic Micro-speaker Model
Arthur Marker, Michele Ziletti, Dominika Behounek,
Steven J. Elliott and Keith Holland1

10.1. Introduction
The miniaturisation of technology has given rise to new powerful handheld devices in
various forms, ranging from smartphones to small portable computers such as netbooks
or tablets. Despite the miniaturisation, implying also the reduction in the dimensions of
the built-in loudspeakers known as micro-speakers [1], consumers have high demands on
the audio quality of these devices as well as the loudness of the sound. To achieve
adequate sound pressure levels, these micro-speakers need to be driven to their physical
limits, which is one of the major contributors to introducing nonlinearities [2]. This not
only can degrade the audio quality [3], but can also negatively affect the performance of
acoustic echo cancellers (AEC) [4] which are used to reduce the acoustic echo during
voice and video calls and thus aimed to improve the speech quality in telephony. This is
due to the fact that conventional AECs often assume a linear echo path [3, 4] which does
not hold if nonlinearities are introduced [5]. To overcome these limitations, nonlinear
AECs or NLAECs can be used, but unlike the well-understood theory of linear filters, the
implementation of nonlinear filters in NLAECs can be significantly more challenging [6].
Hence, different approaches have been studied to model nonlinearities, such as
polynomial saturation curves [7], neural networks [8-10], Wiener–Hammerstein models
[11-14], and Volterra filters [6, 15-17].
Unfortunately, most of these approaches prove inefficient for modelling higher order
nonlinearities and since it is widely accepted that the nonlinearities in loudspeaker systems
are primarily of third and higher orders [18], the practical application of most of these
models is significantly reduced. In Volterra models, for example, the number of
coefficients that needs to be identified, rises as the power of the nonlinear order being
modelled. If a linear echo canceller requires the order of 1000 coefficients, for example,
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which is a typical number [19], then the number of coefficients required for a general
Volterra model that captures second order nonlinearities is of the order of 1,000,000 and
one which captures third order nonlinearities is of the order of 1 billion. As an alternative
to Volterra filters, neural networks can be used, which are less complex than the Volterra
series, but their performance is also lower and thus not always practically useful.
A different way to improve the performance of echo cancellers has been investigated in
[20] where the current driving the micro-speaker is proposed as a nonlinear reference
signal for the echo canceller. This method can completely capture the nonlinearities
introduced by the amplifier but only partially captures the nonlinearities introduced by the
micro-speaker. If, however, the nonlinearities in an echo path are primarily due to the
nonlinear mechanical damping, then only a few additional parameters need to be identified
over and above the number required to model the linear path. The following sections
describe the identification of a dynamic model for a micro-speaker which takes into
account the nonlinear damping characteristic through purely electrical measurements,
avoiding any explicit vibration measurements, as was used in [21], and potentially
opening up the possibility of efficiently implementing nonlinear echo cancellers.
In Section 10.2 an introduction to nonlinearities in loudspeakers is given, while in
Section 10.3 a quasi-linear model of a micro-speaker characterised by nonlinear
mechanical damping is derived. Section 10.4 focuses on the presentation of a model
identification method based on the quasi-linear model. The results of the model
identification carried out on a sample micro-speaker are presented in Section 10.5 with
final conclusions drawn in Section 10.6.

10.2. Loudspeaker Nonlinearities
In larger speaker drivers, the dominant form of nonlinearity is often found in the
suspension stiffness and the force factor [22] while in microspeakers, the dominant
nonlinearity has been shown to be a nonlinear mechanical damping characteristic.
Measurements of micro-speakers revealed a large deviation between the results for the
damping in vacuum and air as a function of diaphragm velocity [21], indicating that the
nonlinearity is probably related to the airflow caused by the leakage through the case when
the case volume is driven through the rear of the loudspeaker. It is known that the acoustic
resistance of a small orifice is nonlinear [23], being independent of the flow speed at low
amplitudes, when the flow is laminar, but rising in proportion to the flow speed at higher
amplitudes, when the flow becomes turbulent.
When a micro-speaker is driven with a signal whose amplitude is characterised by sudden
changes, such as a speech signal for example, the effect of the nonlinear damping is a
significant reduction in the peak response of the micro-speaker compared to purely linear
damping. Consequently, the micro-speaker could be driven harder for a given limitation
of the diaphragm excitation (Xmax) and thus produce higher sound pressure levels at
frequencies above the speaker's resonance. The beneficial effect of the nonlinear damping
is thus essentially a dynamic range compression. A potential disadvantage of the nonlinear
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damping is the distortion that it generates, although it will be shown below that this can
be surprisingly small.

10.3. Quasi-linear Model of the Micro-speaker
In this section the mathematical model of a micro-speaker characterised by nonlinear
damping is derived.
Fig. 10.1 shows the dynamics of a micro-speaker modelled as a single degree of freedom
where 𝑀 represents the diaphragm mass, 𝐾 the stiffness suspension and [𝑥̇(𝑡)] is the
nonlinear damping term.

Fig. 10.1. Lumped parameter model of the micro-speaker.

The equation of motion for this system can be written as:
𝑀𝑥̇̈ (𝑡) + 𝑔[𝑥̇ (𝑡)] + 𝐾𝑥̇(𝑡) = 𝐵𝑙𝑖(𝑡),

(10.1)

where 𝑥̇(𝑡) is the diaphragm displacement, 𝐵𝑙 is the electro-mechanical transduction
coefficient and 𝑖(𝑡) is the current flowing though the coil. The coil of the micro-speaker is
assumed to have negligible inductance but to have an electrical resistance 𝑅, so that the
driving voltage, (𝑡), is equal to:
(10.2)

𝑣(𝑡) = 𝑅𝑖(𝑡) + 𝐵𝑙𝑥̇ (𝑡).

Solving Eq. (10.2) for (𝑡) and substituting into Eq. (10.1) gives the equation of motion for
the micro-speaker, when driven by a voltage signal as:
𝑀𝑥̇̈ (𝑡) + ℎ[𝑥̇ (𝑡)] + 𝐾𝑥̇(𝑡) =

𝐵𝑙
𝑅

𝑣(𝑡),

(10.3)

where ℎ[𝑥̇ (𝑡)] is the nonlinear damping function including the linear damping
term

𝐵𝑙 2
𝑅

𝑥̇ (𝑡).

An interesting aspect of systems with nonlinear damping is that their behaviour can be
reasonably well predicted using equivalent linear models, where the equivalent linear
damper varies as a function of the excitation level, and which are therefore termed
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quasi-linear. These quasi-linear models are particularly accurate for systems with
nonlinear damping [24]. Ref. [24] shows that the analysis of systems characterised by
nonlinear damping of the type used here to describe the dynamic behaviour of the
micro-speaker, is simplified by the fact that there are no jump or bifurcation behaviour, as
often found in systems characterised by nonlinear stiffness for example. Also the
equivalent linear damping is chosen such that the power lost to damping is the same as in
the system with nonlinear damping. Therefore, the dynamic of these systems can be well
represented by an equivalent linear system, whose damping parameters depend on the
form and amplitude of the excitation. In the next sections it is demonstrated that even
though the damping in the system increases with rising excitation levels, the response of
the system still behaves as if it was almost linear, with almost perfect coherence between
the voltage and current. The equation of motion for the equivalent linear system
representing the micro-speaker can be written as [24]:

𝑀𝑥 𝑡

𝐶 𝑥 𝑡

𝐾𝑥 𝑡

𝑣 𝑡 ,

(10.4)

where 𝐶 is the total linear equivalent damping. If 𝐶 is chosen so that its power
dissipation is the same as that in the nonlinear system, its value is:

𝐶

,

(10.5)

where 𝐸[ ] denotes the expectation value, 𝜎 is the mean square diaphragm velocity and
ℎ 𝑥 𝑡 is an odd polynomial function of the velocity with 𝑁 terms which can be written
as:

ℎ𝑥 𝑡

∑

𝐶

𝑥 𝑡 1

1

𝑥

𝑡 |𝑥 𝑡 | 1

1

, (10.6)

where 𝐶 is the n-th nonlinear damping coefficient. Assuming the system is excited by a
Gaussian process, and that the velocity response is also assumed to be Gaussian, the
numerator of Eq. (10.5) can be written as:

𝐸𝑥 𝑡 ℎ𝑥 𝑡

√

𝑥 𝑡 |𝑥 𝑡 | 1

∑

𝐶 𝑥

1

𝑒

𝑡 1
/

1

𝑑𝑥.

(10.7)

The assumption of Gaussian process is a convenient choice to facilitate the derivation of
an expression for the equivalent damping of the micro-speaker, since Gaussian noise will
be used in the following section to identify a model for the damping force. It should be
noted that in principle also other broadband signals with a known probability function
maybe used.
The integral in Eq. (10.7) can be solved to give:

𝐸𝑥 𝑡 ℎ𝑥 𝑡
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∑

𝐶 2

𝜎

!,

(10.8)
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and thus dividing Eq. (10.8) by the mean square diaphragm velocity 𝜎 , the total
equivalent damping coefficient can be written as:

𝐶

√

∑

𝐶 2

𝜎

!.

(10.9)

If the nonlinear micro-speaker is driven by a white noise voltage, so that the driving force,
𝐵𝑙𝑣(𝑡)/𝑅, is also white, then the mean square diaphragm velocity is given by [25]:

𝜎

,

(10.10)

where 𝑆 is the power spectral density (PSD) of the driving voltage. Thus, substituting
equation (10.10) in (10.9) yields:

𝐶

√

∑

𝐶 2

If, for example, the damping force ℎ 𝑥 𝑡
equation (10.11) becomes:

𝐶

𝐶

2

𝐶

!.

(10.11)

includes a linear, a quadratic and a cubic term,

3𝐶

.

(10.12)

Fig. 10.2 shows the ratio of the cross spectral density between the acceleration for a single
degree of freedom micro-speaker simulated with a linear, quadratic and a cubic damping
part, as defined in Eq. (10.3) and its driving voltage, divided by the power spectral density
of the white noise driving voltage at different levels.
The implemented damping coefficients 𝐶1 – 𝐶3 together with the other physical
parameters, which are typical for a micro-speaker, are given in Table 10.1. The results in
Fig. 10.2 are shown for both, a time domain simulation (circular markers) using the
nonlinear Eq. (10.3) and for an equivalent linear system (solid line) with equivalent linear
damper calculated using Eq. (10.12), whose value is plotted in Fig. 10.2(d). It can be seen
that the two responses are very similar.
Despite the fact that the damping ratio rises from its initial value of about 0.06 at low
levels to about 0.28 at high levels, it is surprising that the coherence between the force
and the resulting acceleration, shown in Fig. 10.2(c) only falls to about 0.98 at these high
levels. The fidelity of the resulting response is surprisingly good, as was confirmed
through listening to various processed speech samples.

10.4. Model Identification of a System Characterised by Nonlinear Damping
The model identification of a dynamic system requires the measurement of the states of
the system for a known input. Normally the identification of a mechanical system
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characterised by nonlinear damping requires the measurement of the acceleration, velocity
and displacement as shown for example in [26] for the identification of the damping force
in an automotive shock absorber.

Fig. 10.2. (a) Magnitude and (b) phase of the simulated acceleration voltage ẍ/V frequency
response function of the micro-speaker when subjected to random white noise voltage of
Svv = 1×10-6 (blue line), 1×10-5 (green line), 1×10-4 (red line), 1×10-3 V2/Hz (cyan line). The solid
lines show the quasi-linear frequency response functions and the circular markers are obtained
from numerical integration. (c) Coherence function. (d) Equivalent damping ratio of the microspeaker.
Table 10.1. Physical parameters of the micro-speaker.
Parameter
Mass
Stiffness
Natural frequency
Transduction coefficient
Coil resistance
Linear damping coefficient
Quadratic damping coefficient
Cubic damping coefficient

Value

M 50 10-6 kg
K 575.5 N/m
fn 1/2π 𝑘/𝑚 545 Hz
Bl 0.6 N/A
R 6.5 Ω
C1 0.02 Ns/m
C2 0.08 Ns2/m
C3 0.01 Ns3/m

In principle, the model identification for a loudspeaker does not only require the
measurements of these mechanical states but also its electrical states such as current and
voltage. From a practical point of view, the measurement of the mechanical states in a
micro-speaker can be difficult to carry out and requires expensive equipment such as a
laser vibrometer [22]. In this section, the identification of a model of a micro-speaker
whose dynamic is characterised by nonlinear damping is carried out based on the
measured electrical impedance. The electrical impedance can be easily obtained by
measuring the input voltage and current flowing through the voice coil.
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In order to test the method, the identification is first performed on a simulated
micro-speaker with physical parameters given in Table 10.1 and driven by Gaussian noise
of different levels. Fig. 10.3 shows the simulated electrical impedance of the
micro-speaker for different levels of the white Gaussian driving voltage, which, for the
𝑞-th level, has been calculated from:

𝑍

,

𝑗𝜔

,
,

,

(10.13)

where 𝑆 , and 𝑆 , are the input spectral density and cross spectral density of the
voltage and current respectively, calculated from the Fourier transform segments of the
time histories obtained from numerical integration of the equation of motion. This
broadband measurement corresponds to the least squares, or H1 estimate of the equivalent
linear system and is equivalent to the first Wiener kernel for a nonlinear system [27]. The
average results are thus unaffected by output noise, as verified in other simulations, which
included output noise with a level of 10 dB below that of the output signal.

Fig. 10.3. (a) Modulus and (b) phase of the simulated electrical impedance of the micro-speaker
when subjected to a random white noise voltage of power intensities Svv = 1×10-6 (blue line),
1×10-5 (green line), 1×10-4 (red line), 1×10-3 V2/Hz (cyan line) (c) coherence function.

The graph in Fig. 10.3 shows that at low frequencies, the electrical impedance corresponds
to the electrical resistance of the voice coil of in this case 6.5 Ω. In the narrow frequency
band around the mechanical resonance frequency of the micro-speaker, the electrical
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impedance shows a peak. For low levels of the driving voltage, the electrical impedance
is only slightly damped while it becomes more and more damped with increased level of
the driving voltage. This behaviour is due to the nonlinear damping force ℎ 𝑥 𝑡 in
Eq. (10.3). It is interesting to note that even when driven at high voltage levels, for which
the equivalent linear damping is increased by a factor of about 5, the coherence between
the voltage and current is still always above 0.99, as noted in [24].
The electrical impedance of the micro-speaker when driven with a voltage of PSD 𝑆
is given by [28]:

𝑍

,

𝑗𝜔

𝑅

,

,

,

(10.14)

where 𝐶 , is the corresponding total equivalent damping coefficient. At resonance, the
electrical impedance 𝑍 , 𝑗𝜔 is given by:

𝑍

𝑗𝜔

,

𝑅

,

.

(10.15)

At low levels of the input voltage (e.g. Svv,1 = 1×10-6 V2/Hz), where the higher component
of the damping force can be neglected, the micro-speaker responds almost linearly with a
slightly damped resonance peak. For this level of voltage input, the total equivalent
damping can be estimated using the half-bandwidth method as for a linear system, given
by:

𝜁

,

(10.16)

where 𝜔 is the resonance frequency of the micro-speaker, and 𝜔 and 𝜔 are the half
energy frequencies of 𝑍 , 𝑗𝜔
𝑅. The damping coefficient can then be calculated as:

𝐶

2𝜁 𝑀𝜔 ,

,

(10.17)

and the transduction coefficient 𝐵𝑙 can thus be obtained from Eq. (10.15) as:

𝐵𝑙

𝐶

,

𝑍

,

𝑗𝜔

𝑅 ,

(10.18)

which is 0.6 N/A in this case.
To better understand the variation of the damping with the level of the driving voltage,
the electrical impedance of the micro-speaker has been simulated for 14 levels of the PSD
of the driving voltage. For each level of the voltage input, the corresponding total
equivalent mechanical damping coefficients have been calculated using Eq. (10.17), and
the results plotted in Fig. 10.4 as a function of the PSD of the driving voltage
(star markers).
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The plot confirms that the mechanical damping rises by a factor of about 5 as the level of
the voltage excitation is increased.

Fig. 10.4. Equivalent total damping ratio as a function of the power spectral density Svv
of the input voltage. Nominal values (star markers), system identification obtained through
numerically integrating the equation of motion (square markers) and system identification based
on the quasi-linear model (circular markers).

The aim of the identification method presented below, is to calculate the values of the
damping coefficients C1, C2 and C3, starting from the electrical impedance of the
micro-speaker measured for different levels of white noise input voltage. This is carried
out using the optimisation algorithm fmincon in Matlab which iteratively obtains the
optimal parameters that minimise a cost function 𝐽. At the n-th iteration, the cost function
can be written as:

𝐽 𝑛

𝑪

𝑪 𝑛

𝑪

𝑪 𝑛 ,

(10.19)

𝐶 , ⋯𝐶 ,
is the column vector containing the measured total
where 𝑪
equivalent damping coefficients obtained from the electrical impedance for the 𝑄 levels
𝐶 , 𝑛 ⋯ 𝐶 , 𝑛 is the column
of input voltage (star markers in Fig. 10.4). 𝑪 𝑛
vector containing the total equivalent damping coefficients obtained from the identified
model at the n-th iteration for the same levels of the voltage input. In general, in a
nonlinear system an uncorrelated additive measurement noise may influence the estimate
of the electrical impedance of Eq. (10.13) since it can create correlation [26]. However,
simulation results have shown that in this case the effect of background noise on the
current signal have negligible effect on the estimate of the equivalent damping ratio which
is reasonable since it is known that the H1 estimator in Eq. (10.13) is not biased by additive
noise on the output signal, which is the current in this case.
The aim of the optimisation algorithm is to find the optimal vector of damping parameters
𝑿
𝐶
𝐶
𝐶
which minimise the cost function 𝐽, such that:
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𝑿

arg min3 𝐽 .

(10.20)

𝑋𝜖ℛ

As first step, the algorithm is initialised with a set of damping coefficients
𝑿
𝐶 𝐶 𝐶 . The elements of the vector 𝑪 𝑛
𝐶 , 𝑛 ⋯𝐶 , 𝑛
can be
calculated in two ways. The first way is to use Eq. (10.5) where the velocity of the
diaphragm is obtained by numerically solving the equation of motion of the micro-speaker
given in Eq. (10.3). The second way is by using the quasi-linear formulation presented in
the previous section by solving Eq. (10.12). Once 𝑪T (𝑛) is obtained using one of these
two methods, the cost function (𝑛) can be calculated using Eq. (10.19). Even though the
identification is carried out by feeding the micro-speaker with a Gaussian voltage signal
at various levels, the identified nonlinear model of the micro-speaker can be used to
simulate its response for any voltage input signal which may have different statistical
characteristics (e.g. speech or music).
Table 10.2 shows the results of the identification when the equivalent damping
coefficients are obtained numerically, either by solving the equation of motion or by using
the equivalent linear formulation. The results show that when the quasi-linear model is
used, there is generally a larger discrepancy between the nominal and estimated values
than when using time domain simulations. This is also confirmed by the results in
Fig. 10.4, which shows the equivalent total damping of the two identified models as a
function of the PSD of the input white noise voltage.
Table 10.2. Optimal value of 𝑿

C1

Nominal values
Time domain simulation
Equivalent linear optimisation

Ns/m
0.020
0.022
0.019

C2

Ns2/m2
0.080
0.081
0.065

.

C3

Ns3/m3
0.010
0.005
0.002

Jmin

N2s2/m2
Not applicable
1.29×10-5
2.23×10-4

As expected, the identification carried out on the data obtained numerically solving the
equation of motion (square markers) gives a better fitting to the nominal coefficients (star
markers) than that based on the quasi-linear model (circular markers), which
underestimates the equivalent damping in this case. This is due to the approximation made
in the quasi-linear model, where it is implicitly assumed that the diaphragm velocity is
Gaussian for a Gaussian input voltage.
Although the identification based on the quasi-linear model is less accurate than the
numerical identification method, it is computationally very efficient, and the degree of
accuracy may still be sufficient for most applications.

10.5. Experimental Identification of a Micro-speaker
In this section, the experimental model identification of a micro-speaker (type
HQS1511(3.5T) Bluecom Co. Ltd.), shown in Fig. 10.5 as typically used in mobile
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applications is evaluated. The micro-speaker consists of a magnet, a voice coil attached to
a diaphragm, a protection grille and an acoustic felt cover.

Fig. 10.5. Disassembled micro-speaker (type HQS1511(3.5T) Bluecom Co. Ltd.) for use
in mobile applications with magnet, voice coil attached to the diaphragm, protection grille
and acoustic felt (from left to right).

As shown in the previous section, a practical way for model identification of a
micro-speaker is by measuring its broadband electrical impedance. This can be done by
using Eq. (10.13) to estimate the frequency response function between a driving white
noise voltage and the current, measured with a current probe (in this case a Chauvin
Arnoux E3N current probe). Fig. 10.6 depicts the measurement setup used for the electric
measurements. It is divided into the three functional blocks:
 Measurement block consisting of the hardware for the electrical measurements
of the microspeaker;
 Conversion block including the Digital-to-Analog Conversion (DAC) and
Analog-to-Digital Conversion (ADC) for signal generation and data
logging respectively;
 Data processing block where the output/excitation signal is defined as well as where
the captured data is processed and visualised.

Fig. 10.6. Block diagram of the measurement setup for the electric measurements.
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The results of the electrical measurements are shown in Fig. 10.7 where the electrical
impedance of the analysed micro-speaker is plotted for different levels of the input
voltage.

Fig. 10.7. (a) Magnitude and (b) phase of the measured electrical impedance of the micro-speaker
when subjected to a random white noise voltage of power intensities Svv = 3.65×10-6 (blue line),
3.0×10-5 (green line), 1.5×10-4 (red line), 1.2×10-3 V2/Hz (cyan line). (c) Coherence function.

Comparing Fig. 10.3 and Fig. 10.7 it can be seen that the simulated and measured
electrical impedances have similar patterns. The electrical resistance of the coil can be
obtained from the magnitude of the electrical impedance in the low frequency region,
which is about 6.5 Ω in this case for low-level excitation. However, in contrast with the
simulated impedance where the magnitude of the electrical impedance at low frequency
is independent of the level of the input voltage, Fig. 10.7 shows that the resistance of the
coil increases slightly with rising level of the driving voltage, due to a change of the
operating temperature of the coil. This effect can be taken into account in the identification
of the micro-speaker dynamics by making 𝑅 dependent on the driving level in Eqs. (10.15)
and (10.18). As seen from the results for the simulated electrical impedance in Fig. 10.3,
the resonant peak in Fig. 10.7 also shows a driving-level-dependent damping, which
indicates that the dynamic of the micro-speaker is characterised by nonlinear mechanical
damping. In the measured electrical impedances in Fig. 10.7 it can further be seen that the
resonance frequency of the micro-speaker slightly shifts up as the level of driving voltage
increases, suggesting a hardening behaviour of the suspension in addition to the nonlinear
damping, as also documented in [21]. It should be emphasised that while the peak
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response decreases by a factor of almost 2, the variation of the resonance frequency is
only about 3 %, moving from 545 Hz for a low level input to 560 Hz for a high level input.
This supports the assumption that the main source of nonlinearity is due to the damping
force. At higher frequencies, the electrical impedance again corresponds to the electrical
resistance of the coil, and no significant inductive effect is observed in the frequency band
of interest. Despite the fact that the damping ratio rises significantly when the driving
voltage increases, the coherence between the voltage and the resulting current, shown in
Fig. 10.7 (c) only falls to about 0.98 for the highest excitation level, as also observed in
the simulated results in Fig. 10.3 (c). The linear damping coefficient and the
electro-mechanical transduction coefficient 𝐵𝑙 can be estimated from the electrical
impedance measured for low levels of the white noise input voltage using Eqs. (10.17)
and (10.18) with an estimated diaphragm mass of 50 mg, to give a damping coefficient of
about 0.02 Ns/m and a transduction coefficient of around 0.6 N/A. For exact calculation
of Eq. (10.12) it is actually necessary to know the modal mass of the micro-speaker but
since this is difficult to obtain in practice, it has been approximated with the estimated
physical mass of the diaphragm.
To better understand the variation of the damping depending on the level of the driving
voltage, the electrical impedance of the micro-speaker has been measured for 14 different
levels of the PSD of the driving voltage. For each level of the voltage input, the
corresponding total equivalent mechanical damping coefficients have been calculated
using Eq. (10.17). The star markers in Fig. 10.8(a) show the measured damping
coefficients as a function of the PSD of the driving voltage. The plot confirms that as 𝑆vv
increases, the mechanical damping gets larger. For the identification it is assumed that the
damping force is given by a linear, a quadratic and a cubic term component.

Fig. 10.8. (a) Equivalent total damping as a function of the power spectral density Svv of the input
voltage as obtained from: measurements (star markers), the system identification based
on numerically integrating the equation of motion (square markers) and system identification based
on the quasi-linear model (circular markers) (b) numerically identified damping force
as a function of the diaphragm velocity.
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The optimisation algorithm fmincon in Matlab is used to find the optimal vector of
𝐶
𝐶
𝐶
with the following constraints, which
damping parameters 𝑿
were fixed in order to ensure convergence:

0.01

𝐶

0.03, 0.01

𝐶

0.1,

0.04

𝐶

0.02.

(10.21)

The optimal damping coefficients 𝐶 , 𝐶
and 𝐶
obtained through the optimisation
process are listed in Table 10.3, whereas for the identification either a time domain or a
quasi-linear model was used. It can be seen that two optimisation methods give slightly
different optimal parameters. In order to better compare the two optimisation results, the
equivalent damping for the two models has been calculated as a function of the PSD of
the input voltage, and is plotted with the star markers in Fig. 10.8(a) when the
identification is carried out by numerically integrating the equation of motion, and with
the circular markers when the identification is carried out using the quasi-linear
formulation. The graph shows that the optimisation based on the numerical integration of
the equation of motion gives a more accurate model compared to the quasi-linear solution
but at the expense of a larger computational effort.
Table 10.3. Optimal value of 𝑿

for the micro-speaker type HQS1511(3.5T) Bluecom Co. Ltd..

C1

Time domain simulation
Equivalent linear optimisation

Ns/m
0.0199
0.0171

C2

Ns2/m2
0.07
0.062

C3

Ns3/m3
0.016
0.020

Jmin

N2s2/m2
4×10-6
2×10-4

Fig. 10.8(b) shows the numerically identified damping force as a function of the
diaphragm velocity calculated from the identified coefficients in Table 10.3 from the time
domain simulation. The accuracy of the identified model of the micro-speaker can be
assessed using the frequency domain results. Fig. 10.9 shows the measured (solid line)
and simulated (dashed line) electrical impedance using the model of the micro-speaker
identified by (a) numerically integrating the equation of motion or (b) using the
quasi-linear model identification for different levels of white noise voltage. The graphs
show that the simulated and measured responses are in reasonable agreement. As
expected, the numerical model identification gives a better fitting in relation to the
measurement results. The hardening of the suspension is also visible in the measurement,
which generates some discrepancy between the simulated and measured phase response.
One potential application of the nonlinear model of the micro-speaker is an acoustic echo
canceller (AEC), as shown in Fig. 10.10. The aim of the echo-canceller is to prevent the
far-end signal, 𝑣, from being radiated from the micro-speaker to the speech microphone
in, for example a mobile phone, via the acoustic path and then transmitted to the far-end,
generating echo. This is conventionally achieved using a linear adaptive filter and
assuming that the response of the micro-speaker is accounted for in a separate linear
model, as illustrated in Fig. 10.10(a). However, the assumption of a linear response does
not hold if nonlinearities are introduced [5], which is typical for micro-speakers.
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Fig. 10.9. Measured (solid line) and simulated (dashed line) electrical impedance response, phase
and coherence of the micro-speaker as identified through (a) numerically integrating the equation
of motion and (b) using the quasi-linear model identification for white noise voltage of power
intensities Svv = 3.65×10-6 (blue line), 3.0×10-5 (green line), 1.5×10-4 (red line)
and 1.2×10-3 V2/Hz (cyan line).

Fig. 10.10. Scheme of the echo-canceler with (a) a linear and (b) a nonlinear model
of the micro-speaker.

Therefore, instead of using a purely linear model of the micro-speaker, it is suggested here
to apply a nonlinear model identified by using a model identification based on the
electrical measurements with noise at different levels as described earlier and thus to be
able to model the nonlinear response of the micro-speaker. The idea is, that a nonlinear
model would give a better representation of a real micro-speaker than a linear model and
consequently lead to an improved performance of the AEC.
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In order to provide an assessment of the effectiveness of using the identified nonlinear
model of the micro-speaker in an echo canceller, some numerical simulations based on
the identified model of the micro-speaker have been carried out. The reference signal was
obtained by simulating the acoustic signal, assuming that the linear acoustic path takes its
simplest possible form i.e. a delay. It is assumed that the delay is modelled by the
converged response of the adaptive filter. The performance of the echo canceller is
determined by observing the difference between the output of the micro-speaker and that
of the model.
Fig. 10.11 shows the results for the numerical simulation of the two echo-cancelers with
a section from a typical speech signal as input signal.

Fig. 10.11. (a) The waveform of the simulated diaphragm velocity of a micro-speaker with either
linear damping (C2 = 0, C3 = 0) or with additional quadratic and cubic damping
(C2 = 0.07 Ns2/m2, C3 = 0.016 Ns3/m3) in Eq. (10.3) (top plot) and difference between these two
curves, which is an indicator for the residual error that would be generated when using a linear
echo-canceller shown in Fig. 10.10(a) to cancel the output of the nonlinear micro-speaker (bottom
plot). (b) The same result shown for the case in which the nonlinear model of the micro-speaker is
used for the echo-canceler as depicted in Fig. 10.10 (b).

The black line in the top plot of Fig. 10.11 (a) shows the time history of the diaphragm
velocity when a linear model of the loudspeaker is assumed (C2 and C3 equal zero) while
the grey line shows the diaphragm velocity of the nonlinear micro-speaker. From the plot
it is clear that the effect of the nonlinear damping is to compress the dynamic range of the
micro speaker, since the peak velocity is significantly reduced by the nonlinear damper.
This allows the micro-speaker to be driven harder for a given limitation on the diaphragm
throw and thus produce higher sound pressure levels at frequencies above the speaker’s
resonance, which is at around 545 Hz in this case. If the micro-speaker is used in the linear
echo canceller shown in Fig. 10.10 (a), as for instance in a mobile phone, the efficiency
of the canceller may be heavily compromised if a linear model of the micro-speaker is
applied. This is illustrated in the bottom of Fig. 10.11 (a), which shows the difference
between the response of the nonlinear model of the micro-speaker and that of the linear
model, as would be generated by the response of a linear echo canceller shown in
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Fig. 10.10 (a). Fig. 10.11 (b) shows the same results for the case that nonlinear damping
of the micro-speaker is taken into account by using the nonlinear model of the microspeaker in the echo-canceler as shown in the diagram in Fig. 10.10 (b). In this simulation,
the dynamics of the micro-speaker are simulated by using the damping coefficients
obtained from the time domain optimisation (first row of Table 10.3) with the nonlinear
model using the damping coefficients obtained from the equivalent linear optimisation
(second row of Table 10.3). In this case, the residual error is much lower indicating that
the performance of the echo-canceler has been significantly improved by using this
nonlinear speaker model.

10.6. Conclusions
This work presents an approach of implementing a nonlinear Acoustic Echo Canceller
using a dynamic micro-speaker model. The model identification procedure for the
underlying nonlinear micro-speaker model uses purely electrical measurements, with
dynamics characterised by nonlinear mechanical damping. It has been shown that by
measuring the electrical impedance it is possible to identify the nonlinear damping
behaviour of the micro-speaker. An analytical formulation of the quasi-linear response of
a micro-speaker with a polynomial damping force is derived. Two optimisation algorithms
are then tested to identify the damping parameters of the system. The first is based on the
numerical solution of the equation of motion while the second is based on the analytical
quasi-linear model. The quasi-linear model of the micro-speaker is appealing because of
its simplicity and the resulting identification proves computational very efficiency, but its
accuracy may be lower than that obtained using the time domain simulation. Whichever
approach for the model identification is chosen, the simulation results using a nonlinear
micro-speaker model in an AEC are demonstrated to be superior compared to an AEC
using a purely linear loudspeaker model and thus suitable to model the nonlinear dynamics
of a typical micro-speaker as used in handheld devices.
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A New Damage Detection Method for Bridge
Condition Assessment in Structural Health
Monitoring (SHM)
Ayaho Miyamoto, Akito Yabe and Zhonghong Yan1

11.1. Introduction
In recent years, structural health monitoring has received an increasing attention in the
field of civil infrastructure systems, such as bridges, highway networks, etc. Lifetime
engineering for the civil infrastructure systems is becoming one of the most important
issues in all over the world ([1] Miyamoto 2009, [2] Yanev 2007). There are many reports
about the catastrophic accidents until now, in which it makes people’s understanding that
the safety & secure of social infrastructure stocks are the vital value for our society. The
social infrastructure stocks are now deteriorating with ages and continuously accumulate
damage throughout their service life due to material deterioration, natural hazards, such
as earthquakes, storms, fires, long-term fatigue and corrosion and many factors of human
excessive utilization. The undetected and uncorrected damages could potentially cause
more serious damage and finally lead to a disaster. In order to ensure the serviceability
and safety of structures, structural damage detection is necessary at earliest possible stage.
Collected data would not only indicate potential damage arising from the detected
damages, but also becomes an essential value to show the authorities for decision-making
the necessary of maintenance and management. Such information on structural damage is
particularly crucial to face on natural hazards and long-term usage. Therefore,
measurement and monitoring have an essential role in structural management. The data
resulting from the monitoring program is used to optimize the operation, maintenance,
repair and replacing of the structure based on reliable and objective data. Detection of
ongoing damage can be used to verify deviations from the design performance.
Monitoring data can be integrated in structural management systems and increase the
quality of decisions by providing reliable and unbiased information.

Ayaho Miyamoto
Yamaguchi University, Japan
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However, a large size structure produces a huge amount of monitoring data for every day,
every month and every year. It becomes an important thing that how to detect damages
from such huge number of monitoring data, that is a big challenge for analysis to discover
the damage information of a target structure. Furthermore, there are not only many kinds
of sensor data, but also many undetermined factors in the system, such as the dynamic
loads, ever-changing climate condition and severe noise interference. At the same time,
we cannot exactly find a model to describe any structure and a variety of data
interrelationship in design stage or during any operating period. In generally, the large
structure can be viewed as a system, and the large-scale systems theory or any other new
methods can be employed to research the system. It is obvious that those large systems
are a high-order nonlinear system. The nature exists a great of complex systems, many of
them have some similar or not. At least, the description of a system state is an essential
problem and even a philosophical methodology problem ([3] Yan et al. 2008, [4]
Miyamoto 2013). Fig. 11.1 shows that how important the condition assessment in SHM
research. And also, it is easy to understand from this figure that the practical condition
assessment is still a basic problem in SHM research, although there are many literatures
to study on the topics for SHM. In this chapter, it will be focusing on to try to easy
explanation of the analysis methods of condition assessment in SHM with comparison
between traditional methods and a new proposed method which called “Sate
Representation Methodology (SRM)”([5] Yan & Miyamoto 2008, [6] Miyamoto et al.
2011). Then the main content of the chapter is consisted from the basic theory (concept)
of “Sate Representation Methodology (SRM)” to its applications to practical “Condition
Assessment” for bridge structures.

Fig. 11.1. Importance of condition assessment in SHM.

408

Chapter 11. A New Damage Detection Method for Bridge Condition Assessment in Structural Health
Monitoring (SHM)

11.1.1. An Idea of the System State Representation Methodology (SRM)
Since bridge structures are a vital part of transportation systems, many literatures are
concentrated on bridge monitoring systems in which many environmental responses or
signals need to be measured and analyzed. In a complex system like bridge structures,
how do we know its state, such as its reliability, safety, life-cycle, etc.? However, it is
almost impossible to quantify health and reliability of a bridge system for many of the
limit-states without extensive data, in that we often do not have. Based on a general
definition, the monitoring of a system is the frequent or continuous observation or
measurement of structural conditions or actions ([7] Wenzel et al, 2006). There is another
definition which gives more details: structural health monitoring is the use of in-situ,
non-destructive sensing and analysis of structural characteristics, including the structural
response, for detecting changes that may indicate damage or degradation ([8] Housner et
al, 1997). The increase demand for and interest in the ability to monitor a bridge structure
and detect the onset of structural damage at earliest possible stage, as a results of such
catastrophic structural failure, has led to the development of a variety of damage detection
methods. The approaches to detection, localization, and quantification of damage in
structural system are in general divided into two categories: Local nondestructive
evaluation (NDE) and global structural health monitoring (SHM). The former uses either
visual inspection or nondestructive testing to examine the local properties of a structure,
such as fatigue cracks in steel, corrosion of steel and deterioration of concrete; while SHM
explores the concept of system identification in which an analytical structural model and
the measured response are combined via a parameter estimation procedure. The first
category methods have been proven inefficient for large size bridges, because those are
always expensive, time consuming and labor intensive. The most significant challenge for
any local NDE technologies is the difficulty in directly relating the testing results to the
global condition of the bridge in question for purpose of maintenance and management.
The need for global and cost-effective damage detection methods suitable to large-scale
bridges has led to the development of structural health monitoring technologies and
research into damage detection methods that identify the changes in the global
characteristics of structures due to damage.
Here, we will be focusing on the structural health monitoring system. Especially, how do
we describe the probability state from the structure monitoring data? In another view, can
we know more about what’s happened & when the monitored signals have been changing,
and what is the relationship between the system state and the sensor’s signals? All of those
about detecting and locating are very important for a practical structural health monitoring
system. This chapter will presents a new idea and systemic methods to describe and assess
the structural state which called as the system State Representation Methodology (SRM)
([3] Yan et al. 2008, [5] Yan & Miyamoto 2008). Based on theoretical research of the
SRM, a systemic method to describe damage feature and state of structural system will be
built.
In fact, in a complex system such as bridge structures, there are common and basic
questions as follows:
(1) What is the present state of a system?
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(2) How is it possible to extract the state features of a system?
(3) How is it possible to compare the state change of a system?
(4) What kind of damages are occurring in a system?
(5) How is it possible to locate a damage of a system?

11.1.2. Advances of SRM Compare with the Traditional Methods and Research
Scopes ([20-23]).
Fig. 11.2 shows that traditional methods based on frequency domain decomposition
(FDD) are widely recognized as a simple method ([5] Yan & Miyamoto 2008).

Fig. 11.2. Frequency domain decomposition (FDD) principle.

However it tends to often lead to the loss of sensitivity and accuracy of damage detection,
because the power spectrum of the measured responses could not be accurately estimated,
particularly for high-damped systems and systems with severe modal interference and
high noise. Meanwhile, there are some important questions in it: The natural frequency,
corresponding mode shape and damping coefficient are usually changing very slowly
when the bridge system is deteriorating in the early stage, in other words, the bridge health
condition is always not so sensitive with those parameters. At the same time, since a
complex system include many structural parts, it has many frequency components and
they are interfered each other, so it is very difficult to use FDD method to analyze a system
in damage detection because it is impossible to get modal parameters exactly. It is
necessary to use an overall view to recognize a system, one can assume that the system
state is a dynamic variable that could be described by a certain mathematics model, and
the probability method should be better to describe its state because it is always in many
random factors. Fig. 11.3 shows the main principle of the proposed SRM. The SRM first
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changes time domain data into the transformation domain features. Then the system state
variable is constructed in feature space instead of the frequency variable in Fig. 11.2, and
this is one of most important idea in this study. Furthermore, it makes a statistic state
probability distribution of the derived variable. Finally, the question of “condition
assessment” of a system becomes into a problem of “state assessment”. The following
sections will introduce more details.

Fig. 11.3. SRM principle, notice that a system state variable replaces the frequency.

11.1.3. Data Management
Among various damage detection methods, the vibration-based one is most widely used,
the core idea is that vibration responses are directly relative with the physical structure
and properties, such as mass, stiffness and boundary conditions, and those changes of
vibration responses can be used to characterize the structural damage. Although many
intuitive and considerable research efforts have been devoted to make clear not only
damage location but also damage degree during the past decades, assessing structural
damage in large-scale bridges still remains a challenging task for civil engineers. A
research shows that many factors can affect the assessed results, such as, the insensitive
of modal properties to local damage of bridge structures, uncertainty and incompleteness
in measurement data, modal variability arising from varying operational and
environmental conditions and modeling errors in the analytical model etc. The use of
physics-based damage detection or model-based damage detection methods often lead to
update a large number of damage parameters, especially when the structure has an
abundance of structural members. Therefore, they have to reduce their parameters. One
problem which may arise with this method is that the parameter reduction may identify
the most damage-sensitive parameters but may fail to locate the damage correctly. At the
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same time, the same parameters often lead to the ill-conditioning of model updating and
damage detection problems, where small measurement noises could be magnified, this
means that noise or complex parameter makes usually corruption of the analysis
accuracies. However, the sensitivity and the stability of the method are simultaneously
important to the practical applicability. Meanwhile, many literatures did not consider these
facts that the model updating condition is dynamic and our knowledge is an embedded
process as the time ongoing. Therefore, not only requires the improving of approaches for
model updating and damage detection, but also our methods should be built on a process
of observation by means of continuously accumulated data. The SRM will discuss the
method driven by monitoring data or by experience data in inspection. The SRM also
wants to know what is the differences between ‘‘virgin’’ state and ‘‘damaged’’ state after
an observed time. The SRM as a nonparametric structural damage detection methodology
based on nonlinear system identiﬁcation approaches is proposed for SHM in following
section.

11.1.4. Nonlinear Simulation and Feature Extracting
A complex system may have many external and internal factors, and the model updating
should be considered a high-order nonlinear because almost all behavior changes of a
large-scale system are always nonlinear and very complicated. In recent years,
knowledge-based learning methods have been researched and used widely, such as, neural
networks (NNs), support vector machines (SVMs), response surface methods (RSM), etc.
Their key point is the simulation of the nonlinear relationship between the monitoring
datum and damage state. However, these methods usually faced a technical common
problem: what is the damage state? Therefore, there are many objective functions or many
indices to make selection or definition of the parameters for the optimal problems. In
addition, what are the system features? How is it possible to extract these features?
Because we can get a great deal of data from a monitor system, but we do not know which
ones are the most crucial features that will help to obtain the damage information.
Generally, most of researcher employed frequency response functions (FRF), modal
properties (natural frequencies, mode shapes, modal parameters, etc.) and wavelet energy
coefficients etc., as the system features. However, we always have to be find some
standards or scales to calibrate our observation data and feature data, a few of researcher
paid attention to the scale concept that is usually necessary to assess a system. The
nonlinear description of system state is a very basic and principal concept. The scale
concept will be another important idea of the SRM ([5] Yan & Miyamoto 2008) in this
study. Therefore, this chapter will describe these basic concepts and methods, and also the
scale concept will be introduced in the analysis of the system state change, the assessment
of the system damage and the feature extracting methods.

11.1.5. Condition Assessment
The SRM attempts to provide a novel tool that helps the data mining in the structural
health monitoring system as follows: The general method of system state and state
assessment will be discussed; the nonlinear kernel function methods will be used to
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express the system state; the data-driven damage detection and model updating methods
will be studied. Such vibration-based new analysis method will be used to extract the main
features of system. It is a finally effort to provide a new idea that tried to reduce the gap
between health monitoring datum and the monitoring analysis results, which currently
exists and impedes bridge mangers benefiting from the monitoring systems. Following
this approach, the SRM can provide the evidence for description and assessment of system
state at any observing time, and bridge managers can eventually understand and use their
monitoring system data.
Fig. 11.4 shows the outlines of the chapter. The chapter mainly includes three parts: The
first part is the SRM model and algorithm, the second part is about the SRM tools, the
third part is about the SRM application.

Fig. 11.4. Framework of the chapter.

11.2. SRM Concept and Algorithms
11.2.1. Definition of the State of a System
The state of a system is interpreted as the overall response to its internal and external
factors which essentially depend on the response of structure itself or structural properties
and nature environment. Then, the quantitative assessment of the system state is the
description for system responding to the exciting factors. If the responses satisfy our
expectation (suitable values), the system state is considered as normal state, otherwise as
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abnormal state. In usually circumstances or under normal use conditions, the system is in
stable state, this means its state should be a constant, or fluctuation near a steady state. In
general sense, we can therefore assume that system state a stable random variable and it
is usually obeyed the normal distribution.

Assumption: The state of a system is a function of its system response to environment
exciting.
Obviously, above assumption has so natural sense. Nevertheless, it could not use the
response data directly in time domain because it is obvious time-varying signal. Therefore,
it is usually translated into the frequency domain or other transformation domain. This
process is called features extracting. Fig. 11.5 shows a procedure of feature extracting,
that is the SRM conceptual model in a habit by using two new symbols  and x instead
of α and ω respectively (see Figs. 11.2 and 11.3), in where x is also called the system
feature vector,  is the system structure alias parameter vector. Therefore,  is a
function of the dual relationship between  and x.

Fig. 11.5. SRM conceptual model.

11.2.2. System State Defining
The state of a system is noted as a state variable  , and it should be a function about the
system features that can be extracted from the responses to its various factors. In fact, the
successful use of the SRM is critically dependent on the experimenter’s ability to develop
a suitable approximation for system state function f. The following will give some
methods and algorithms:
Note that Hn is the finite dimension space which is embedded into the all system responses
H  . We first use the following symbols:
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x  ( x1 ( t ) , x 2 ( t ) , x 3 ( t ) , ..... x n ( t ) )  H

 H

n



,

(11.1)

  f ( x )  [ 0 , 1],

where   f ( x ) is called state representation equation (SRE).
At the beginning of a system, we usually suppose its state satisfy user’s expectation, just
as it is safety or reliability etc., which can be viewed as the normal state   1 , for always.
For a given initial response set denoted as IRS:
x i  ( x i 1 ( t ) , x i 2 ( t ) , x i 3 ( t ) , .. . x i n ( t ) )  I R S  H

n

, i  1, 2 .... . m .

(11.2)

However, Hn is in the time domain. It is difficult to describe the system state directly by
Hn . Generally, we need to change the response in time domain into the feature domain.
The latter sections will further discuss these questions. Therefore, x  ( x (1), x ( 2 ), .... x ( n ))
is assumed a feature vector extracted from the IRS. The initial response feature vector set
is denoted as IFS  H n and x  IFS .
As the significant time is past, the system will have some gradually deterioration of its
structure, it will departure out of normal state, in general, called the deterioration state,
and it would be:
  f ()  1 , for always.

(11.3)

Therefore, when the system has been changed in some time for system testing, if
  1 , i.e. f ( )  1 , we need update the assessment function under new state by add more
observing data to rebuild the SRE. Of course, one can choose some functions always
satisfy the situation expressed by Eq. (11.3), see the following section.

11.2.3. System State Approximating
Fig. 11.6 shows a basic idea for the state variable expression by approximating methods.
The following will analyze the main idea of a Kernel function expression. Because the
form of the real representation function f is unknown, it must be approximated by a method.
In fact, the successful use of SRM is critically dependent upon the experimenter’s ability
to develop a suitable approximation for f. The following will give out some useful methods
and algorithms.
Let w is constant vector in Hn which has the same sense with the system structure
parameters α,and also called as system state support vector or weight vector.
The first-order model is used to approximate the linear part of Eq. (11.1) as the following:
n

1  w, x   w( k ) x ( k ).

(11.4)

k 1
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Fig. 11.6. Schematic diagram of approximating state variable.

Use the Least Squares Estimators (LSE) method, it is easy to get the weight vector w; if
the system has only one response feature vector h  IFS , the least squares solution should
be:

w

h
h

2

.

(11.5)

Naturally, we can take m group of system feature vectors from IRS respectively, each least
squares solution should be:

wi 

hi
hi

2

, i  1,2....m.

(11.6)

Now let us think every response feature vector h  IFS as a projector of the current
system state along with its feature directions, then we give them with a weight:  i  0
m

m

m

i 1

i 1

i 1

and i  (0,1),  i  1 , w   i wi  i hi ,

i 

m

m

i 1

i 1

i

hi

2

 0 , then:

1  w, x    i hi , x    i  hi , x  .

(11.7)

One can define a function included parameter vector  , as:
m

f ( , x )    i  hi , x  .

(11.8)

i 1

Eq. (11.8) is called the first-order representation function of system state support vector
of a linear model, in where vector  is called as system state parameter. Eq. (11.8) can
be rewritten as
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m

x

i 1

hi

f ( , x)   i

If

hi  x



hi x
,

hi x

m



i

i 1

 1, i  0.

(11.9)

is always assumed, then we have
m

f (  , x )   i 
i 1

hi x
,

hi x

m


i 1

i

 1, i  0.

(11.10)

Then,
f ( , x )  1

(11.11)

fo r a lw ays.

m
Let w    k hk , then Eq. (11.10) can be rewritten as:
k 1

hk

f ( w , x )  w ,

x
.
x

(11.12)

The inner product <. > can be replaced by a Kernel function as follows. In generally, we
can redefine  s , x  , s  X , x  X as

 s , x     ( s ),  ( x )   k ( s , x ), s  X , x  X ,

(11.13)

where X is a vector space. Here k ( s , x )    ( s ),  ( x )  is called a Kernel function. There
are many choices for a Kernel function k ( , ) . Here, the following Kernel functions are
recommended in [5](Yan & Miyamoto 2008).

k (s, x)  exp(
n

here d ( s , x )  
i 1

( s i  xi ) 2
s i  xi

d (s, x)

2

),

(11.14)
n

or d ( s , x )  (  si  xi )1/ p .
p

i 1

Then:
k ( s , x )  ( s  x ) d , ( s 1, x 1).

(11.15)

Note that,  is called the SRM scale. Fig. 11.7 shows the concept of the SRM scale. In
fact, the difference between two any objects is absolute on any scales, but their similarity
is relative on one certain scale. Therefore, scale concept is implemented to study the
difference between two states of a system.
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Fig. 11.7. SRM scale concept.

11.2.4. Optimal State Representation Based on a Kernel Function
Here, it is supposed that the Kernel function is expressed by Eq. (11.14) or any other kind
of Kernel function that satisfy k ( s , x )  1 for always, here k ( , ) may be any Kernel
function. Then, the SRF in expression by Eqs. (11.8) – (11.12) can be simplified as:
m

f ( , x )    i k ( hi , x ),

 i  0,

i 1

m

m

f ( , x )   i k ( hi ,x )



i 1

i

i 1

 1, i  0

here k (, )  1 for always.

(11.16)

(11.17)

In general, it can be expressed all above expressions into one type f (  , x ) or f ( , x ) as
the following discussion.
How do we decide the support vector  in Eq. (11.17)? All of future vectors of the system
are assumed to be uniformed with the standard unit representation. In usually time, system
has a good state, therefore,
f (  , h k )  1   k ,  k  0 , k  1, 2 , 3 ... m .

(11.18)

We then define the following objective functions, as following:
m

F (  , )    i ,

min

i 1

Subject to.

m


k 1

k

 1, k  0 , k  1,2....m ,
(11.19)

m

  k (h , h )  1   , 
l 1
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One can change it into the similar form simply as:
2

min

(I 

Subject to

1 T
ee )G ,
m



i

(11.20)

 1,0  i  1, i  1,2,3,....m .

i

 k ( x1 , x1 ), k ( x1 , x2 ),....k ( x1 , xm ) 


k ( x2 , x1 ), k ( x2 , x2 ),....k ( x2 , xm ) 
.
Here, G  
 ............................................ 


 k ( xm , x1 ), k ( xm , x2 ),....k ( xm , xm ) 

Then, we can get the state function as following:
m

  f ( , x )   i k ( xi , x ).

(11.21)

i

It is regret that the matrix G usually is ill-condition matrix. Therefore, many linear
programming algorithms do not fit in this case. In the following section, we will introduce
a new algorithm to solve the problem expressed by Eq. (11.20) which is a large-scale
linear constraint problem.
As a simplest one, Eq. (11.20) is the final form to be recommended in this study for SRM
state assessment method. Eq. (11.20) can be illustrated as Fig. 11.8, where c is constant
1 T
for a system and c  e G  . We can get the alias parameter  of system structure,
m
which is called as the support vector in the SVM.

Fig. 11.8. Learning process in SRM.

11.3. SRM Assessment Method
11.3.1. Probability-based Assessment Methods
Fig. 11.9 shows a general flow of SRM state assessment method. Since there are many
methods such as FFT, SVM, etc., that can realize the computation of feature vectors from
419

Advances in Signal Processing: Reviews. Book Series, Vol. 1

signals according to different applications and different methods, the first step about the
feature extracting is assumed to be done, which will be introduced in the latter sections as
SRM Tools. The last section (Section 11.6) will give a specific method to extract the
feature vectors of vibration signals. The second step has been described in Section 11.2.

Fig. 11.9. Flow of SRM state assessment.

The following sections will discuss the other steps in detail, and a simulated example will
demonstrate the method simply.

11.3.1.1. Statistic Test Methods
To facilitate the analysis at behind, in here, let  be the normal distribution. Therefore, if
the system state is changed, the variable  would be changed too. By using the SRE
algorithm in Section 11.2, then,

  f ( , x ), x  H  ,

(11.22)

where  is relative with the system structure and x with the system response features for
environmental factors, respectively. Therefore, Eq. (11.22) is always used to represent the
system state. In this section,  is assumed to be known before some important methods
of SRM are introduced in latter sections.
If an initial feature set IF S  R n  R  is given, by using the method (algorithm) in
Section 11.2, we can get parameter  in   f (  , x ) . Then, compute the  ,  2
as the following:
m

m

i 1

i 1

H 1: 1   f ( , xi ) / m ,  12   ( f ( , xi )  1 ) 2 / ( m  1).
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A current test for this system is similar to IFS, and a test feature set is denoted as TFS:
xi  ( xi1 ( t ), xi 2 (t ), xi 3 ( t ),... xin (t ))  TFS  R n  R  ,
i  1, 2.....M ,
M

M

i 1

i 1

H 2 :  2   f ( , xi ) / M ,  22   ( f ( , xi )   2 ) 2 / ( M  1).

(11.24)

(11.25)

Therefore, we can use in variety of statistic methods such as F-test, t-test etc. to test the
difference between two state stets IFS and TFS.

11.3.1.2. System State Indices
Let the system be in state  in current time with a feature vector x, i.e.
  f (  , x ) .  has different value with different feature vector x because of the system
complexity. We may not know how many state values a system has, but if we know that
with probability p i ,
the system presents the state value
f ( , xi )
i = 1, 2, 3, …, m, then 1  p i is its probability out of state value f (  , x i ) , and also 1  p i
is called as its risk. So the system is not in all state values f (  , x i ) , i = 1, 2, 3, …, m in
current time with the total risk, as:
m

 (1  p ).

(11.26)

P  1  m  (1  pi ), as system state probability index,

(11.27)

R    pi log(1  pi ), as system state risk,

(11.28)

Q    pi log pi , as system state entropy,

(11.29)

i

i 1

We call this index:
m

i 1

i

i

E

1 m
 (1  f ( , xi ))2 , as system state error.
m i 1

(11.30)

At any t time, P ( t ) , Q ( t ) and E ( t ) are recorded as the state probability, state
information entropy and the system state error, respectively. Then,
(1) Relative degree of system state change:
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Pp 

P(t  1)  P(t )
P(t )
Ep 

Q(t  1)  Q(t )

100% , Qp 

Q(t )

E(t  1)  E(t )
E(t )

100% ,

100%,

(11.31)

(2) Speed of system state change at t time:

P(t ) 

dP(t )
dQ (t )
dE (t )
.
, Q (t ) 
, E (t ) 
dt
dt
dt

(11.32)

In the following, some few methods are shown to compute the probability P, Q and E by
finding the p i i = 1, 2, 3,…, m.

11.3.1.3. Hypothesis Probability with Two Divided-levels
Let the state probability distribution is known and   N (  , 
estimation. Xi denote a group of random value of  in test, then,
m

2

i 1

m

X   X i ~ N ( ,

Let

Z

 /2

) , 

X 

/ m

2

)

, H1 is its parameter

~ N (0,1).

(11.33)

is points satisfy: P(   Z /2 )   , here  is a given level by the observer, then,

P(   Z /2 )  1   or P( X    Z /2 / m) 1.

(11.34)

Let   Z /2 / m and X denotes a random value of ζ, now call the following as
probability equation of state representing:

P( X     )  1   or P( X     )   .

(11.35)

If P( X     )  1   , and call that this X is normal state, and its probability is
1   , otherwise, X is abnormal state, and its probability  .
Then, we can get the initial feature set IFS:  X1 , X 2 ,.....X n  denotes the values of state
valiable, their probability are denoted as

1   if X i is in normal state
pi  
.
 if X i is in abnormal state

(11.36)

And then, it will be able to use the indices expressed by Eqs. (11.27) – (11.30) to compute
system state probability P, Q and E based on current system state set.
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11.3.1.4. Approximate Probability with Two Divided-levels
If the state probability distribution is unknown, here, an observed level 1 is given as

min



subject to P ( X     )  1   ,

(11.37)

The general probability equation of state representation as:

P( X     )  1   , P( X     )   .

(11.38)

If P( X     ) 1 call that this X is in normal state, and its probability is 1
otherwise, X is in abnormal state, and its probability

 X1, X2,.....Xn denotes as

 . Therefore, for the train set IFS:

1   if X i is in normal state
pi  
.
 if X i is in abnormal state

(11.39)

The Algorithm 11.1 shows the computation of   . The Algorithm 11.2 shows the
computation of the probabilities p i .

Algorithm 11.1. For solving   .
n
1: Input: ( x1 , x2 ,....xm ), xi  H , 0    1 and

0   1;

m

2: Compute   (1 , 2 ,....m ), i  0,  i  1 by an optimal method of Section 11.2;
i 1

3: Compute  xi  f (  , xi ), i  1, 2,3...m ,  

1 m
 x ;
m i 1 i

4: Compute   max  xi   ;
i 1,2,..m

5: k = 0;
6: for all i = 1, 2,…, m, do;
7: if

x     k  k 1; k  (1- )m break and go to 9;
i

8: end for;
9:    *  go to 5;
10: stop.
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Algorithm 11.2. For solving p i evaluation with two divided-levels.
n
1: Input: ( x1 , x2 ,....xm ), xi  H and 0    1 ;

m
2: Suppose   (1, 2 ,....m ), i  0,  i  1 is known by a method of
i 1
Section 11.2;
m

m

i 1

i 1

3: Compute 1   f (  , xi ) / m ,  12   ( f ( , xi )  1 ) 2 / ( m  1) ;
4: Get the Z / 2 from the table of normal distributing, P (   Z / 2 )   ;
5: Compute   Z /2 / m ;
6: For all i = 1, 2, …, m, do;
7: Compute Xi  f (, xi ) ;

1   if X i    
8: pi  
;
otherwise

9: end for;
10: Stop.

11.3.1.5. Approximate Probability with Multi-Levels
Now, quantify

  f (, x) (0,1)

with a supposed max integer N. Let k   Nf (, xi ) be

mk
,
m
here, mk is the times of variable  taking value k. p k are considered approximately
as the state probability for this system at the current time, but this kind of judged risk is
in probability 1  pk . Now, the index expressed by Eq. (11.27) is used to represent the
system state probability in the current time. Algorithm 11.3 shows the computation of
these probabilities p k .
the integer part of  Nf (, xi ) , and make statistic their frequency distribution pk 

Algorithm 11.3. For solving p k evaluation.
n
1: Input: ( x1 , x2 ,....xm ), xi  H and quantification parameter N, and k0  0 ;
m

2: Suppose   (1 , 2 ,....m ), i  0,  i  1 is known by a method of Section 11.2;
i 1
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3: Let nk  0 , k = 1, 2, 3, N, sum = 0;
4: for all i = 1, 2, …, m, do;
5:  xi  f ( , xi ) ;
6: Compute k   N xi  , nk  nk  1 ;
7: end for;
8: for all i = 1, 2, …, N, do;
9: p k 

nk  k 0
;
m  Nk 0

10: end for;
11: stop.

11.3.1.6. Assessment Based on State Probability
In a system, for not long period, if the system remains stable state, the system probability
by Eq. (11.27) should maintain a stable state, so the system state probability can be
addressed to detect whether there has been a state change. The change of system state
probability inevitably means that system state is changed.
It is often difficult to know the probability distribution p i accurately, but we can
determine approximately through statistical probability distribution as above
Sections 11.3.1.3, 11.3.1.4 and 11.3.1.5, then according to training data and test data set,
using the index expressed by Eq. (11.27), we can calculate the information probability for
this system at past time and current time, respectively noted as Ptrain , Ptest . Usually, if the
system hasn’t been changed, Ptrain  Ptest , therefore if Ptrain  Ptest (1   ),  0 this means
system has been changed, where

0    1 is given level by user (see Algorithm 11.5).

Algorithm 11.4. Sub-program for computing

P, Q .

1: Suppose that we have gotten a series of probability p1 , p2 ,.... pm by using
Algorithm 11.1 – Algorithm 11.3 respectively;
2: let P = 1, Q = 0;
3: for all i = 1,2,…m, do;
4: P  P *(1 pi ) ;
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5: If pi  0 Q  Q  pi log pi end if;
6: end for;
m
7: P  1  P ;

8: stop.

Algorithm 11.5. For assessment P, Q state change.
n
n
1: Input: ( x1 , x2 ,....xm ), xi  H as Train Sets, and ( x1 , x2 ,....xM ), xi  H as Test

Sets,

0   1;

m

2: Compute   (1 , 2 ,....m ), i  0,  i  1 by an optimal method of Section 11.2;
i 1

3: Compute SRF  xi  f (, xi ), i  1, 2, 3,..., m ;
4: Recall Algorithm 11.1 or Algorithm 11.2 to get a series of probability
p1 , p2 ,..., pm ;
5. Recall Algorithm 11.4 sub-program to get Ptrain , Qtrain ;
6: Compute  x  f ( , xi ), i  1, 2,3,..., M ;
i

7. Recall Algorithm 11.1 or Algorithm 11.2 to get a series of probability
p1 , p2 ,..., pm ;
8. Recall Algorithm 11.4 sub-program to get Ptest , Qtest ;
9: if Ptest  Ptrain (1   ) then test sets state has been changed, else not;
10: end if;
11: if Qtest  Qtrain (1  ) then test sets state has been changed, else not;
12: end if;
13: stop.
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11.3.1.7. Assessment Based on Information Entropy
In similar ways with Section 11.3.1.6, if the system remains stable state, the system of
information entropy in Eq. (11.29) should maintain a stable value, and it can be used to
detect whether there has been state change. Entropy changes inevitably mean that state is
changing. Then according to training data and test data set, using the index expressed by
Eq. (11.29), the information entropy of this system at past time and current time, can be
calculated respectively, noted as Qtrain ,Qtest , in generally, if the system hasn’t changed,
Qtrain  Qtest , therefore if Qtest  Qtrain (1  ) means the system is changed now (see
Algorithm 11.5). The assessment method of state error is very similar to information
entropy, it is therefore omitted.

11.3.2. A Simple Simulation Experimental Result
There are three simulation data sets came from two different ellipse orbit systems, each
sets has 300 feature points which was observed in three times with three colors (red, green
and blue) represented. According to the process as shown in Fig. 11.9, we have the
following tasks:

Step1: here, we can directly take the observed data as the feature vectors x.
Step2: choose the Gauss Kernel function, and deciding scale = 0.25, 0.5, 1.0, 2.0, 4.0 and
8.0, respectively, and use an optimal algorithm (see Sections 11.4, 11.5) to get the
parameter  i in system state variable in Eq. (11.21).

 (i 1,2,..., N, here , N  300).

(11.40)

Step3: use Algorithm 11.2 to get state probability distribution of the system
pi , i  1,2,..., N for the “red”, “green” and “blue” orbit system, respectively.
Step4: use Algorithm 11.4 and Algorithm 11.5 to assess the system state change with
probability index expressed by Eq. (11.27), and compute the probability index for “red”,
“green” and “blue” orbit system, respectively, recorded as P-red, P-green, P-blue.
Table 11.1 shows an example of the SRM analysis results with the assessment methods
of state probability in Section 11.3.1.5. Fig. 11.10 shows a state distribution curve of
system state variable  . Although this is a very simple case, from the Table 11.1, if
taking the “red” as the observing reference, it is very clear that “red” and “green” are in
the same ellipse orbit system even if on different SRM scale (the largest scale ratio is
32.0). However the red orbit and the blue one are not in the same system unless on big
scale, all of this means that the green state of system is stable, but the blue one is changing
if “red” and “blue” were in the same system. Let’s try to make additional list of much
more examples by the SRM methods.
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Table 11.1. SRM state assessment results on different scale with index P.
Scale

P-red/P-red

P-red/P-green

Conclusion

P-red/P-blue

Conclusion

0.25
0.5
1.0
2.0
4.0
8.0

1
1
1
1
1
1

1.0549
1.0318
1.0261
1.0152
1.0144
1.0122

Same
Same
Same
Same
Same
Same

18.830
6.3951
4.6187
2.0363
1.1078
1.0696

Not Same
Not Same
Not Same
Not Same
Almost Same
Same

Fig. 11.10. (a) Above is data sets, and (b) Below is state distribution curve with scale = 1.0.

11.3.3. Summary
This section presents a general SRM theory for the non-parametric description of the
system state. Based on statistics, mathematics approximation, signal processing and
pattern recognition methods, etc., in describing and assessing of system state changes, and
this section provides some statistical methods or some ideas. The first step shows how
important to describe the system state or to collect information about the system state for
condition assessment. The second step shows how to establish the scale size for
comparison and analysis. The last step shows how to achieve state judge and assessment
on variety of scales based on statistic methods. The new ideas of SRM can directly
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represent the damage degree by a SRE or SRF on different scales. In other words, the
damage degree should be expressed by a seemly observing scale. At the same time, it is
difficult and no necessary to know more about nonlinear relation in sensors network, but
their nonlinear relationship can be simulated by using the Kernel function method which
is similar to SVM method. Therefore, we can resolve how to find or approach the SRE by
SVM or combining other signal processing methods. We need to discuss some new ideas
that how to detect and locate the structural damage in a complex system when the
measured signals are changed or how to realize the system identification based on the
SRM. After SRM tools are introduced in the later sections, a typical example in a
laboratory bridge monitoring system or other system is given to show that the new method
is simple and available. Therefore, all about the state description, the feature extraction,
Kernel function method, system assessment and SRM tools, etc. are main contents of the
SRM research.

11.4. SRM Tool 1: Compatible Gradient Algorithm for Large Scale Linear
Problem
In the above-mentioned research on the state assessment methodology for bridge
structural system, it needs to solve the large-scale support vector problems which can be
translated into a non-negative constrained linear problem (CLP) expressed by Eq. (11.41).
However, many algorithms will be failure when matrix A is on large scale condition or
not a row full rank matrix or ill-condition, these reasons exist because of practical sample
datum almost in similar situation, indetermination or including noise, etc. This section
presents a new simplicity algorithm; particularly suitable algorithm for the large-scale
problem CLP expressed by Eqs. (11.41) or (11.42), for solving CLP, the method and ideas
apply to linear programming, etc.).
Eq. (11.20) can be easy translated into the following non-linear problems:
2

min Ax subjective to eT x 1, x  0,

(11.41)

 min Ax 2 subjective to eT x  1, x  0,


A 
n
T
 where A   T  ,  R , α x    0, is a constant.

α 

(11.42)

or

11.4.1. A Simple Gradient Algorithm for Linear Problem (See Algorithm 11.6)
In here, by using the classical and simply gradient algorithm, it will be able to get a
feasible solution for CLP expressed by Eq. (11.41). Take a scale transformation such as
Karmakar’s method (e.g. [9] Karmarkar 1984) or many other “interior point methods”,
do: x  Dy , where D is diagonal matrix with positive diagonal entries. The inverse
1
transformation will be x  y : D x . Each iteration starts at a point xk  ( xk1 , xk 2 ,...xkn ),

429

Advances in Signal Processing: Reviews. Book Series, Vol. 1

where subscript k is iteration number, and the second subscripts are components of vector
x k , if set Dk  diag(xk ) , so that x k is mapped into constant y : e at start point.
Algorithm 11.6 shows an algorithm for above-mentioned simple gradient algorithm.

Algorithm 11.6. A Simple Gradient Algorithm.
1: Input: matrix A, iterate number N, and output error

 ;

2: Set initial point x  e / n, D0  diag( x0i ) ;
3: k = 0;
4: while k < N do;
5: Set Dk  diag(xki ) ;
T
6: Compute a search direction p k , such as, set pk  Dk A ADk e ;
2

7: Compute optimal search step t to satisfy min ADk (e  tpk ) , and set
tp  e

xk 1  xk  tDk pk , and xk 1  xk 1 / eT xk 1 ;
8: if

xk 1  xk   ,

break and go to 11;

9: set k = k+1; go to 4;
10: end while;
11: stop.

11.4.2. Compatible Gradient Algorithm (See Algorithm 11.7)
This section defines a projective matrix for designing compatible gradient algorithm to
solve Eq. (11.41), and it is denoted as:

PDq  I 

1
Dq

2

DqqT D,

(11.43)

T
T
where D  diag(xk ) , q : A v , here v is any nonzero vector, such as v  (1,...,1) .

Algorithm 11.7 shows an algorithm for above-mentioned compatible gradient algorithm
for solving Eq. (11.41).
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Algorithm 11.7. Compatible Gradient Algorithm.
1: Input: matrix A, iterate number N, and output error  and 0   1 , here  0.1,
decides a vector

 , such that T x 1 or T x  c  0 , gives a vector v, q : AT v ,

T
here v  (1,...,1) ;

T
T
2: Let initial point x 0 subject to: q x  0 and x  0, e x 1;

3: k = 0, D0  diag( x0i ) ;
4: while k < N do;

 WA 
5: Set Dk  diag(xki ) . A :  T  , here W  1. / max Axk ;
 
T
6: Compute gradient gk : DA ADk e , and projective matrix PDk q as above

Eq. (11.43), set pk : PDkq gk , if pk

min
r

4

  AD k pk

2

2

ADk e , then solve:

2

ADk ( pk  Qk r ) , where

Qk : PDk q Ppk , Ppk : I 

1
pk

2

pk pk T and pk  pk  Qk r ;

7: Compute optimal search step



to satisfy min

 pk e

2

ADk (e   pk ) , and set

xk 1  xk   Dk pk , and xk 1  Txk 1 ;
e xk 1

8: if xk1  xk , break and go to 11;
9: set k = k + 1; go to 4;
10: end while;
11: stop.

11.4.3. A Simple Example
In here, a simple example will be shown for easy understanding of above mentioned
algorithm: Let the matrix A in Eq. (11.41) as:
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1

1
1
A
3
1

2

0 0 1 2 

0 0 1 2 
1 0 1 0
.
1 0 3 4
2 3 2 2 

1 3 1 0 

(11.44)

Note that Eq. (11.41) becomes into

min Ax

2

Subjective to:
x1  x2  x3  x4  x5  1,

(11.45)

x1  0, x2  0, x3  0, x4  0, x5  0.
Since, matrix A is an ill-condition and over determinate problem, the general quadratic
programming algorithm is not fit in this case, especially for large-scale problem. Then,
the SVM or SRM will usually meet in this case. The above Algorithm 11.7 can give us a
T
solution very easily. We can take a  (1,1,1,1,1) in Algorithm 11.7. But if you take as

v  (1,1,1,1,1,1)T , then q : AT v  (9,5,6,9,10)T .

(11.46)

The initial problem becomes

9x1  5x2  6x3  9x4 10x5  0, x1  x2  x3  x4  x5  1,

x1  0, x2  0, x3  0, x4  0, x5  0.

(11.47)

It has no solution. However, we can choose as

v  (1,-1,1,-1,1,-1)T , then q  AT v  (3,1,0, 1, 2) .

(11.48)

Then, the initial problem becomes as:

-3x1  x2  0x3 -x4 -2x5  0, x1  x2  x3  x4  x5  1,
x1  0, x2  0, x3  0, x4  0, x5  0.

(11.49)

Thus, it has infinite solution; we can easy take a solution x0  (0.1,0.6,0.1,0.1,0.1,0.1)
as the initial point. Note that the initial point must be an inner point, i.e. x0  0 . From the
initial point x 0 , we can continue the Algorithm 11.7. Finally, we can get the optimal
solution as:

x 1 = 0, x 2 = 1, x 3 = 0, x 4 = 0, x 5 = 0.
432

(11.50)

Chapter 11. A New Damage Detection Method for Bridge Condition Assessment in Structural Health
Monitoring (SHM)

11.4.4. Summary
(1) The linear problem can be translated into the optimal problem (see Eq. (11.41) or
Eq. (11.42)) to solve:
2

2

min Ax (or min Ax / (C 2T x ) 2 ),

(11.51)

subject to eT x  1, x  0, qT x  0, q : AT v. ,
 WA 
where A   T  ,   R n , α T x   ,   0 is a constant and W is a weight
α 
coefficient or diagonal weight matrix. It is necessary and successful to overcome
swaying phenomena in traditional gradient methods that new algorithm lies on the
existence of α , and vector q makes iterations execute on a plane.
(2) Some experimental results show this new simplicity algorithm is faster than
traditional methods in Matlab’s software core blocks and computational time grows
linearly with the problem scale. The main reason is due to that each iteration only
needs o(mn) arithmetical operations, and it is not necessary to solve projective
problem and line search that is required in many “interior point methods” must do,
and it is effective to large scale problem and ill-condition. The new method exhibits
strong convergence properties, global and fast convergence in polynomial time under
a not strong condition, otherwise, it also always creates a condition to judge the
original questions are not feasible. This is a good compromise to find an approximate
compatible gradient direction with the monotonic descent conjugate gradient method
(MDCG; see Section 11.4.5) or Newton gradient method in not over than
20 iterations to continue next iteration.
(3) Using the MDCG to solve min ADk ( pk  Qk r )
r

2

is successful and important,

because of that the MDCG assures a minimum norm solution, which is very
advantage for new search iteration direction p of Algorithm 11.7.

11.4.5. Monotonic Descent Conjugates Gradient (MDCG) Method
The following scheme gives a very effective computation to output y k for getting a
solution of general Least Squares Problem min Ax - b
x

. This is a new type of

conjugate gradient method, and it can be proven that if let the initial point x0  0 or

x0  AT v , the output y k is the minimum norm solution, and at the same time
2

2

sk  Ayk  b is monotonic descent, therefore y k always is convergence, and the
maximum iteration k is not over than min (m,n) steps.
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 xk 1 : x k ak pk

r0  Ax0  b
rk 1 : r k  ak Apk

2
2
2

s0  r0
   rk 1 / ( rk 1  sk )


T
. Loop:  yk 1   yk  (1   ) xk 1
.
Initial  p0  A s0

 s   s  (1   )r
2
2
k
k 1
0  r0 / p0
 k 1
T
 pk 1  A sk
y  x
 0 0

2
2
 k 1  rk 1 / pk 1

11.5. SRM Tool 2: Frequency Slice Wavelet Transform Theory
and Methods
11.5.1. Introduction
A great deal of signal obtained from bridge monitoring system needs to be detected and
analyzed. The representative signal is the damping vibration signal and it is always
employed to identify features for damage detection or system state analysis. For example,
[10] Yan et al. 2006 and [11] Tan et al. 2008 consider a linear damped
multi-degree-of-freedom (MDOF) system with n real modes for system modal parameter
identification, and its free decay response (FDR) is given as:
n

x (t )   Ai e 2  i fi t cos(2 f di t   i ),

(11.52)

i 1

where Ai is the amplitude, f i is the undamped natural frequency, fdi  fi 1   i
the damped natural frequency and 

i

2

is

is the damping ratio. Here a single modal signal is

 t
described as an exponentially decayed sinusoid signal function: s(t) = e cos( t   ) .

In a vibration system, we have known that many important functions can be expressed as
a summation of exponentially decayed sinusoids (SEDS) as Eq. (11.52), such as, the
frequency response function (FRF), impulse response function (IRF), free decay response
(FDR), random decrement signature (RDS) etc. Usually, the time data x(t ) can be
obtained from a real response signal, but we might not know its parameters. Hence, a
primary task is the modal separation and the analysis of Eq. (11.52) is significant.
In this section, with the aid of analyzing the SEDS, we will introduce a new wavelet
method that can help observe their characteristics or separate the composed modals or
eliminate noise etc. In fact, the wavelet is an extension of short-time Fourier transform
(STFT) idea in time domain, but the new method is another extension in
frequency domain.
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Notation:
R denotes the set of real numbers. L2(R) denotes the vectors space of measurable, squareintegrable one-dimensional functions f (x).
Fourier transformation (FT) for function f (x)  L2(R):

F{ f } : fˆ ( )   f ( )ei d .


(11.53)

Fourier inverse transformation:

F1{fˆ}:

f (t ) 

1
2







fˆ ( )eit d.

(11.54)

The energy of a signal is recorded as:

p



2
2



2



p (t ) dt ,

(11.55)

where ||ꞏ||2 also denotes the classical norm in the space of square-integral functions.
We define the following time-frequency localization features of the limited energy
signals, which include the wavelet functions and the STFT window functions etc.
The duration

t f

and bandwidth
t f 

 f 

where

tf

and

f

f

are defined as

1
f 2



1
f 2

are the centers of

tf 

1
f

2
















2
( t  t f ) 2 f ( t ) dt ,

2

(   f )2 fˆ () d ,

(11.56)

f (t) and fˆ () , respectively:
2

t f (t ) dt ,  f 

2

1
f

2







2

 fˆ ( ) d.

(11.57)

2

11.5.2. Frequency Slice Wavelet Transform Analysis
11.5.2.1. Frequency Slice Wavelet Transform
For any f (t )  L ( R) , the Fourier transformation of p(t) exists, and the Frequency Slice
Wavelet Transform (FSWT) is first stated as:
2
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W (t ,, , ) 


1
u   iut
  fˆ (u) pˆ * (
)e du ,

2


(11.58)

where the scale   0 and energy coefficient   0 are constants or they are functions of
 and t. The general wavelet ([12] Daubechies 1992, [13] Qian 2002) is a ‘microscope’
in time domain, but here FSWT is a ‘microscope’ in frequency domain, and also this
transform is called the wavelet transform in frequency domain.
By using the Parseval equation, Eq. (11.58) can be translated from the frequency domain
into its time domain. If  is not the function of the assessed frequency u, then Eq. (11.58)
can be translated into its time domain as following:

W (t ,  ,  ,  )   e i t 





f ( ) e  i p * ( (  t ))d .

(11.59)

In here, we don’t concern the definition of Eq. (11.59) in time domain because it is not
easy to analyze in frequency domain even if we know the function type of p(t) or its pˆ ( ) .
Hence, we would like to pay more attention to function pˆ ( ) .
Here, pˆ ( ) is called “a frequency slice function (FSF)”, also called a frequency
modulated signal or a filter.
1
 2



1

t2

Fig. 11.11 shows the schematic diagram of FSWT, where pˆ ( )  e 2 , p ( t )  e 2 ,
the energy of windows functions are concentrated at the origin of the time and frequency
plane, and there are symmetric around the center point.

Fig. 11.11. Schematic diagram of FSWT.
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11.5.2.2. Bandwidth-to-Frequency Ratio Property
Considering the bandwidth-to-frequency ratio property of the FSF, frequency resolution
ratio of an FSF is defined as
p 

 p
half width of frequency window    p
.


center frequency

 /

(11.60)

Thus, in FSWT  p may not be constant. However, in traditional wavelet, from
Eq. (11.60),

 

 

,



(11.61)

 is constant. Naturally, the frequency resolution ratio of a signal s(t) is defined as
s 

 s

s

.

(11.62)

In a damping vibration system, it can be proved that  s is equivalent to the damping
ratio of the measured signal. Therefore, we can use a certain experiential value instead of
 s . For example, we often use five percent as a default in application, i.e.  s = 0.05.
Consequently, it is necessary to discuss the relationship between  p and  s . A
simplicity idea is to control  p according to  s of the measured signal. Naturally, let’s
assume as

p s .

(11.63)

11.5.2.3. Scale Selection
Since pˆ ( ) can be viewed as an implementation to sample the original signal in
frequency domain, therefore, in order to distinguish two frequencies, we often use the
following selection as a basic choice, but it is a biased selection for the frequency
resolution,

1
2

 p  s .

(11.64)

p  2s ,

(11.65)

Obviously, if taking,

then it is thus a biased selection for the time resolution.
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Furthermore, from Eq. (11.60), we therefore denote a new scale as


where

  0 is assumed.  p


,


(11.66)

is further rewritten again as

 p

p 

.



(11.67)

Notably,  p can be controlled by the new scale  . When  is constant,  p is a constant
similar to  in the WT, otherwise it is not a constant. Consequently, according to
Eqs. (11.63), (11.64) or (11.65), the scale  can be selected as
 p

 

s

or
  2

or
 



,

p

s

 p

2 s

(11.68)

,

(11.69)

.

(11.70)

Therefore, once the frequency resolution ratio  s is estimated in a signal system, the
FSWT can be controlled by  s . This is another new property of the FSWT. As a result
of the new scale  and λ = 1, the FSWT becomes into

W f (t ,  ,  ) 

1
2






u  i u t
fˆ (u ) pˆ * (
)e du .



(11.71)

Note that the scale κ is the unique parameter that should be selected in computation of
FSWT.
In the analysis of a vibration system, it is often useful that how to distinguish two pulse
signals in time domain or frequency domain. An expected response ratio of FSWT
amplitude is defined, and can be used to distinguish two frequency signals or two time
pulse signals for FSWT, and it is denoted as  :
0  1.

(11.72)

1
2 1
,
or
etc. And then the scale  can also be chosen by using
2
4
2
the Dirac function. The Dirac function is recorded as  () . The following inequalities

Usually, let  

can be easily establish by
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2ln(1/ )



,





 2 ln(1 /  )

(11.73)
,

(11.74)

If inequalities expressed by Eqs. (11.73) and (11.74) are satisfied simultaneously in
time-frequency domain, then they have a unique solution:   e



1
 
2

 0.7788 , and then

  p

, it is obvious equivalent to Eq. (11.68).



Based on above analysis of the scale and the resolution, the time-frequency localization
of the FSWT can be adaptively controlled by the frequency resolution ratio of the
measured signal. Therefore, Eq. (11.71) is an adaptive time-frequency transform.

11.5.2.4. Reconstructive Procedure Independency Property
If the pˆ ( ) satisfies pˆ (0) 1, which is called the first class design condition, then the
original signal f(t) can be reconstructed by

f (t ) 

1
2









 

W f ( ,, )ei  (t  ) d d .

(11.75)

As the important result of Eq. (11.75), it is significant to note that for any non-constant
scale  in Eq. (11.71) can be reconstructed only by Eq. (11.75) whose computation
process is not in relation with the FSF p(t) or pˆ ( ) directly. Therefore, if the condition

pˆ (0) 1 always remains unchanged in computation of the FSWT, we can get the
following conclusions:
(1)

 in Eq. (11.58) or  in Eq. (11.71) can be changed to fit a specific signal in
computation if necessary;

(2) The FSF pˆ ( ) can be modified in computation as needed;
(3) The truncation of FSF pˆ ( ) does not create any error for reconstructing the original
signal by Eq. (11.75).
For instance,



can be adaptively controlled by the signal spectrum as:

1
 0
  2
 20


fˆ (u)  fˆ ()
fˆ (u)  fˆ ()

,

(11.76)
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where  0 > 0 is a constant that satisfies one of Eqs. (11.69), (11.70) and (11.73).
Based on these important properties, the FSWT can provide many transmutations. For
example, when λ = 1, Eq. (11.71) can be changed significantly into

W f (t ,  ,  ) 

1
2



u  i u t
fˆ (u ) pˆ * (
)e du ,
u

(11.77)

2 u n   n i u t
fˆ (u ) pˆ * (
)e du ,
n un  n

(11.78)




or

W f (t ,  ,  ) 

1
2






where n is a constant.

11.5.2.5. FSF Design Property
In fact, it is easy to know that FSF is a filter. Therefore, many methods can be used to
design the filter ([24] Shenoi 2006). The following are several designing conditions (DCs)
to create an FSF, but they are not necessary in simultaneously:
(1) DC1: pˆ (0)  0 or pˆ(0) 1 is always necessary to reconstruct the original signal by Eq.
(11.75).
(2) DC2: To ensure Eq. (11.60), the FSF pˆ() and p(t ) should be even functions.
(3) DC3: To avoid the singularity of the insertion of the factor

u 



or

u 
in
u

window function FSF in Eq. (11.71) or Eq. (11.77) that requires

pˆ ()  0 .

(11.79)

(4) DC4: To distinguish two different frequency signals or two different time pulses, the
following design conditions of pˆ ( ) and pˆ (t ) are necessary:

pˆ ()  pˆ (0) ,

(11.80)

p(t)  p(0) .

(11.81)

The following gives several typically FSF functions:
FSF1: pˆ ( )  e
FSF2: pˆ ( ) 
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2

and p (t )  e

1
 t2
2

1
t
and p(t )  e ,
1 2

,
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and p (t ) 
FSF3: pˆ ()  e

sin 

FSF4: pˆ ( ) 



(11.82)

 1

t 1

 0

t 1

and p (t ) 

sin t
.
t

and p (t )  

 1

  1,

 0

 1

FSF5: pˆ ( )  

1
,
1 t2
,

Note that all above FSFs meet all design conditions, and they are exchangeable in time
and frequency domains in contrast of the WT. Because the most important design
condition pˆ (0) 1 is very simple, FSF can be designed very freely and can be ensured to
have perfect symmetry in time and frequency domains. Furthermore, we easily know that
the following conclusions: If pˆ1 (), pˆ 2 (),... pˆ n () are the FSF functions as

p()  pˆ1 () pˆ 2 ()... pˆ n () .

(11.83)

The product is still an FSF. If a1,..., an are scalars, then the linear combination of those
FSF functions with those scalars as coefficients is still an FSF as

p()  a1 pˆ1 ()  a2 pˆ 2 ()  ...  an pˆ n () .

(11.84)

a1  a2  ...  an  1 .

(11.85)

Under the condition:

We can use the property to choose the ‘best’ scale to obtain the best TFR in application,
for which is much simpler than the methods based on the minimum Shannon entropy
search ([25] Hong & Kim 2004). For example, we can choose a group of scales:
1 ,  2 ,... n and then chose scalars a1,..., an that satisfy the optimal solution as

min

( a1 , a 2 ,... a n )




( t , )

 (t ,  , a1 , a 2 ,...a n )

2

(11.86)

subject to a1  a 2  ...a n  1,
n

where  (t ,  , a1 , a 2 ,...a n )   aiW f (t ,  ,  i ) and  is an optimized area selected from
i 1

the time-frequency plane. Note that the original signal can still be reconstructed from the
optimal TFR (t,, a1, a2 ,...an ) .

11.5.2.6. Filter Property
From Eqs. (11.80) and (11.81), we require that the main energy of the FSF pˆ ( ) should
be concentrated at the center of the time-frequency window. Notice the insertion of factor
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u 
in Eq. (11.77), so the
u

FSWT is a representation of the observing frequency  in a short bandwidth that can be
controlled by the scale  . Therefore, the FSWT can be treated as an expanding band-pass
filter to be implemented in time and frequency domains simultaneously. The following
section will demonstrate the fact that the FSWT has higher performance against noise than
the CWT.



u 

in the window function pˆ ( ) in Eq. (11.71) or 

11.5.2.7. Discrete FSF
T
Suppose that a real signal f(t) is sampled into N points and recorded by f  ( x0 , x1...xN 1 )
and its discrete Fourier transform is fˆ  ( f0 , f1... fN 1)T . Usually, an FSF is limited-band
signal, and it declines rapidly. Hence, the FSF can be dispersed into a limited length
sequence, which is often sparse and even a few items are non-zero as the following:

Pk  (0,...0, pˆ  m  0.... pˆ 1 ,1, pˆ1 ,.... pˆ m  0,...0)T ,
where

(11.87)

k  0,1,2,..., N 1 and pˆ 0  1.

Each vector Pk is called a frequency slicing sequence (FSC). For each k, the length of

Pk is N. The subsequence of the vector Pk : ( pˆ m .... pˆ 1,1, pˆ1,.... pˆ m ) is called support set
(SS) of the FSF. The number of elements in SS is called support length (SL) and recorded
as SL = 2m+1.
Here, note that the position pˆ 0  1 is at k in Pk ; the support sets of some vectors Pk are
truncated automatically in the beginning or in the end, such as:

P0  (1, pˆ1 ,.... pˆ m ,...0)T ,…, PN 1  (0,...0, pˆ m ... pˆ 1 ,1)T .

(11.88)

The zero elements in Pk are equivalent to the designing of notch filter. Generally, the
support set is symmetrical, and it declines sooner, then the SL is smaller, otherwise it is
bigger. As flexible as the FSF, FSC is easier to design. In fact Pk can be defined point
by point as needed on different observed frequency  only under pˆ 0  1 at its seat k since
the reconstructed Eq. (11.75) is not directly related to these points. A FSC can often be
created by a continuous FSF truncated as the following:
 pˆ ( )
p ( )  
 0

where
442



and are the same meaning as the above.

 
 

,

(11.89)
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11.5.2.8. Discrete FSWT
By using the idea that a signal’s time and frequency behaviors are not independent, it is
possible that a great deal of calculation can be reduced by reducing resample in time or
frequency domain. Based on the discrete FSF, FSWT can be discretized. For example:
Eqs. (11.58) and (11.71) can be changed into:

W (, k )  F 1{F{ f }  *Pk }, k  0,1,..., N  1 ,

(11.90)

where symbol A*B is the element-by-element product of the arrays A and B.
Fig. 11.12 shows the discrete FSWT method. From the schematic diagram, one can easily
write a procedure to compute FSWT and its inverse transform.

Fig. 11.12. Schematic diagram of discrete FSWT.

Notice here that most elements of P are zeros and SL = 2m +1 << N, therefore Eqs. (11.58)
and (11.71) or Eq. (11.90) can be calculated by FFT for each k by reducing resample in

time domain. Record the number of resample points Nr   rN , where r is a percent of
original sample ratio. Since Eq. (11.75) can be rewritten as:

f (t ) 

1
2









 [

W ( ,  ,  , )e  i d ]eit d  ,

(11.91)

Therefore, its discrete form can be written as:
2
i lk
1 1 Nr 1
f ()  F {W(l, k)e N , k  0,1,2....N 1} .
N
l 0

(11.92)

11.5.3. FSWT Signal Process Flow
An overall summary of the proposed FSWT methods has been shown in Fig. 11.13. The
left part is the time-frequency image analysis and others have been reported in the
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previous sections. Now, an example is used to explain it. Considers an SDOF damping
vibration signal in Eq. (11.52) added an impacting time t0 and record it as:
2  f  t

 Ae
s (t , A, f ,  , , t0 )  
 0

cos(2 f d t   )

t  t0
t  t0

,

(11.93)

where denotes f s as the sampling ratio (Hz), T is the sampling time (s).

Fig. 11.13. Block diagram of proposed FSWT method.

Example 11.1: The original signal in Fig. 11.14 is described as s(t )  s1  s2  s3  s4 ,
where s1,…, s 4 are simulated by Eq. (11.93) in Table 11.2.
According to inequality expressed by Eq. (11.73), we can set   2ln(1/ ) /  and select

  0.5,  0.05 ,

then   23.54 . The chosen parameters in FSWT are summarized as

follows:
pˆ ( )  e

1
 2
2

,  1,  


,   23.54 .


(11.94)

It is not difficult to search for the Interest Regions (IRs) on the time-frequency image,
which are called the objective signals. Note that a single modal signal is consisted of a
connected area on that image. Therefore, it is easy to take an image process method to
pick up these IRs, such as, the red rectangles are marked in Fig. 11.14 (b).
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Fig. 11.14. (a) is an original signal; (b) and (c) are 2D and 3D map of FSWT; (d) is the Fourier
spectrum; from (e) to (h) are the reconstructed signals; (i) is their synthesized signal.
Table 11.2. Simulated signals in Fig. 11.14(a).

s  s1  s2  s3  s4 , T = 10s, f s = 400 Hz
s

A

F





t0

s1

1

15 Hz

0.01

0

2s

s2

2

50 Hz

0.01

0

2s

s3

1

35 Hz

0.01

0

4s

s4

2

50 Hz

0.01

0

4s

If the image includes noise, there are two ways to eliminate noise. The first way is that
many image binarization methods can be used to cut the background noise. The second
one is that each IR can be picked up individually for filtering. From every IR block, the
objective signal can be reconstructed through Eq. (11.75). It is found that the reconstructed
signals shown in Figs. 11.14 (e)-(h) are so good.

11.5.4. Comparing with Classical Transforms
Example 11.2: Using the same example in Fig. 11.14, we first compare FSWT with DWT
shown in Fig. 11.15. In succession, more comparisons with CWT or MWT, STFT, WVD
etc. are exhibited in Fig. 11.16, where all of parameters of FSWT are assumed the same
as Eq. (11.94).
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Fig. 11.15. From (a) to (d) are DWT decomposed signals, in which the original signal is shown
in Fig. 11.14 (a); (e) is CWT coefficients map on scale from 1 to 64; (f) is a reconstructed signal
on scale=31, in which it is closed to the first modal at 15 Hz; (g) is local maxima lines.

Fig. 11.16. (a) is the same signal with Fig. 11.14(a); (f) is a noise version of (a). (b), (c),
(d), and (e) are FSWT, STFT, MWT and WVD of (a) respectively; and (g), (h), (i),
and (j) correspond to the same transforms of noise version signal (f) on another scale.
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11.5.5. Applications
11.5.5.1. Signal Filter in Time and Frequency Domain
Example 11.3: The original signal in Fig. 11.17 is obtained from an ultrasonic detect
system that can send and receive ultrasonic waves by a piezoelectric sensor. All of these
waves can be viewed as damping vibration signals. There are many echo waves in near
frequencies and noises which can be seen on the Fourier spectrum. It is not so easy to
reduce noise by a band pass filter.

Fig. 11.17. (a) is an original signal; (b) is the Fourier spectrum; (c) and (d) are 2D and 3D maps
of FSWT coefficients; (e) is the restored signal by parts of FSWT coefficients which are marked
with the red rectangles in (c).

11.5.5.2. Separation of Close Modals
Example 11.4: The original signal shown in Fig. 11.18(a) can be expressed as
s(t )  s5  s6 , where the simulated signals s5 and s 6 expressed by Eq. (11.93) are
described in Table 11.3. It is very difficult to separate s(t) into the s5and s 6 in frequency
domain ([10] Yan & Miyamoto 2006, [11] Tan et al. 2008) since they are very close
modals with high damping ratios   0.05 and high additional noise (25 %).
From inequality expressed by Eq. (11.73), we can set:

  (1/ )2 1 / .

(11.95)

If we still choose   0.5,  0.05 , then   34.64 . So the parameters in FSWT are given
as:

pˆ ( ) 

1
1  i

1,    ,   34.64 .


(11.96)
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Fig. 11.18. (a) is an original signal simulated by Table 11.3; (b) is the noise (25%) version of (a);
(c) (d) are 2D and 3D maps of FSWT coefficients for (b); (e) is the Fourier spectrum of (b);
(f) is the frequency projective curve of (c); (g) and (h) are the reconstructed signals from IRs
in (c) respectively; (i) is the synthesized signal by (g) and (h).
Table 11.3. The simulated signal in Fig. 11.18(a).

s  s5  s6 , T = 40 s, f s = 100 Hz
s

A

f





t0

s5

1

1 Hz

0.05

0

10 s

s6

1

1.15 Hz

0.05

0

10 s

The middle point f 1.075 Hz between f1  1 Hz and f2 1.15 Hz can be found in the
Fourier spectrum. The middle line is herein called as the borderline of signals s5 and s 6
in frequency domain, and it is a helpful line to separate two close modes of frequency.
Combining the Fourier spectrum with the 2D and 3D map of FSWT coefficients, we can
pick up two IRs marked with red rectangles in Fig. 11.18(c). From each IR, s 4 and s5
shown in Figs. 11.18(g) and (h) can be segmented and reconstructed individually. There
are some errors especially in the initial stage, but the reconstructed signals and the
synthesized signal are acceptable even if the original signal includes high noise.
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11.5.5.3. Resolution and Symmetry
In this section, we will verify the proposed properties of the FSWT and show comparisons
with the CWT. Meanwhile, some application problems are stated along the way. To
compare with the CWT, we first introduce Gabor wavelet function as

 (t )  e



1

2

t2

ei 2 

 t

.

(11.97)

Hence  (t) is a symmetric function with the origin of time domain, but ˆ() is not
symmetric with the origin of the frequency domain. It is easy to know that

 

1
.
2

(11.98)

We introduce a useful simulation signal to show the FSWT application. For the efficient
damage inspection, it is important to use a wave pulse having good time and frequency
localization, which is a foundation to pinpoint the arrival time and the main frequency of
the received pulse. We consider the recommended methods in [14] (Hong et al. 2005), the
modulated Gaussian pulse (also known as Gabor pulse) is implemented to detect the
damage in experiments by guided-wave. The common type of the Gabor pulse is given as

sGp (t )  e



t2

2

cos(2 ft   ) .

(11.99)

The real received signal can be approximated by
n

s (t )   Ai e
i 1



( t  ui ) 2

i2

cos(2 f i (t  ui )  i ),

(11.100)

where Ai is magnitude of the echo wave, ui is the arrival time, f i is the dispersed
frequency and  i is the phase shift. Now we inspect the properties of the FSWT with
the Gabor pulses.

Example 11.5: A simulated signal with Eq. (11.100) is described in Table 11.4, where
there are three Gaussian pulse signals with the same damping features except the different
frequency and the different arrival time. Note that by using Eq. (11.98) the
bandwidth-frequency-ratios of the three components are also estimated in Table 11.4, i.e.
1  0.015 , 2  0.009 and 3  0.0064 . Therefore, as the first example,  s is assumed
to be known for the test. The three choices have no any essential different, and so we only
take the maximum s  0.015 as one demonstration of them.
Let FSF be the Gaussian function pˆ ( )  e

1
 2
2

, hence   p  2 / 2 . We then use

Eq. (11.75) to keep the same ratio with the maximum s  0.015 . The chosen of
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parameters in the FSWT from Eq. (11.72) or Eqs. (11.90) and (11.92) are summarized
as follows:
pˆ ( )  e

1
 2
2

,    ,  s  0.015 ,  p  0.015 ,   47.13 .


(11.101)

Table 11.4. The parameters of simulated signal in Example 11.5.

f



u



s

A

s1

1

15

5

0.707

0

s2

1

25

4

0.707

0

s3

1

35

3

0.707

0

4

( 10 Hz )

( 10

4

Sec.)

10 4

4

s  s1  s2  s3 , T s = 810 Sec., f s = 2 MHz,

1  0.015,2  0.009,3  0.0064
Figs. 11.19 (b) and (c) indicate the 2D and 3D maps of the FSWT coefficients, where a
perfect symmetry and conformity image for the three Gaussian signals is shown. It is
obvious that the three TFRs have the same time-frequency resolutions and amplitude
responses, and this means that the FSWT is unbiased for the different frequency signals.
The FSWT can be controlled by the bandwidth-frequency-ratio.
Figs. 11.19 (d)-(g) represent the results of the MWT with two group of different
bandwidth parameters and the center frequencies:  = 21.22,  = 0.5 and  = 1,
 = 10.61. Since Eq. (11.98), their bandwidth-frequency-ratios are the same   0.015
that still keeps the same value with the maximum s  0.015 of the signal. However,
Figs. 11.19 (d) and (f) obviously have different time-frequency resolutions and amplitude
responses, this drawback is obviously not an advantage for application. This fact shows
that the CWT can not be controlled only by the bandwidth-frequency-ratio. Therefore, the
CWT that includes the Gabor wavelet is a biased transformation for different frequency
signals because ˆ() is asymmetry with the origin of frequency domain.

11.5.5.4. Energy Leakage Problem
Whether the DWT or the CWT has the frequency band energy leakage (FBEL)
problem([14] Hong et al. 2005), it often gives bad influences to the signal feature
extraction. Figs. 11.19 (d) and (f) show the FBEL phenomena which can be clearly
observed in each frequency. A lot of energy is leaked at low-frequency area or around the
time-frequency center of signal. At the same time, the experiments show that as the
bandwidth parameter  decreases, severe energy leakage increases. However,
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Fig. 11.19 (b) shows that the FSWT with the Gaussian function pˆ ( )  e 2 is so
conformable with the expectation; it seems that the FSWT has no any FBEL problem.
However, we will found that the FBEL may exist in different FSF functions slightly. By
using the same example, Figs. 11.20 (a)-(d) show four TFRs of the FSWT with four FSF
functions, respectively. Fig. 11.20 (a), (b) exist the short time-frequency smearing;
sin 
Fig. 11.20 (c) has obvious FBEL since the support width of function pˆ() 
is



infinite. The energy leakage of first three functions nullifies the property of exact
localization, but the last one has perfect property and very similar with the Gaussian
function. Therefore, the better localization property of the FSF is important to the FBEL.
Nevertheless, even if in the FBEL cases, the FSWT can still keep the high consistency
and the complete equality among the different frequency signals.

Fig. 11.19. Compare the FSWT with the CWT for the same parameters

  0.015

and   0.015 ; (a) A simulated signals, (b) and (c) the 2D and 3D maps of the FSWT.
(d)-(g) are the 2D and 3D maps of the of Gabor wavelet with
and



= 1,





= 21.22,



= 0.5,

= 10.61.
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Fig. 11.20. Compare the TFRs of FSWT under four FSFs: (a) pˆ ( )  e
(b) pˆ ( ) 

1
1 

2

, (c) pˆ ( ) 

sin 





,

sin 
4

and (d) pˆ ( ) 

4

11.5.5.5. Scale Optimization
Example 11.6: Fig. 11.21(a) shows a simulated Gaussian signal by Eq. (11.100). It seems
that this signal includes three or four different time components. In fact, the original signal
is composed of two frequency components at the same time, which are described in
Table 11.5. Since 4  0.0067 , 5  0.0065 , thus they are low-damping signals. It is
obvious that the experiential value s  0.05 (i.e.  14.14 ) cannot fit this case.
Nevertheless, generally, we do not know the real values  4 and  5 , so we may have to
try some scales. Here we introduce a new usage of the FSWT. Eq. (11.86) is applied to
find automatically the best time-frequency expression of this signal. The FSF function is
still assumed in Eq. (11.101), we then take 25 scales from  1 = 14.14/4 to
 25 = 14.14×4 with equal step for the optimal combination of scales. Fig. 11.21 shows
the optimal procedure, where Figs. 11.21(b) and (c) represent two TFRs with the smallest
and biggest scales. Obviously, Fig. 11.21(b) for  1 is biased to the time resolution, and
Fig. 11.21(c) for  25 is biased to the frequency resolution. It is not easy to judge which
scale is right for this signal. Fig. 11.21(d) is a binarized image from the following
geometric mean image as:
W (t ,  )  25

   25

W

 1

f

(t ,  ,  ).

(11.102)

The minimized energy area  in Eq. (11.86) which is marked in “brown” color in
Fig. 11.21(d) is defined as:

  {(t,)| W (t ,)  0.5c} ,

(11.103)

where c is the average value of W (t ,  ) . Finally, by solving Eq. (11.86), we can get the
best TFR with the linear combination of scales. As a result, Fig. 11.21 (c) clearly shows
452

Chapter 11. A New Damage Detection Method for Bridge Condition Assessment in Structural Health
Monitoring (SHM)

that the original signal has two frequency components with higher time-frequency
resolution than Figs. 11.21 (b), (c). Therefore, the scale optimization is an useful idea.

Fig. 11.21. Scale optimization: (a) A simulated Gaussian signal, (b) The smallest scale TFR
with  = 14.14/4; (c) The biggest scale TFR with  = 14.14×4; (d)  is the minimized
energy area; (e) The best linear combination of 25 scales by Eq. (11.102).
Table 11.5. The parameters of simulated signal in Example 11.6.
f



u



S

A

s4

1

15

5

1.581

0

s5

1

15.6

5

1.581

1
 
4

4

( 10 Hz )

( 10

4

s)

10 4

s  s4  s5 , T s = 10104 Sec., f s = 2 M Hz,

4  0.0067,5  0.0065
11.5.5.6. Dynamic Scale
Example 11.7: We investigate the representation of the FSWT with dynamic scale. A
simulated Gaussian signal with Eq. (11.100) is described in Table 11.6 and shown in
Fig. 11.22 (a). It is very difficult to separate accurately the couple of signals because their
resonant frequencies are very close and they have higher equivalent damping ratios
( 6  0.0483,7  0.0446 ). The Fourier transform spectrum in Fig. 11.22 (b) clarifies the
fact. Actually, this case often happens in practical applications.
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Fig. 11.22. Dynamic scale and signal reconstruction: (a) Simulated Gaussian signal; (b) Fourier
transform spectrum; (c) A TFR under static scale  = 14.14; (d) A TFR with dynamic scales
 =14.14/2 –  = 14.14×2; the black curves in (e) and (f) are the reconstructed signals
from (d); the blue curves are original signals

s 6 and s 7 described in Table 11.6.

Table 11.6. The parameters of simulated signal in Example 11.7.



U

f

S

A

s6

1

3.4

3

0.9676

s7

1

4

3

0.8921

4

( 10 Hz )

( 10

4

s)

10 4


1
4


0

4

s  s6  s7 , T s = 610 s, f s = 1 MHz,

6  0.0483, 7  0.0446
The FSF is determined as same as Eq. (11.101), but we select  s = 0.05 firstly, hence
 14.14 is a constant. Fig. 11.22(c) therefore represents the time-frequency image of the
FSWT coefficients with the static scale. However, it is not easy to observe the different
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frequency components from that image. Unfortunately, we cannot find out another
suitable scale  to distinguish them clearly, even if we completely sacrifice the time
resolution in Fig. 11.22 (c). Similarly, in CWT, we cannot find a couple of Gabor wavelet
parameters to recognize them easily.
Fortunately, Fig. 11.22 (d) easily shows a result by using the dynamic scales in Eq.
(11.76), where the same FSF function and  0  14.14 are kept. Fig. 11.22 (d) clearly
represents the two components with much higher local time and frequency resolution than
that of Fig. 11.22 (c). Meanwhile a clear boundary between the two components can be
seen. In fact, in order to obtain the similar result to Fig. 11.22 (d), one can have many
selections resembling to Eq. (11.76), but here we omit the further discussion. The
following section will show the other example for dynamic scale.

11.5.5.7. A Real Life Signal
A real life signal is shown in Fig. 11.23 (a), where there are two sounds, one is the train
whistle from far away, and the other one is the bird chirps in the nearby. The sample
frequency is 8,192 Hz. From the Fourier spectrum Fig. 11.23 (b), the train whistle can be
viewed as stationary components with long duration and the bird chirps are transient
components with very short duration. Under the same bandwidth-to-frequency ratio which
is assumed as 0.025, we use the CWT and the FSWT to compare their TFRs of this signal.
In CWT, the Gabor wavelet Eq. (11.97) is still used here and let  = 6.37,  = 0.5, so
  0.025. Since the CWT has no fast algorithm, the computational cost is very expensive.
Fig. 11.23 (c) shows the result of the CWT, where an obvious time-frequency smearing
can be seen.
In FSWT, the FSF is also taken as the Gaussian function shown in Eq. (11.101), so
2
and let p  0.025 . By using Eq. (11.68), we will be able to get   28.28 . The
 p 
2
FSWT computing with the down-sampling technique is much faster than the CWT. At the
same time, Fig. 11.23 (d) shows that the FSWT is obviously better than the CWT both in
time and frequency resolution. Fig. 11.23 (e) provides another TFR with a different
dynamic scale with Eq. (11.76):   28.28 fˆ (u ) / fˆ ( ) .
Fig. 11.23 (e) shows a significant fact: the frequency resolution to the stationary
components is much higher than Fig. 11.23 (c) and Fig. 11.23 (d). However, in CWT, it
is very difficult to find a couple of Gabor wavelet parameters to reach so higher frequency
resolution. On the other hand, Fig. 11.23 (e) simultaneously keeps a high time resolution
to the transients and is not less than Fig. 11.23 (c) and Fig. 11.23 (d). Therefore, it is
possible that by using dynamic scale method one does not have to sacrifice the time
resolution for increasing the frequency resolution, conversely, the same reason is also
possible for increasing the time resolution.
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Fig. 11.23. (a) A real life signal; (b) Fourier transform spectrum; (c) The TFR of CWT
with



= 6.37,

= 0.5; (d) A TFR of FSWT with a scale 

= 28.28; (e) A TFR with dynamic

scales   28.28 f (u ) / f ( ) .

Remark: Dynamic scale reveals the essential fact that redefining FSF in the computation
of the FSWT is a useful idea in practical applications. If taking the spectrum as the
controlling condition of dynamic scale as Eq. (11.76), since it is a switch function not a
continuous condition, usually the experimental result is sensitive with noise spectrum.
Therefore, it is necessary that the chosen controlling condition should be stable. For
example,    fˆ (u ) / fˆ ( ) is a seemly controlling condition. The further discussions
0

and applications for dynamic scale will be carried out in the future research.

11.5.6. Summary
(1) Some new properties of the FSWT are presented in this section, such as symmetry,
controllability, easy-to-design and the reconstruction independency etc. Due to the
new features, FSWT is more flexible to fit ever-changing signals than the classical
methods. More comparisons based on application with FFT, CWT, DWT, STFT and
WVD can be found in [15] (Yan et al. 2009) and [16] (Yan et al. 2010).
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(2) Several significant comparisons based on time-frequency analysis theory with the
CWT are shown. As a new time-frequency transform, the FSWT has better
performance than the CWT and several typical examples are used to verify these
facts. The FSWT can be controlled by the frequency resolution ratio  s of the
measured signal. It is significant to note that in a damping vibration system  s is
equivalent to the damping ratio of the signal. The FSWT therefore provides a new
view for adaptive time-frequency analysis.
(3) Some new usages of the FSWT, such as, the dynamic scale, the transmutations of the
FSWT, the time-frequency filter, the scale optimization and the FBEL problem etc.,
are also discussed in this section.
(4) However, more studies should be carried out on the analysis of FSFs, dynamic
property of the FSWT and the scale optimization etc. There are still more discussions
and applications to be done delicately.

11.6. SRM Feature Extracting Methods and Applications
11.6.1. Basic Idea of System Feature
This section will mention the basic concept of describing system state about SRM based
on vibration equation. A general idea of nonparametric description will be the derivate
from the governing equation of motion of structural system. We then can understand the
aim of featuring system responses. A common-used vibration equation is written as:

Ms  Cs  Ks  0.

(11.104)

In Single Degree of Freedom (S-DOF) system, it is easy to determine the parameter mass
M, damping coefficient C and stiffness K. However, in general, it is very difficult for
Multi-DOF (MDOF) complex system. From the vibration equation for S-DOF, the
vibration frequency  is relation with M, K, C parameter, and it can be written to be:

2 

K C2
.
M 4M 2

(11.105)

or denoted as M  f ( K , C ,  ).

(11.106)

Follows that:
M

K  K 2  (C ) 2
2 2

For MDOF, it can be expressed as:

 f (K , C , )  M
i

 CONSTANT,

(11.107)

f ( K i , Ci , i )  1, CONSTANT.

(11.108)

i

i

total

i

or

M
i

1
total
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Therefore, we call the vector x : (1,2 ,...n ) as the response features of the system, and
we also call the relative vector   (M1, K1, C1, M2 , K2 ,C2 ,...Mn , Kn , Cn ) as the system
structure parameters or alias variable of the system structure. Note that the system alias

variable  is relative but probably different with the real structural parameters
(M1, K1, C1, M2 , K2 , C2 ,...Mn , Kn , Cn ) , and it is no necessary to know the real parameters, but

is a function of these parameters. In a monitoring system, we usually only know the
response data in time domain. With the aid of many transforms, such as Fourier transform,
wavelet transform, Laplace transform, and so on, we can get the feature vectors x, which
is consist of the feature space of the system. However we don’t know the system variable


. The State Representation Function (SRF) expressed by Eq. (11.1) can be written as:

  f (, x) 1.

(11.109)

A Kernel function tool is applied to get a solution of Eq. (11.109), then we can get the

estimation of variable  . Then we will be able to know the state variable
system. Fig. 11.24 shows the basic principle of SRM methods.



of a

Fig. 11.24. SRM state space model.

11.6.2. Approximate Feature Vectors Problem
In Eq. (11.109), the determination of the state variable depends on the system structure
parameters and the system features. One of the main idea in the SRM is to understand the
system inner information from observing the system responses. In traditional method,
frequency spectrum can be viewed as system feature vector x. However, it is usually
difficult to know each modal frequency exactly because the division of mode frequencies
cannot be completed by signals accurately, especially for closed space frequencies or high
frequencies decided by the complicated system structure and easily affected by noise. At
the same time, the responses of a complex system have quite many close modal
frequencies and high frequencies, and so it is very difficult to separate them from the time
and frequency domains. Therefore, in many cases we have to give up the exact feature
vectors instead with the approximate or new feature vectors. Naturally, we expect that the
new features can reveal the characteristics of the original system. For example, the
damping or (damping ratio) vector of each modal frequency is also an important feature
in a vibration system. Therefore, the SRE can be expanded as:
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  f (,,) 1,
where vector

(11.110)

 is the damping ratio of each modal frequency.

11.6.3. Extracting Damping Feature
The features of a damping vibration signal include its frequency and damping.
Fig. 11.25(a) shows a simulated SDOF damping vibration signal. The Fourier spectrum
shown in Fig. 11.25(b) is easy to know the frequency features of it. However, it is usually
not easy to get the damping exactly because in general a damping vibration signal always
includes many interference frequencies or noise. We can get the envelope curve as shown
in Fig. 11.25(c) by FSWT time-frequency transform. Fig. 11.25(d) shows a result of
time-frequency distribution of FSWT. The FSWT ensures that this distribution is located
in a small localization time and frequency domains. Moreover, as stated above in
Section 11.5, FSWT has many better properties and high performance against noise.
Therefore, with the aid of FSWT, we can finish the feature extraction of vibration system.
In order to simplify the computation of damping features and ensure their stabilities, we
conduct a new damping method through the statistical methods as the following:
We assume that the envelope curve is x  Aet , when t [0,T] (0,) .
And let

S ( xn ) 

1 T n
x dt , n  0.5, 1, 2, 4 .
T 0

(11.111)

n

It is obvious that S ( x ) are easily computed from the time data x. Then the damping
parameter  can be computed by


1 -1 S ( x 2 ) ,
f ( 2
)
T
S ( x)

s
where f ( s )  s 1  e s ,

2 1 e

(11.112)

  4 S 2 ( x )S ( x2 )  S 3 ( x) / (S 2 ( x ) S ( x)) / T ,

(11.113)

  2 S 2 (x)S(x4 )  S 3 ( x2 ) / (S 2 ( x) S( x2 )) / T.

(11.114)

According to Eqs. (11.112)-(11.114), three statistic formulas are established to compute
the modal transient damping. It is significant to note that x  Aet is an envelope curve of
a damping vibration signal. The FSWT is used to get the envelope curve. Therefore, we
can get the transient damping at any frequency and at any time by FSWT. The modal
damping function (MDF) is commonly denoted as

  MDF(x).

(11.115)
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Here, the MDF is obtained from one of the Eqs. (11.112)-(11.114) or any others, which
can extract the parameter from a response frequency signal. Based on this idea, an
important algorithm to extract the vibration feature vector is introduced, and it is applied
to the vibration signal in detecting of a laboratory bridge monitoring system which will
be introduced in the latter section.

Fig. 11.25. (a) SDOF damping vibration signal; (b) Fourier spectrum; (c) a FSWT slice curve;
(d) 2D of FSWT time-frequency transform coefficients.

11.6.4. Feature Extract Algorithm
In a real bridge system, the system response may be stochastic. The system must make
some responses when it is excited by environmental conditions such as cars, winds,
earthquake, etc. Therefore, some trigger conditions ever exist. We call the time of a trigger
condition as the Time Trigger Lines (TTLs). Now, we take a FSWT image as shown in
Fig. 11.26 as an example to explain the feature extract algorithm. The FSWT clearly
reveals the characteristics of the measured signal.

Featuring Algorithm 11.8.
(1) Compute the FSWT expression for each sensor response, and denote it Wi (t ,  , ) ,

i  1,2,..., Ns , where N s is number of sensors.
(2) Take maximum of Wi (t,,) , i.e. W

M

 m ax W i ( t ,  ,  )
t  0 ,  0 , i

and record (tM ,M , W M ) as

a trigger condition.
(3) Define Frequency feature Sampling Line (FSL) and Time feature Sampling Line
(TSL) Record M f the number of all FSL and M t the number of all TSL, and call
small block as Feature Block (FB ) (shown in Fig. 11.27).
(4) Compute modal damping feature at each feature block as
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 ipq  MDF ( Wi (t ,  ,  ) )

(t ,  )  FBpq

, i  1, 2,...N s , p  1, 2...M f , q  1, 2...M t .

(5) Define: Vi  (WM1 ,ipg ) , i 1,2,...Ns , p 1,2...M f , q 1,2...Mt ,
where Wipq  E ( Wi (t ,  ,  ) )

(t ,  )  FBpq

,

here E () means the average value and call V i the time-frequency feature (TFF) vectors
of the system.

Fig. 11.26. The left top (a) is original signal, there are three segmented signals (b), (c) and (d),
and the left bottom (e) is their synthesized signal. The right top (f) and (g) are amplitude 2D
and 3D map of FSWT coefficients respectively for the original signal.

Herein, let consider a real experiment from the laboratory bridge monitoring system. Let
Ns  11, Mf  300, Mt  3, there are 1,200 features for each sensor, and acceleration sensor
data has 9 impacts by hammer ×11 acceleration sensors ×10 times to
test = 990 groups. Therefore, there are 990×1,200 = 1.1 M features, this is big numbers!!
That is an obvious reason that the SRM must be a large size problem. The method in
Section 11.4 is necessary for this reason.
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Fig. 11.27. Feature extracting grids.

11.6.5. Overall Logics of SRM Method
Figs. 11.28-11.31 show the overall logics of SRM method in this chapter. The SRM
provides several procedures for state assessment. The SRM has five main steps as follows:
(1) Computing signal feature;
(2) Solve feature model;
(3) Construct the state variable;
(4) Make the statistics of state variable;
(5) Assess the state changes between two test phases.

Fig. 11.28. SRM featuring method (Step 1).
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Fig. 11.29. SRM Kernel function method (Step 2).

Fig. 11.30. SRM state computing & statistic method (Steps 3 & 4).

Fig. 11.28 shows Step (1) of the SRM method: The SRM provides an important tool that
can translate the signal space into the feature space of signal, where the FSWT is
implemented to transform the time domain into the time-frequency domain. The FSWT
has many better properties in contrast with the traditional wavelet. Featuring
Algorithm 11.8 is used to get the signal features. In this chapter, although we mainly focus
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on the vibration signal, FSWT is available to many signals, especially for transient signals
([15] Yan et al. 2009). Naturally, one can use many tools to complete the feature extracting
to build a feature database.
After getting features of signal, we use SRM Kernel function to build a state equation.
Fig. 11.29 shows Step (2): The SRM learn model is changed into a large-scale linear
constraint problem. Because Eq. (11.20) in SRM is always ill-condition, overdeterminate,
and large-scale, therefore the SRM Tool 1 in Section 11.4 is a necessary tool
to solve Eq. (11.20).
After obtaining a solution of Eq. (11.20), we can use equation   f (, x) to describe the
state condition of a system based on its response datum. Fig. 11.30 shows Step (3) and
Step (4) of SRM method. A statistic distribution of state variable  can be completed
easily. Step (1)-Step (4) are called the learning process of the SRM.
Fig. 11.31 realizes the final aim of SRM, it includes the Step (4) and Step (5): If the
learning work in a certain observing time is completed for a target system, the new
observing data, called it test data set, will be obtained when the system changes as the
time. The state description   f (, x) is used to verify the change of the system.
Therefore, we can get the similar distribution of the state variable
can be assessed by the SRM indices.



and some changes

Fig. 11.31. SRM state comparing & assessment (Steps 4 & 5).

11.6.6. Application to a Laboratory Bridge Monitoring System and Discussions
The accuracy of detecting feature quantity differences when converting a parameter
(structural parameter) for the evaluation of the condition (e.g. damage) of the bridge of
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interest (damage detection) to a probabilistic model by applying SRM that makes use of
the abovementioned characteristics of FSWT is theoretically affected by the settings of
the SRM scale parameter σ ([17] Yan & Miyamoto 2009). This study, therefore, evaluated
the effect of the scale parameter σ on damage detection results by using the results of two
types of experiments carried out by using simple bridge models with different types of
known damage, namely, moving load experiments carried out by using girders and impact
hammer tests conducted by using a bridge model consisting of three girders.

11.6.6.1. Outline of SRM-based Damage Detection
Let f(x) be a present state function for a structural system. Let

Hn be a finite feature



Hilbert space assumed to be incorporated in the response H of every structural system.
Then, a feature vector expressing the present state of the structural system can be obtained
as follows:

x  ( x1 (t ), x 2 (t ), x3 ( t ),..... xn (t ))  H n  H  .

(11.116)

Here, a probabilistic model of a perceptron type neural network with an intermediate layer
([18] Masri et al. 2000), giving an output of a certain probabilistic density from an
arbitrary input vector is regarded as an equation of state, and an arbitrary function can be
obtained:

  f (x) [0,1] .

(11.117)

SRM is the process in which this equation of state is determined from a given feature
(input) vector (see Fig. 11.29). Since the state of equation thus determined can be defined
in the finite feature Hilbert space, it can be derived by defining an arbitrary inner product
function like Eq. (11.118):
m

  f (  , x )   i k ( xi , x ) .

(11.118)

i

Thus, the problem can be reduced to the problem of minimization and optimization using
Eq. (11.118), as a variable. In Eq. (11.118), k ( xi , x) is called a Kernel function, k(, ) .
Many kernel functions have been proposed, such as d-degree polynomial kernel, radial
basis function kernel and sigmoid kernel ([16] Yan et al. 2010). For the purposes of this
study, the Gaussian kernel shown as Eq. (11.119) is used for SRM:

k ( xi , x)  exp(

d ( xi , x)

2

).

(11.119)

Following the setting of the SRM scale parameter σ, the Kernel function of Eq. (11.119)
is determined, and the minimization–optimization problem expressed by Eq. (11.118) is
solved by using the gradient method (see Fig. 11.29). In Eq. (11.119), σ is a scale
parameter to be determined by the user as appropriate within the range 0 < σ  0.5.
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11.6.6.2. Overview of Bridge Model Girder Experiment
Two types of verification tests using bridge model girders were carried out: single-girder
moving load experiments and impact hammer tests using a bridge model girder structure
consisting of three girders ([19] Miyamoto & Isoda 2012).
Fig. 11.32 illustrates the girder used for the single-girder moving load experiment. In the
single-girder moving load experiment, a moving load designed to simulate a vehicle was
made to move on a simply supported girder, and vertical acceleration was measured at
three points located along the girder (see Fig. 11.32). Seven types of girders were prepared
for the single-girder experiments: a no-damage wide-flange steel beam and six types of
steel beams with different degrees of artificially introduced lower-flange damage
(stiffness reduction) (see Figs. 11.33 and 11.35).

Fig. 11.32. Moving load experiment using a single-girder specimen.

Fig. 11.33. Dimensions of intact members and artificially damaged members
(artificial damage given to lower flange).

In the impact hammer test conducted by using a three-girder bridge model, accelerometers
were installed to the bridge model girder structure shown in Fig. 11.34, and vibration was
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measured at nine points on the bridge model girder structure by installing accelerometers
and exciting the girder structure with a hammer impact. Figs. 11.35 and 11.33 (shown
earlier) show information on no-damage members and artificially damaged members of
the bridge model girder structure used including their details such as the degrees and
locations of damage. Fig. 11.36 illustrates the bridge model girder structure used in the
experiments and the locations of the nine accelerometers. In the experiments, damaged
girder locations were changed among Girders 1, 2 and 3. For each of those locations, tests
were conducted for the no-damage, minor damage (about 20 % stiffness reduction) and
major damage (about 40 % stiffness reduction) cases and the damage location
combinations shown in Fig. 11.33. For each of those combinations, a hammer impact was
given at a total of nine locations (intersections B1 to D3 of Cross Beams 1, 2 and 3 and
Girders 1, 2 and 3) to vibrate the bridge model girder structure, and vertical acceleration
data were recorded. This experiment was carried out ten times at each location. The
sampling rate was 1,000 Hz and measurement time was 5 seconds.

Fig. 11.34. General view of bridge model girder structure consisting of three girders.

Fig. 11.35. Intact and damaged members of bridge model girder structure
(lower flange of girder).
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Fig. 11.36. Configuration of three-girder bridge model girder structure
and locations of accelerometers.

Figs. 11.37 and 11.38 shows a few examples of acceleration waveforms observed in the
moving load experiment and the impact hammer test and FSWT-based time–frequency
space analysis results, respectively. The analytical results obtained by FSWT show
frequency (Hz) (in spatial representation, frequency and time) on the horizontal axis, time
(sec) (in spatial representation, amplitude) on the vertical axis, and the brightness of color
represents power.

Fig. 11.37. Examples of acceleration waveform obtained from moving load experiment and
time–frequency space analysis results obtained by FSWT.
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Fig. 11.38. Examples of acceleration waveform obtained from impact hammer testing
and time–frequency space analysis result obtained by FSWT.

In order to evaluate the state of the bridge model girder structure by applying SRM, it is
necessary to calculate the coefficient  (damping parameter) in the amplitude envelope
x = Ae−t (see Fig. 11.25) and use it as a feature quantity. By applying the modal damping
function (MDF) to the data obtained through FSWT-based conversion, the coefficient 
can be calculated for any time–frequency range. This characteristic is used to define the
feature extraction range in terms of feature blocks (FB) and construct feature vectors. This
segmentation approach makes it possible to deal with changes in natural frequency.
Figs. 11.39 and 11.40 show FSWT converts of time–frequency space data (see Figs. 11.37
and 11.38) divided into 80 and 100 blocks, which were obtained by dividing the converted
time–frequency space data into 20 blocks along the frequency axis and four blocks
(moving load experiment) or five blocks (impact hammer test) along the time axis. The
steps for the feature extract algorithm are as follows (see Figs. 11.28-11.31):

STEP 1: Compute the FSWT expression for each sensor response and denote it,
Wi (t ,  , ) , i  1,2,..., Ns , where N s is number of sensors.
STEP 2: Take the maxima of Wi (t,,) , i.e. W M  max Wi (t ,, ) and record
t 0, 0,i

(tM ,M , W M ) as a trigger condition.
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STEP 3: Define the Frequency feature Sampling Line (FSL) and Time feature Sampling
Line (TSL), and, record M f , the number of all FSL and M t , the number of all TSL. Call
small block as Feature Block (FB), as shown in Figs. 11.39 and 11.40.

Fig. 11.39. Examples of blocks in time–frequency space defined for moving load experiment.

Fig. 11.40. Examples of blocks in time–frequency space defined for impact hammer testing.

STEP 4: Compute the modal damping feature at each feature block as

 ipq  MDF ( Wi (t ,  ,  ) )

,
(t ,  )  FB pq .

i  1, 2,...N s , p  1, 2...M f , q  1, 2...M t
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STEP 5: Define: Vi  (WM1 ,ipg ) i 1,2,..., Ns , p  1,2,..., M f , q 1,2,..., Mt , where

Wipq  E ( Wi (t ,  ,  ) )

(t ,  )  FBpq

,

(11.121)

where E () means the average value and call V i : the Time-Frequency Feature (TFF)
vectors of the system.
Feature quantities are extracted by applying Eq. (11.122) to the feature blocks thus defined
and substituting the results in an MDF. The coefficient α in the amplitude envelope
𝑥 𝐴𝑒
obtained by arbitrary domain FSWT was calculated at multiple locations, and
the coefficients thus determined were used as feature vectors for damage detection. The
first step in calculating the coefficient  is to calculate by using Eq. (11.122)
when t [0,T] (0,+∞):
T

1
S  x   xn dt，n  0.5,1, 2, 4
T0
n

(11.122)

The calculation of Eq. (11.122) is easy, and the calculated value, 𝑆 𝑥
is substituted in Eq. (11.123) to calculate the coefficient α:
α  4 S2

 x S x   S
2

3

 x /

S

2

 x  S x  / T
2

of thus obtained
(11.123)

In this study, the value of α for each feature block calculated from the measurement data
obtained from the experiments carried out for all combinations mentioned earlier was used
as an input, and a state probability distribution model (probabilistic model) was
constructed by using SRM.

11.6.6.3. Experimental Results and Discussions
Figs. 11.41 and 11.42 show examples of calculated block-by-block values of damping
parameter α for the bridge model girder structure in a sound condition obtained from the
moving load experiment and the impact hammer test, respectively. These results indicates
that feature quantities in a block increase when there is a peak frequency in the block.
Two patterns of the SRM scale parameter σ, namely, σ = 1/2 and σ = 1/8, were examined
in evaluating the effects of different scale parameter values on damage detection results.
Also, SRM-based state variable values determined by following the steps shown in
Fig. 11.29 were compared to examine how the state probability distribution changes in
the no-damage-girder cases and damaged-girder cases, respectively.
Figs. 11.43(a) and 11.43(b) compare the state probability distributions (σ = 1/2 and
σ = 1/8) in the no-damage girder case and the major global damage case (Type C member)
(see Fig. 11.33) observed in the moving load experiments conducted by using separate
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girders. These results do not indicate any significant differences due to the SRM scale,
but they do show that the histogram tends to shift leftward and concentrate as damage
grows. Figs. 11.44 (a) and 11.44 (b) compare the state probability distributions of the
no-damage three-girder bridge model and the damaged three-girder bridge model in which
a Type C member is used as Girder 2 ((1) σ = 1/2, (2) σ = 1/8) in the form of histograms
like the moving load experiment results. These results indicate that at σ = 1/2 the
histogram does not show any significant differences in changes although relatively heavy
damage was anticipated, while at σ = 1/8 the histogram shows significant differences
due to damage.

Fig. 11.41. Example of single-girder damping parameter extraction in moving load experiment
[intact member (Type A member)].

Fig. 11.42. Example of damping parameter extraction from intact bridge model girder structure
in impact hammer test.
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Fig. 11.43(a). State probability density distribution (histogram) at σ = 1/2: no damage vs. major
global damage (Type C member) (single-girder case, moving load experiment).

Fig. 11.43(b). State probability density distribution (histogram) at σ = 1/8: no damage vs. major
global damage (Type C member) (single-girder case, moving load experiment).

Fig. 11.44 (a). State probability density distribution (histogram) at σ = 1/2: no damage case vs.
Type-C-member-for-Girder-2 case (impact hammer test for a three-girder bridge model).
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Fig. 11.44(b). State probability density distribution (histogram) at σ = 1/8: no damage case vs.
Type-C-member-for-Girder-2 case (impact hammer test for a three-girder bridge model).

As these analytical results indicate, since the Gaussian kernel scale parameter for SRM
greatly affects detection accuracy, the quality of detection results is adversely affected if
a large value like σ = 1/2 is used. The reason is thought to be that as the value of the SRM
scale parameter σ increases, the distribution of probability densities output to the
probability variable becomes more or less flattened so that the feature necessary for
detection accuracy becomes less discernible. It is therefore necessary to use a more or less
focused SRM scale parameter for the probability variable expressing a damage-related
feature quantity.
As an another example, by using the same bridge model of the laboratory bridge
monitoring system, additional weights tests as changing bridge condition are carried out
for sensitivity on SRM state probability distribution with SRM scale concept. In here,
some weights (2.5 kg (24.5 N)/weight) on the center of the bridge model are located in C2
point which marked by a rectangle in Fig. 11.36.
Fig. 11.45 shows the results of assessment of additional weights by the SRM state
probability distribution with two observing SRM scales. It is clear that increasing the
weights loaded on the laboratory bridge monitoring system, their state of system tend to
move far away their original state. And the state changes of the laboratory bridge
monitoring system by additional loads can be clearly distinguished by the SRM state
probability distribution. Moreover, the results assessed by a system state probability index
P ([17] Yan & Miyamoto 2009) can be seen in the Table 11.7. Then, based on those
distributions, it will be able to evaluate the changes between the current state and previous
state (normal state).
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Table 11.7. Assessment results of additional weight on different scale with a system state
probability index P.
P-Normal/
P-Normal Test
0.9886

Conclusion

0.5

P-Normal/
P-Normal
1

1

1

0.9980

0.5

1

0.9886

Same

1.5261

Not Same

3

1

1

0.9980

Same

1.1395

Almost Same

3

0.5

1

0.9886

Same

3.4655

Not Same

5

1

1

0.9880

Same

1.3515

Not Same

5

Scale

Conclusion

Weights

Same

P-Normal/Padd Weights
1.1322

Almost Same

1

Same

1.0320

Same

1

Fig. 11.45. Assessing of additional weights on LSBM comparable on different weights and scales
(1 weight means 2.5 kg).

As the summary, this section describes a further explanation of the SRM theory and its
applications. The SRM which can be represented the damage states of a target system by
a SRE or SRF is a new idea for application to assess the present structural state with
damage progressing. In here, “transient damping” is considered an important feature of
vibration response to assess the system state. A special feature algorithm for vibration
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response was proposed. According to the SRM model and algorithms in Section 11.2,
more details of the SRM logics are introduced. Combining the FSWT signal process ([15]
Yan et al. 2009, [16] Yan et al. 2010), the system feature extraction can be realized. Some
experiments on a small laboratory bridge monitoring system show that the SRM is
available and steady to express the system state. In the near future, some applications on
actual bridge systems, medical systems, information systems, etc. will be done to reveal
that the new method is more effective and easier to understand compared with the
traditional system identification methods.

11.7. Concluding Remarks
The main objective of this chapter introduces a general theory for the non-parametric
description of structural system’s state, in which called as “State Representation
Methodology (SRM)”. The chapter focuses on SRM idea and its application on bridge
condition assessment based on bridge health monitoring data. The SRM as a new
conceptual skill can provide some new methods for data mining in SHMS. In fact, the
SRM is a new kind of kernel-based learning method. The SRM provides a common
principle similar to the familiar methods, such as, neural networks (NNs), SVM, and
Response Surface Methodology (RSM) etc. In SRM, the system state is described as a
state variable that can be calculated by state representation equation (SRE). Based on the
transformation of system feature, the SRE can be approximated by the linear or nonlinear
combination of system features. The SRE is further expressed by the Kernel function
method, which is commonly used in SVM. With the aid of statistical analysis for the state
variable, the system assessment method is therefore introduced. Moreover, the SRE can
be changed into a large-scale linear constraint problem (LSLCP) easily, and a new
compatible algorithm is designed to solve the LSLCP. Before using SRM to complete
assessment of bridge condition, system feature extracting from system responses should
be the primary step. Feature extraction in damage detection is studied by many researchers.
In order to complete the feature extraction of system response, a novel time-frequency
analysis tool called FSWT is developed successfully. Digital experiments demonstrate
that FSWT can reveal characteristics of vibration signal very clearly. FSWT has been
proved to have many new properties in contrast to the tradition wavelet, and the new signal
analysis is especially suit to transient signal from vibration system. Finally, an application
example in a laboratory bridge monitoring system is presented via SRM, LSLCP and
FSWT methods etc. Notably, the value of this study consists in its series of algorithms
that will provide a powerful tool for development of current bridge monitoring system and
signal processing.
Main conclusions of this study are summarized as follows:
(1) SRM provides a new general idea for a non-parametric description of system state.
The system state can be described as a state variable expressed by SRE. The SRE can
be improved by the kernel-based function learning method and can be changed into
LSLCP.
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(2) Several statistic-based assessment algorithms of system state and assessment indices
are introduced. Quite a few questions are mentioned, such as, how to decompose a
complex system into many sub-systems, how to update the SRM models, etc.
(3) A compatible gradient algorithm is designed to solve the LSLCP in SRE. This new
algorithm exhibits strong global convergence properties and high-performance
computation in polynomial time under a non strict condition. It has significant
effectiveness even if the linear problem is extremely ill-conditioned, such as Hilbert
ill-matrix. And also this algorithm provides a novel tool to solve linear programming.
(4) A new time-frequency analysis tool called FSWT is successfully developed. The
original signal can be decomposed by frequency slice function (FSF), which is
similar with the wavelet base but can be designed very freely. At the same time, the
original signal can be reconstructed by a FSWT representation in an easy way without
strict limitation of wavelet theory. FSWT has many better properties in contrast of
the traditional wavelet. For example, the center of the time-frequency window is the
observing center in contrast with the wavelet transform (WT). FSWT can be
adaptively controlled by the frequency resolution ratio of the measured signal. FSWT
has many reconstructive procedures that are not directly related to the FSF.
Furthermore, FSWT has many useful transmutations. FSF can be easily designed to
have perfect symmetry in time and frequency domains. FSWT itself is a new kind of
good filter and has higher performance against noise than the WT, and is available to
many signals, especially for transient vibration signals. FSWT can be widely used in
many fields for signal processing.
(5) A new estimator of modal damping parameter based on FSWT is presented. FSWT
is quite effective to analyze the transient vibration signal. Modal signal separation
and damping parameter identification is easy to realize by FSWT method. For single
modal damping identification, we get an accurate estimation method both in time and
frequency domains based on the logarithmic decrement method and the extension of
the random decrement technique (RDT). Moreover, by using the FSWT
representation and the RDT formula, a more general estimator of modal damping is
expressed. The damping characteristics of multimodal signal in time-frequency
domain are revealed by FSWT clearly, and then a frequency slice algorithm (FSA)
for modal separation and parameter identification is designed. Some conclusions
show that FSA is not limited to free decay response (FDR), and also can be used to
random impacting response directly. In FSA, the FSWT is also proved to be a good
filter and has high performance against noise. It is successful that a stable timefrequency transient damping parameter as the system feature in SRM analysis is
computed via statistic method and FSWT analysis.
(6) It is successful that a stable time-frequency transient damping parameter as the
system feature in SRM analysis is computed via statistic method and FSWT analysis.
(7) The laboratory bridge monitoring system is used to verify all SRM ideas and
methods. All algorithms are implemented to detect the change of the system state
when some artificial damages were occurred in the beams of the laboratory bridge
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monitoring system. Experimental results show that, the assessment methods of SRM
via scale concept, Kernel function methods, FSWT and statistics test etc., are steady
and sensitive for the laboratory bridge monitoring system state changes.
The SRM and FSWT can be not only used in bridge system, but also in many systems.
Until now, some applications have been developed, such as, pattern analysis of heart
sound obtained from medical signal system, the temperature balance control from factory
control system and guide-wave identification from damage detection etc. This chapter
introduced a basic concept of the SRM and its basic methods and algorithms and a typical
example of SRM application. By using the SRE model, a condition assessment of a bridge
system based on its monitoring data can be represented directly. Therefore, SRM can be
used to develop the algorithms for application of structural health monitoring (SHM).
Nevertheless, the successful use of SRM greatly depends on experimenter’s ability to
develop a suitable approximation for system state function, f (, x) ; besides, the system
featuring is also an important thing. It is believed that the method in this chapter will
become a powerful tool and be able to be widely applied in condition assessment of civil
infrastructure systems and signal processing. In future, more studies will be carried out on
analysis of SRM and FSWT tools and featuring extracting algorithms etc., and there are
delicate discussions and applications still needed to be improved.
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On Line Diagnosis in Induction Motors
and Load
Carlos Verucchi and Gerardo Acosta1

12.1. Introduction
Induction motors are essential components in the vast majority of industrial processes.
The different faults on induction machines may yield drastic consequences for an
industrial process. The main problems are related to the increasing costs, and the
worsening of the process safety conditions and the final product quality. Many of these
faults show themselves gradually. Then the detection of incipient faults allows avoiding
unexpected factory stops and saving a great deal of money [1-3]. The kind of faults of
these machines is varied. However the most frequent are [4]:
 Opening or shorting of stator phase windings;
 Broken rotor bar or cracked rotor end-rings;
 Static or dynamic air-gap irregularities;
 failures;
 Magnetic wedges.
These faults may be observed through some of the following symptoms [5]:
 Unbalanced air-gap voltages and line currents;
 Increased torque pulsations;
 Decreased average torque;
 Increased losses;
 Excessive heating.

Carlos Verucchi
INTELyMEC (UNCPBA) and CIFICEN (UNCPBA-CICPBA-CONICET), Olavarría, Argentina
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It should be noted that some minor faults, which do not endanger the life of a motor, could
however lead to a decrease in its efficiency. Given that the efficiency levels of electric
motors are constantly monitored and adjusted for the purpose of a worldwide energy
consumption reduction [6-8], it is important to recognize incipient faults to avoid
inadequate performances.
The reason for such faults may reside in small errors during motor manufacturing,
improper use, high level of requirements in motor start-up, ventilation deficiency, and
others. Motors actuated by pulse width modulation (PWM) voltage source inverters, have
greater probabilities to fail in their bearings [9] and in their stator windings’
insulation [10].
Several diagnosis techniques for the identification and discrimination of the enumerated
faults have been proposed. Temperature measurements, infrared recognition, radio
frequency emissions, noise monitoring or chemical analysis are some of them [5].
References for coils to monitor the motor axial flux may be found in [11], vibration
measurement, in [11, 12]. Spectrum analysis of machine line current (called motor current
signature analysis or MCSA) is referred to in [13-18], Park’s Vector Currents (PVC)
Monitoring, in [19, 20], artificial intelligence based techniques are used in [21-23].
The diagnostic possibilities of some of these techniques are not limited only to the motor
but also extend to the driven load and to the transmission elements between the motor and
the load. In this sense, some of the faults that could be detected and diagnosed would be:
 Misalignment in flexible coupling [25-27];
 Gear box fault [28-32];
 Unbalance mass;
 Cavitation [33], etc.
In these cases, the motor acts as a kind of sensor that monitors the behavior of the
mechanical elements of the drive.
The next section will show the evolution degree that the on-line diagnostic techniques
have reached for electric drives. Special attention will be given to the analysis of the ability
of these techniques for predictive maintenance in industrial applications. To that end,
several examples of application in which the authors have experience will be presented.
The section that follows presents the use of an expert system specifically applied to the
detection of electrical faults in induction motors based on the measurement of one of the
stator currents (MCSA) [15]. Subsequently, the article focuses on a case of misalignment
detection in flexible couplings [25]. Finally, we discuss a case of gear teeth wear detection
in gear boxes [32].
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12.2. Internal Fault Detection in Induction Motors
12.2.1. Motor Current Signature Analysis
From all these approaches proposed in literature, those based on stator current monitoring
are advantageous because of its non-invasive feature. One of these techniques is the
MCSA, in which rotor faults become apparent by harmonic components around the supply
frequency. The amplitude of these lateral bands allows dimensioning the failure degree
[5]. Also, the Extended Park’s Vector Approach (EPVA), based on the observation of the
Park’s complex vector module, allows the detection of inter-turn short circuits in the stator
winding. This section presents the development of an on-line current monitoring system
(CMS) to perform the diagnosis task in a supervisory system [24]. This last task employs
both techniques (MCSA and EPVA) in an integrated way, for fault detection and diagnosis
in the stator and in the rotor of an induction motor, respectively. The selection of both
techniques is due to MCSA as well as EPVA shares the stator current sensing, and then
the same information may be used as input for both methods. In this way, current spectral
components convey information about the rotor state, while the EPVA is appropriate for
the stator windings monitoring, as it will be shown. The proposed CMS uses a National
data acquisition equipment and is programmed in LabView. From the acquired current
data and the motor features, the CMS estimates the slip and load percentage. Based on
experimental observations and on the knowledge of the electrical machine, a knowledgebased system (KBS) was constructed in order to carry out the diagnosis task from these
estimated data. The results of each diagnosis are outcomes in the CMS screen in the form
of fault modes index. If necessary, a warning is given to put the motor under new
observations (i.e., to measure the rotor speed or to change the motor load), or even to
verify the power distribution net balance. Experimental results are presented from an
induction motor of 380 V, 7.5 HP and 1000 rpm, especially designed for running under
different failure circumstances. These results with a high degree of correct diagnosis show
a right direction to explore.
When there are broken or even fissured bars, the rotor’s impedance exhibits an unbalance.
The immediate consequence of such unbalance is the existence of inverse sequence
currents. These currents have a frequency that is equal to the product of the slip (s) and
the supply frequency (f). They generate a magnetic field that turns counter motor
rotation-wise. This magnetic field is called inverse magnetic field or IMF. The speed of
this IMF is given by the expression (12.1):

ir s.s,

(12.1)

where ri is the speed of IMF, s is the slip and s is the angular supply frequency.
If translated to stationary co-ordinates, such a speed may be re-written as:

is s.s r (12.s).s,

(12.2)

where r is the rotor speed.
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The amplitude of IMF depends on two features. The first is the unbalance degree in the
rotor circuit (number of broken bars), and the second is the value of the current in the rotor
bars. This last depends on the motor’s load state. In this way, the IMF originated in the
rotor’s impedance unbalance produce harmonic currents of frequency (1-2.s).f in the stator
windings. These currents interact with the main magnetic field and set a torque over the
rotor, which oscillates with a frequency of 2.s.f [18]. This pulsating torque provokes an
oscillation also in the rotor speed. The amplitude of this oscillation is a function of motor’s
load inertia. As a reaction of such speed perturbation, new currents arise in the stator at a
frequency (12.s).f. The new current component at frequency (1-2.s).f is superimposed
with the original, and then modifies its amplitude. In this way, it is concluded that rotor
faults in an induction motor, can be determined from the observation of the sidebands in
the stator current spectrum, in the neighbourhood of both frequencies given by Eq. (12.3).

f SB  (1  2.s ). f ,

(12.3)

An example of the current spectrum of a motor with this fault is shown in Fig. 12.1.

Fig. 12.1. Frequency spectrum of one phase stator current of a motor with three broken bars
and full load.

As regards as the amplitude of these stator current sidebands, they depend on three factors:
the motor load inertia, the motor load torque, and the severity of the fault. So, the first two
factors must be suppressed in order to analyse, as independently as possible, the one of
concern for the present application.
The motor load inertia can be avoided if the sum of both sidebands component is
considered, as proposed in [16]. As regards as the motor load torque, there is always a
relationship between the amplitude of the sidebands and the amplitude of the fundamental
component of the stator current at the supply frequency. Then, working with normalised
amplitude values as regards as this supply frequency component, allows to partially avoid
the influence of this second factor. However, sidebands reveal faults more clearly with
high values of slip. Then it is recommended that the diagnosis were done with the motor
running near its nominal load.
Then, a severity factor can be defined as:
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S RF 

I (1 2.s ) f
I1

.100,

(12.4)

where SRF is the severity rotor fault, I(1±2.s).f is the sum of amplitude of sidebands, and I1
is the amplitude of the fundamental component of the stator current.

12.2.2. Extended Park’s Vector Approach
The Park’s transform [34], allows representing the variables of a three phases machine
through a co-ordinates system with two perpendicular axes. The components of the stator
currents in the direct and quadrature axes (D y Q) are computed by means of the following
expressions:
iD 

2
.i A 
3
iQ 

1
.iB 
6

1
.iB 
2

1
.iC ,
6

1
.iC ,
2

(12.5)

(12.6)

where iA, iB and iC are the stator currents. Under ideal conditions, that is, when a normal
behaviour motor is fed with a sinusoidal, balanced and positive sequence three-phases
current system, the Park’s components or Park’s Currents Vector (PVC) results in:
6
.I max .sin( s .t ),
2

(12.7)

6
.I max .sin( s .t   / 2).
2

(12.8)

iD 
iQ 

In this expression Imax is the maximum stator current value and t is the time variable.
Equations (12.7) and (12.8) describe a perfect circle centered in the origin of the plane
D-Q, with constant radius equal to ( 6 / 2 ). Fig. 12.2 presents the PCV from a Lab
experiment of an induction motor under normal conditions. The small variations in the
vector radius are due to small unbalanced voltages of distribution system. In the same
way, the space and slot harmonics introduce small perturbation in the vector radius. They
are negligible for the present analysis and then are filtered in the data acquisition stage.
One of the most usual faults in induction motors consists of inter-turn short circuits. In
this case, the motor behaves like an unbalanced load, and the stator currents are no longer
a balanced system. This abnormal behaviour causes an oscillation in PVC radius, turning
the original circle into elliptical shapes, as may be seen in Fig. 12.3 for a motor with two
coils of phase a (over a total of sixteen) in short circuit. The inclination of the ellipse
mayor axe shows the phase in which the fault was produced [20].
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Fig. 12.2. Geometric locus for the Park’s
Currents Vector for a motor with normal
behaviour.

Fig. 12.3. Geometric locus for the Park’s
Currents Vector for a motor with coils in
shortcut.

S. Cruz and A. Marquez Cardoso [19] propose to observe the radius of the geometric locus
of the PVC along time in order to obtain a fault diagnosis. Effectively, as this radius
oscillates between a maximum and a minimum twice in a supply frequency cycle, it may
be decomposed in a Fourier’s series. This series presents a direct current component plus
a component in twice the net frequency (I2NF). This is shown in Fig. 12.4 in which it is
depicted a motor with stator coil faults. The amplitude of I2NF is again related to the
dimension of the fault and then a new severity factor may be defined as [19]:

S SF 

I 2 NF
.100.
I cc

(12.9)

Fig. 12.4. Harmonic analysis of the Park’s Vector module.

It is important to take into account that this severity factor varies with motor load,
decreasing as the motor approximates to its nominal load.
486

Chapter 12. On Line Diagnosis in Induction Motors and Load

12.2.3. Towards an Integrated Fault Diagnostic System
One aim of the present work was to combine the previous techniques and, in some way,
to take the better of them in a single, integrated diagnostic system.
From the stator spectral analysis (MCSA) it is possible to detect rotor as well as stator
winding faults, as presented in [35]. However, in this last case, the frequency
characterising the fault must be computed considering the motor poles number, the slip,
and the winding features. Also, another handicap of this approach is that it is not possible
to relate the fault severity with the amplitude of these frequencies characterising the fault.
In contrast, in EPVA the frequency to discriminate a fault is always fixed and twice the
supply frequency. Also EPVA only uses the current fundamental component to draw the
Park’s geometric locus. It is then possible to filter any higher frequency making the
procedure more robust in front of noise and perturbations. This is the reason for selecting
this last approach for fault detection and diagnosis in the stator.
To obtain a useful diagnosis for the rotor of the induction motor, some authors describe
the viability of detecting broken bars by means of the PVC [36]. It is not clear yet that one
method is better than the other for this case. However, as the MCSA has been used for so
long, giving enough proofs of utility at industrial environments [35], it is the approach
selected in this work for detecting and diagnosing rotor electrical faults.
In a normal running, the CMS set the state of the rotor and then the state of the stator
winding. It is necessary to determine the frequencies at which harmonic components will
appear, because a torque that oscillates may be confused with a fault mode [36]. In order
to achieve this, a motor slip is estimated from the no-load current, assuming it is in
quadrature with the load component. With both currents a phasorial diagram may be built
(as shown in Fig. 12.5). From the measured stator current (IS) in Fig. 12.5, the load
component is computed for the present running state. This value is compared to the load
component of the nominal current to obtain a motor load index (MLI). Then from MLI
and the nominal speed, the motor slip is estimated (SE), according to the scheme of
Fig. 12.6. From SE and equation (12.3), frequencies are computed and the fault
components may be searched around them, as it is shown in Fig. 12.7. In order to avoid
detecting peaks due to perturbations, components must be symmetrically placed from the
fundamental frequency, and with similar modules.
Once these preliminary computations are done, a severity factor for the rotor (SRF) is
computed from expression (12.4). Then to obtain a final diagnosis, the CMS resorts to
some expertise coded in a production system format, that is, a rule-base. As it may be
seen, the diagnostic system is symptom driven and uses abduction to give an outcome
[37]. In consequence, the working hypotheses for a successful diagnosis, is to consider a
closed cause-symptoms universe, with every fault mode known beforehand. This strong
assumption may be easily surpassed taking into account the unknown fault as a possible
fault mode. Faults are then classified in “light”, “moderate” and “strong”. It was observed
for the SSF that normal induction motors have a value within 3 %. Naturally, as the fault
severity increases, the factor must also increase. Effectively, the fault discrimination in
light, moderate and severe was done based on the short circuit turn percentage in one
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phase. In order to be considered as a light fault, it shall allow the motor to keep on running
without the need of an immediate stop. A moderate fault is the one producing overloads
in the remaining phases, such that they push the motor to run in a risky mode. A severe
fault also produces current overload in the other phases, but in such a level that it causes
risky mechanical vibrations. The thresholds separating one kind of fault from another were
determined from experimental observations.

Fig. 12.5. Load percentage estimation.

Fig. 12.6. Slip’s estimation.

Fig. 12.7. Identification of the components of harmonic currents.

In a normal running, the developed CMS may also give some warnings to improve the
diagnosis, such as a repetition of the test with a higher/lower load level. As an example,
one of these rules is presented next:

If S SF >=6.5 % AND S SF < 8 % AND Load Factor >= 0.5
then
Fault: one coil in short circuit (Moderate)
Warning: repeat diagnostic procedure with half the load for a better
diagnosis.
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As regards as the stator faults, the CMS computes the geometric locus of the PCV. Then
its radius is decomposed in a Fourier series and a measure is done over the component
with twice the supply frequency, as explained in Section 12.2.2. The severity factor (SSF)
is obtained from equation (12.9). Again, the knowledge base classifies the fault and may
give hints to improve results.

12.2.4. Experimental Results
12.2.4.1. The Experimental Prototype
The CMS proposed in this work consists of a data acquisition system sampling the stator
currents from current transformers. The test bank is an induction motor dragging a direct
current generator with variable load. The acquisition and human-machine interface tasks
were developed with LabView. In Fig. 12.8 there is a schematic diagram, and in Fig. 12.9,
a snapshot of the experimental prototype used in this research.

Fig. 12.8. A diagram of the experimental prototype.

Fig. 12.9. A snapshot of the experimental prototype.
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The motor under diagnosis for these tests consists of an induction motor of 6 poles and
50 [Hz] that allows changing rotors with different number of broken bars and with access
to diverse points of the stator winding.

12.2.4.2. Case Study 1
Two broken bars in rotor and normal stator. The CMS estimates a 65 [%] motor load, the
motor speed yielded 989 [rpm], and the slip was of 0.011. As a consequence of this, the
frequencies to look for rotor faults were 48.9 [rpm] and 51.1 [rpm], using equation (12.3).
Then the system searches for maximum in a range near these frequencies, verifying they
are approximately at the same distance from the fundamental component. Components of
–140.9 [dB]@49.0 [Hz] and of –119.4 [dB]@50.9 [Hz], were found. As the load factor is
between 50 and 75 [%], and the amplitude of these components was in the range of
–100 a –150 [dB], the rule base states that “There is a moderate fault in rotor” and gave a
warning “repeat diagnostic procedure with a higher load for a better diagnosis”. Also the
CMS computed the stator current components among D and Q axes and obtained the
frequency spectrum of Park’s vector. It rises an average component of 5.93 [A] and a
component of 0.12 [A]@100 [Hz]. With these data, the SSF using equation (12.9) results
of 2.02 [%]. As this is smaller than the tolerance threshold of 3 [%], the CMS gave and
outcome of “No faults observed in the stator”.

12.2.4.3. Case Study 2
Three broken bars in rotor and normal stator. The CMS acquisition performance may be
seen in Fig. 12.10. The load factor was estimated in 0.93 [%] and the frequencies to look
for faults were set using equation (12.1). As the motor is near its nominal load the outcome
for this case was “There is a strong fault in rotor”. In Fig 12.10 harmonic components due
to faults were highlighted using a logarithmic scale. The CMS also states that “No faults
observed in the stator”. In effect, for the stator, the SSF is less than the 3 %, which is
considered as normal.

Fig. 12.10. Results from CMS for case study 2.
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12.2.4.4. Case Study 3
Normal rotor and short circuit in 12 [%] of stator coils in one phase. The CMS’s
human-machine interface, consisting of the Park’s Current Vector depicted and its
decomposition in Fourier’s series with diagnostic information, is showed in Fig. 12.11.
The SSF was 3.2 [%] with the induction motor running without load and the knowledge
base inference was “There is a light fault in stator”. The CMS also reported “No faults
observed in the rotor”. In this last case, the SSR could not be computed because the
amplitude of stator current sidebands is small enough to be confused with the ripple in the
acquired signal.

Fig. 12.11. Results from CMS for case study 3.

12.2.4.5. General Comments
It is important to take into account that the computed fault indexes may have a value
different to zero even with new and without fault motors, as explained in Section 12.3.
This is due to the motor may have little abnormalities in construction (obviously
depending on its quality control), and also because of unbalanced supply network, internal
errors in sensors, quantification error, and others. Then, in order to avoid false positives
when diagnosing, a special attention must be given to detection threshold determination.
The performance of the whole system will depend on threshold selection and tuning.
Beyond the presented case studies, several laboratory tests were done over the CMS with
this experimental prototype, and obtained results are shown in the following Table 12.1.
These tests were done with different kind of faults, different degrees of severity and with
the motor in different operating points.
Another important hint to remark, from these laboratory tests, is that while the SSF factor
reflects the supply network unbalances, the SRF factor, does not.
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Table 12.1. Laboratory tests of CMS with the prototype of Fig. 12.9.
Number
of cases
25

Correct
Diagnosis
21

Incorrect
Diagnosis
3

Unknown
Diagnosis
1

Based on the several techniques for fault detection and diagnosis of induction machines
proposed in literature, the ones considered most promising were selected. The selection
criteria were: non-invasive technique, minimum number of measured variables,
discrimination power, and prior motor information to yield a diagnosis.
The obtained CMS gives general conclusions about the motor state, in a user friendly
interface. It was easily developed in Lab with commercial products. The added feature of
a knowledge base confers the possibility of considering sensors fault or even unbalances
in the supply network, as well as a qualitative classification of faults in light, moderate
and strong. In those cases of insufficient motor load, the system is able to recommend a
warning for a better measure.

12.3. Mechanical Faults Detection beyond the Motor
12.3.1. General Comments
Progress in the implementation of non-invasive techniques has made possible to extend
the diagnosis of faults to the kinematic chain between the motor and load, even to the load.
In these cases, it is often necessary to monitor other electrical variables of the motor, such
as the electric torque or the active power consumed [25]. To do this, it is necessary to
measure not only the stator currents but also the voltages connected to the motor. In
[28-30], different techniques for fault detection in gear box driven by induction motors
are proposed. In such cases, it is possible to detect gear-teeth wear or breakage from the
analysis of the frequency spectrum of the stator currents or the estimated electric torque.
Regarding the driven load, literature presents background on the detection of anomalies
from the analysis of electrical variables. For instance, the detection of anomalies in the
table of a coal mill is presented in [30]; in [35], the detection of anomalies in an air
compressor from the motor variables is shown, and, the detection of cavitation in
hydraulic systems with identical strategy is studied in [33].
A study based on the tracking of the stator current and of the active power consumed by
the motor to detect misalignment between the motor axes and load is presented in [26].
This paper presents a model that determines the frequencies associated with fault and
through experimental tests the feasibility of the proposed method is demonstrated. These
tests however are limited to elastic couplings (Rubber Tire-type Couplings) and
misalignment on the coupling system may be of great consideration. Results show for
example angular misalignment of about 1 to 3 degrees. Though these misalignment angles
are within admissible values for elastic couplings, it is important to highlight the capability
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of the technique for detecting minor misalignments, as they can raise the level of vibration
to dangerous levels. A comparison between the MCSA and the vibration analysis can be
observed in [27]. This comparison demonstrates that the ability to detect misalignment of
MCSA and traditional techniques based on vibration analysis is similar. In addition, [38]
also proposes an algorithm able to diagnose faults due to misalignment and mass
imbalance for different load conditions. This algorithm compares the fault frequencies of
the stator currents with a predetermined admissible value. However, this comparison does
not provide criteria to determine failure thresholds. It does not establish differences
between different types of couplings either.
This work focuses on misalignment detection. Unlike other works related to the subject,
it includes the coupling parameters as variables. In fact, given that there are different
choices for power transmission, their comparison is carried out to show the proposed
detection technique effectiveness for the most common couplings. Then, it becomes
important to establish the criteria to relate the most commonly used fault indicators and
angular and radial misalignments.
The theoretical bases that allow deducing how misalignment events occur on the electric
motor torque and the stator current are also presented. Then, experimental results are
presented for different types of couplings, and finally conclusions are drawn.

12.3.2. Misaligned Drives Model
It is important to distinguish two types of potential misalignment: angular misalignment
and radial misalignment. Angular misalignment occurs when there is an angular deviation
between the motor shaft and load. This situation is illustrated in Fig. 12.12a. The degree
of misalignment is represented by angle α between the two shafts. When the shafts are
perfectly parallel to each other, but not on the same line, radial misalignment occurs. This
situation can be observed in Fig. 12.12b. Radial misalignment is more severe as the
distance between the two axes of rotation becomes greater. Such distance is indicated as
d in Fig. 12.12b and it will be taken as a reference value to indicate degrees of radial
misalignment in experimental tests.

(a)

(b)

Fig. 12.12. Angular Misalignment (a), and Radial Misalignment (b).
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Misalignment situations are very common in industrial applications. They usually arise
during the assembly process and can be associated to the motor fasteners, the gear box or
other drive components. They can be also due to the preloads produced in pipes or any
other components associated with the load. Misalignment can not only occur as the two
types described in Fig. 12.12 but also as a combination of them.
Mostly elastic couplings are used in these applications. These couplings allow dampening
sudden load torque disturbances, avoiding knocks on the wheels of the gear boxes, and
reducing vibrations during load transmission. All elastic couplings are able to bear small
levels of misalignment. The main purpose of the flexible couplings is to allow
misalignment due to the assembly of connected rotors and due to the changes of
temperature and operation. In addition, the flexible couplings separate mechanically the
rotors so that the rotodynamic design of individual rotors can be carried out separately.
However, misalignments of any degree reduce couplings lifetime, increase losses [15],
and generate mechanical vibrations and bending stress on axes, which may affect the
bearing system severely.
Fig. 12.13 shows the four different elastic couplings evaluated in this work, mostly used
in industrial applications [39]. Jaw Couplings (Fig. 12.13a) are an inexpensive and easy
to mount option for standard power applications. They are able to dampen
moderate-impact low-vibration loads. Couplings of this type are not torsionally rigid and
can bear some degree of radial and angular misalignment as well as axial movement on
the shaft. Gear Couplings (Fig. 12.13b), on the other hand, show torque high density and
are torsionally rigid. They can be either flexible or flexible-rigid couplings. Flexible
couplings are able to bear radial and angular misalignment. Metal Ribbon Couplings
(Fig. 12.13c) allow torsion as well as angular and radial misalignment. They require
lubrication and have certain limitations of temperature and speed. Finally, Rubber-type
Couplings, (Fig. 12.13d), are able to bear some degree of misalignment at all levels
without imposing excessing loads on the bearing system. Their damping properties allow
reducing torsion vibrations and oscillations.
As it is shown in [26], misalignment modifies the motor torque according to the following
equation:

 1

sin 2   sin 2 
cos 2l   Tl ,
Tk  



 cos  2cos   2cos 

(12.10)

where α is the misalignment angle (Fig. 12.12a), θl is the angular position of the load with
regards to its own rotation axis and Tl is the load torque. Equation (12.10) shows that,
when α takes a value other than 0, the level of torque the motor must overcome increases
progressively its mean value and also incorporates a frequency component 2.θl. This
component amplitude increases with misalignment. As for the motor stator current,
misalignment occurs through the sidebands around the fundamental component at the
frequencies given by:

fs  f  nfr ,
494

(12.11)

Chapter 12. On Line Diagnosis in Induction Motors and Load

where fr is the rotational frequency and n are integers greater than 0. Thus, the fault under
study will become evident both on the electrical torque as on the stator current.

(a) Jaw Coupling

(c) Metal Ribbon Coupling

(b) Gear Coupling

(d) Rubber Tire-type Coupling

Fig. 12.13. Different Types of Couplings.

This model has been obtained considering a universal coupling between the motor and
load, and therefore does not take into account the characteristics due to the coupling
nature. Thus, it only provides information about the frequencies associated with failure in
both the torque and the stator current.

12.3.3. Fault Detection Method
Two of the most used non-invasive techniques for fault detection in electrical drives are
MCSA and LTSA [40]. These techniques consist in analyzing the frequency spectrum of
the stator current and torque. Monitoring of the amplitude of the frequency components
given by equations (12.10) and (12.11) allows monitoring the alignment status of a
particular coupling.
Generally, it is not possible to measure directly the torque provided by the motor and
therefore, a rough estimation of it is used. Such estimation is carried out from the
measurement of the stator voltages and currents according to the following equation [41]:

Te  (3 / 2)( P / 2)(ds .iqs  qs .ids ),

(12.12)

where P is the number of poles, and λ and i are flux and current on axes d and q. Flux
linkagesare obtained as
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Te  (3/ 2)(P / 2)(ds .iqs  qs .ids ),

(12.13)

where voltages and currents are denoted as follows:
vs (t)  vqs (t)  j vds (t),

(12.14)

is (t)  iqs (t)  j ids (t),

(12.15)

Torque estimation requires besides sensing currents and voltages, knowing the stator
resistance and number of poles of the motor.
The structures of the LTSA and MCSA methods are presented in a block diagram
in Fig. 12.14.

Fig. 12.14. Functional Block Diagram of the LTSA and MCSA Fault Detection Methods.

12.3.4. Experimental Results
Some experimental tests are designed to determine the capability to detect misalignment
of the proposed techniques when applied on different couplings. For this purpose, a 3 kW,
4 pole, 50 Hz 380 V induction motor, coupled to a DC machine is used. The motor is
mounted on a swivel base that allows imposing angular misalignment conditions to the
coupling. Radial misalignment is controlled by the horizontal displacement of the motor
respect to load. This assembly can be observed in Fig. 12.15. All the couplings used in
these tests were selected depending on the transmitted torque, rotation speed, load and the
rotor shaft diameters, as required by commercial catalogs. Data were collected from a
16 bit National Instruments Acquisition Card and LabViewTM software at a rate of
10 k samples per second.
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Fig. 12.15. Laboratory Assembly.

First, a comparison of the diagnosis variables is carried out for alignment and a 1.5 mm
radial misalignment. For this comparison, a Jaw Coupling is used. Fig. 12.16 shows the
frequency spectrum of the estimated torque for the case of shaft alignment. These results
correspond to 75 % of the nominal power. For such load condition, the rotational speed
of the motor is 1452 rpm and the rotational frequency is 24.2 Hz is. An additional
component of the rotational frequency, (fr), is also observed in Fig. 12.16. This component
may be due to either load mass imbalance or rotor eccentricity. The same figure also shows
the absence of components at twice the rotation frequency (2fr), which, as it is shown in
Section 12.2, are able to detect fault misalignment. Fig. 12.17 shows the frequency
spectrum for 1.5 mm radial misalignment. In this particular case, it can be clearly observed
a component (2fr), and another component, (3fr) of greater amplitude. These components
clearly show misalignment between the motor axis and load. Furthermore, it can be
observed that the component fr for misalignment is higher than that for aligned shafts.
This increase can be explained by the additional forces due to misalignment on motor
shaft extension. Such forces increase the rotor eccentricity which appears a component at
fr. From this comparison, it can be concluded that as for component 2fr as for 3fr, they both
allow diagnosing faults due to misalignment.
Regarding currents, the fault under study appears at the sidebands shown in equation
(12.11). Figs. 12.18 and 12.19 show the frequency spectrum of the stator current for the
alignment and load conditions shown in Fig. 12.16 and Fig. 12.17. Fig. 12.18 shows the
sidebands at frequencies f ± fr, associated to the component fr, which appear in the motor
torque (Fig. 12.16), whereas it cannot be observed components at f ± 2fr or f ± 3fr.
Fig. 12.19 shows misalignment in the coupling expressed by means of components at
f + 2fr and f + 3fr.
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Fig. 12.16. Estimated Torque Frequency Spectrum, Jaw Coupling, 75 % of load, aligned Shafts.
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Fig. 12.17. Estimated Torque Frequency Spectrum, Jaw Coupling, 75 % of Load, 1.5 mm,
Radial Misalignment.
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Fig. 12.18. Stator Current Frequency Spectrum, Jaw Coupling, 75 % of Load, Aligned Shafts.
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Fig. 12.19. Stator Current Frequency Spectrum, Jaw Coupling, 75 % of Load, 1.5 mm
Radial Misalignment.

Then, from this first study, it is possible to check both the analysis of the stator currents
and the torque estimation to demonstrate radial misalignment. Similar tests allow to
extend these conclusions to angular misalignment cases.
Results from Figs. 12.16 to 12.19 are obtained with 75 % of the nominal load. However,
as it can be observed in [38], the amplitude of the components associated to the fault under
analysis may vary significantly with the motor load. With the objective of evaluating the
motor behavior for different load levels, several tests were carried out for different degrees
of misalignment and for variable load values ranged between 25 and 100 % of the nominal
power. All the tests were performed with different coupling, starting with the same
alignment condition and then varying radial and angular misalignment. The remaining
variables for the experiments were kept unchanged. Figs. 12.20 and 12.21 show the
amplitude of the component at 2fr, expressed in Nm and p.u., respect to the mean torque,
respectively. These figures allow comparing the obtained components for alignment and
for two different levels of radial misalignment, both in a Jaw Coupling. It can be deduced
from the curves in the same figures that the fault indicators, expressed in both Nm. and
p.u., show a tendency to decrease as the motor load increases. Moreover, it can be clearly
observed that this relationship between indicators and load is nonlinear. Also, these fault
indicators increase with the fault severity (0.75 mm and 1.5 mm misalignments,
respectively).
Figs. 12.22 and 12.23 show the results for radial misalignment at the component at 3fr.
Conclusions are similar to those for the component at 2fr. The values of the component at
3fr show a strong dependence on load, to such an extent that for certain load levels, the
most severe fault appears less noticeable than the least one. This observation allows
concluding that the indicator that best suits misalignment is the component at 2fr.
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Fig. 12.20. Components at twice the rotation
frequency. Values in p.u. Green: Alignment,
Blue: 0.75 mm Radial Misalignment, Red: 1.5
mm. Radial Misalignment.
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Fig. 12.21. Components at twice the rotation
frequency. Values in N.m. Green: Alignment,
Blue: 0.75 mm Radial Misalignment, Red: 1.5
mm. Radial Misalignment.
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Fig. 12.22. Components at three times the
rotation frequency. Values in p.u. Green:
Alignment, Blue: 0.75 mm Radial
Misalignment, Red: 1.5 mm Radial
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Fig. 12.23. Components at three times the
rotation frequency. Values in N.m. Green:
Alignment, Blue: 0.75 mm Radial
Misalignment, Red: 1.5 mm Radial
Misalignment.

Figs. 12.24 and 12.25 present results for angular misalignment. Misalignment levels are
ranged from 0.5° to 1°. The Jaw Coupling used for this test is the same used in previous
tests. Conclusions are similar to those obtained for radial misalignment, i.e., a decrease in
the fault indicator, in p.u. and Nm, with a decrease in load and erratic variation of the
component 3fr.
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It is important to notice that the misalignment levels used for the comparison, as for radial
as for angular misalignment, are low as the couplings under study are also able to bear
high misalignment degrees.
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Fig. 12.24. Components at twice the rotation
frequency. Values in p.u. Jaw Coupling.
Green: Alignment, Blue: 0.5° Angular
Misalignment, Red: 1° Angular Misalignment.

Fig. 12.25. Components at twice the rotation
frequency. Values in N.m. Green: Alignment,
Blue: 0.5° Angular Misalignment, Red:
1°Angular Misalignment.

The results obtained using a Jaw Coupling presented in Figs. 12.20 to 12.25 allow
validating the conclusions drawn in [26, 38]. The only difference is that it considers lower
levels of misalignment to demonstrate the capability to detect incipient faults. The same
experiments carried out using the Jaw Coupling are repeated but using the other couplings
shown in Fig. 12.13. Tables 12.2 and 12.3 display the values of the estimated torque
components for 1° angular misalignment (Table 12.2) and 1.5 mm radial misalignment
(Table 12.3), for each four couplings under study.
Similarly, Tables 12.4 and 12.5, present the results obtained for the stator currents
(MCSA). In this case, the values presented in the tables correspond to the RMS obtained
from both sidebands components.
Table 12.2. Torque at 2fr for 1°angular misalignment. Values expressed in % of the mean T.
Load
(%)
25
50
75
100

Rubber
Tire-type
Coupling
0.22
0.16
0.09
0.05

Jaw
Coupling

Gear
Coupling

1.13
0.17
0.14
0.07

0.67
0.55
0.45
0.29

Metal
Ribbon
Coupling
0.51
0.15
0.09
0.07
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Table 12.3. Torque at 2fr for 1.5 mm radial misalignment. Values expressed in % of the mean T.
Load
(%)
25
50
75
100

Rubber
Tire-type
Coupling
0.24
0.14
0.06
0.07

Jaw
Coupling

Gear
Coupling

13
10
4.1
2.1

2.6
3.7
0.66
0.13

Metal
Ribbon
Coupling
4.1
2.8
2.7
1.6

Table 12.4. Stator current (RMS) for 1°angular misalignment – Values expressed
in % of the fundamental component.
Load
(%)
25
50
75
100

Rubber
Tire-type
Coupling
0.14
0.09
0.06
0.04

Jaw
Coupling

Gear
Coupling

0.15
0.11
0.09
0.06

0.31
0.34
0.30
0.25

Metal
Ribbon
Coupling
0.18
0.11
0.06
0.05

Table 12.5. Stator current (RMS) for 1.5 mm radial misalignment – Values expressed
in % of the fundamental component.
Load
(%)
25
50
75
100

Rubber
Tire-type
Coupling
0.14
0.07
0.05
0.04

Jaw
Coupling

Gear
Coupling

5.7
7.3
3
2

1.1
2.9
0.48
0.13

Metal
Ribbon
Coupling
2.7
1.5
2.2
1.9

The results obtained using the Jaw Coupling and the other couplings show similar
tendency. That is, they show a decrease in the indicators as the motor load increases. In
addition, it becomes clear that the obtained values, as for the estimated torque as for the
stator current, are significantly different for the different couplings. In fact, for identical
misalignment and load conditions, the results obtained for the different couplings show
variations as for angular as for radial misalignment.
Figs. 12.26 and 12.27 show the results for the estimated torque and stator current for
angular misalignment. Regarding both variables, it can be observed an important
difference between the indicators associated to the Gear Coupling and those of the other
couplings. The Gear Coupling shows a really low tolerance to angular misalignment due
to the torque high-harmonic components of these couplings. As for the rest of the
couplings under study, they all show similar behavior for angular misalignment.
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Fig. 12.26. Estimated Torque vs. percentage
of load at angular misalignment of 1°. Red:
Gear Coupling. Blue: Jaw Coupling. Green:
Metal Ribbon Coupling. Black: Rubber
Tire-type Coupling.
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Fig. 12.27. Current components, f±fr (rms)
vs. percentage of load at angular
misalignment of 1°. Red: Gear Coupling.
Blue: Jaw Coupling. Green: Metal Ribbon
Coupling. Black: Rubber Tire-type Coupling.

Figs. 12.28 and 12.29 show results for radial misalignment. In this case, significant
differences for different types of coupling are observed. The jaw coupling is the one that
most clearly reflect misalignment on the fault indicators, which means low tolerance to
radial misalignment. On the other hand, the Rubber Tire-type Coupling shows low fault
indicators, which indicates high tolerance to radial misalignment.
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Fig. 12.28. Estimated Torque vs. percentage
of load at radial misalignment of 1°. Red:
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Fig. 12.29. Current components, f±fr (rms)
vs. percentage of load at radial misalignment
of 1°. Red: Gear Coupling. Blue: Jaw
Coupling. Green: Metal Ribbon Coupling.
Black: Rubber Tire-type Coupling.
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From the experimental results presented in the previous section, it is concluded that both,
the frequency components of the stator current (MCSA) and the estimated electrical
torque (LTSA), allow identifying radial and angular misalignment when coupling
induction motors and loads through flexible couplings.
Such a characteristic can be demonstrated for angular and radial misalignment and for
small levels of misalignment, i.e., for incipient faults. The components of the estimated
torque at 2fr and 3fr frequencies are suitable for detecting misalignment. The latter,
however, is heavily dependent on the motor load conditions and its amplitude does not
maintain, in all the cases studied, a proportional relationship with the fault levels.
Therefore, it is considered a more suitable fault indicator than that of the component
at 2fr frequency.
Fault indicators, as for the MCSA as for the LTSA, show high dependence on the
characteristic of the used coupling. This makes it difficult to associate fault indicators with
a certain degree of misalignment, without considering the specific features of the
coupling. Moreover, it is important to note that the coupling to more easily detect angular
misalignment is the one with the lowest tolerance of angular misalignment (Gear
Coupling), according to its manufacturer. Similarly, the lower radial misalignment
tolerance given by the coupling manufacturer (Jaw Coupling) is more susceptible to radial
misalignment detection. While it is not possible to draw definitive conclusions on this
point, the relationship between the permissible misalignment of a coupling, given by its
manufacturer, and the amplitude of fault indicators will be a subject of future studies.
Finally, the experimental study presented allows to state that the sensitivity of fault
indicators strongly depends on the coupling features. Hence, in the case of automatic online fault detection algorithms, as the one proposed by [27], the thresholds above which
alarm signals appear should be set depending on the type of coupling.

12.4. Gear Box Fault Detection
Faults in gear boxes can have several causes: lubrication system deficiencies, overload,
fatigue, misalignment between pinion and crown wheel, and sudden blows to the gear
teeth due to inconvenience in the load, among others. The consequences are the wear of
gear teeth flanks, cracks in one or more teeth, fissures, teeth geometry deformation, etc.
The main frequency components associated with gear failure are obtained through
vibration studies. Vibrations are the result of disturbances in the torque transmitted by a
gear box; therefore, the characteristic components of a fault will be reflected on the
machine vibrations and on the electromagnetic torque transmitted by the motor. The main
components are the rotation frequency of each gear wheel fr, the coupling frequencies fe,
given by the result between the wheel rotation speed and the number of teeth Z (fe = Z fr),
the sidebands around the gear frequencies given by (fe ± fr), and the sidebands around the
natural frequency of vibration fres, or the resonance frequency of the rotating system that
result in (fres ± fr) [32].
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This study aims to analyze the behavior of each of these frequencies in faults of variable
gravity in order to identify the most appropriate failure indicators. The gear box used in
the experiments has the characteristics detailed in Fig. 12.30 (a two stages reduction by
means of two pinion and crown wheel sets). Table 12.6 shows the number of teeth, the
module and the speed of each wheel, expressed in RPM and in revolutions per second or
Hz. All the wheels have straight-teeth. The gear box is driven by an induction motor of
3 kW, 380 V, 1445 RPM. As a load it is used a DC generator which feeds a bank of
resistive loads. Since the induction motor will present small variations in its speed based
on the applied load, the reference speed to be considered corresponds to a load equal to
80 % of the nominal load (i.e., 1453 RPM, as seen in Table 12.6). This load state was
selected with the aim of representing a very frequent situation in industrial drives.

Fig. 12.30. Gear box scheme.
Table 12.6. Details of the gear box.
Gear wheel

Z

Module

n (rpm)

f (Hz)

Pinion 1
Crown
wheel 1
Pinion 2
Crown
wheel 1

33

2

1453

24.21

45

2

1065

17.75

35

1,5

1065

17.75

55

1,5

678

11.3

The gear box has three different rotation speeds, corresponding to each of its axes. The
rotation frequencies, according to the right column of Table 12.6, are: fr1 = 24.21 Hz,
fr2 = 17.75 Hz and fr3 = 11.3 Hz. The gear frequencies are given by:

fe1  ZP1. fr1  ZC1. fr 2  798.9Hz,

(12.16)

fe2  ZP2 . fr 2  ZC 2 . fr 3  621.25 Hz,

(12.17)
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where ZP1, ZC1, ZP2 and ZC2 are the number of teeth of the pinions and crown wheel. The
system resonance frequency, for its part, is given by [42]:
f res 

1
2

kc

Jm  J p
Jm J p

,

(12.18)

where kc is the rotational stiffness, Jm is the motor inertia and Jp is the load inertia relative
to the motor speed. For the studied case, Jm = 0.012 kg.m2, Jp = 0.037 kg.m2 and kc
approximately equal to 95186 Nm/rad. Therefore, the estimated resonance frequency is
fres = 512 Hz. This value is only approximate and will be corroborated or corrected
considering the experimental results.
In order to test the studied fault detection technique, several gears were carved for crown
wheel 2. On one of these gears, the flank of one of the teeth was rectified as shown in
Fig. 12.31. The cut (dotted line) is similar to the wear that occurs on a tooth due to
manufacturing or lubrication failures, among others. This fault will be hereinafter referred
to as "fault 1". The other fault refers to the lack of a complete tooth. This situation, shown
in Fig. 12.32, will be appointed to as "fault 2” and can be caused by tooth fatigue or due
to fissures or carving faults.

Fig. 12.31. Tooth of Crown wheel 2 with wear on the flank (fault 1).

Fig. 12.32. Crown wheel 2 with missing tooth (fault 2).

The motor electromagnetic torque, according to which the diagnosis will be made, is
estimated by measuring the voltages applied to the motor and the stator currents according
to the model presented in [43]. The variables are acquired from a data acquisition board
and are processed in MATLAB. The sampling time is 20 seconds and the sampling
frequency is 10 kHz. A schematic of the set can be seen in Fig 12.33.
All the experimental tests were performed with the motor connected to the electricity
network, and with a load equal to 80 % of the nominal load. First, measurements were
made with the fault-free gear unit. The frequency spectrum for the estimated torque, with
its components expressed in p.u., is presented in Fig. 12.34. Component at fr1 corresponds
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to the engine speed, component at fr2 to the intermediate shaft and component at fr3 to the
load. All these components are present in the toque frequency spectrum, even for the
"without faults" condition, because the gear of the teeth, especially in gears of straight
teeth, produces small perturbations. In addition, the geometry of the teeth may present
small irregularities product of the carving process.

Fig. 12.33. Data acquisition and analysis system.
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Fig. 12.34. Estimated electromagnetic torque frequency spectrum. Motor at 80 % load. Reducer
without faults.

Fig. 12.35 shows the results for "fault 2" condition in gear 2. The component at fr3, in this
case, presents an increase of more than 100 %, whereas components at fr1 and fr2
practically maintain their value. On the other hand, the figure clearly shows harmonic
components at 2 and 3 times the rotation frequency of gear 2, components that were absent
in Fig. 12.34.
The gear frequency of gear 2, given by equation (12.17), is 621.25 Hz. This component is
not present in the torque frequency spectrum for any of the faults tested. Fig. 12.36 shows
the electromagnetic torque frequency spectrum for fault 2 condition, with the motor at
80 % of the nominal load. Fig. 12.36, therefore, shows the absence of the component at
the gear frequency.
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Fig. 12.35. Electromagnetic torque frequency spectrum estimated for fault 2 condition.
Motor at 80 % load.
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Fig. 12.36. Gear frequency proximities of crown wheel 2 for fault 2.

The resonance frequency of the system had been estimated at a value given by
fres = 512 Hz. Fig. 12.37 shows that in the proximity of this value, an important component
is observed at 575.4 Hz. It is assumed, therefore, that the resonance frequency corresponds
to that value. In addition, Fig. 12.37 shows the sidebands at fres ± fr3. The red curve
corresponds to "fault 2" and the blue to the "without faults" condition. The displacement
observed between one curve and another is due to a small variation in the motor’s load
state and consequently in the speeds of rotation reached in each test.
The tests were repeated for the three possible fault states (without faults, fault 1 and fault
2) and for different load states. Fig. 12.38 shows the results obtained for the component
at fr3. Both fault states can be recognized for any motor state load. Figs. 12.39 and 12.40
show the rotation frequency multiple harmonic components, namely: 2fr3 and 3fr3. Both
components have a growth proportional to the failure degree of the gearwheel and,
therefore, should be considered as possible failure indicators. Finally, Fig. 12.41 shows
the RMS value around the resonance frequency. This indicator, like the previous ones,
allows to detect a failure situation for any of the load states tested.
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Fig. 12.37. Estimated electromagnetic torque frequency spectrum. Motor at 80 % load.
Blue: without faults. Red: fault 2.
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Fig. 12.38. Fault indicator (fr3) depending on the load state. Green: without faults;
yellow: fault 1; red: fault 2.
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Fig. 12.39. Fault indicator (2fr3) depending on the load state. Green: without faults;
yellow: fault 1; red: fault 2.
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Fig. 12.40. Fault indicator (3fr3) depending on the load state. Green: without faults;
yellow: fault 1; red: fault 2.
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Fig. 12.41. Global fault indicator in the proximities of de fres depending on the load state.
Green: without faults; yellow: fault 1; red: fault 2.

Faults of different severity in a gear box were studied through the frequency analysis of
the estimated electromagnetic torque. The indicator linked to the rotation frequency of the
faulted wheel (fr3) is the most susceptible to failure. However, its ability to identify failure
situations decreases with increased motor load. The indicator at 2fr3 offers similar results
but has the advantage of being less susceptible to changes in the motor load. The indicator
related to 3fr3, on the other hand, follows a behavior similar to indicator fr3 as well as the
sidebands around the resonance frequency, although in this case there is the additional
difficulty of determining a priori the resonance frequency of the system. Finally, the
component at the gear frequency did not show significant changes for any of the studied
faults nor for any load state tested.
Since the fault indicators present significant values even without the presence of a failure,
the detection method studied is only adequate when evaluating the evolution of each of
the components over time. Thus, a periodic monitoring of fault indicators could lead to
the detection of abnormal situations.
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12.5. Conclusions
On-line fault detection techniques in electric drives have become very important in recent
years. Some of them are already used at industrial level as a complement to the traditional
techniques of predicvitive maintenance of electric machines.
As shown in this chapter, the ability to detect faults automatically and on-line is not
limited to faults in the motor itself but can be expanded to the entire motor-driven system.
Thus, electrical and mechanical faults in electrical drives can be detected and diagnosed
through the techniques presented here.
As a research area, far from being exhausted, these and other diagnostic techniques
continue to develop and increase its scope and reliability.
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Vocal Folds Dynamics by Means of Optical
Flow Techniques: A Review of the Methods
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Juan Ignacio Godino-Llorente and Henry Cruz1

13.1. Introduction
13.1.1. Voice Assessment and Endoscopy
A healthy voice is crucial for people’s daily life, especially for professional voice users.
Voice assessment and diagnosis of potential disorders is typically carried out in the clinics
by means of different objective tools, including acoustic analysis and vocal-folds
visualization using videoendoscopic techniques, perceptual gradings, and self-evaluation
questionnaires [1]. According to the American Academy of Otolaryngology-Head and
Neck-Surgery, the basic protocol to evaluate a patient with a voice disorder has to include
a rigorous clinical history, physical examination, and visualization of the larynx via
laryngoscopy [2]. In comparison with a physical examination, or an acoustic analysis,
only laryngoscopic techniques allow a direct visualization of vocal folds in motion and
the determination of voice disorder’s ethiology. Hence, improving the techniques for
laryngeal functional examination has become a current challenge and the aims of
advanced scientific research [3-5]. Fig. 13.1 schematically illustrates the laryngoscopic
procedure to record vocal-folds dynamics using a rigid endoscope (90°).
The most common tool used by clinicians for laryngeal imaging is Laryngeal
Videostroboscopy (LVS). It has been used to examine subtle abnormalities along the
vocal-folds vibratory margin, such as cysts or scars, and to detect subtle problems such as
mild inflammation, vocal-folds swelling, white patches or excessive mucus. However, its
low recording frame rate of 25 frames per second (fps) does not enable to highlight all
vibratory peculiarities of dysfunctional voices [6]. A higher video frame rate is often
necessary to an in-depth assessment of vocal-folds vibratory features. It is made possible

Gustavo Andrade-Miranda
University of Guayaquil, Faculty of Industrial Engineering. Av. Las Aguas, Guayaquil, Ecuador

515

Advances in Signal Processing: Reviews. Book Series, Vol. 1

by Laryngeal High-Speed Videoendoscopy (LHSV), which addresses the limitations
of LVS.

Fig. 13.1. Illustration of clinical video recording of vocal-folds dynamics. Left panel: recording
situation including camera and rigid endoscope 90° (1). Right panel: laryngeal video depicting
vocal-folds movements (2).

Nowadays, due to the fast-growth of imaging technology, it is possible to find high-speed
cameras with frame rates up to 10000 fps. LHSV is currently regarded as a superior
method with respect to LVS for the assessment of vocal-folds vibratory movements due
to several reasons [7]:
i. LHSV is applicable to the assessment of unstable phonations such as transient,
subharmonic, or aperiodic phonations. It is more useful for investigating vocal-folds
pathologies;
ii. LHSV allows vocal assessment of male and female phonation in most of the clinical
scenarios, such as phonation at normal pitch and loudness, onset and offset, high and
low pitch in modal register, breathy and pressed phonation. It provides greater
validity for assessment of intracycle and intercycle vibratory characteristics
compared with LVS;
iii. LHSV data can be analyzed with a greater variety of methods than LVS data,
enabling more interpretable and extensive evaluation on both a qualitative and a
quantitative basis.
The applicability of LHSV to voice and its technological developments are active fields
of research. It has provided valuable insight into the mechanisms of phonation both in
normal and in voice disorders. The use of LHSV in combination with advanced
image-processing techniques is the most promising approach to investigate vocal-folds
vibration and laryngeal dynamics in speech and singing.
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13.1.2. Scientific and Clinical Applications of Laryngeal High-Speed
Videoendoscopy
The pioneering works using LHSV date back to 1958 with the seminal works of Timcke,
Lenden and Moore [8-10]. They measured the vibratory amplitude of each vocal fold
separately, and plotted its variations as a function of time. They measured glottal
parameters such as open quotient (OQ) and speed quotient (SQ) during opening and
closing phases. They reported observations of normal and abnormal vocal-folds vibrations
during phonation. They found that changes in air pressure exert a considerable influence
on individual components of the vibratory cycle. They also found that the anatomical
configuration of the vocal folds plays a major role in the vibratory patterns, and
highlighted the needs for descriptive terms to objectively measure the vocal-folds
vibratory patterns. In these times, each frame within the glottal cycle was processed
manually, which was very precise but time consuming. In [11] a machine-aided procedure
to extract glottal waveform and other glottal measurements was reported.
Twenty years afterwards, videokymography has emerged [12]. Clinicians had access to
the vocal-folds vibratory pattern of a single line with commonly-used low-speed cameras.
This smart approach provided an in-depth and real-time understanding of vocal function.
It was complemented with the availability of high-speed cameras. Subsequent works
[13-17] pointed out the advantages of high-speed monitoring of vocal-folds vibration for
detecting asymmetries, transients, breaks, opening phase events, closing phase events, and
irregularities. Correlation between vocal-folds vibratory patterns and voice quality could
be studied on speakers in combining image-based analyses and acoustic-signal processing
[18, 19]. LHSV was combined with biomechanical models to quantify the spatio-temporal
vibrations of the vocal folds. In [20], the two-mass model proposed in [21] was used with
LHSV to estimate physiological parameters such as vocal-folds mass and stiffness. A
genetic algorithm was used to match the behaviour of a two-mass model parameters to
that of a real vocal fold [5]. Different parameters were extracted, including masses, spring
and damper constants. In [22], an automatic optimization procedure was developed for
fitting a multi-mass model [23] to the observed vocal-folds oscillations, and estimating
stiffness and mass distribution along the entire vocal folds. One of the latest works [24]
used an optimization method, which combines genetic algorithms and a quasi-Newton
method to extract some physiological parameters of the vocal folds and reproduce some
complex behaviors, such as the ones that occur in different types of pathologies.
LHSV also has been used to highlight the importance of visualizing mucosal-wave
propagation for an accurate diagnosis and evaluation of voice disorders. In [25], the
presence of atypical magnitude and symmetry of the vocal-folds mucosal wave was shown
for normal speakers. In [26], the mucosal-wave propagation was detected and quantified
by combining image-processing techniques with physiological knowledge of its lateral
component, with the aim to replace subjective assessment of mucosal wave in the clinical
environment. The authors in [27] discussed the benefits, the disadvantages, and the
clinical applicability of different mucosal-wave measurement techniques. They found the
necessity of additional research to broaden the use of LHSV for an accurate and objective
diagnosis of vocal disorders.
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Different singing styles have also been analyzed using LHSV. The bass-type Kargyraa
mechanism in Mongolian throat singing was studied [28], demonstrating vibratory
movements of both vocal and vestibular folds during singing contributing to
subharmonics in the voice acoustic signal. Similar vibratory behaviour was evidenced in
Sardinian Bassu singing [29]. In [30] the characteristics of hard-rock singing, also known
as distorted singing, were investigated. Modulations of vocal-folds vibrations by means
of periodic or aperiodic motion in the supraglottic mucosa were found to add special
expressivity to loud and high tones in rock singing.
The contribution of vestibular folds has been evidenced in shouted speech and several
types of singing by means of LHSV [31]. In this study, physiological data derived from
LHSV image processing has been used as an input signal to a physical model of phonation.
LHSV has been used for clinical voice-research purposes. For instance, the applicability
of LHSV to diagnose functional voice disorders was demonstrated in [4], where
non-stationary activities of vocal folds during onset were investigated and described with
two variables for pathological and normal voices. The first variable describes the growth
of vocal-folds vibratory amplitude during phonation onset, and the second one draws
conclusions on voice efficiency with respect to the necessary subglottal pressure and
myoelastic forces. A computer-aided method was presented in [32] for automatically and
objectively classifying individuals with normal and abnormal vocal-folds vibratory
patterns. First, a set of image-processing techniques was employed to visualize
vocal-folds dynamics. Later, numerical features were derived, capturing the dynamic
behavior and the symmetry in oscillation of the vocal folds. Lastly, a support vector
machine was applied to classify between normal and pathological vibrations. The results
indicate that an objective analysis of abnormal vocal-folds vibration can be achieved with
considerably high accuracy. In [3] a set of parameters were proposed to differentiate
between healthy and organic voice disorders in men speakers. The parameters were
chosen based on spatio-temporal information of the vocal-folds vibratory patterns. The
spatial parameters provided information about opening and closing phase. Meanwhile, the
temporal parameters reflected the influence of organic pathologies on the periodicity of
glottal vibrations. The results obtained suggest that the differences between male healthy
voices and male organic voice disorders may be more pronounced within temporal
characteristics that cannot be visually detected without LHSV. The authors in [33]
reported a procedure to discriminate between malignant and precancerous lesions by
measuring the characteristics of vocal- folds dynamics on a computerized analysis of
LHSV sequences.

13.1.3. From a Big Amount of Data to a Synthesized View
LHSV makes it possible to characterize laryngeal-tissue dynamics and vocal-folds
vibratory patterns. However, this can not be done easily by simply observing the
successive recorded frames. With the appropriate image-processing techniques, the
time-varying data can be synthesized in a few static images, or in a unidimensional
temporal sequence. In this way, clinicians or researchers can follow the dynamics of
anatomical features of interest without substituting the rich visual content with scalar
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numbers. The literature reports several proposals to represent the LHSV information in a
more simple way. They are able to objectively identify the presence of organic voice
disorders [3], classify functional voice disorders [32], vibratory patterns [13], discriminate
early stages of malignant and precancerous vocal folds lesions [33], and other applications
[15, 16]. These representations improve the quantification accuracy, facilitate the visual
perception, and increase the reliability of visual ratings while preserving the most relevant
characteristics of glottal vibratory patterns. Such representations are named as facilitative
playbacks [34]. They can be grouped in local- or global-dynamics playbacks depending
on the way they assess the glottal dynamics. Local-dynamics playbacks analyze
vocal-folds behavior along a single line, while global-dynamics playbacks present glottal
vibrations along the whole vocal-folds length. Table 13.1 presents the main studies carried
out to synthesize vocal-folds vibratory patterns.
Table 13.1. Playbacks proposed in the literature to synthetize vocal-folds vibratory patterns.
Author
Timcke et al. [9]
Westphal et al. [35]
Švec and Schutte [12]
Palm et al. [36]

Year
1958
1983
1996
2001

Neubauer et al. [37]

2001

Li et al. [38]
Zhang et al. [39]
Lohscheller et al. [40]
Yan et al. [19]
Deliyski et al. [34]
Lohscheller et al. [16]
Sakakibara et al. [41]
Karakozoglou et al. [42]
Unger et al. [43]
Ikuma et al. [44]
Rahman et al. [45]
Chen et al. [46]
Hersbt et al. [47]

2002
2007
2007
2007
2008
2008
2010
2012
2013
2013
2014
2014
2016

Playback
Glottal area waveform
Discrete Fourier Transform Analysis
Videokymography
Vibration Profiles
Empirical Orthogonal Eigen-functions
Analysis
Eigenfolds Analysis
Non linear Dynamics Analysis
Vocal Folds Trajectories
Hilbert Transform Analysis
Mucosal Wave Kymography
Phonovibrogram
Laryngotopography
Glottovibrogram
Phonovibrogram Wavegram
Waveform Decomposition Analysis
Dynamic time Warping Analysis
Glottaltopogram
Phasegram Analysis

Dynamics
Global
Global
Local
Global
Global
Global
Global
Local
Global
Local
Global
Global
Global
Global
Global
Global
Global
Global

Despite of great current advances, the generalized use of LHSV into routine clinical
practice still requires additional developments. Therefore, the researchers need new
methods for data visualization to overcome the drawbacks of existing ones, providing
simultaneously features that would integrate time dynamics, such as: velocity,
acceleration, instants of maximum and minimum velocity and vocal-folds displacements
during phonation. In this chapter, the use of Optical Flow (OF) to characterize glottal
dynamics of LHSV sequences in a compact manner is presented and discussed. In
Section 13.2, the general principles of computation are explained, and its applicability to
the LHSV problem is discussed. Section 13.3 describes the databases of LHSV sequences
used in the study, and presents several OF-based playbacks focusing on local/global
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dynamics, and glottal velocity. Section 13.4 evaluates the proposed OF playbacks with
regard to commonly-used ones. Conclusions and perspectives are given in Section 13.5.

13.2. Optical-Flow Computation
13.2.1. Theoretical Background
The video motion analysis is one of the main tasks to precisely and faithfully models the
dynamical behavior of observed objects, such as motion is typically represented using
motion vectors, also known as vector displacements or OF.
OF estimation has been used for the last 35 years since the seminal works of Horn Schunck
and Lucas-Kanade [48, 49]. Many innovative methods have been proposed to solve its
computation [50]. The OF has been used in a variety of situations, including
time-to-collision calculations, segmentation, structure of objects, motion analysis, image
registration [51] or moving-objects detection. It has been applied in biomedical context to
analyze dynamic properties of tissues or cellular objects, deformation of organs [52],
estimation of blood flow [53], detection of cell deformation in microscopy [54], motion
estimation of cardiac ultrasound images [55, 56], analysis of displacements detection of
breast-tumor cancer [57], tracking colonoscopy videos [58], among others.
However, to date, there is no unique method to characterize all the possible motion
scenarios at minimal computational cost, including those with disturbing phenomena such
as lighting changes, reflection effects, modifications of objects properties, motion
discontinuities, or large displacements. The definition of OF takes its roots from a
physiological description of images formed on human retina as a change of structured
light caused by a relative motion between the eyeball and the scene. In the field of
computer vision, Horn-Schunck defined OF in [48] as “the apparent motion of brightness
patterns observed when a camera is moving relative to the objects being imaged”. Given
an image sequence 𝐼 𝐱, 𝑡 , the basic OF assumption is that at any pixel 𝐱 , at time 𝑡 , the
intensity 𝐼 𝐱 , 𝑡 would remain constant during a short interval of time ∆𝑡 , the
so-called Brightness Constancy Constraint (BBC) or data term:

𝐼 𝐱 ,𝑡

𝐼 𝐱

𝒘⃗ 𝐱 , 𝑡 , 𝑡

∆𝑡 , ∀𝐱 ,

(13.1)

where 𝒘⃗ 𝐱 , 𝑡 is the vector displacement of 𝐱 in a time interval ∆𝑡 . The vector
displacement 𝒘⃗ 𝐱 , 𝑡 has two components: one in the x-axis direction 𝑢 𝐱 , 𝑡 and
another in the y-axis direction 𝑣 𝐱 , 𝑡 . Consequently, the total motion field at time 𝑡
is defined as:

𝒲 𝐱, 𝑡

𝑈 𝐱, 𝑡 , 𝑉 𝐱, 𝑡

∀w⃗ 𝐱 , 𝑡 ,

(13.2)

where 𝑈 𝐱, 𝑡 and 𝑉 𝐱, 𝑡 are the components in the x- and y-axis of the total motion
field, respectevely. The BCC provides only one equation to recover the two unknown
components of 𝒲 𝐱, t . Therefore, it is necessary to introduce an additional constraint
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encoding a priori information of 𝒲 𝐱, t . Such information comes from the spatial
coherency imposed by either local or global (regularization term).
In practice, the BBC assumption is an imperfect photometric expression of the real
physical motion in the scene that cannot be applied in case of changes in the illumination
sources of the scene, shadows, noise in the acquisition process, specular reflections or
large and complex deformations. Therefore, several matching costs (also called penalty
functions) have been explored to overcome the drawback of the BBC, in particular its
sensitivity to noise and illumination changes. Over the last few years, the number of OF
algorithms with increasingly good performance has grown dramatically and it becomes
difficult to summarize all contributions and their categories. For instance, studies back to
the nineties [50, 59] classify the OF into six groups: intensity-based differential methods,
frequency methods, correlation-based method, multiple motion methods and temporal
refinement methods. On the other hand, some of the last studies focus their attention on
variational approaches [60-62] since they are quite versatile, allowing one to model
different forms of flow fields by combining different data and regularization terms. But
more important is that they have shown the most accurate results to the OF problem in the
literature [63]. Other OF algorithms with outstanding performance are based on discrete
optimization [64]. Its main advantage over the continuous approaches is that they do not
require differentiation of the energy and can thus handle a wider variety of data and
regularization terms. On the counterpart, a trade-off has to be found between the accuracy
of the motion labelling and the size of the search space. For a most recently survey about
the OF techniques, formulation, regularization and optimization refer to [65].

13.2.2. Optical Flow Evaluation
There are two main visualization techniques to assess OF: via arrow visualization or via
color coding. The first one represents the displacement vectors and offers a good intuitive
perception of physical motion. However, it requires to under-sample the motion field to
prevent the overlapping between displacement vectors. Meanwhile, the color coding
visualization associates a color hue to a direction and a saturation to the magnitude of the
displacement vectors. It allows a dense visualization of the flow field and a better visual
perception of subtle differences between neighbor motion vectors. Fig. 13.2 depicts the
arrow and color code visualization using three different OF formulations: Horn and
Schunck formulation [48]; Zach and Pock formulation, which is based on the
minimization of a functional containing a data term using the L1 norm and a regularization
term using the total variation of the flow [66]; and Drulea and Nedevschi formulation,
which is based on correlation transform [67].
Additionally, there are two quantitative evaluation methods based on error metrics that
are used to compare the performance of the OF methods when a ground truth is available,
namely the Angular Error (AE) and the Endpoint Error (EPE) [68]. AE measures the 3D
angle error between the estimated and reference vectors; meanwhile EPE measures their
Euclidean distance.
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(a) Laryngeal images at time 𝑡 and 𝑡

(b) Color code and arrows visualization [48]

(c) Color code and arrows visualization [66]

(d) Color code and arrows visualization [67]

Fig. 13.2. Color code and arrows visualization. (a) Two laryngeal images taken during
the opening phase of the vocal folds at time 𝑡 and 𝑡 ; (b) OF based on Horn and Schunk [48];
(c) OF based on Total variation L1 [66]; (d) OF based on Correlation transform [67].

13.2.3. Optical Flow in LHSV
The purpose of LHSV analysis is to characterize vocal-folds motion by identifying their
movements from one frame to the followings. However, this task requires to isolate the
glottis and track it along time. Advantageously, OF computation allows the possibility to
track unidentified objects solely based on its motion, with no need of additional
segmentation techniques.
The LHSV sequences present challenging scenarios such as complex reflectance
phenomena that appear due to intrinsic mucosal surface properties, motion discontinuities
due to mucosal-wave dynamics and occlusion in the glottal-area region. On the other hand,
the OF accuracy is improved by the high frame rate of LHSV, since it reduces the temporal
aliasing not only for areas with large displacements but also for areas with small
displacements and high spatial frequencies. Additionally, the BBC assumption becomes
even more valid with high frame rates. In two consecutive frames the OF should describe
precisely the vocal-folds motion pattern. The motion-field direction is expected to be
inwards during glottal closing phase and outwards during glottal opening. In order to
illustrate this idea, Fig. 13.3 presents a synthetic representation of vocal-folds motion
along the glottal main axis for two consecutive frames during the opening phase.
Additionally, the motion-field fluctuations over time have to reflect the glottal dynamics
solely. In order to prove this fact, the OF changes in magnitude with respect to x-axis are
analyzed in a line located in the middle of glottal main axis for a complete glottal cycle
(see Fig. 13.4). As expected, the flow is concentrated in the glottal region where strongest
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movements occur. Another remarkable feature is the valley formed between two peaks.
The valley can be understood as the region inside the glottis, in which the motion field is
zero. The two peaks can be interpreted as the pixels along the selected line with maximal
positive and negative displacements. Despite its suitability to the problem under study,
the use of OF for assessing the vocal folds dynamics has only recently been introduced in
[69, 70]. Nevertheless, the authors in [71] already used motion-estimation techniques to
describe vocal-folds deformation, but only around glottal edges.
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fold
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fold

Glo al
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Fig. 13.3. Illustration of a synthetic motion field along the glottal main axis, between anterior
and posterior parts of the vocal folds, in two consecutive instants of time, 𝑡 and 𝑡 .
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Fig. 13.4. Fluctuations of 𝑢 along one line located in the middle of the glottal main axis
for a complete glottal cycle.
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13.3. Application of OF Computation to LHSV Image Analysis
13.3.1. Database
The recording took place at the University Medical Center Hamburg-Eppendorf (UKE) in
Germany [42] and two male subjects (one speaker, one singer) participated in the
experiment. Highspeed laryngeal images were acquired by means of a Wolf high-speed
cinematographic system. The system consists of synchronized high-speed, audio and EGG
recordings. The LHSV sequences were filmed by a rigid endoscope (Wolf 90 E 60491)
equipped with a continuous source of light (Wolf 5131) driven by optic fiber. The database
is composed for 60 high-speed sequences that are sampled at either 2000 or 4000 fps with
a spatial resolution of 256×256 pixels.
The LHSV sequences include different phonatory tasks: sustained sounds with specific
voice qualities (creaky, normal, breathy, pressed), pitch glides, sung vowels at different
pitches and loudness. Additionally, they cover a huge variety of vocal-folds vibratory
movements, including symmetrical and asymmetrical left-right movements, transients,
aperiodicities, and antero-posterior modes of vibration. The processed sequences are
composed of 501 frames, which correspond to roughly 125 msec. of phonation.

13.3.2. Image Processing Implementation
In order to obtain a more accurate information, reduce computational burden and mitigate
the effect produced by noisy regions, the OF has been computed only inside a region of
interest (ROI). Such region can be detected automatically or manually to include only
vocal-folds area.
The OF techniques used for the implementation of the playbacks are Total Variation L1
Optical-Flow (TVL1-OF) [66], Motion Tensor Optical-Flow (MT-OF) [72] and Lukas
Kanade Optical-Flow (LK-OF) [49]. The principal reason for this selection is to explore
the performance of different OF implementations since these methods use different
strategies to deal with the complex reflectance phenomena and motion discontinuities.
Other algorithms were also explored [48, 67] but due to computational burden needed to
process a whole video and similarities in the computation of the flow field with the
aforementioned, they were not included in the OF-based playback evaluation.
Although TVL1-OF and LK-OF are based on the BBC assumption, they differ in the
approach followed to compute OF. TVL1-OF uses a spatial coherence constraint for the
global form of the motion field, which is imposed by an explicit regularization term.
Contrariwise, LK-OF uses a parametric approach where the flow is computed in small
squared or circular patches, the center of which is taken as velocity vector. Meanwhile,
MT-OF does not have a direct connection with BBC-based methods since the flow field
is computed by orientation tensors.
The implementation provided in the C++ OpenCV library was adopted for TVL1-OF and
MT-OF flow computation. Since LK-OF is one of the fastest algorithms to compute OF,
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it was programmed in Matlab. The implementation procedure is represented graphically
in Fig. 13.5 and the computation of each playback is explained below.
OF-based Approach

HSV

Optical-Flow

OF-based Playbacks
GOFW

OFGVG

OFKG

Fig. 13.5. Graphical representation of the procedure followed to compute OF-based playbacks.

13.3.3. Optical Flow Facilitative Playbacks
Three facilitative playbacks can be extracted: Optical Flow Kymogram (OFKG), which
depicts local dynamics along one line; Optical Flow Glottovibrogram (OFGVG) that
represents global dynamics along the whole vocal-folds length; and Glottal Optical Flow
Waveform (GOFW), which plots glottal velocity.

13.3.3.1. Optical Flow Kymogram (OFKG)
The OFKG playback shows the direction and magnitude of vocal-folds motion in a single
line. It follows the same idea as Digital Kymogram (DKG) [13] to compact LHSV
information. However, the information used to synthesize the data comes from
displacements produced in the x-axis ( 𝑈 𝐱, 𝑡 ) at each time 𝑡 . For rightwise
displacements, the direction angle ranges from
π⁄2, 𝜋⁄2 , and it is coded with red
intensities. Conversely, the angle for leftwise displacements ranges from π⁄2, 3𝜋⁄2
and is coded with blue tonalities. The OFKG playback is depicted in Fig. 13.6 for a
sequence of six glottal cycles.

13.3.3.2. Optical Flow Glottovibrogram (OFGVG)
The OFGVG playback represents the vocal-folds global dynamics by plotting
glottal-velocity movement per cycle as a function of time. The OFGVG playback has the
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goal to complement the spatiotemporal information provided by common techniques
(GVG, PVG), adding velocity information of vocal-folds cycles. It is obtained by
averaging each row of OF 𝑥 component (𝑈 𝐱, 𝑡 ) and representing it as a column vector.
This procedure is repeated along time for each new frame. Fig. 13.7 depicts the graphic
representation of OFGVG playback.
U(x , t N )
U(x , t k )
U(x , t 15 )

Line

OFKG

t 15

tk

tN

me

Fig. 13.6. Schematic view of an OFKG playback for the line represented in yellow, which is
located in the median part of the vocal folds; the new local playback distinguishes the direction
of motion (rightwise: red; leftwise: blue).
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Fig. 13.7. First row: frames representation of one glottal cycle. Second row: schematic view
of GOFW. Each point in the playback (dark circles) is obtained by averaging the absolute
magnitude of 𝑈 𝐱, 𝑡 . Third row: schematic view of one OFGVG cycle. Dark regions indicate
no velocity (𝑈 𝐱, 𝑡 = 0).

526

Chapter 13. Vocal Folds Dynamics by Means of Optical Flow Techniques: A Review of the Methods

13.3.3.3. Glottal Optical Flow Waveform (GOFW)
The GOFW playback is an 1D representation of glottal velocity. It is computed following
the same criteria of the Glottal Area Waveform (GAW) but averaging the absolute
magnitude of 𝑈 𝐱, 𝑡 . Additionally, overlapping this information with GAW highlights
the velocity variation in each instant of the glottal cycle. The second row of Fig. 13.7
explains schematically how GOFW is computed, showing different velocity instants
(black circles).

13.3.3.4. Vocal Folds Displacements Trajectories
The Vocal Folds Displacement Trajectories (VFDT) follow the same framework
introduced in [40] with the difference that the displacement accuracy is measured rather
than the distance between vocal-folds edges and glottal axis. Firstly, a trajectory line 𝐋 𝑡
at time 𝑡 , which intersects perpendicularly with glottal main axis 𝐆 𝑡 in a predefined
point 𝐠 𝑡 , is defined and updated for each image:

𝐠

𝑡

𝐩 𝑡

𝐩 𝑡

%

𝐚 𝑡

%

∈𝐆 𝑡 ,

(13.3)

where 𝐩 𝑡 is the posterior commissure, 𝐚 𝑡 the anterior commissure and the subscript
𝑝𝑐 % indicates a percentage of the total length of the glottal main axis. Following, the
intersection between vocal-folds edges, 𝐂 , 𝑡 , and trajectory line, 𝐋 𝑡 , is computed
(Fig. 13.8). Then, the displacements trajectories at time 𝑡 and position 𝑝𝑐 % are defined
as:

𝛿𝒲, 𝑝𝑐, 𝑡

𝒲 𝐜

,

𝑡

,

(13.4)

𝐜 , 𝑡 represents the intersection between vocal-folds edges 𝐂 , 𝑡 and trajectory line
𝐋 𝑡 . From displacements trajectories, two additional trajectories can be derived:
𝑈 𝐜, 𝑡
𝑉 𝐜 , 𝑡 . However, as glottal edges
𝛿𝒲, 𝑝𝑐, 𝑡
and 𝛿𝒲, 𝑝𝑐, 𝑡
have a motion pattern mainly perpendicular to the glottal main axis, 𝛿𝒲, 𝑝𝑐, 𝑡 is
negligible. Hence 𝛿𝒲, 𝑝𝑐, 𝑡 reflects primarly the fluctuations along 𝑡 produced by
𝛿𝒲, 𝑝𝑐, 𝑡 . From now, both termns are used indistinctly and denoted for simplicity only
as 𝛿𝒲, 𝑝𝑐, 𝑡 . The graphical procedure followed to plot 𝛿𝒲, 𝑝𝑐, 𝑡 is described in
Fig. 13.8, the VFDT is positive when glottal edges are moving from right to left, and
contrariwise, negative when edges are moving from left to right.
13.3.4. Reliability Assessment of Optical Flow Playbacks
Due to the high amount of data in LHSV and the complexity of vocal-folds motion, it is
difficult to create a ground-truth to evaluate OF performance [65]. Therefore, it is
necessary to find alternative options to assess the reliability of the proposed new
playbacks. An intuitive way to evaluate the accuracy of OF playbacks is to compare them
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with those obtained using glottal-segmentation algorithms, since both results should be
related. This premise comes from the fact that these two techniques represent the motion
originated in the vocal folds, with the difference that the motion is reflected only on
vocal-folds edges in glottal segmentation, while OF-based techniques analyze the entire
vocal-folds region.
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Fig. 13.8. Schematic procedure to compute VFDT during glottal opening phase.

For this purpose, the database was segmented automatically, resulting in both
well-segmented videos and videos with minor errors in the segmentation. In this way, the
benefits of OF playbacks are explored when the segmentation is not fully reliable. Three
assessments are carried out. Firstly, the VFDT obtained by OF are correlated with the one
obtained via glottal segmentation, which are defined as:

𝛿

,

𝑝𝑐, 𝑡

𝐜

,

𝑡

𝐜

,

𝑡 .

(13.5)

Since three different OF methods are used, 𝛿 , 𝑝𝑐, 𝑡 is compared with each of them.
The OF displacement trajectories are renamed as: 𝛿 ,
𝑝𝑐, 𝑡 , 𝛿 , 𝑝𝑐, 𝑡 and
𝛿 , 𝑝𝑐, 𝑡 for TVL1-OF, MT-OF and LK-OF respectively. All displacement trajectories
are computed in the medial glottal-axis position 𝑝𝑐 50 %). The second assessment tries
to find out the similarities of traditional playbacks with respect to OF playbacks by
visually analyzing their common features.
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13.4. Assessment of OF-Based Playbacks
13.4.1. Displacements Trajectories Comparison

ll,r
,r
l ,r
CC( δ̂seg
, d̂
δ̂W
OF )

The correlation between the segmentation trajectory and OF-based trajectories is depicted
in Fig. 13.9. Each point of the graphic corresponds to the correlation of one LHSV
sequence. Best correlations are obtained when TVL1-OF is compared with the
segmentation. The average correlation achieved for that case is 0.74 while the average
correlations with LK-OF and MT-OF only reached values of 0.51 and 0.63, respectively.
The greatest correlation is 0.98, which is obtained with TVL1. Meanwhile, the values
reached with LK-OF and MT-OF do not exceed 0.93. Additionally, 62 % of the
trajectories computed via TVL1-OF presented a correlation greater or equal than 0.8 while
only 23 % and 8 % of the trajectories reached this value using LK-OF and MT-OF
respectively. On the other hand, only 8 VFDT computed with TVL1-OF have values
below to 0.5, representing 13 % of the videos in the database.
1
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Fig. 13.9. Correlation between OF trajectories and segmentation trajectory for each sequence
in a line located at pc = 50 %.

Fig. 13.10 illustrates four displacement trajectories for a normal phonatory task. The
coherence in the vocal-folds dynamic can be noticed when segmentation and OF are
compared. However, the amplitude and shape of the trajectories differ more when the
segmentation is contrasted with LK-OF and MT-OF flows. Contrariwise TVL1-OF looks
more robust and its shape seems like the trajectory of the segmentation.
Lastly, the fluctuations of the VFDT using TVL1-OF and segmentation methods are
studied in detail for two different phonatory tasks (breathy and creaky) in pc=50 % (see
Fig. 13.11). The trajectories computed via TVL1-OF are smoother than the ones obtained
via segmentation but the shape and the amplitude of both are comparable. Additionally,
during a short period of time TVL1-OF (regions enclosed by dashed lines in black at
Fig. 13.11) presents some fluctuations originated from a vibration of the vocal folds, while
the segmentation-based method does not show any motion. This fact means that the
segmentation does not delineate correctly the glottal area, causing an erroneous estimation
of the trajectory displacements.
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Fig. 13.10. Top: the LHSV sequence cropped after applying a manual ROI selection. Middle:
Glottal segmentation (the blue and red contours represent the right and left vocal folds edges
respectively; The line to be tracked is colored in green and it is located at pc = 50 %). Bottom:
trajectories of the vocal folds movement; from up to down: segmentation, TVL1-OF, LK-OF and
MT-OF.
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Fig. 13.11. VFDT of two phonatory tasks: breathy and creaky. The left panel shows four frames of
each LHSV with their respective segmentation and trajectories. The right panel shows a close up
of two frames with segmentation errors corresponding to the interval in dashed lines.
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13.4.2. Comparison between OFGVG, GVG and |dxGVG|
Five playbacks are depicted in Fig. 13.12 for three phonation cases: GVG, its derivative
|dxGVG|, and three OFGVG. Similarities between |dxGVG| and OFGVG playbacks can
be noticed, especially in shape appearance. In pressed phonation there is a long
closed-state that can be observed along the five playbacks, taking place at the same time
for all of them.
Glide up

Pressed

Glide down

Glo al
Chink
mucus

Closed

Glo al Chink

Closed

GVG
|dxGVG|
OFGVG
LK

V≈0

OFGVG
MT
OFGVG
TVL1

Closed

Glo al Chink
mucus

Fig. 13.12. Illustration of GVG, |dxGVG|, OFGVG-LK, OFGVG-MT and OFGVG-TVL1
playbacks for three different phonatory tasks (pressed, glide up and glide down).

Glide up phonation has a posterior glottal chink that produces a constant tonality of gray
at the top part of the GVG playback. In contrast, this is perceived as a no-motion region
in the |dxGVG| and in the OFGVGs, so it is depicted in black for these playbacks. In the
glide-down sequence, the anterior and posterior part of the vocal folds open separately
until they close in a short period of time. This effect can be easily observed in the GVG
(dashed circle in red) and in its derivative. However, due to the blurring effect induced by
the presence of mucus, it is not obviously readable in the OFGVG. Additionally, two
peculiarities are observed in the OFGVGs representation of Fig. 13.12. Firstly, the
playbacks do not show gray tonalities in the middle part of the glottal cycle (open-state),
which means that there is no motion of the vocal folds (velocity close to 0). Secondly, the
presence of mucus is depicted as gray regions that produce a blurring effect (bottom panels
in Fig. 13.12). Lastly, for all the phonatory tasks a certain degree of noise is found when
the OF is computed via LK-OF and MT-OF. Contrariwise, OFGVG based on TVL1-OF
is more readable and its shape pattern resembles |dxGVG|.
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Figs. 13.13 and 13.14 show two examples where the vibratory patterns are more distinctly
represented in the OFGVG-TVL1 than in the GVG. Fig. 13.13 presents an example with
a glottal chink in the posterior part, so the motion only appears at the anterior part of the
vocal folds. Nevertheless, |dxGVG| indicates a vibratory pattern in the posterior part of the
vocal-folds edges due to an imprecise contour detection. Contrariwise, OFGVG
synthesizes the motion of the anterior part and includes the vibration of the mucosal wave
as blurring gray tonalities during the closed-phase. Fig. 13.14 shows a LHSV sequence
with a glottal chink in the posterior part. The glottal-edge contour detected by
segmentation does not completely reach the anterior part of the vocal folds, affecting the
legibility of the GVG. For instance, a close look to the frame 𝑡 and 𝑡 shows that there
is no left glottal edge defined for the anterior part (red edge). So the distance between the
glottal edges is different to zero in spite of the glottis being closed, producing vertical gray
lines in the |dxGVG| playback. In contrast, the vibratory pattern of OFGVG is more
readable and remains similar for all the glottal cycles. Lastly, its tolerance to highly
asymmetrical vocal folds vibration is illustrated in Fig. 13.15 during a glissando with a
transition between two laryngeal mechanisms. In this example, OFGVG and |dxGVG|
playbacks have features in common such as cycle shape and time of occurrence of
mechanism transition.

Fig. 13.13. Upper panel: nine segmented frames, the rectangle dotted with red corresponds to the
space between the margin of the ROI and to the area with a glottal chink; middle panel: |dxGVG|
playback; lower panel: OFGVG with a vertical length that depends on the ROI size. The effect
caused by the mucosal wave motion and the vibratory shape patterns for three consecutive cycles
are marked with dotted and continuous red lines respectively.
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Fig. 13.14. Upper panel: nine segmented frames (the area delimited with red dotted line
corresponds to posterior glottal chink); middle panel: |dxGVG| playback; lower panel: OFGVG
with a vertical length that depends on the ROI size. The misleading calculation of the distance
between edges is observed as gray vertical lines in |dxGVG| plot. The vibratory shape pattern for
three consecutive cycles is marked with a continuous red line.
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Laryngeal mechanism transi on
OFGVG
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Fig. 13.15. |dxGVG| and OFGVG visualization of peculiar vocal-folds vibratory movements
during a glissando with a laryngeal-mechanism transition. Upper panel: 24 glottal cycles. Lower
panel: 23 glottal cycles. The laryngeal mechanism transition is pointed out with red arrows and the
dashed lines in red indicate different glottal cycles.
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13.4.3. Glottal Velocity: Derivative of Glottal Area Waveform and Glottal Optical
FlowWaveform
Since GOFW computes an absolute velocity, it is possible to obtain a similar
representation by differentiating GAW and computing its absolute value (|dGAW|). The
GOFW provides valuable information about the total velocity of the vocal-folds motion
for each instant of time. Additionally, if |dGAW| is overlapped with GAW (as shown in
Fig. 13.16), it is feasible to analyze the velocity variation with respect to the glottal cycles.
Fig. 13.16 shows that in the open-state the velocity decreases, creating a valley in the
|dGAW| and in the GOFW playbacks.

Pressed

Glissando

—

|dGAW|
GAW

GOFW
LK GAW

GOFW
MT
GAW

GOFW—

TVL1

GAW

0

100

me

200

0

100

me

200

Fig. 13.16. GAW vs GOFW representation for a pressed and glissando task. First row: GAW
and |dGAW|; second row: GAW and GOFW-LK; third row: GAW and GOFW-MT; fourth row:
GAW and GOFW-TVL1.

Additionally, it shows that the maximum velocities take place in the same instants of time
but with different amplitude values depending on the OF techniques. A velocity variation
can be seen in all |dGAW| playbacks since in some glottal cycles the maximum occurs
during the opening, in others during the closing phase, and sometimes both amplitudes
are similar. This fact can be clearly observed in Fig. 13.16 for the pressed voice quality
where the amplitude of the peaks oscillates around different values. Contrariwise, GOFW
always has its maximum velocity during the opening phase, but the amplitude values are
different depending on the OF method used. In the glissando task, |dGAW| and GOFW
have a discrepancy with respect to the maximal velocity instant. In |dGAW|, it occurs
during the closing-state, while in GOFW, during the opening. Among GOFW playbacks,
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the main dissimilarity relies on the peak amplitude. For instance, in the glissando
phonation, GOFW-LK and GOFW-MT maximum fluctuates between opening and closing
states. In contrast, GOFW-TVL1 always has maximum velocity during the opening phase.

13.4.4. Optical Flow Using Local Dynamics along One Line: Digital Kymogram
and Optical Flow Kymogram
OFKG is computed using TVL1-OF, LK-OF and MT-OF for three different glottal
locations, each of them corresponding to a percentage of the glottal axis (pc1 = 10 %,
pc2 = 50 % and pc3 = 90 %) as shown in Fig. 13.17. The results show that OFKG has a
shape similar to DKG, yet blurred over the vocal folds. Such blurring effect is caused by
mucosal-wave propagation. One outstanding characteristic appears during the change
between opening and closing phases due to the presence of a discontinuity in the OFKG.
This can be understood as an instant for which velocity decreases considerably. In pc1,
there is a quasi-static vibratory behavior due to a glottal chink. The DKG represents the
absence of motion when the shape of glottal gap (dark region) does not change over time.
Meanwhile, OFKG is displayed with low intensity tonalities (𝑢 𝑝𝑐 , t ). The lines located
at pc2 and pc3 present a visible triangular pattern in OFKG, which is a characteristic of
DKG for a normal voice production. LKOF and MT-OF computation approximate the
shape expected for OFKG. Yet the images are blurred, and this effect is propagated to the
closed-state and to the inner part of the glottis. Contrariwise, OFKG-TVL1 motion pattern
is more readable and distinguishable.

pc1
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pc3

DKG
HSV

pc1
pc2
pc3

OFKG
LK

OFKG
MT

OFKG
TVL1

Fig. 13.17. Illustration of DKG and OFKG at three different positions of the LHSV sequence.
First row: VKG playback; second row: OFKG using LK-OF; third row: OFKG using MT-OF;
fourth row: OFKG using TVL1-OF.

13.5. Conclusions
In this review, the use of OF techniques is explored to synthesize the vocal-folds
dynamics. The OF techniques allow to track unidentified objects solely based on its
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motion, with no need of additional segmentation techniques. Therefore, not only the points
belonging to glottal edges are included but also those regions that originated such
movements. Three new playbacks are presented: two of them, called Optical Flow
Glottovibrogram (OFGVG) and Glottal Optical Flow Waveform (GOFW), analyze the
global dynamics; and the remaining one, called Optical Flow Kymogram (OFKG),
analyzes the local dynamics. These new ways for data visualization have the goal to
overcome the drawbacks of existing playbacks, providing simultaneously features that
integrate the time dynamics, such as velocity, acceleration, instants of maximum and
minimum velocity, vocal-folds displacements during phonation and motion analysis. The
proposed OF-based playbacks demonstrate a great correlation in shape with traditional
playbacks, allowing to identify important instants of glottal cycle, such as closed-state and
maximal opening. In addition, the playbacks based on OF computation provide
complementary information to the common spatiotemporal representations when
segmentation is not available, or when it is not reliable enough due to failures in
glottal-edge detection. In comparison to traditional playbacks, OF-based ones are slightly
blurred due to the effect introduced by the mucosal-wave movements.
OF-based LHSV analysis is a promising approach that would require further development,
such as to find out additional ways to reduce the dimensionality of vector motion field and
include the information of y-axis, to consider the deflections of left and right folds
separately, to compare the accuracy of the OF algorithm with respect to reality, and not
only by comparison with conventional segmentation techniques. Functional voice
disorders could be classified using OF playbacks. Individual contribution of mucosal
wave during phonation could be studied. It might be helpful to combine OF-based
techniques with other glottal-activity signals such as electroglottography (EGG) in order
to provide a more complete assessment of vocal-folds vibration.
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245
jury evaluation, 347

K
Karmakar’s method, 431
Kernel function, 417, 420, 461, 468

L
Larsen effect, 122
Laryngeal High-Speed Videoendoscopy
Laryngeal Imaging, 519
Laryngeal Videostroboscopy
Laryngeal Imaging, 518
laryngeal-tissue, 521
larynx, 518
Least Squares
Estimators, 418
Squares Problem, 435
Least-squares estimator, 253
linear modulations, 315
Local-dynamics, 522
Logistic vector, 381
log-likelihood, 340
long range, 306, 307, 310, 319, 329
LoRa, 319-321, 327, 329
loudness, 333, 335, 349, 350, 351
Loudspeaker Nonlinearities, 390
Low Power Wide Area Networks
see LPWAN, 306
LPWAN, 306-310, 313, 316, 318, 319, 324,
328, 329, 330
LR (Likelihood Ratio), 21, 22, 25, 36
LTE, 322, 323
LTSA (Load torque signature analysis), 507

M
machine-learning, 335, 338

Index

Magnetic wedges, 484
manifold learning, 281
image manifold, 284
Riemannian manifold, 284
matching costs, 524
maximum stable gain, 123, 138
maxlayer, 359, 362
MCSA (Motor current signature analysis),
485, 490, 496, 498, 499, 504, 507
mean
absolute percentage error, 356
function, 156, 172
function estimator, 172, 196, 234
Mel-scale-based triangular filter, 350
misalignment, 139
Misalignment, 485, 495-507
modal register
Voice, 519
Model Order Determination, 44
Modelling
Electroacoustic, 389
Loudspeaker, 389
Lumped parameter, 389
Micro-Speaker, 389
Nonlinear, 389
Quasi-Linear, 389
Modulating wave. See Instantaneous
Amplitude
momentum term, 341
monotonic descent conjugate gradient
method, 435
Morlet wavelet, 67, 70, 71, 81, 83
mathematical definition, 70
modification, 70
simplified, 71
time and frequency graphs, 68
Mother wavelet, 67, 68, 71, 83
motion pattern, 538
motion-estimation, 526
Motor load index, 490
mucosal-wave
Vocal Folds, 520
mucus, 534
Multiplicative model, 169, 170, 177, 209,
222, 238, 258

N
NB-IoT, 322, 327, 329
neural networks, 414

Neural networks. See Filters
Neural Networks, 23, 28, 30-32
MLP (Multilayer Perceptron), 23, 27, 29,
30, 32-34
SONN (Second Order Neural Network),
23, 28-30, 32-38
Neyman-Pearson, 21-23, 26, 30, 32, 35, 37
nondestructive evaluation, 411
Non-Harmonically Related F0 (NHRF0),
96, 100
accuracy, 104
definition, 96
detection, 97
joint detection block diagram, 100
Non-invasive, 495
Nonlinear Acoustic Echo Cancellation. See
Echo Cancellation
Non-linear equation, 201, 203, 213, 219
nonlinear kernel function methods, 414
Non-Negative Matrix Factorization, 41, 43
non-stationary, 334, 335, 337, 345, 349,
350, 353
Non-stationary period, 155, 158, 235, 240,
257

O
OFDM, 323, 325
open quotient
Glottal parameters, 520
OpenCV, 527
Optical Flow, 522
Optical Flow Glottovibrogram
Playbacks, 528
Optical Flow Kymogram
Playbacks, 528
organic voice disorders
Voice, 522
Orthogonal Frequency Division
Multiplexing
see OFDM, 323
orthogonal modulation, 315, 316, 318, 320,
321, 327
Outlier, 372, 373

P
PA, 307-309, 323, 328, 329
Packet Error Rate
see PER, 310
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PAPR, 309, 323
Parameter Model, 47
Park’s Vector, 485, 486, 488, 489
Peak-to-Average Power Ratio
see PAPR, 308
Pearson correlation coefficient, 356
PER, 310, 311, 328, 329
Period estimator, 156, 157, 161, 167, 170,
175
Period estimator bias, 188
Period estimator of the first order, 158, 185
Period estimator of the second order, 250
Period estimator variance, 205, 266
Periodically correlated random processes,
155, 157, 161
periodicity
Vocal Folds, 521
Periodicity detecting, 159, 163
Periodogram, 159, 160
Phase modulation, 164, 185
pitch glides
Voice, 527
Polyharmonic model, 164
Polynomial saturation curves. See Filters
Power Amplifier
see PA, 307, 308, 329
Power series, 156, 157, 203
power spectrum, 412
pressed
Voice, 519
pre-training, 334, 338, 341, 342, 363
Probabilistic structure, 257
Probability
of detection, 21, 23, 30, 31, 34-38
of false alarm, 21-23, 26, 30-33, 35-38
Pseudo Wigner-Ville Distribution (PWVD).
See Time-Frequency Distributions (TFD)
psychoacoustics, 333, 335
public address systems, 123

Q
QoS, 310, 311, 313, 315, 318, 326-329
Quadrature model, 158, 164, 215
Quality of Service
see QoS, 310

R
Radar, 21, 22, 25
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detection, 21
X-band, 23, 34, 38
Radio Frequency
see RF, 308
Reassignment, 90
region of interest, 527
restricted Boltzmann machines, 334, 338,
366
RF, 308
rigid endoscope
Vocal Folds, 518
ROC (Receiver Operation Curve), 32, 37
root mean square error, 356
roughness, 333, 335, 349-351

S
SC-FDMA, 323
segmentation, 532
self-adaptive, 350
SF, 314, 320, 322, 327
Short
circuits, 486, 488
Time Fourier Transform (STFT). See
Time-Frequency Distributions (TFD)
Sigfox, 319, 326, 329
signal distortion, 139
signal-to-noise ratio, 345
Simulated data, 158, 184, 185, 188, 191
Sine transform, 158, 200, 215
singing styles
Voice, 521
Single Degree of Freedom, 460
Singular value decomposition, 373, 376
sound pressure level, 335, 345, 348, 349
sound quality, 333-338, 346-350, 353, 356,
359, 360, 363, 365, 366
sound quality evaluation, 333, 335, 356,
365
sound reinforcement system, 121
Sparse
Decomposition, 105
modeling, 285
Sparseness, 42
Spectral
analysis, 160, 250
component, 160, 162
density, 159, 162, 257
efficiency, 314-319, 321, 323, 324, 326329

Index

speed quotient
Glottal parameters, 520
Spreading Factor
see SF, 314, 320, 329
state assessment method, 421
Stationary random processes, 155, 159, 163
Stochastic
modulation, 160, 199
oscillation, 155
structural health monitoring, 409
subjective
perception, 334
ratings, 346, 347, 350, 363, 366
support vector machines, 334, 414
SVM (Support Vector Machine), 23, 30-33,
35, 37, 38

T
Taylor series, 167, 171, 203, 254
TC, 315, 316, 319, 322, 327
t-distributed stochastic neighbor
embedding, 355
time
domain, 413
Trigger Lines, 463
time-frequency
analysis, 480
characteristics definition, 91
Time-Frequency
Characteristics, 90
extraction, 90
Distributions (TFD), 61, 62, 63, 90
Complex Continuous Wavelet Transform
(CCWT), 62, 69, 70, 71, 83, 84, 91
Analytical examples
Linear chirp approximation, 78
Pure cosine with constant
amplitude, 72
Pure cosine with variable
amplitude, 73
Quadratic FM signal, 76
Sum of n pure cosines, 74
mathematical definition, 67
ridges, 69
skeleton, 69
Continuous Wavelet Transform (CWT)
mathematical definition, 67
Fast Fourier Transform (FF), 84, 90, 97

Inverse Fast Fourier Transform (IFFT),
84
Pseudo Wigner-Ville Distribution
(PWVD), 61, 90, 91
Short Time Fourier Transform (STFT),
61, 62, 85, 90-92, 95, 96, 105, 106
Wavelet Transform (WT), 61, 62, 67, 69
Wigner-Ville Distribution (WVD), 61,
62
time-frequency image analysis, 446
Time-Frequency Representations (TFR).
See Time-Frequency Distributions (TFD)
Tonality, 349
trajectory displacements
Playbacks, 532
transient damping, 478
Trend normalization, 380
Turbo Code
see TC, 315

U
Ultra Narrow Band
see UNB, 313, 329
ultrasonic detect system, 449
UNB, 313, 316, 319, 326, 329

V
variance, 342, 356, 359, 360, 362, 364, 366
velocity
Glottal parameters, 522
Vibration, 371, 372, 384
equation, 460
signal, 185, 196, 248, 258, 422
vibratory cycle
Vocal Folds, 520
vibratory movements
Vocal Folds, 519
vibratory patterns
Vocal Folds, 520
Vocal Folds Displacement
Playbacks, 530
vocal-folds edges, 530
vocal-folds pathologies
Vocal Folds, 519
Voice assessment
Vocal Folds, 518
voice disorder’s
Vocal Folds, 518
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Volterra filters. See Filters

W
wavelet transform, 334
Wavelet Transform (WT). See TimeFrequency Distributions (TFD)
White noise, 162, 252, 253, 254
Wiener–Hammerstein model. See Filters
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Wigner-Ville Distribution (WVD). See
Time-Frequency Distributions (TFD)
Winding faults, 490
W-PESQ, 139

Z
Zadoff-Chu, 320

