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Preface

Preface
After successful publication of the first volume of ‘Advances in Signal Processing
Reviews’ Book Series in 2018 and positive feedback from our authors and readers, we
have decided to publish the 2nd volume of this Book Series in 2021.
This volume contains 12 chapters written by 36 authors from 12 countries: Argentina,
Belarus, China, France, Germany, India, Iran, Mexico, Poland, Romania, Sweden and
UAE. But it is not a simple set of reviews. Each of chapter contains the extended state-ofthe art followed by new, obtained by authors results, unpublished before.
Chapter 1 describes the theory of complex and hypercomplex multidimensional analytic
signals. The signal-domain and frequency-domain definitions of complex and
hypercomplex analytic signals have been presented, as well as some mutual relations
between complex and hypercomplex spectra and polar components.
Chapter 2 investigates the performance of the quaternary the direct-sequence spreadspectrum multiple-access wireless communication system based on the generalized
approach to signal processing in noise with complex signature sequences in the presence
of the flat Rayleigh fading.
Chapter 3 introduces the recent work in the exploitation of communication signals’
properties including the non-circularity, the cyclostationarity, the conjugate symmetry in
array signal processing.
Chapter 4 overviews of different 1-D and 2-D chirp and related models, which have
received a considerable amount of attention in recent years in the statistical signal
processing literature. The main aim is to introduce different chirp and some other models,
which are being extensively used in practice.
Chapter 5 describes a new statistical algorithms for 3D signal processing for detection of
floating objects on an agitated sea surface and effective and adaptive detector of multipixel objects on its basis. The proposed detector offers two principal benefits. The first is
that the proposed detector is able to detect no-contrast objects on the sea surface. The
second advantage is that the proposed detector is slightly sensitive to background
covariance matrix change and size of the secondary dataset.
Chapter 6 describes the nature of sleep and its various stages, and then, discusses the
importance of automatic review of sleep stages, and due to this importance, various
databases and methods for automatic classification of sleep stages are reviewed in this
chapter.
Chapter 7 presents a statistical learning approach for defect detection on painted cab body
surfaces, covering image acquisition, feature extraction and defect detection and
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classification. The main objective in developing this new approach is, in addition to
providing accurate and reliable classification, to furnish uncertainty estimation in the
classification results.
Chapter 8 presents some solutions to the problem of feature selection for change detection
purposes, with application to change detection of (incipient) faults in bearings. The
features are extracted from time-frequency images or designed with auxiliary transforms.
The proposed and implemented solutions have potential on other processes, where
measured or estimated signals are available, e.g. in medicine.
Chapter 9 summarizes a number of information entropy, which is widely applied in image
segmentation and registration methods.
Chapter 10 describes the electroencephalography signal analysis with a statistical entropybased measure for Alzheimer’s disease detection.
Chapter 11 demonstrates the potential of artefacts detection approach in electroencephalography, using the Hampel filter to correct different types of artefacts. Also, a
complete state-of-the-art is introduced along with a recommended bibliography to
research these topics.
Chapter 12 reports the in-hive multi-gas-sensor extension (BeE-Nose) to the IndusBee 4.0
system for hive air quality monitoring and varroa infestation level estimation.
Every chapter in ‘Advances in Signal Processing Reviews’ Vol. 2 is independent and selfcontained. The book can be useful for post-graduate students, researchers, engineers and
scientist working signal processing area.
Dr. Sergey Y. Yurish
Editor
IFSA Publishing
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Chapter 1

Complex and Hypercomplex
Multidimensional Analytic Signals –
The Theory and Chosen Properties
Kajetana Marta Snopek1

1.1. Introduction
Within the last thirty years, the theory of complex and hypercomplex signals has been
intensively developing and finding new interesting applications in various fields. Here we
will deal with signals defined on the basis on the Cayley-Dickson algebras. The history of
complex numbers began in 1748 when L. Euler (1707-1783) published his very known
formula exp  i   cos   i sin  . Only 150 years later, A. E. Kennelly (1861-1939) and
C. P. Steinmetz (1865-1923) introduced a complex harmonic signal into the theory of
electrical circuits and D. Gabor (1900-1979) defined his 1-D analytic signal [1]. This
concept found numerous applications: in single-sideband modulation theory [2-4], in
envelope detection [5], in estimation of instantaneous parameters of nonstationary signals
[1, 3, 6] and in the Wigner-Ville distribution [7].
The definition of the multidimensional analytic signal compatible with the Gabor’s
approach was proposed by S. L. Hahn in 1992 [8]. In the same year, T. A. Ell defined the
quaternion Fourier transformation [9] that enabled new interesting applications in analysis
of linear time-invariant partial-differential systems [10]. In 1999, T. Bülow introduced the
quaternion analytic signal [11] that has been applied later in analysis of 2-D seismic
signals [12]. Further research in the quaternion field resulted in applications in color image
watermarking and filtering [13-15]. The unified theory of complex and hypercomplex
analytic signals was presented in 2011 [16]. The concept of the Octonion Fourier
Transform was proposed and further developed and discussed in [17-21].
The topics presented in this Chapter are, to a large extent, the result of the author’s
personal and cooperative theoretical investigations in the domain of multidimensional

Kajetana Marta Snopek
Warsaw University of Technology, Faculty of Electronics and Information Technology, Warsaw, Poland
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complex and hypercomplex analytic signals performed in the last twenty years. Having in
mind present and future practical applications, the scope is focused on complex and
hypercomplex analytic signals based on the Cayley-Dickson algebras of complex
numbers, quaternions and octonions. It comprises a bridge between the complex
and hypercomplex approach. Both are presented in parallel, showing the differences
in formalisms and their consequences, as well as the equivalence of some
presented formulas.
The organization of the chapter is as follows. In Section 1.2, we define n-D analytic signals
in the complex domain. Their spectra are limited to a single-orthant of the n-D frequency
space. This notion is introduced and visualized for n = 2 and 3. Then, the single-orthant
operator as the extension of the 1-D step function is presented. Two approaches are
presented to define complex analytic signals. First, we can express them as an n-fold
convolution of an n-D real signal with the n-D complex delta distribution. Then using the
convolution-to-multiplication property of the n-D Fourier transform, we present the
alternative approach via the frequency domain. In both cases, we will put our attention on
2-D and 3-D analytic signals. The Section 1.3 is devoted to analytic signals defined in the
hypercomplex domain. This part starts with the short introduction to the algebras of
quaternions and octonions, i.e., Cayley-Dickson algebras of order 4 and 8 respectively.
Then, we define hypercomplex analytic signals in the signal-domain as the n-fold
convolution of an n-D real signal with the n-D hypercomplex delta distribution. Similarly
as in the complex case, we apply the convolution-to-multiplication theorem valid for the
hypercomplex Fourier transform and define hypercomplex analytic signals in the
frequency domain. The formulas relating 2-D and 3-D Fourier transforms (FT) with
Quaternion and Octonion FTs are recalled. The last Section 1.4 is devoted to the polar
representation of complex and hypercomplex analytic signals. The whole chapter is
illustrated with examples of chosen 2-D signals.

1.2. Analytic Signals in the Complex Domain
The n-D complex signal is defined as

 c  x   Re c  x   Im c  x   e1 ,

(1.1)

where e1 is the imaginary unit (usually denoted by mathematicians with i or j) and
x = (x1, x2, …, xn). Re{c(x)} is the real part of c(x) and Im{c(x)} - its imaginary part.
The conjugate of (1.1) is

 c*  x   Re c  x   Im c  x   e1 ,

(1.2)

and its norm

c  x 

22

 Re 

c

 x 

2



 Im  c  x 



2

(1.3)
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All operations on complex signals are similar to operations on complex numbers. A
special subclass of complex-valued signals are n-D complex signals with single-orthant
spectra defined by Hahn in [8] as boundary distributions of multidimensional analytic
functions, as shown in [22]. Their spectra a limited to a single orthant of the n-D frequency
domain. Let us now explain the notion of an orthant.
1.2.1. The Notion of an n-D Orthant
Let us start from the simplest case of the 1-D frequency domain. It is evident that it is
divided into two half-axes (two orthants): f > 0 and f < 0, labelled with 1 and 2
respectively (Fig. 1.1).

Fig. 1.1. Labelling of orthants in the 1-D frequency domain.

In the 2-D frequency plane (Fig. 1.2), we distinguish four quadrants (in other words: four
orthants) labelled with 1, 2, 3 and 4 respectively. Note that their numbering differs from
that commonly used by mathematicians. We apply the convention introduced by Hahn in
[8] and used in all his further works concerning multidimensional analytic signals with
single-orthant spectra. The advantage of such a labelling is that all higher dimensional
orthants in the half-space f1 > 0 are always marked with odd numbers. It can be noticed
that the numeration of quadrants corresponds to the binary notation (see Table 1.1) written
in reversed order. It is evident that the 2-D frequency domain is composed of two
half-planes f 1  0 and f 1  0 each formed of two quadrants: (1,3) and (2,4) respectively.
f2

2

1

f1

4

3

Fig. 1.2. Labelling of orthants in the 2-D frequency domain.

At last, the 3-D frequency space can be divided into eight octants (in other words: eight
orthants) shown in Fig. 1.3 and in Table 1.2. We see that octants 1, 3, 5 and 7
(odd-indexed) are included in the half-space f1 > 0. We notice also that following pairs of
octants: (1,5) and (3,7) have the common plane f3 = 0, so their sums can be considered
as two space-quadrants in the half-space f1 > 0. Analogously, in the half-space f1 < 0,
there are also two space-quadrants formed from octants 2, 4, 6 and 8. Thus, the 3-D
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frequency space can be decomposed into four space-quadrants and two half-spaces: f1 > 0,
f1 < 0. In this Chapter, we will deal only with the space-quadrants (1,5) and (3,7) in the
half-space f1 > 0. Concluding, the n-D orthant is a strictly determined part of the n-D
space: a half-axis in 1-D, a quadrant in 2-D, an octant in 3-D and so on.
Table 1.1. Numeration of orthants in 2-D.

No.

Binary
numeration
of orthants

Reversed
order

1
2
3
4

00
01
10
11

00
10
01
11

Signs of fi
0  “+”
1 “–”
f1
f2
+
+
–
+
+
–
–
–

f3
f2

2
4

1

3
f1

6

5
7

8

Fig. 1.3. Labelling of orthants in the 3-D frequency space.
Table 1.2. Numeration of orthants in 3-D.
No.

Binary
numeration
of orthants

Reversed
order

1
2
3
4
5
6
7
8

000
001
010
011
100
101
110
111

000
100
010
110
001
101
011
111

f1
+
–
+
–
+
–
+
–

Signs of fi
0  “+”
1 “–”
f2
+
+
–
–
+
+
–
–

f3
+
+
+
+
–
–
–
–

1.2.2. The Notion of a Single-orthant Operator
Here in this chapter, we will deal with signals with single-orthant spectra. A single-orthant
𝑓 , 𝑓 , … , 𝑓 where 𝑈 𝒇 is the
spectrum can be written as a product 𝑈 𝒇 𝟏 𝒇 , 𝑓
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n-D spectrum of the n-D real signal 𝑢 𝒙 and the operator 𝟏 𝒇 is the n-D extension of
the 1-D step function known from the system theory. It will be called the single-orthant
operator defined as
1 f  

1 n
 1  sgn fi  ,
2n i 1

(1.4)

where the sign of sgn f i depends on the sign of fi in a given orthant of the n-D frequency
domain (see Tables 1.1 and 1.2). In 1-D for f > 0, we have

1 f  

1
1  sgn f 
2

(1.5)

In 2-D for f1 > 0, we define two single-quadrant operators given below

1 f1 , f 2  =

1
1  sgn f1 1  sgn f 2  , for quadrant No. 1,
4

(1.6)

1  f1 ,  f 2  

1
1  sgn f1 1  sgn f 2  , for quadrant No. 3
4

(1.7)

Finally, basing on the signs of fi in octants 1, 3, 5 and 7 from Table 1.2, we define four
following single-octant operators in 3-D

1  f1 , f 2 , f 3  

1
1  sgn f1 1  sgn f 2 1  sgn f3  , for octant No. 1,
8

(1.8)

1  f1 ,  f 2 , f 3  

1
1  sgn f1 1  sgn f 2 1  sgn f3  , for octant No. 3,
8

(1.9)

1  f1 , f 2 ,  f 3  

1
1  sgn f1 1  sgn f 2 1  sgn f3  , for octant No. 5,
8

(1.10)

1  f1 ,  f 2 ,  f 3  

1
1  sgn f1 1  sgn f 2 1  sgn f3  , for octant No. 7
8

(1.11)

We will apply these operators in the Section 1.2.4 of this chapter.
1.2.3. The Signal-domain Definition of the n-D Complex Analytic Signal
In this section, we will define the n-D analytic complex signals in the x – domain by means
of the complex delta distribution introduced by Hahn in 1992 [8] and further developed
in [23]. In order to unify the notation of n-D analytic signals, let us define the
n-D identity and Hilbert operators of order 1, 2 and 3. The identity operator I is
defined as
I u  x   u  x  ...   x   u  x  ,
n  fold

(1.12)
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where ...  denotes the n-fold convolution in the x-domain and   x  is the n-D Dirac
n fold

delta distribution. We will also use the Hilbert operator H defined as

H u  x   u  x  ... 
n  fold

1
n

 n  xk

 v x ,

(1.13)

k 1

as well as the 1st–order partial Hilbert operator
H k u  x   u  x  

1

 xk

 vk  x  ,

(1.14)

the 2nd–order partial Hilbert operator
H ij u  x   u  x  

1
 vij  x  , i  j ,
 xi x j
2

(1.15)

and finally, the 3rd – order partial Hilbert operator
H ijk u  x   u  x   

1
 vijk  x  , i  j  k ,
 xi x j xk
3

(1.16)

Using the operators (1.12)-(1.13), we can write the 1-D complex analytic signal (1.1) as

  t   I u  t   Hu  t  e1 ,

(1.17)

where we replaced x1 with t and omitted the subscript c. We have



 t   u t    t    u t  

1 
1 

 e1  u  t     t   e1  ,
t 
t 


(1.18)

that is equal to

  t   u  t   v  t  e1 ,

(1.19)

i.e., a very known 1-D Gabor’s analytic signal [1]. Its imaginary part v  t  is the Hilbert
transform of the real signal u  t  . The real signal u(t) can be calculated from the equation

u t  

  t   *  t 
2

,

(1.20)

where  *  t  is the conjugate of (1.19). From (1.18), we see that the 1-D complex analytic
signal is also a convolution of a real signal u(t) with the 1-D complex delta distribution
[24, 25] denoted as  δc  t  , that is
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 δc  t     t  

1
e
t 1

(1.21)

Let us note that the 1-D complex delta distribution is also an analytic signal (in the
Gabor’s sense). Its imaginary part 1  t is the 1-D Hilbert transform of the real part   t  .
We can express the 1-D analytic signal in the equivalent form

  t   u  t    δc  t 

(1.22)

This result can easily be extended for n > 1 using the n-D complex delta distribution
defined in [8]. The detailed study of properties of the complex delta distribution for n = 1
and n = 2 can also be found in [3] and [23]. The signal-domain definition of the
n-D complex analytic signal is then

  x   u  x  ... δc  x  ,

(1.23)

n

1 
δc  x      xk  
e1 
 xk 
k 1 

(1.24)

n fold

where

is the n-D complex delta distribution. If all signs are positive, then (1.24) defines the
complex delta distribution with the Fourier spectrum in the 1st orthant of the n-D frequency
space. An appropriate change of a sign of e1 in multiplication factors of (1.24) corresponds
to the spectral support in other orthants (see e.g. Tables 1.1 and 1.2). Let us study in detail
the cases n = 2 and 3.

1.2.3.1. The Signal-domain Definition of the 2-D Complex Analytic Signal
In 2-D, we can derive four forms of 2-D complex delta distributions defining four 2-D
complex analytic signals with spectra in corresponding quadrants of the 2-D frequencyplane. Applying the separability property of the n-D delta distribution:
  xi   x j   xi , x j , i  j , we can write for the half-plane f1 > 0

 





 δc  x     x1 , x2  

   x2    x1  
1


 e1 , for quadrant No. 1,
 x1 x2   x1
 x2 

(1.25)

 δc  x     x1 , x2  

   x2    x1  
1


 e1 , for quadrant No. 3
 x1 x2   x1
 x2 

(1.26)

2

2
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Inserting (1.25) into (1.23) we obtain the signal-domain definition of the 2-D analytic
signal with spectrum limited to the 1st quadrant of the frequency plane (the superscript
indicates the number of the quadrant):



 c1  x1 , x2   u  x1 , x2     x1 , x2  


   x2    x1   
1


 e1  
 x1 x2   x1
 x2  
2


1
1
1 
 u  x1 , x2   u  x1 , x2    2
 u  x1 , x2  
 u  x1 , x2  
 e1
 x1 x2 
 x1
 x2 

(1.27)

In the above formula (1.27), we recognize the 2-D total (v) and partial (v1 and v2) Hilbert
transforms of u(x1, x2). Finally, we have

 c1  x1 , x2   u  v   v1  v2  e1 ,

(1.28)

where u, v, v1 and v2 are all functions of  x1 , x2  . Using operators given by (1.12)-(1.14),
we can express (1.28) in an equivalent form

 c1  x1 , x2   I u  Hu   H1 u  H2 u  e1

(1.29)

Let us repeat the same procedure for the quadrant No. 3. The complex analytic signal  3
with the spectrum support in the 3rd quadrant is defined as



 c3  x1 , x2   u  x1 , x2      x1 , x2  


   x2    x1   
1


 e1  
 x1 x2   x1
 x2  
2


1
1
1 
 u  x1 , x2   u  x1 , x2   2
 u  x1 , x2  
 u  x1 , x2  
 e1 ,
 x1 x2 
 x1
 x2 

(1.30)

that is equal to

 c3  x1 , x2   u  v   v1  v2  e1

(1.31)

 

It is very important to note that the following conjugate relations are fulfilled:  c2   c3

 

and  c4   c1

*

*

where  c2 and  c4 denote 2-D analytic signals with spectra limited to

quadrants 2 and 4 respectively. So, the 2-D real signal u  x1 , x2  can be represented by
two analytic signals  c1 and  c3 with spectra in quadrants 1 and 3 of the half-plane f1 > 0.
It can be noticed that if we calculate a sum of signals (1.28) and (1.31) (divided by 2)
we obtain
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 c1   c3
2

 u  v1e1

(1.32)

Then a 2-D real signal u  x1 , x2  can be treated as the real part of a weighted sum of two
analytic signals  c1 and  c3 with spectrum limited to the half-plane f1 > 0:

 1  c3 
u  x1 , x2   Re  c

 2 

(1.33)

We can conclude that a full information about the 2-D real signal u  x1 , x2  is included in
the half-plane f1 > 0. Moreover, the signal u  x1 , x2  is given by the formula:

u  x1 , x2  

 c1   c4   c3   c2
4

 c1   c1    c3   c3 
*



*

4

(1.34)

Let us illustrate this part of the theory with the example of the 2-D Cauchy
separable signal.
Example 1
The 2-D Cauchy separable signal is given by

u  x1 , x2  



ab
a 2   x1  c 

2



b2   x2  d 

2

(1.35)



Its total and partial Hilbert transforms are expressed as
v  x1 , x2    x1  c  x2  d 
v1  x1 , x2   b  x1  c 
v2  x1 , x2   a  x2  d 

a

2

a

a

2

  x1  c 

  x1  c 
2

2

  x1  c 

 b
2

2

 b

2

 b

2

(1.36)

,

(1.37)



(1.38)

  x2  d 
2



  x2  d  ,
2

2

  x2  d 

2

The Figs. 1.4(a)-(d) show contour plots of u, v, v1 and v2 given by (1.35)-(1.38) for a = 1,
b = 2, c = d = 0. We observe the differences in orientation of the partial Hilbert transforms
on the  x1 , x2  –plane and odd parity of the total Hilbert transform. Next Figs. 1.5(a)-(d)
display contour lines of real (top) and imaginary (bottom) parts of 2-D analytic signals
 c1 and  c3 given by (1.28) and (1.31). As we can notice, they are mirror images of each
other. It is a consequence of separability of the Cauchy signal.
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(a)

(b)

(c)

(d)

Fig. 1.4. Contour plots of (a) u(x1, x2), (b) v(x1, x2), (c) v1(x1, x2), (d) v2(x1, x2) of the 2-D
separable Cauchy signal (1.35) for a = 1, b = 2, c = d = 0.

(a)

(b)

Fig. 1.5 (a, b). Contour plots of (a) u-v, (b) u+v of the 2-D separable Cauchy signal (1.35)
for a = 1, b = 2.
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(c)

(d)

Fig. 1.5 (c, d). Contour plots of (c) v1+v2, (d) v1+v2 of the 2-D separable Cauchy signal (1.35)
for c = d = 0.

1.2.3.2. The Signal-domain Definition of the 3-D Complex Analytic Signal
As the 3-D space is divided into eight octants, we can define eight 3-D analytic signals
with spectral support in the corresponding octants. In the half-space f1 > 0 (see Fig. 1.2)
we have 4 octants numbered with 1, 3, 5 and 7. The 3-D complex delta distributions (1.24)
are given by
 δc  x     x  

  x3 
 x1 x2
2



  x2 
 x1 x3
2



  x1 
 2 x2 x3



   x2 , x3    x1 , x3    x1 , x2 

1



 3
 e1
 x2
 x3
 x1 x2 x3 
  x1
 δc  x     x  

  x3 
 x1 x2
2



  x2 
 x1 x3
2



  x1 
 2 x2 x3



   x2 , x3    x1 , x3    x1 , x2 

1



 3
 e1
 x2
 x3
 x1 x2 x3 
  x1
 δc  x     x  

  x3 
 x1 x2
2



  x2 
 x1 x3
2



  x1 
 2 x2 x3

for octant No. 1, (1.39)

for octant No. 3, (1.40)



   x2 , x3    x1 , x3    x1 , x2 

1



 3
 e1
 x2
 x3
 x1 x2 x3 
  x1

for octant No. 5, (1.41)
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 δc  x     x  

  x3 
 x1 x2
2



  x2 
 x1 x3
2



  x1 
 2 x2 x3



   x2 , x3    x1 , x3    x1 , x2 

1



 3
 e1




x
x
x
x
x
x

1
2
3
1 2 3 

for octant No. 7 (1.42)

Similarly as previously for n = 2, we calculate the convolution (1.23) of the 3-D real signal
u(x), x   x1 , x2 , x3  , with the corresponding 3-D complex delta distribution given by
(1.39)-(1.42). We get four 3-D analytic signals with spectral support in octants 1, 3, 5 and
7 respectively (superscripts indicate the corresponding octant):

 c1  x1 , x2 , x3   u  v12  v13  v23   v1  v2  v3  v  e1 ,

(1.43)

 c3  x1 , x2 , x3   u  v12  v13  v23   v1  v2  v3  v  e1 ,

(1.44)

 c5  x1 , x2 , x3   u  v12  v13  v23   v1  v2  v3  v  e1 ,

(1.45)

 c7  x1 , x2 , x3   u  v12  v13  v23   v1  v2  v3  v  e1 ,

(1.46)

where u, v, vi, vij are functions of x   x1 , x2 , x3  . Equivalently, we can write
Eqs. (1.43)-(1.46) as follows

 c1  x   I u  H12 u  H13 u  H 23 u 

(1.47)

  H1 u  H 2 u  H 3 u  H u  e1 ,

 c3  x   I u  H12 u  H13 u + H 23 u 

(1.48)

  H1 u  H 2 u  H 3 u + H u  e1 ,

 c5  x   I u  H12 u + H13 u + H 23 u 

(1.49)

  H1 u  H 2 u  H 3 u + H u  e1 ,

 c7  x   I u + H12 u + H13 u  H 23 u 

(1.50)

  H1 u  H 2 u  H 3 u  H u  e1

 

*

 

*

 

We observe that there are four conjugate pairs:  c2   c7 ,  c4   c5 ,  c6   c3

*

and

 c8   c1  , where superscripts 2, 4, 6 and 8 denote the corresponding octant in the f1  0
*

half-space (see Fig. 1.2). The 3-D real signal can also be expressed as

 1  c3  c5  c7 
u  x1 , x2 , x3   Re  c
,
4


or as the weighted sum
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u  x1 , x2 , x3  

 c1   c8   c3   c6   c5   c4   c7   c2
8

 c1   c1    c3   c3    c5   c5    c7   c7 
*

=



*

*

*

(1.52)

8

We can remark that a full information about the 3-D real signal u ( x1 , x2 , x3 ) is included
in the half-space f1 > 0.
1.2.4. The Frequency-domain Definition of the n-D Complex Analytic Signal
In the precedent section in the Eq. (1.23), we defined the n-D analytic signal with
a single-orthant spectrum as an n-D real signal convolved with the n-D complex delta
distribution. The convolution-to-multiplication property of the Fourier transformation
implies that the spectrum of   x  , denoted with   f  , f   f1 , f 2 ,..., f n  is equal to
the product

  f   U  f   F  x  ,

(1.53)

where the Fourier transform F  x  is given by
 n 
1  
e 
F δc  x   F    xk  
 xk 1  
 k 1 

(1.54)

The separability of the complex delta distribution permits to write (1.54) as a product of
Fourier transforms
n

1  n
e    1  sgn f k 
Fδc  x    F   xk  
 xk 1  k 1
k 1 

(1.55)

Then, the definition (1.53) takes the form
n

  f   U  f    1  sgn f k  ,

(1.56)

  f   2n  U  f  1  f 

(1.57)

k 1

equivalent to

So, the n-D analytic signal can be derived as the n-dimensional inverse Fourier transform
of (1.57). The formula

 c  x   2n  F1 U  f  1 f 

(1.58)

can be treated as the frequency-domain definition of the n-D analytic signal, where the
multiplicator 2n plays the role of a normalization factor and can be omitted. In 1-D,
we have
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 c  t   F1 U  f   1  sgn f  ,

(1.59)

or, since 1  sgn f  2 1( f ) , we get

 c  t   2  F1 U  f   1 f 

(1.60)

We surely recognized the very known definition of the 1-D Gabor’s analytic signal. The
formula (1.60) is often applied in practice to get the 1-D analytic signal  c  t 
corresponding to a given real signal u(t). Let us now analyze the case of n = 2.

1.2.4.1. The Frequency-domain Definition of the 2-D Complex Analytic Signal
Using the formula (1.56), we can write the 2-D analytic signals with spectra in quadrants
No. 1 and 3 in the form

 c1  x1 , x2   F1 U  f1 , f2   1  sgn f1 1  sgn f 2  ,

(1.61)

 c3  x1 , x2   F1 U  f1 , f2   1  sgn f1 1  sgn f2 

(1.62)

Using single-quadrant operators defined by Eqs. (1.6) and (1.7), we get

 c1  x1 , x2   4  F1 U  f1 , f 2  1 f1 , f 2  ,

(1.63)

 c3  x1 , x2   4  F1 U  f1 , f 2   1 f1 ,  f 2 

(1.64)

The formulas (1.63) and (1.64) can easily be applied in practice. Given a real signal
u  x1 , x2  , we calculate its spectrum U  f1 , f 2  (using e.g. Fast Fourier Transform
algorithm), then take its part belonging to the corresponding frequency quadrant and
calculate its 2-D inverse Fourier transform (using inverse FFT). Such a procedure is less
numerically complicated than applying directly Eqs. (1.28) and (1.31) that would involve
calculation of the total and partial Hilbert transforms via convolution integrals.

1.2.4.2. The Frequency-domain Definition of the 3-D Complex Analytic Signal
In Section 1.2.3.2 we defined eight 3-D analytic signals in the signal-domain. Let us now
apply the formula (1.56) to obtain the frequency-domain definitions of four analytic
signals with spectra limited to single octants 1, 3, 5 and 7. We respectively have

 c1  x1 , x2 , x3   F1 U  f1 , f 2 , f3   1  sgn f1 1  sgn f 2 1  sgn f3  , (1.65)
 c3  x1 , x2 , x3   F1 U  f1 , f 2 , f3   1  sgn f1 1  sgn f 2 1  sgn f3  , (1.66)
 c5  x1 , x2 , x3   F1 U  f1 , f 2 , f3   1  sgn f1 1  sgn f 2 1  sgn f3  , (1.67)
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 c7  x1 , x2 , x3   F1 U  f1 , f 2 , f3   1  sgn f1 1  sgn f 2 1  sgn f3 

(1.68)

Applying the definitions of single-octant operators (1.8)-(1.11), we get equivalent forms
of (1.65)-(1.68):

 c1  x1 , x2 , x3   8  F1 U  f1 , f 2 , f3  1 f1 , f 2 , f3  ,

(1.69)

 c3  x1 , x2 , x3   8  F1 U  f1 , f 2 , f3   1 f1 ,  f 2 , f3  ,

(1.70)

 c5  x1 , x2 , x3   8  F1 U  f1 , f 2 , f3   1 f1 , f2 ,  f3  ,

(1.71)

 c7  x1 , x2 , x3   8  F1 U  f1 , f 2 , f3   1 f1 ,  f 2 ,  f3 

(1.72)

Similarly as mentioned above, after Eq. (1.64), the formulas (1.69)-(1.72) are easy to use
in practice.

1.3. Analytic Signals in the Hypercomplex Domain
A hypercomplex signal is a generalization of a hypercomplex number belonging to a
chosen algebra. In this chapter, we put our attention on two Cayley-Dickson algebras:
quaternions and octonions and we will present definitions of the quaternion and octonion
2, 3) frequency
analytic signals with spectra limited to a single orthant of the n-D (𝑛
space. Let us present a short review of properties of quaternions and octonions.

1.3.1. Cayley-Dickson Algebras of Quaternions and Octonions
Quaternions and octonions can be defined using the Cayley-Dickson construction.
According to it, any complex number z   is an ordered pair of real numbers r0 and r1:

z   r0 , r1   r0  r1  e1 ,

(1.73)

where r0 is called the real part and r1 – the imaginary part (compare with Eq. (1.1)
defining the n-D complex signal). Then, any quaternion q   is defined as a pair of
complex numbers z0 , z1  :

q   z0 , z1    r00 , r01 , r10 , r11  ,

(1.74)

where z0  r00  r01  e1 and z1  r10  r11  e1 . In consequence, any quaternion is a quadruple
of r00 , r01 , r10 , r11  . Thus introducing the second imaginary unit e2, we can rewrite
(1.74) in a form

q  z0  z1  e2 

  r00  r01  e1    r10  r11  e1   e2  r00  r01  e1  r10  e2  r11  e3 ,

(1.75)
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where the imaginary unit 𝑒 is equal the product 𝑒 ∙ 𝑒 . The rules of multiplication in the
algebra of quaternions are illustrated in Fig. 1.6(a). The arrows indicate the order of
multiplication. Let us remark that the multiplication of quaternions is not commutative,
since, e.g. 𝑒 ∙ 𝑒
𝑒 ∙ 𝑒 . However, it is still associative, i.e., for any three
quaternions p, q, r we have ( p  q)  r  p  (q  r ) . The algebra of quaternions is usually
denoted with  as a honor to its inventor, William Rowan Hamilton (1805-1865), who
in 1835 in the “Theory of Conjugate Functions and Algebraic Couples” constructed the
algebra of complex numbers and interpreted them as ordered pairs of real numbers. The
order of the algebra of quaternions is 22 = 4.
𝑒1

𝑒1

𝑒4

𝑒7
𝑒2

𝑒3

𝑒2

𝑒6

(a)

𝑒3

𝑒5

(b)

Fig. 1.6. Multiplication rules in the algebras of: (a) Quaternions; (b) Octonions.

Following the same procedure, we define an octonion o   as a pair of quaternions or a
quadruple of complex numbers or finally, a 8-tuple of real numbers:

o   q0 , q1    z00 , z01 , z10 , z11    r000 , r001 , r010 , r011 , r100 , r101 , r110 , r111 

(1.76)

If we now introduce the next imaginary unit e4, we get another form of the octonion (1.76)
defined as a complex sum of two quaternions, i.e.,

o  q0  q1  e4

(1.77)

Let us now write the quaternions q0 and q1 as complex sums (1.74) of two different
complex numbers: q0  z00  z01  e2 , q1  z10  z11  e2 . We have

o   z00  z01  e2    z10  z11  e2   e4 ,

(1.78)

Since z00  r000  r001  e1 , z01  r010  r011  e1 , z10  r100  r101  e1 , z11  r110  r111  e1 , we can
express (1.78) as the hypercomplex sum

o  r000  r001  e1   r010  r011  e1   e2  r100  r101  e1   r110  r111  e1   e2   e4
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Applying the multiplication rules of the algebra  presented in Fig. 1.6(b) in the form of
a diagram called the Fano scheme, that is e1  e2  e3 , e1  e4  e5 , e2  e4  e6 and
e3  e4  e7 , we get the general form of the octonion number

o  r000  r001  e1  r100  e2  r101  e3  r010  e4  r011  e5  r110  e6  r111  e7

(1.80)

The order of the algebra of octonions is 23 = 8.

1.3.2. General Form of the n-dimensional Hypercomplex Signal
The general form of a n-dimensional hypercomplex signal is
m

 h  x   r0  x    ri  x  ei ,

(1.81)

i 1

where r0  x  is its real part and the imaginary part is formed of m components, all being
n-D functions. The conjugate signal to (1.81) is
m

 h*  x   r0  x    ri  x  ei ,

(1.82)

i 1

and the norm of (1.81)
m

 h  x   r02  x    ri 2  x 

(1.83)

i 1

The maximal number m in (1.81)-(1.83) is related to the order 2k (k = 0, 1, 2, 3, …) of a
given Cayley-Dickson algebra and equals 2k – 1. The maximum total number of
components is equal 2k. For k = 2, we get the general form of a n-D quaternion signal with
4 components:

 q  x   r0  x   r1  x  e1  r2  x  e2  r3  x  e3 ,

(1.84)

and for k  3 , a n-D octonion signal with 8 components:
7

 o  x   r0  x    ri  x  ei

(1.85)

i 1

It should be noticed that the order of the algebra (equal 4 for quaternions, 8 for octonions)
can be different from the dimension of a signal space. For example in the following
sections, we will consider 2-dimensional quaternion analytic signals and
3-dimensional octonion analytic signals.
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1.3.3. The Signal-domain Definition of the n-D Cayley-Dickson Analytic Signal
The definition (1.22) of the n-D complex delta distribution inspired us to define the n-D
hypercomplex delta distribution  δh in the Cayley-Dickson algebra [26-28] in the form
n


1
 δh  x      xi  
e2i1  
 xi
i 1 





1 
1
1
    x1  
e1    x2  
e2     x3  
e4  ... ,
 x1 
 x2 
 x3 


(1.86)

where the sign  in a given factor of (1.86) is strictly connected with the form of a
single-orthant operator introduced in Section 1.2.2. Please note the subscript 2i-1 of all
imaginary units in (1.86).
In analogy to (1.23), the n-D Cayley-Dickson analytic signal is defined as the n-fold
convolution of a real signal u  x  , x   x1 , x2 ,..., xn  with the n-D hypercomplex
Cayley-Dickson delta distribution given by (1.86). We have

 h  x   u  x  ...  δh  x 
n  fold

(1.87)

Let us present the signal-domain definitions signal of  h  x  for n = 2 and 3. In the first
case, we will tell about the 2-D quaternion analytic signal, while in the 3-D case – about
the 3-D octonion analytic signal.

1.3.3.1. The Signal-domain Definition of the 2-D Quaternion Analytic Signal
The 2-D quaternion analytic signal  1q  x1 , x2  (with the 1st quadrant spectrum) is given
by a two-fold convolution with the corresponding Cayley-Dickson hypercomplex delta
distribution  h  x  :



 q1  x1 , x2   u  x1 , x2     x1  



1 
1
e1    x2  
e2 
 x1 
 x2 

(1.88)

Applying the multiplication rules in the algebra of quaternions and separability of the
2-D delta distribution, the Eq. (1.88) gets the form



 q1  x1 , x2   u  x1 , x2      x1 , x2  


  x2 
  x1 

1
e1 
e2  2
e3  , (1.89)
 x1
 x2
 x1 x2 

i.e., it has the form of a quaternion signal (compare with Eq. (1.84)):

 q1  x1 , x2   u  v1e1  v2e2  ve3 .
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with all components of the sum being functions of  x1 , x2  . The signal (1.90) is known as
the quaternion analytic signal [2, 29]. Using operators (1.12)-(1.14), we can express
(1.90) in the following equivalent way as

 q1  x1 , x2   I u  H 1 u e1  H 2 u e2  H u e3

(1.91)

Analogously as above, we define next three 2-D quaternion analytic signals with spectra
in Quadrants No. 2, 3 and 4 respectively. We get


 q2  x1 , x2   u  x1 , x2      x1 , x2  

  x2 
  x1 

1
e1 
e2  2
e3  
 x1
 x2
 x1 x2 

(1.92)

= u  v1e1  v2 e2  ve3  I u  H1 u e1  H 2 u e2  H u e3 ,


 q3  x1 , x2   u  x1 , x2      x1 , x2  

  x2 
  x1 

1
e1 
e2  2
e3  
 x1
 x2
 x1 x2 

(1.93)

= u  v1e1  v2 e2  ve3  I u  H1 u e1  H 2 u e2  H u e3 ,


 q4  x1 , x2   u  x1 , x2      x1 , x2  

  x2 
  x1 

1
e1 
e2  2
e3  
 x1
 x2
 x1 x2 

(1.94)

= u  v1e1  v2 e2  ve3  I u  H1 u e1  H 2 u e2  H u e3 ,

All signals (1.90), (1.92)-(1.94) have form of quaternion signals, but there are no
conjugate pairs (as in the complex case). So, the 2-D real signal u  x1 , x2  is represented
in the hypercomplex domain by four different quaternion analytic signals. However,
we have

u  x1 , x2   Re qi  x1 , x2  , i  1,2,3,4 ,

(1.95)

So, the 2-D real signal can simply be derived from its single quaternion representation.
Please note that all imaginary parts of (1.91)-(1.94) are the same functions as in the 2-D
complex case described in Section 1.2.3.1.

1.3.3.2. The Signal-domain Definition of the 3-D Octonion Analytic Signal
Similarly as in the 2-D case and using the multiplication rules in the algebra of octonions
(see Fig. 1.6(b)), we develop the form of the 3-D octonion analytic signal (with the 1st
octant spectrum) as a three-fold convolution of the 3-D real signal u  x  , x   x1 , x2 , x3 
with the corresponding 3-D hypercomplex delta distribution given by (1.86). We have
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  x2 , x3 
  x1 , x3 
  x3 
  x1 , x2 
 1o  x   u  x       x  
e1 
e2 
e3 
e4 
 x1
 x2
 x3

 2 x1x2
(1.96)

  x2 
  x1 
1

e5 
e6 
e7  ,
 2 x1x3
 2 x2 x3
 3 x1x2 x3 

that is equal to

 o1  x   u  v1e1  v2 e2  v12 e3  v3e4  v13e5  v23e6  ve7
= I u  H1 u e1  H 2 u e2  H12 u e3  H 3 u e4  H13 u e5 + (1.97)
+ H 23 u e6  H u e7 ,

with all components as functions of  x1 , x2 , x3  . The signal (1.97) has been called by the
authors of [16], [26-28] the octonion analytic signal. It is easily to develop next seven
different octonion analytic signals representing the 3-D real signal u  x1 , x2 , x3  in the
hypercomplex domain. We have
 o2  x   u  v1e1  v2 e2  v12 e3  v3 e4  v13 e5  v23 e6  ve7 
= I u  H1 u e1  H 2 u e2  H12 u e3  H 3 u e4  H13 u e5 

(1.98)

+H 23 u e6  H u e7 ,

 o3  x   u  v1e1  v2 e2  v12 e3  v3 e4  v13 e5  v23 e6  ve7 
= I u  H1 u e1  H 2 u e2  H12 u e3  H 3 u e4  H13 u e5 

(1.99)

 H 23 u e6  H u e7 ,

 o4  x   u  v1e1  v2 e2  v12 e3  v3 e4  v13 e5  v23 e6  ve7 
= I u  H1 u e1  H 2 u e2 + H12 u e3  H 3 u e4  H13 u e5  (1.100)
 H 23 u e6 + H u e7 ,

 o5  x   u  v1e1  v2 e2  v12 e3  v3 e4  v13 e5  v23 e6  ve7 
= I u  H1 u e1  H 2 u e2 + H12 u e3  H 3 u e4  H13 u e5  (1.101)
 H 23 u e6  H u e7 ,

 o6  x   u  v1e1  v2 e2  v12 e3  v3 e4  v13 e5  v23 e6  ve7 
= I u  H1 u e1  H 2 u e2  H12 u e3  H 3 u e4  H13 u e5  (1.102)
 H 23 u e6  H u e7 ,
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 o7  x   u  v1e1  v2 e2  v12 e3  v3 e4  v13 e5  v23 e6  ve7 
= I u  H1 u e1  H 2 u e2  H12 u e3  H 3 u e4  H13 u e5  (1.103)
 H 23 u e6  H u e7 ,

 o8  x   u  v1e1  v2 e2  v12 e3  v3 e4  v13 e5  v23 e6  ve7 
= I u  H1 u e1  H 2 u e2  H12 u e3  H 3 u e4  H13 u e5  (1.104)
 H 23 u e6  H u e7 ,

So, the 3-D real signal can be derived from its single octonion representation as
u  x1 , x2 , x3   Re  oi  x1 , x2 , x3  , i  1,...,8 .





1.3.4. The Frequency-domain Definition of the n-D Cayley-Dickson Analytic Signal
The n-D hypercomplex analytic signals are defined in a similar way as the n-D complex
analytic signals (1.58), i.e., with the use of the n-D single-orthant operator 1 f  . It is
known that the convolution-to-multiplication theorem applies also for the n-D
hypercomplex Fourier transform [30] and as a result, it is possible to define the n-D
hypercomplex analytic signals starting from their single-orthant hypercomplex spectra.
The n-D Cayley-Dickson analytic signal is defined as the inverse n-D Cayley-Dickson
Fourier transform
1
 h  x   FCD
1 f  Uh  f  ,

(1.105)

where U h  f  is the hypercomplex (Cayley-Dickson) Fourier spectrum of the n-D real
signal u(x) defined in [26] as the right-side hypercomplex Fourier transform
Uh  f  

n

u  x  exp   e




where the subscript k  2

i 1

k

i 1

n

2 f i xi  d n x ,

(1.106)

. The inverse hypercomplex Fourier transform of (1.106) is

1
FCD
U h  f

n

h  f  exp  ek 2 f i xi  d n f
   U
i 1

(1.107)

n

Let us consider the case of a 2-D quaternion analytic signal and a 3-D octonion
analytic signal.

1.3.4.1. The Frequency-domain Definition of the 2-D Quaternion Analytic Signal
The 2-D quaternion analytic signal is defined as the inverse right-side Quaternion Fourier
Transform (QFT) of a single-quadrant quaternion spectrum of a 2-D real signal
u  x1 , x2  . The Eq. (1.105) has the form
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1
 q1  x1 , x2   FCD
1 f1 , f2  Uq  f1, f2  ,

(1.108)

and we get the frequency-domain definition of the 2-D quaternion analytic signal with the
spectrum in the quadrant No. 1 of the 2-D frequency-plane. The appropriate change of the
single-quadrant operator, as described in Section 1.2, permits to define next three
quaternion analytic signals with spectra in quadrants No. 2, 3 and 4
1
 q2  x1 , x2   FCD
1  f1, f2  Uq  f1 , f2  ,

(1.109)

1
 q3  x1 , x2   FCD
1  f1,  f2  Uq  f1, f2  ,

(1.110)

1
 q4  x1 , x2   FCD
1 f1,  f2  Uq  f1 , f2 

(1.111)

The Quaternion Fourier transform U q  f1 , f 2  of a 2-D real signal u  x1 , x2  is defined as
follows

U q  f1 , f 2    u  x1 , x2  e e1 2 f1x1 e e2 2 f2 x2 dx1dx2

(1.112)

2

It can be easily proved that the kernel of (1.112) can be expressed as a quaternion function:

e e1 2 f1x1 e e2 2 f2 x2   c1  s1e1  c2  s 2 e2   c1c2  s1c2 e1  c1s 2 e2  s1s 2 e3 , (1.113)
with ci  cos  2 fi xi  , si  sin  2 fi xi  , i  1, 2 . The QFT given by (1.112) is related to
the 2-D complex Fourier transform of u by a very elegant formula developed by Pei et al.
in [31] in the form

U q  f1 , f 2   U  f1 , f 2 

1  e3
1  e3
 U  f1 ,  f 2 
2
2

(1.114)

This formula proves the equivalence of complex and hypercomplex approaches to the
theory of 2-D analytic signals.

1.3.4.2. The Frequency-domain Definition of the 3-D Octonion Analytic Signal
The 3-D octonion analytic signal is defined as the inverse right-side Octonion Fourier
Transform (OFT) of a single-octant octonion spectrum of a 3-D real signal u x1 , x2, x3 .





In this case, the Eq. (1.105) gets the form
1
 o1  x1 , x2 , x3   FCD
1 f1, f2 , f3  Uo  f1, f2 , f3 
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If we want to derive the 3-D octonion analytic signals with spectra in Octants No. 2,
3, …,8, we only need to use a corresponding single-octant operator 1(f) changing signs of
fi as indicated in Table 1.2 (Section 1.2.1). The Octonion Fourier transform U o  f1 , f 2 , f 3 
of a 3-D real signal u  x1 , x2 , x3  defined in [16] has the following form

U o  f1 , f 2 , f3    u  x1 , x2 , x3  e e1 2 f1x1 e  e2 2 f2 x2 e e4 2 f3 x3 dx1dx2 dx3

(1.116)

3

Using the multiplication rules of the algebra of octonions, we can develop the kernel of
(1.116) in a form of the octonion function

ee1 2 f1x1 ee2 2 f2 x2 ee4 2 f3 x3   c1  s1e1  c2  s2 e2  c3  s3e4  
 c1c2c3  s1c2 c3e1  c1s2 c3e2  s1s2 c3e3  c1c2s3e4  s1c2s3e5  c1s2s3e6  s1s2s3e7

(1.117)

Let us mention that the definition (1.116) is not unique and there are many other triples of
imaginary units (here ( e1 , e2 , e4 )) that would define the kernel of the transformation in a
form of a full 3-D octonion function. The extended study of chosen properties of the OFT
is included in [18-20] (symmetry property, Parseval-Plancherel and Wiener-Khintchine
Theorems).
The OFT defined in (1.116) is related to the 3-D complex FT by the formula presented
with the proof in [32] as follows

U o  f1 , f 2 , f 3   14 U  f1 , f 2 , f3   U  f1 ,  f 2 , f3   1  e5  
+ 14 U  f1 , f 2 ,  f 3   U  f1 ,  f 2 ,  f3   1  e5  
 14 e3 U   f1 , f 2 , f 3   U   f1 ,  f 2 , f 3   1  e5  

(1.118)

 14 e3 U   f1 , f 2 ,  f 3   U   f1 ,  f 2 ,  f3   1  e5 
Let us emphasize that the order of imaginary units in (1.118) can not be changed since the
multiplication in the algebra of octonions is not commutative. We always use the rule
“from left to right”.

1.4. Polar Representation of Complex and Hypercomplex Analytic Signals
This section is devoted to the polar representation of n-D complex and hypercomplex
analytic signals. This problem has completely been solved only for 2-D analytic
signals [3, 8, 29, 33]. However, it seems that the decomposition of higher dimensional
hypercomplex analytic signals into amplitude- and phase functions is more complicated.
The first approach to this problem has been proposed by Hahn and Snopek in [16].
However, according to the latest results published by Błaszczyk in [34], their hypothesis
about the decomposition of 3-D octonion analytic signals into one amplitude- and seven
phase functions is not validated.
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1.4.1. Polar Representation of 2-D Complex Analytic Signals
Let us go back to Eqs. (1.28) and (1.31) defining the 2-D analytic signals with spectra in
Quadrants No. 1 and 3 and express them in a polar form

 ci  x1 , x2    ci  x1 , x2  e

e1 arg ci

 x1 , x2   Ai x , x e e  ic  x1 , x2  ,
c 1
2
1

(1.119)

where Aci  x1 , x2    ci  x1 , x2  are called local amplitudes and arguments of  ci  x1 , x2  ,
denoted with ic  x1 , x2  , are local phases of a signal. We have

 Re

Aci  x1 , x2  

i
c

 x1 , x2 

and

tan   x1 , x2  
i
c

2



 Im  ci  x1 , x2 



2

,

Im  ci  x1 , x2 

Re  ci  x1 , x2 

(1.120)

(1.121)

So, the local amplitude and the local phase of the 2-D analytic signal with spectrum in the
Quadrant No. 1 of the frequency plane (1.28) respectively are

Ac1  x1 , x2  

 u  v    v1  v2 
2

 u 2  v 2  v12  v22  2  uv  v1v2  , (1.122)

2

tan 1c  x1 , x2  

v1  v2
u v

(1.123)

For the 2-D analytic signal with spectrum in the Quadrant No. 3, we get

Ac3  x1 , x2  

 u  v    v1  v2 
2

2

 u 2  v 2  v12  v22  2  uv  v1v2  , (1.124)

tan  3c  x1 , x2  

v1  v2
uv

(1.125)

As has already been mentioned, the 2-D real signal u  x1 , x2  is represented by two
different analytic signals  c1 and  c3 , each having its local amplitude and its local phase,
so in a general case, we have two different amplitudes and two different phase functions.
Let us consider now the case of separable 2-D real signals u  x1 , x2   f1  x1  f 2  x2  . Its
full Hilbert transform is a product v  x1 , x2   g1  x1  g 2  x2  where gi is the Hilbert
transform of fi. The partial Hilbert transforms are v1  x1 , x2   g1  x1  f 2  x2  and

v2  x1 , x2   f1  x1  g 2  x2  . It can easily be shown that all local amplitudes

Ac1  x1 , x2   Ac3  x1 , x2  , since uv  v1v2  f1 f 2 g1 g2  g1 f 2 f1 g2  0 . They are given by
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Aci  x1 , x2   u 2  v2  v12  v22 , i  1, 2, 3, 4

(1.126)

If we introduce the phase angles:

tan 1  x1   g1 f1 , tan 2  x2   g 2 f 2 ,

(1.127)

the Eq. (1.123) can be written as

g1 g 2

f1 f 2
1
tan  c  x1 , x2  
 tan 1  x1   2  x2  
g1 g 2
1
f1 f 2

(1.128)

1c  x1 , x2   1  x1   2  x2  ,

(1.129)

 3c  x1 , x2   1  x1   2  x2 

(1.130)

So, we get

It is possible to reconstruct the 2-D real signal and its total and partial Hilbert transforms
from the polar representation derived above. The reconstruction formulas presented in [8]
are as follows

u  x1 , x2  
v  x1 , x2  

Ac1  x1 , x2  cos 1c  x1 , x2   Ac3  x1 , x2  cos 3c  x1 , x2 
2

,

(1.131)

,

(1.132)

 Ac1  x1 , x2  cos 1c  x1 , x2   Ac3  x1 , x2  cos 3c  x1 , x2 

v1  x1 , x2  
v2  x1 , x2  

2
Ac1  x1 , x2  sin 1c  x1 , x2   Ac3  x1 , x2  sin 3c  x1 , x2 
2
Ac1  x1 , x2  sin 1c  x1 , x2   Ac3  x1 , x2  sin 3c  x1 , x2 
2

,

(1.133)
(1.134)

Let us illustrate the above formulas with the example of the 2-D Cauchy separable signal
defined by (1.35) in Section 1.2.3.2 of this chapter. The Fig. 1.7 shows local amplitude
and two local phase functions of this signal calculated using (1.126) and (1.129), (1.130).
We observe a different orientation of two local phase functions on the ( x1 , x2 )–plane and
their odd parity. The local amplitude is an even function w.r.t. x1 and x2 .

1.4.2. Polar Representation of 2-D Quaternion Analytic Signals
The polar form of the 2-D quaternion analytic signal (1.90) was defined by Bülow
in [2] as

 q1  x1 , x2   Aq exp  e11q  exp  e33q  exp  e2q2  ,

(1.135)
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where Aq, called the amplitude of the quaternion analytic signal, is given by the
square root:

(a)

(b)

(c)
1
3
Fig. 1.7. Polar representation of the 2-D Cauchy separable signal: (a) The local amplitude Ac  Ac ;
1
3
(b) the local phase function  c – mesh and contour plots; (c) the local phase function  c – mesh
and contour plots.
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Aq  x1 , x2   u 2  v12  v22  v 2 ,

(1.136)

and three phase functions are Euler’s angles defined by
tan 21q  x1 , x2  
tan 2 q2  x1 , x2  

sin 23q  x1 , x2  
Let us note that

2  uv1  vv2 
u  v12  v22  v 2
2

2  uv2  vv1 
u  v12  v22  v 2
2

q
2

(1.137)

,

(1.138)

2  v1v2  uv 

(1.139)

Aq2

  ,  ,     ,    
q
1

,

q
3

2,  2     4,  4 [2]. The details

concerning calculation of phase angles (1.137)-(1.139) are to be found in [11].
In [35], the relation between the amplitude of the 2-D quaternion analytic signal (1.136)
and two amplitudes of 2-D complex analytic signals with spectra in the 1st and 3rd quadrant
of the frequency plane was derived in a form:

 A  x , x    A  x , x 
2

1
c

Aq 

1

3
c

2

1

2

2

(1.140)

2

Moreover, we have
sin 2

q
3

 A  x , x    A  x , x 

 A  x , x    A  x , x 
1
c

1
c

2

1

2

2

1

2

3
c

3
c

1

1

2

2

2

(1.141)

2

Let us note that the angle  3q    4 (singular value) only if Ac1  0 or Ac3  0 , which
is almost impossible for real image functions. For other Euler’s angles we have

1q  x1 , x2  

1c   3c
,
2

(1.142)

 q2  x1 , x2  

1c   3c
2

(1.143)

The formulas (1.140)-(1.143) show that both representations (quaternion and complex)
are equivalent and the choice of the method is a matter of convention. In the case of 2-D
separable signals, we get the following equalities:

Aq  Ac1  Ac3 ,

(1.144)

1q  x1 , x2   1  x1  ,  q2  x1 , x2   2  x2  ,  3q  x1 , x2   0

(1.145)
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The Fig. 1.8 displays all polar components of the quaternion analytic signal in the case of
the 2-D separable Cauchy signal from the preceding Example 2. The quaternion amplitude
given by (1.136) is exactly the same as illustrated in Fig. 1.7(a). The quaternion phase
functions 1q and  q2 differ in orientation. The third phase  3q is zero.

(a)

(b)

Fig. 1.8. Polar quaternion representation of the 2-D Cauchy separable signal: (a) The mesh plot
of the phase function  1q , (b) The mesh plot of the phase function  q2 .

It is possible to reconstruct the 2-D real signal u  x1 , x2  from its quaternion polar
representation [2] by calculating the real part of (1.135):

u  x1 , x2   Aq cos 1q cos q2 cos 3q  sin 1q sin q2 sin 3q 

(1.146)

Moreover, the other reconstruction formulas of total and partial 2-D Hilbert transforms
are as follows
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v  x1 , x2   Aq cos 1q cos q2 sin 3q  sin 1q sin q2 cos 3q  ,

(1.147)

v1  x1 , x2   Aq sin 1q cos q2 cos 3q  cos 1q sin q2 sin 3q  ,

(1.148)

v2  x1 , x2   Aq cos 1q sin q2 cos 3q  sin 1q cos q2 sin 3q  ,

(1.149)
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1.4.3. Polar Representation of 3-D Complex Analytic Signals
As has already been mentioned in Section 1.2.3.2, the 3-D real signal u  x1 , x2 , x3  is
represented by four 3-D complex analytic signals  ci  x1 , x2 , x3  , i = 1, 3, 5, 7 with spectra
in corresponding octants of the half-space f1  0 . Their polar representation [8] is

 ci  x1 , x2 , x3   Aci  x1 , x2 , x3  e

e1 ic

 x1 , x2 , x3  , i  1, 3, 5, 7 ,

(1.150)

(compare with Eq. (1.119)). The functions Ac  x1 , x2 , x3  are local amplitudes and
i

i





c x1, x2 , x3 are local phases. They are given by

 Re    Im 

Aci  x1 , x2 , x3  

i
c

tan  ic  x1 , x2 , x3  

2

i
c

2

,

(1.151)

Im  ci 

(1.152)

Re  ci 

So, the 3-D real signal u  x1 , x2 , x3  is defined by four different amplitudes and four
different phase functions. Having in mind the conjugate relations between eight 3-D

 

*

 

*

 

*

analytic signals:  c2   c7 ,  c4   c5 ,  c6   c3

 

*

and  c8   c1 , we only present

definitions of local amplitudes and local phase functions for signals with spectra in
Octants No. 1, 3, 5 and 7. We have

Ac1  x1 , x2 , x3  

 u  v12  v13  v23    v1  v2  v3  v 
2

tan 1c  x1 , x2 , x3  

Ac3  x1 , x2 , x3  

2

2

v1  v2  v3  v
,
u  v12  v13  v23

(1.153)
(1.154)

2

,

v1  v2  v3  v
,
u  v12  v13  v23

 u  v12  v13  v23    v1  v2  v3  v 

tan  5c  x1 , x2 , x3  

,

v1  v2  v3  v
,
u  v12  v13  v23

 u  v12  v13  v23    v1  v2  v3  v 

tan  3c  x1 , x2 , x3  

Ac5  x1 , x2 , x3  

2

(1.155)
(1.156)

2

,

(1.157)
(1.158)
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Ac7  x1 , x2 , x3  

 u  v12  v13  v23    v1  v2  v3  v 
2

tan  7c  x1 , x2 , x3  

Let us consider now the
u  x1 , x2 , x3   f1  x1  f 2  x2  f3  x3  .

2

,

v1  v2  v3  v
u  v12  v13  v23

(1.159)
(1.160)

case of a separable 3-D real signal
Its full Hilbert transform is a product

v  x1 , x2 , x3   g1  x1  g 2  x2  g3  x3  of corresponding Hilbert transforms of fi. The partial
Hilbert transforms are:
v1  x1 , x2 , x3   g1  x1  f 2  x2  f3  x3  , v2  x1 , x2 , x3   f1  x1  g 2  x2  f3  x3  ,
v3  x1 , x2 , x3   f1  x1  f 2  x2  g3  x3  , v12  x1 , x2 , x3   g1  x1  g 2  x2  f3  x3 

(1.161)

v13  x1 , x2 , x3   g1  x1  f 2  x2  g3  x3  , v23  x1 , x2 , x3   f1  x1  g 2  x2  g3  x3 
In the separable case, all local amplitudes Aci are equal and given by
2
Aci  x1 , x2 , x3   u 2  v12  v22  v122  v32  v132  v23
 v2

(1.162)

If we introduce the angles: tan 1  x1   g1 f1 , tan 2  x2   g 2 f 2 , tan 3  x3   g3 f 3 ,
then the local phase 1c  x1 , x2 , x3  is

1c  x1 , x2 , x3   1  x1   2  x2   3  x3 

(1.163)

Similarly, we can show that

 3c  x1 , x2 , x3   1  x1   2  x2   3  x3  ,

(1.164)

 5c  x1 , x2 , x3   1  x1   2  x2   3  x3  ,

(1.165)

 7c  x1 , x2 , x3   1  x1   2  x2   3  x3 

(1.166)

1.4.4. Polar Representation of 3-D Octonion Analytic Signals
In [34], the polar representation of the octonion was proposed and numerically validated
in a form
o

o

o

o

o  q  e e4  4 e e5 5 e e6  6 e e7  7 ,
where q is the unit quaternion defined as
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q

e q

q

q  ee11 e 3 3 ee22 ,

(1.168)

with phases  iq are the same Euler angles as in (1.135). This proposition opens the way
to the polar representation of 3-D octonion analytic signals – the problem solved only
partially. We are certain that it is defined by a single amplitude Ao equal the absolute value
of (1.97)-(1.104):
2
Ao  x1 , x2 , x3   u 2  v12  v22  v122  v32  v132  v23
 v2 ,

(1.169)

and by seven phase functions  iq  x1 , x2 , x3  , i  1,...,7 . We do not know the formulas
defining them.

1.5. Conclusions
In this chapter, we presented the theory of complex and hypercomplex multidimensional
analytic signals. The “analyticity” was understood in the Gabor’s sense, what means that
the spectrum of the n-D analytic signal is limited to a single orthant of the n-D frequency
space. We showed two equivalent approaches: complex (proposed by Hahn in [8]) and
hypercomplex, based on Cayley-Dickson algebras of quaternions and octonions. The
signal-domain and frequency-domain definitions of complex and hypercomplex analytic
signals have been presented, as well as some mutual relations between complex and
hypercomplex spectra and polar components. One question remains still open: how to
define the polar components of the 3-D octonion analytic signal?
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Chapter 2

Signal Processing by Generalized Receiver
in Wireless Communications Systems
over Fading Channels
Vyacheslav Tuzlukov1

2.1. Generalized Detector: Quaternary DS-SSMA Wireless
Communications Systems
2.1.1. Problem Statement
In last several decades, the direct sequence spread spectrum multiple access (DS-SSMA)
technique has attracted a lot of attention as a transmission method providing spectrum
efficiency, high system capacity, multipath propagation, interference robustness, and
improved quality of service [1-3]. In DS-SSMA wireless communication systems, the
characteristics of the spreading codes provide a crucial effect on the performance of the
whole communication system [4, 5]. How much interference from other users is received
at a receiver is determined by the signature sequences. Additionally, the signature
sequences influence on the extraction capability of desired signal from noise like
spectrum. The orthogonal spreading sequences are characterized by the zero crosscorrelation for zero delay. This fact has attracted a great attention in research and
applications.
The polyphase complex sequences such as Frank-Zadoff-Chu sequences in [2, 6], and [7],
have the excellent correlation properties and can be 3 dB better than the binary real Gold
sequences in the maximum periodic correlation parameters. Also, the larger sets of
complex sequences are available. Owing to the fact that the complex sequences exhibit
the better autocorrelation and improved cross correlation properties than binary real
sequences, the application of the complex sequences in DS-SSMA wireless
communication systems has a great research interest [8-10]. However, these complex
sequences are nonorthogonal. They can be categorized as complex valued pseudorandom

Vyacheslav Tuzlukov
Department of Technical Maintenance of Aviation and Radio Electronic Equipment, Belarusian State
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spreading sequences. A set of the orthogonal 4-phase complex sequences that are derived
from the unified complex Hadamard Transform (UCHT) matrix [11] was introduced
in [10].
Therein, the correlation properties of the UCHT complex sequences were obtained, and
simulation results were given by applying the UCHT sequences to the binary phase shift
keying (BPSK) DS-SSMA wireless communication systems over the additive white
Gaussian noise (AWGN) channels. DS-SSMA wireless communication systems and their
performance evaluation techniques have been discussed in [1, 4] and [12]. In [8] and [9]
the performance bounds for DS-SSMA wireless communication systems with complex
signature sequences were investigated for the BPSK data signalling and for M-ary PSK
data signalling. The modulators and receivers discussed in these papers use the real
processing. For instance, in the IS-95 CDMA mobile cellular system [1], both forward
and reverse links use the forms of quadrature phase shift keying (QPSK) spread spectrum
modulation in which the same baseband binary signalling data stream modulates both in
phase (I) and quadrature (Q) binary real spreading sequences, and the receiver may
employ separate I and Q real processing of the spread spectrum signal with binary real
spreading sequences.
We consider a new receiver based on the generalized approach to signal processing in
noise [13-18] employing the complex processing instead of real. Hence, for the
quaternary DS-SSMA wireless communication systems, the modulators and generalized
receivers are complex and not performed in separate in phase and quadrature branches.
All research results in the literature mentioned above are established over AWGN
channels. It is well known that the fading and multiple access interference (MAI) are two
major sources of performance degradation in DS CDMA wireless communication
systems. Therefore, analysis of the DS-SSMA wireless communication systems
performance on fading channels is of considerable theoretical and practical interest.
Many papers deal with the error probability performance evaluations for binary DSSSMA wireless communication systems operating in fading channels with real binary
spreading sequences [19-23]. In [19] the signal-to-noise ratio (SNR) is studied at the
output of the correlation receiver for Rician fading channels. The performances DSSSMA wireless communication systems over Rayleigh fading channels are investigated
in [20] for deterministic binary sequences and in [22] for random binary sequences. The
influence of Rician factor of κ-μ short-term fading, κ-μ short-term fading severity
parameter, Gamma long-term fading severity parameter and Gamma long-term fading
correlation coefficient on level crossing rate is studied and discussed in [23] under
consideration of the macro diversity with selection combining receiver and two micro
diversity maximum ratio combining receivers. However, there is no the result for the error
probability performance analysis of quaternary DS-SSMA wireless communication
systems that operate in Rayleigh fading channels and employ the complex spreading
sequence, as well as complex processing at the transmitters and receivers.
We carry out the comparative analysis between performances of the DS-SSMA wireless
communication systems based on the correlation and generalized receivers for this case.
The main goal of this section is to investigate the performance of the quaternary
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DS-SSMA wireless communication system based on the generalized approach to signal
processing in noise with complex signature sequences in the presence of the flat Rayleigh
fading employing the generalized receiver and compare the performance of the quaternary
DS-SSMA wireless communication system employing the correlation receiver. The
complex spreading sequences include the orthogonal quaternary UCHT complex
sequences [11]. In this section the bit error rate (BER) performance evaluation is first
developed for the synchronous complex quaternary DS-SSMA wireless communication
systems employing the generalized receiver. Then the BER is evaluated for the
asynchronous complex quaternary DS-SSMA wireless communication systems
employing the generalized receiver based on both the characteristic function approach and
Gaussian approximation method.

2.1.2. Basic Definitions
In this section, we will define the unified complex Hadamard transform (UCHT) matrix
that generates orthogonal complex sequences by its rows. The UCHT matrix U n of order
N  2n is the square matrix and can be constructed by the following form [9, 10]

U n  U1  U n 1  U1    U1 ,




(2.1)

n times

where  denotes the Kronecker product of matrices; U1 is defined as


U1   1
 2

13 
,
2 3 

(2.2)

with 1 , 2 , 3 {1, 1, j ,  j} and j  1 , 1 . Note that U1 satisfies to the condition

U1U1  U1U1  2 I 2 ,

(2.3)

| det U1 |2  22 ,

(2.4)

and

where U1 represents the complex conjugate transpose of the matrix U1 . Hence, U1 is the
complex orthogonal Hadamard matrix and the UCHT matrix is complex orthogonal
matrix, too [24]. Moreover, it is obvious that U1 is a unified form of 64 different matrices
with elements in {1,  j} , and among them, there are eight matrices with all four different
element values. UCHT matrices contain the Walsh-Hadamard transform (WHT) matrix
as a special case with 1  1, 2  1, 3  1 in the matrix U1 .
In addition, since the elements of the matrix U1 are confined to four values {1,  j} ,
UCHT represents the mapping of four valued integers into a unit circle of complex plane.
For example, UCHT can be used as four valued complex transform that maps four integers
(0,1,2,3) into (1, j, 1,  j ) [10]. From the above discussion, 64 sets of orthogonal
sequences can be generated depending on the various combinations of 1 , 2 and 3 .
Depending on whether 3 is imaginary or real, these UCHT matrices can be categorized
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into two groups [11], i.e., UCHT with half spectrum property (HSP-UCHT) and UCHT
without half spectrum property (NHSP-UCHT). Each group has 32 sets of UCHT
matrices.
Let each row of one UCHT matrix be a complex sequence. Then the sequence a (i )
represents the ith row of the corresponding UCHT matrix, and the mth element of a (i ) takes
the form am(i )  u (i, m) , where u(i, m) is the element of the UCHT matrix. By repeating
the UCHT sequences, N  2n orthogonal UCHT sequences with the periods of N are
produced. For any two periodic sequences a(k ) and a (i ) with period N, the aperiodic
cross-correlation function is defined in [25] as
 N 1l ( k ) ( i )
  am a m  l , 0  l  N  1
 m0

 N 1 l
Rr ,i (l )    am( k)l am( i ) , 1  N  l  0
 m0
 0,
| l | N



(2.5)

If k  i , the cross-correlation function is the autocorrelation function Ri (l )  Ri ,i (l ) .
Introduce some notation for the complex valued random variables. The cumulative
distribution function of the complex variable Z is specified by giving the joint distribution
of its real and imaginary parts, i.e.

CZ ( z )  CR {Z },G {Z } ( x, y )  P(R{Z }  x, G {Z }  y ),

(2.6)

where P () denotes the probability, R{Z} and G {Z } represent the real and imaginary
parts of Z respectively, and the pair of real numbers ( x, y) can be identified with a
complex number z  x  jy , associating with ( x, y) and the complex number
z  x  jy , the probability density function of Z is defined as the joint probability density
function of (R{Z }G {Z }) , i.e.

f Z ( z )  fR {Z },G {Z } ( x, y ) .

(2.7)

A complex random variable is independent if

f Z ( z )  fR {Z } ( x) fG {Z } ( y ) .

(2.8)

The distribution of a complex random vector

Z  ( Z1 , Z 2 ,, Z n )
58

(2.9)

Chapter 2. Signal Processing by Generalized Receiver in Wireless Communications Systems over Fading
Channels

is specified by the joint distribution of real random vector (R{Z1},,R{Z n }, G {Z1},,
G {Z n }) .

CZ (Z)  P(R{Z1}  R{z1},,R{Z n }  R{zn }, G {Z1}  G {z1},, G {Z n }  G {Z n }) , (2.10)
where z  ( z1 , z2 ,, zn ) denotes the complex valued vector with zi  xi  jyi , i  1,2,,
n . The probability density function of Z is defined in terms of the joint probability density
function of 2n real random variables R{Z i } and G {Z i } , that is

f Z (z )  fR {Z1 },,R {Zn },G {Z1 },,G {Zn } ( x1 ,, xn , y1 ,, yn )

(2.11)

Thus, the complex random variables {Zi } are independent if
n

f Z (z )   f Zi ( zi )

(2.12)

i 1

2.1.3. System Model
In this section, a quaternary DS-SSMA wireless communication system with complex
signature sequences over Rayleigh fading channel is described. As shown in Fig. 2.1, there
are K simultaneous users that transmit data asynchronously. The channel inputs and
outputs are complex waveforms. Both the modulator and the receiver employ a complex
signal processing.

2.1.3.1. Transmitter Model
The ith user’s data signal can be expressed as

bi (t ) 



b

l 

(i )
l

pT (t  lT ),

(2.13)

where the function pT (t ) is the rectangular pulse of duration T, bl(i ) {(1 2)(1,  j )}
denotes the lth complex quaternary data value of the ith user, and it is assumed to take
values with equal probability and be independently complex uniform, i.e., R{bl(i ) } and

G {bl(i ) } are independent and uniform with the probability
 P{R{bl(i ) }  1 2}  P{R{bl(i ) }  1 2}  0.5 ,

(i )
(i )
 P{G {bl }  1 2}  P{G {bl }  1 2}  0.5

(2.14)

The complex spreading signal for the ith user can be expressed as
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ai (t ) 



a

m 

 (t  mTc ) ,

(i )
m

(2.15)

where am(i ) {1,  j} denotes the mth complex chip value of the ith user, which is
quadriphase or 4-phase complex sequence element, and the complex spreading sequence
a (i )  {am(i ) } has the period N. The function  (t ) is the arbitrary chip waveform that is time
limited to [0, Tc ) , including the rectangular pulse, and Tc is the chip duration. It is
assumed that there is one period of the spreading sequence per data symbol, so T  NTc .
Thus, the ith transmitted signal is described by
si (t )  2 Pi bi (t ) ai (t ) exp{ j (c t   i )} ,

where

(2.16)

2 Pi exp{ j (c t   i )} is the complex carrier signal, as shown in Fig. 2.1; Pi

represents the ith transmitted signal power; c is the common complex carrier frequency;
i is the carrier phase of the ith carrier, which is an independently uniform random variable
within the limits of the interval [0,2 ) . Power control is assumed to be perfect, and the
transmitted signal power Pi is assumed to be known.

Fig. 2.1. DS-SSMA system with complex modulator and complex generalized receiver.
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2.1.3.2. Rayleigh Fading Channel Model
In Fig. 2.1, each signal si (t ) is transmitted over a frequency nonselective fading channel,
where the user signals and the interfering signals all experience mutually independent
Rayleigh fading. The fading is also assumed to be slow such that the coherent detection
is feasible. The channel impulse response for the ith transmitted signal takes the form

hi (t )  Ai exp{ j i } (t   i ) ,

(2.17)

where the fading random variables Ai , 1  i  K , are independent, Rayleigh distributed
and account for the fading channel attenuation of all signals. The fading random variables
are assumed to have the same probability density function (pdf) and the pdf of Ai is

  exp{-0.5 2 },   0
,
f Ai ( )  
 0
 0,

(2.18)

with E[ Ai2 ]  2 , E[] denotes the mathematical expectation. In (2.17), i , 1  i  K , are
the phases introduced by the fading channel and are assumed to be uniform within the
limits of the interval [0,2 ) ;  (t ) is the Dirac impulse function, and  i , 1  i  K , are
the time delays which are assumed to be uniform within the limits of the interval [0, T )
and independent.
The transmitted signal is further assumed to experience an additive background thermal
band pass noise process

w(t )  r (t )exp{ jc t} ,

(2.19)

r (t )  x(t )  jy(t ) ,

(2.20)

where

x(t ) and y (t ) are the independent zero mean baseband Gaussian noise processes, each
having power spectral density given by S ( f )  0.25N 0 for | f | 0.5B and S ( f )  0 for
| f |  0.5 B , where N 0 is the power spectral density of the white Gaussian noise. We
assume that the bandwidth B of the noise is much greater than the bandwidth of the
baseband signals bi (t ) and ai (t ) . The average power of the band pass noise process is
E[n 2 (t )]  0.5N 0 B .

(2.21)

The received signal at the input of the generalized receiver takes the following form
K

z (t )   2Pi Ab
i i (t   i )ai (t   i )exp{ j (c t  i )}  w(t ),

(2.22)

i  i  i  c i .

(2.23)

i 1

where
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All delays are defined by modulo T and all carrier phase angles are defined by modulo
2 . This allows one to restrict attention to 0   i  T , 0  i  2 , i . It is easy to show
that  i and i can be modelled as mutually independent uniform random variables for
very large c . Hence, in this chapter, it is further assumed that all Ai , i ,  i are mutually
independent random variables.

2.1.3.3. Generalized Receiver
To coherently demodulate the desired user signal in an asynchronous system the
conventional generalized receiver (see Fig. 2.2) is employed by DS-SSMA system. As we
mentioned before, the generalized receiver is constructed in accordance with the
generalized approach to signal processing in noise [13-15]. The generalized approach to
signal processing introduces an additional noise source that does not carry any information
about the parameters of desired transmitted signal with the purpose to improve the signal
processing system performance. This additional noise can be considered as the reference
noise without any information about the parameters of the signal to be detected.

Fig. 2.2. Generalized receiver structure.

The jointly sufficient statistics of the mean and variance of the likelihood function is
obtained under the generalized approach to signal processing in noise employment, while
the classical and modern signal processing theories can deliver only a sufficient statistics
of the mean or variance of the likelihood function. Thus, the generalized approach to
signal processing in noise implementation allows us to obtain more information about the
desired transmitted signal incoming at the generalized receiver input. Owing to this fact,
the detectors constructed based on the generalized approach to signal processing in noise
technology are able to improve the signal detection performance in comparison with other
conventional detectors.
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The generalized receiver (GR) consists of three channels (see Fig. 2.2): the GR correlation
detector channel (GR CD) – the preliminary filter (PF), the multipliers 1 and 2, the model
signal generator (MSG); the GR energy detector channel (GR ED) – the PF, the additional
filter (AF), the multipliers 3 and 4, the summator 1; and the GR compensation channel
(GR CC) – the summators 2 and 3, the accumulator 1. The threshold apparatus (THRA)
device defines the GR threshold. As we can see from Fig. 2.2, there are two band pass
filters, i.e. the linear systems, at the GR input, namely, the PF and AF. We assume for
simplicity that these two filters or linear systems have the same amplitude frequency
characteristics or impulse responses. The AF central frequency is detuned relative to the
PF central frequency.
There is a need to note that the PF bandwidth is matched with the transmitted signal
bandwidth. If the detuning value between the PF and AF central frequencies is more than
4 or 5 times the transmitted signal bandwidth to be detected, i.e. 4  5f s , where f s is
the transmitted signal bandwidth, we can believe that the processes at the PF and AF
outputs are uncorrelated because the coefficient of correlation between them is negligible
(not more than 0.05). This fact was confirmed experimentally in [26] and [27]
independently.
Thus, the transmitted signal plus noise can be appeared at the GR PF output and the noise
only is appeared at the GR AF output. The stochastic processes at the AF and PF outputs
present the input stochastic samples from two independent frequency time regions. If the
discrete time noise wi [k ] at the PF and AF inputs is Gaussian, the discrete time noise
 i [k ] at the PF output is Gaussian and the reference discrete time noise i [k ] at the AF
output is Gaussian, too, owing to the fact that the PF and AF are the linear systems and
we believe that these linear systems do not change the statistical parameters of the input
process. Thus, the AF can be considered as a generator of the reference noise with a priori
information a “no” transmitted signal (the reference noise sample) [15, Chapter 5].
The noise at the PF and AF outputs can be presented as




[
k
]
g PF [m]wi [k  m] ,

i


m 


 [k ] 
g AF [m]wi [k  m] ,

i

m 

(2.24)

where g PF [ m] and g AF [ m] are the impulse responses of the PF and AF, respectively.
In a general, under practical implementation of any detector in communication system
with sensor array, the bandwidth of the spectrum to be sensed is defined. Thus, the AF
bandwidth and central frequency can be assigned, too (the AF bandwidth can not be used
by the transmitted signal because it is out of its spectrum). The case when there are
interfering signals within the AF bandwidth, the action of this interference on the GR
detection performance, and the case of non-ideal condition when the noise at the PF and
AF outputs is not the same by statistical parameters are discussed in [28] and [29].
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Under the hypothesis H1 (“a yes” transmitted signal), the GR CD generates the signal
component sim [k ]si [k ] caused by interaction between the model signal sim [k ] , the MSG
output, and the incoming signal si [k ] , and the noise component sim [k ] i [k ] caused by
interaction between the model signal sim [k ] and the noise  i [k ] at the PF output. GR ED
generates the transmitted signal energy si2 [k ] and the random component si [k ] i [k ]
caused by interaction between the transmitted signal si [k ] and the noise  i [k ] at the PF
output. The main purpose of the GR CC is to cancel completely in the statistical sense the
GR CD noise component sim [k ] i [k ] and the GR ED random component si [k ] i [k ]
based on the same nature of the noise  i [k ] . The relation between the transmitted signal
to be detected si [k ] and the model signal sim [k ] is defined as:

sim [k ]   si [k ],

(2.25)

where  is the coefficient of proportionality.
The main functioning condition under the GR employment in any signal processing
system including the communication one with radar sensors is the equality between the
parameters of the model signal sim [k ] and the incoming signal si [k ] , for example, by
amplitude. Under this condition it is possible to cancel completely in the statistical sense
the noise component sim [k ] i [k ] of the GR CD and the random component si [k ] i [k ] of
the GR ED. Satisfying the GR main functioning condition given by (2.25), sim [k ]  si [k ]
and   1, we are able to detect the transmitted signal with the high probability of detection
at the low SNR and define the transmitted signal parameters with high accuracy.
Practical realization of this condition (2.25) at   1 requires increasing in the
complexity of GR structure and, consequently, leads us to increasing in computation cost.
For example, there is a need to employ the amplitude tracking system or to use the offline
data samples processing. Under the hypothesis H0 (“a no” transmitted signal), satisfying
the main GR functioning condition (2.25) at   1 we obtain only the background noise
i2 [k ]   i2 [k ] at the GR output owing to sim [k ]  si [k ] .
Under practical implementation, the real structure of GR depends on specificity of signal
processing systems and their applications, for example, the radar sensor systems, adaptive
communication systems, cognitive radio systems, satellite communication systems, and
mobile communication systems and so on. In the present chapter, the GR circuitry
(Fig. 2.2) is demonstrated with the purpose to explain the main functioning principles.
Because of this, the GR flowchart presented in the chapter should be considered under
this viewpoint. Satisfying the GR main functioning condition (2.25) at   1 , the ideal
case, for communication systems with radar sensor applications we are able to detect the
transmitted signal with very high probability of detection and define accurately its
parameters.
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In the present chapter, we discuss the GR implementation in wireless communication
systems using the radar sensor array. Since the presented GR test statistics is defined by
the signal energy and noise power, the equality between the parameters of the model signal
sim [k ] and transmitted signal to be detected si [k ] , in particular by amplitude, is required
that leads us to high circuitry complexity in practice. For example, there is a need to
employ the amplitude tracking system or offline data sample processing. Detailed
discussion about the main GR functioning principles if there is no a priori information and
there is an uncertainty about the parameters of transmitted signal, i.e., the transmitted
signal parameters are random, can be found in [13] and [14, Chapter 6, pp. 611-621 and
Chapter 7, pp. 631-695].
The complete matching between the model signal sim [k ] and the incoming signal si [k ] ,
for example by amplitude, is a very hard problem in practice because the incoming signal
si [k ] depends on both the fading and the transmitted signal parameters and it is
impractical to estimate the fading gain at the low SNR. This matching is possible in the
ideal case only. The GD detection performance will be deteriorated under mismatching in
parameters between the model signal sim [k ] and the transmitted signal si [k ] and the
impact of this problem is discussed in [18] and [30], where a complete analyze about the
violation of the main GR functioning requirements is presented. The GR decision statistics
requires an estimation of the noise variance  2 using the reference noise i [k ] at the AF
output.
Under the hypothesis H1 , the signal at the PF output, see Fig. 2.2, can be defined as

xi [k ]  si [k ]   i [k ] ,

(2.26)

where  i [k ] is the noise at the PF output and

si [k ]  hi [k ]s[k ] ,

(2.27)

where hi [k ] are the channel coefficients. Under the hypothesis H0 and for all i and k, the
process xi [k ]   i [k ] at the PF output is subjected to the complex Gaussian distribution
and can be considered as the independent and identically distributed (i.i.d.) process.
In the ideal case, we can think that the signal at the AF output is the reference noise i [k ]
with the same statistical parameters as the noise  i [k ] . In practice, there is a difference
between the statistical parameters of the noise i [k ] and  i [k ] . How this difference
impacts on the GR detection performance is discussed in detail in [14, Chapter 7,
pp. 631-695] and in [18] and [30].
The decision statistics at the GR output presented in [13] and [14, Chapter 3] is extended
for the case of antenna array when an adoption of multiple antennas and antenna arrays is
effective to mitigate the negative attenuation and fading effects. The GR decision statistics
can be presented in the following form:
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N 1 M

N 1 M

N 1 M

k  0 i 1

k  0 i 1

k  0 i 1

TGR ( X)   2 xi [k ]sim [k ]   xi2 [k ]  i2 [ k ]

H1



H

THRGR ,

(2.28)

0

where
X   x (0),...,x (N  1) 

(2.29)

is the vector of the random process at the PF output and THRGR is the GR detection
threshold.
Under the hypotheses H1 and H0 when, for example, the amplitude of the transmitted
signal is equal to the amplitude of the model signal, sim [k ]  si [k ] , the GR decision
statistics TGR (X) takes the following form in the statistical sense, respectively:
N 1 M
N 1 M
N 1 M

2
2



H
:
T
(
X
)
s
[
k
]

[
k
]
 i2 [k ] ,



i
i
 1 GR

k  0 i 1
k  0 i 1
k  0 i 1

N 1 M
N 1 M
 H : T ( X) 
i2 [k ]    i2 [k ]

 0 GR
k  0 i 1
k  0 i 1

(2.30)

  s [k ]  E corresponds to the average transmitted signal
energy, and the term    [k ]    [k ] is the background noise at the

In (2.30) the term

N 1

k 0

N 1

k 0

M 2
i 1 i
M

2
i 1 i

s

N 1

M

k 0

i 1

2
i

GR output. The GR output background noise is a difference between the noise power at
the PF and AF outputs. Practical implementation of the GR decision statistics requires the
estimation of the noise variance  2 using the reference noise i [k ] at the AF output.

2.1.3.4. Generalized Receiver in DS-SSMA System
Fig. 2.1 represents a conventional generalized receiver employed by DS-SSMA wireless
communication system, a block diagram of which is demonstrated in Fig. 2.2, to
coherently demodulate the desired user signal in an asynchronous system. It should be
noted that each user signal undergoes a Rayleigh flat fading channel, thus, an equalizer is
not included in the receiver. By symmetry, mathematical derivation of the average error
probability is the same for all users. We assume, without loss of generality, the ith user is
the target one and  i  i  0 . Hence, all delays and carrier phase shifts are measured
relative to those of the ith signal. The decision statistic is the output of a complex
generalized receiver that employs the complex carrier exp{ jc t} and the complex
spreading signal ai (t ) .
The output of the complex generalized receiver matched to the ith signal is the random
variable given by
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T

TGRi   [2 z (t ) ai (t )  z 2 (t )   2 (t )]exp{ jc t}dt .

(2.31)

0

Taking into consideration the general ideal condition of functioning of the generalized
receiver   1 and sims [k ]  si [k ] , we can rewrite (2.31) in the following form:
(i )
TGRi  Ii (b, , )  2Pi Ab
i 0 T   i (t ) ,

(2.32)

where  i (t ) is the background noise defined as
T

 i (t )   [i2 (t )   i2 (t )]dt ,

(2.33)

0

and Ii (b, , ) is the total multiple access interference (MAI) defined as
I i (b , , ) 

K



i 1,i  k

2 Pi Ai exp{ ji }[b( i1) Ri , k ( i )  b0( i ) Rˆi , k ( i )],

(2.34)

with

 b ( i )  (b( i1) , b0( i ) ),

(1)
(2)
( i 1)
( i 1)
(K )
 b  (b , b ,, b , b , , b ),

   ( 1 , 2 , , i 1 , i 1 , K ),
   ( , , , , , ),
1 2
i 1 i 1
K




 Ri ,k ( i )   ai (t   )ak (t )dt ,

0

T
 Rˆ ( )  a (t   )a (t )dt ,
k
 i ,k i  i



(2.35)

(2.36)

for 0    T . Along the lines of [4], it is easy to show that for 0    T , these two
cross-correlation functions can be written in the following form:
 Ri , k ( i )  Ci , k (l  N ) Rˆ (  lTc )  Ci , k (l  1  N ) R (  lTc ),

 Rˆi , k ( i )  Ci , k (l ) Rˆ (  lTc )  Ci , k (l  1) R (  lTc ),

(2.37)

where l   Tc  is the integer part of  Tc ; R ( s ) and Rˆ ( s) are the continuous time
partial autocorrelation functions of the chip waveform defined as
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R
(
s
)

 
0  (t ) (t  Tc  s)dt ,


Tc
 ˆ
R
(
s
)

s  (t ) (t  s)dt ,
 


(2.38)

for 0  s  Tc and zero otherwise. Therefore, the multiple access interference (2.34) can
be presented in the following form:

I i (b, ,  ) 

K



i 1, i  k

2 Pi Ai exp{ ji }b0( i ) {[b( i1) (b0( i ) ) Ci , k (li  N ) 

 Ci ,k (li )]Rˆ ( i  liTc )  [b( i1) (b0( i ) ) Ci , k (li  1  N ) 
 Ci ,k (li  1)]R ( i  liTc )} 


K



i 1,i  k

(2.39)

2 Pi Ai exp{ ji }b0( i ) [i(,nk ) (li ) Rˆ ( i  liTc ) 

 i(,nk ) (li  1) R ( i  liTc )],
where l   Tc  , n {0,1,2,3} satisfies exp{ jn 2}  b(i1) (b0(i ) ) and  i(,nk ) (l ) is the
complex quaternary correlation function defined in [31] as

i(,nk ) (l )  Ci , k (l )  Ci ,k (l  N )exp{ j n 2},

(2.40)

with 0  l  N  1 .Obviously,  i(0)
, k (l ) is the complex quaternary periodic cross-correlation
function and  i(,nk ) (l ) , n  1, 2,3 is the quaternary odd cross correlation function.

2.1.4. System Performance
In this section, the exact formulas for the average bit error rate (BER) for the synchronous
system with quaternary signal and complex sequences over Rayleigh fading channel is
derived first. Thereafter, the average BER for quaternary asynchronous system with
quaternary signal and complex sequences over Rayleigh fading channel is evaluated using
the characteristic function approach. The Gaussian approximate average BER for the
asynchronous system under consideration is obtained with the MAI being modelled as the
complex Gaussian random variable. A symbol error occurs in the complex processing
system if the decision statistic TGDi (X) is not in the same quadrant of the complex plane
as the data symbol from the desired signal. Since bl(i ) {(1 2)(1  j )} is the quaternary
phase data, the method discussed in [32] can be adopted with some modifications to
include the interference affect. Thus, simple computations show that for Gray coded
quaternary signal transmission system with complex sequences in the flat Rayleigh fading,
the average BER of the ith Rayleigh faded user is given by
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BER  0.5[ E ( PiR )  E ( PiG )] ,

(2.41)

where PiR is the average BER that R {TGRi } is not of the same polarity as R{b0(i ) }  1

2

and PiG is the average probability that G {TGRi } is not of the same polarity as G {b } 
(i )
0

1 2 . The expectation operator E is taken over the random vectors b, τ, and random
variable Ai , which are assumed to be mutually independent.
2.1.4.1. Synchronous BER Analysis
In this subsection, we consider the BER calculation for a synchronous system, i.e.,
 1   2     K  0 in (2.22). The exact BER for the synchronous system with complex
spreading sequences in Rayleigh fading is derived here. The presented derivation both
serves completeness and clarifies the derivation and understanding of the asynchronous
results in the next subsection. Let us describe the BER property of the synchronous system
under consideration. We consider the synchronous DS-SSMA system with complex
signature sequences and complex generalized receiver over flat Rayleigh fading channel
presented in Fig. 2.1. Then the average synchronous BER for a Rayleigh fading user is

BER  0.5[ BER iR  BER iG ]  0.5(1   s ) ,

(2.42)

where
s 

1
1   i 1,i  k
K

N 02
2 Pi

C
C
(0)
(0)

i ,k
i ,k
N 2 Pk
16 Ei2

(2.43)

is the energy per data symbol.
and Ei  PT
i
Let us show it. The output of the complex generalized receiver matched to the ith signal is
given by (2.31) and (2.32), where  i (t )   iR (t )   iG (t ) is as (2.33) with  iR (t ) and  iG (t )
being independent random variable distributed according to the modified second kind
Bessel function of an imaginary argument or, as it also called, McDonald function each
2
2
having the mean iR    iG  N 0T 4 and variance (1 16) N 02T 2 in the simplest ideal case
when  2   2 , i.e., the power of the noise at the PF and AF of the generalized receiver
are equal between each other. In the statistical sense we can assume that  i (t ) can be
considered as the random process with asymptotic Gaussian distribution with the mean
2iR   2iG  N 0T 4 and variance (1 16) N 02T 2 .
In view of (2.37) and (2.38)
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I i (b, , ) 

K



i 1,i  k

2 Pi Ai exp{ ji }b0( i ) Сi , k (0)Tc 

K



i 1,i  k

2 Pi Di b0( i ) Сi , k (0)

T
, (2.44)
N

where Di  Ai exp{ ji }  Di1  jDi2 is the zero mean complex Gaussian variable with the
unit variance, i.e., Di1 and Di2 are the independent zero mean real Gaussian variables
with unit variance. This is true since Ai is the Rayleigh distributed; i is the uniformly
distributed within the limits of the interval [0,2 ) and Ai , i are independent; b0( i ) takes
the values within the limits of the interval {(1

2)(1  j )} with independent complex

uniform, and is independent of Di , so Di  D b

is the independent zero mean complex

(i )
i 0

Gaussian variable with the unit variance. Note that { Ai ,i , b0(i ) }iK1 are mutually
independent complex random variables, hence, I i is the complex Gaussian random
variable with the real and imaginary parts being zero mean real independent Gaussian
random variables and each having variance

 I2,R   I2,G 

K
2 Pi T 2
2 Pi T 2
2

|
C
(0)
|
Ci , k (0)Ci, k (0) .


i ,k
2
2
N
N
i 1,i  k
i 1,i  k
K

(2.45)

Define

I i  I i (b, , )   i (t )  I i1  jI i2 ,

(2.46)

with I i1 and Ii2 being the real and imaginary parts of Ii . Then it follows from (2.44) and
(2.45) that I i1 and I i2 are the independent asymptotic zero mean Gaussian random
variables with the variances  I2iR   2iR and  I2iG   2iG , respectively, i.e., Ii is the
complex Gaussian random variable. By symmetry and using the independence of I i and
i , given Ai , the average conditional BERs for the real and imaginary parts of the
ith user are

BER iR | Ai  BER iG | Ai




 Q






Pi AT

i
,
2
2 2
K
2 PT
N0 T 

i
 2 Ci ,k (0)Ci ,k (0)  16 
i 1,i  k N


(2.47)

where


Q ( x) 

1
exp{0.5t 2 }dt .
2 x

(2.48)

Averaging over Ai with respect to the Rayleigh distribution in (2.18) and using the
integral identity
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1

 x exp{0.5 x }Q ( x /  )dx  2  2
2

0

1

 2 1

,

(2.49)

the average synchronous BER for a Rayleigh faded user is obtained in (2.42). Note that
UCHT sequences are orthogonal, i.e., Сi ,k (0)  0, i  k ;  s in (2.42) for quaternary
synchronous systems with complex UCHT sequences reduces to
 N 2
0
s  1  
 16 Ei2


1


4E
 1 i .

N0


(2.50)

This shows that the output of the ith generalized receiver is not affected at all by the signals
of other users, and it is only affected by the background noise and the Rayleigh fading.

2.1.4.2. Asynchronous BER Analysis
In this subsection, the average BER calculation for asynchronous DS-SSMA system with
complex signature sequences is investigated. The channel is assumed to be the Rayleigh
fading and complex processing is adopted for the modulator and generalized receiver.

2.1.4.2.1. Characteristic Function Approach
Define

di(,nk)  i(,nk ) [(li ) Rˆ ( i  liTc )  (li  1) R ( i  liTc ) ,

(2.51)

where n  0,1, 2,3 and
I i , k  2 Pi Di b0( i ) d i(,nk ) .

(2.52)

Then, (2.39) can be written in the following form:
I i (b, , ) 

K



i 1,i  k

Ii ,k 

K



i 1,i  k

2 Pi Di b0( n ) di(,nk ) .

(2.53)

Since

Di  Ai exp{ ji }  Di1  jDi2

(2.54)

is the independent zero mean complex Gaussian random variable with the unit variance,
then, given b(i )  (b0(i ) , b(i1) ) and  i ,

I i ,k  I i , k ,R  jI i ,k ,G

(2.55)

is the independent zero mean complex Gaussian random variable with the variance
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 i2, k ,R   i2, k ,G  2 Pi | d i(,nk ) |2 .

(2.56)

This implies that the conditional probability density function for I i , k takes the
following form:
fI

i , k |b

(i )

, i

( x, y ) 

2
2
1
 x  y 
.
exp


(n) 2 
4 Pi | d i(,nk ) |2
 4 Pi | d i , k | 

(2.57)

Note that

b( i )  (b0(i ) , b(i1) ) {(1

2)(1  j )}2 ,

(2.58)

averaging over b(i ) , we obtain
fI

i ,k |b

(i )

, i

( x, y ) 

 x 2  y 2 
1 3
1
.
exp  

(n) 2
(n) 2 
4 n  0 4 Pi | d i , k |
 4 Pi | d i , k | 

(2.59)

Since | d i(,nk ) |2 , n  0,1, 2,3 appears in the denominators of the exponential function
arguments, thus it is difficult to average over  i . In order to solve this problem, we employ
the characteristic function approach. The characteristic function of I i , k , given  i , takes
the following form:

Ii ,k | i (1 , 2 ) 

1 3
exp{(12  22 ) Pi | di(,nk) |2 } .

4 n 0

(2.60)

Averaging over  i , the characteristic function of I i , k takes the form:

 Ii ,k | i (1 , 2 ) 

T

1 3
exp{(12  22 ) Pi | di(,nk ) |2 }d i 


4 n0 0

1 3 N 1
 
4 n  0 li  0

( li 1)Tc



exp{(   ) Pi | d
2
1

2
2

(2.61)

| }d i

(n) 2
i ,k

li

If the chip waveform  (t ) is the rectangular pulse of duration Tc , i.e.,  (t )  1 for
0  t  Tc and  (t )  0 otherwise. Then for this waveform, R ( )   and

Rˆ ( )  Tc   . Let
ui 
so ui [0,1) . Then (2.61) reduces to
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,

(2.62)
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I

i ,k

| i

(1 , 2 ) 

1

3

N 1 1

  exp{(
4N

2
1

2
 22 ) PT
|  i(,nk ) (li )(1  ui )   i(,nk ) (li  1)ui |2 }dui 
i c

n  0 li  0 0



1
4N

3

N 1 1

  exp{(

2
1

(2.63)
  ) PT L }dui ,
2
2

2
i c

(n)
i ,k

n  0 li  0 0

where

Li(,nk)  | i(,nk ) (li )(1  ui )  i(,nk ) (li  1)ui |2 .

(2.64)

In order to calculate  Ii ,k | i (1 ,  2 ) , let us show that

 A2  B 2 | i(,nk ) (li ) |2 , if i(,nk ) (li )  i(,nk ) (li  1)

Li(,nk)  

2
2
 G (ui  F )  H

otherwise

,

(2.65)

where

 A  R {i(,nk ) (li )}, B  G {i(,nk ) (li )},

( n)
(n)
 C  R {i ,k (li )}, J  G {i ,k (li )},

(2.66)

and in the case of i(,nk ) (li )  i(,nk ) (li  1) , the parameters are defined as


 E  (C  A) 2  ( J  B ) 2 |  ( n ) (l  1)   ( n ) (l ) | ,
i ,k
i
i,k
i

2
2

A  B  AC  BJ
,
F
(C  A) 2  ( D  B ) 2


( AJ  BC ) 2
H
(C  A) 2  ( J  B ) 2


(2.67)

In this case
J i(,nk ) | [(C  A)  j ( J  D )]ui  A  jB |2  [(C  A)ui  A]2  [( J  B )ui  B ]2 
 [(С  A) 2  ( J  B ) 2 ]ui2  2[(C  A) A  ( J  B ) B ]ui  A2  B 2 

(2.68)

 A2  B 2 , |  i(,nk ) (li  1)   i(,nk ) (li ) |



2
2
 E (ui  F )  H , otherwise

Consider the next statement. Let
1

2
2
2
.
1( n ) (li , 1 ,  2 )   exp{(12   22 ) PT
i c [ E (ui  F )  H ]du i

(2.69)

0
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Then
2 M1 (i )

1( n ) (li , 1 , 2 ) 

Tc E 2 Pi (   )
2
1

2
2

2
exp{(12  22 ) PT
i c H} ,

(2.70)

where

M1 (i )  Q Tc E ( F  1) 2 Pi (12  22 )   Q Tc EF ) 2 Pi (12  22 )  .








(2.71)

Based on definition [32] we obtain
1

2
2
2
 (li , 1 , 2 )  exp{(   ) PT H } exp{(12  22 ) PT
i c [ E (ui  F ) ]}dui 
(n)
1

2
1

2
2

2
i c

0



1
Tc E 2 Pi ((12  22 )

exp{(   ) PT H }
2
1

2
2

(2.72)

Tc EF 2 Pi (12 22

2
i c

Tc E ( F 1)



exp(0.5t )dt.
2

2 Pi (12 22

Thus, (2.70) is obtained. Now, the characteristic function of I i , k can be presented in the
following form:
 Ii ,k (1 , 2 ) 

1
4Т

3 N 1

 

(n)

n  0 li  0

(li , 1 , 2 ) ,

(2.73)

where
2
(n)
2
 exp{(12  22 ) PT
i c |  i , k (li ) | },

 ( n ) (li , 1 , 2 )  

(n)
 1 (li , 1 , 2 ) ,

| i(,nk ) (li  1)  i(,nk ) (li ) |

otherwise

,

(2.74)

where 1( n ) (li , 1 , 2 ) is given by (2.70). Note that the above characteristic function is
given as an explicit closed form expression involving only the exponential function and
Q-functions. It can be readily programmed for direct evaluation. Thus, it is easy to show
that
2
(n)
2
1( n ) (li , 1 , 2 )  exp{(12  22 ) PT
i c |  i , k (li ) | },

(2.75)

as

i(,nk ) (li )  i(,nk ) (li  1) | 0 .

(2.76)

Since the complex random variables I i , k , 1  i  K , i  k from different interferers are
independent, the characteristic function for the total multiple access interference term I i
is given by
 Ii ,k (1 , 2 ) 

74

K
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Ii

(1 , 2 ) .

(2.77)
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Let i  I i   i , where  i is the complex zero mean Gaussian random variable in the
statistical sense representing the background noise [14]. Since the other user interference
and background noise are independent, the characteristic function of i takes the
following form:

i (1 , 2 )   Ii (1 , 2 ) i (1 , 2 ) ,

(2.78)

where  i (1 , 2 ) is the characteristic function of the background noise  i . Then the
marginal characteristic functions of i are given by

 iR ( )  Ii (,0) i (,0)  IiR ( ) iR ( ),
.

 iG ( )  Ii (0,  ) i (0,  )  IiG ( ) iG ( )

(2.79)

It follows from (2.73)-(2.79) that the marginal characteristic functions of i  I i   i
satisfy the following equality iR ( )  iG ( ) . Therefore, by symmetry, the conditional
BER for the target user can be given as

BER Ai  0.5( BERiR | Ai  BERiG | Ai )  BERiR | Ai  BER{R (i )   Pi AT
i }

1 1 sin( Pi AT
i )
  
iR ( )d  
2  0


.

(2.80)

 P AT  1  sin( Pi AT
i )
 Q i i   
[1   IiR ( )] iR ( )d 
  R   0

i


Using the integral identity


 sin(kx) x exp(0.5 x

2

) dx  0.5 k exp( 0.5k 2 ),

(2.81)

0

and averaging over Ai , we obtain the average BER for a Rayleigh faded user given by


N2
1 
BER  1   1  0 2
2  
16 Ei







1


Pi 

2 2
T  exp(0.5PT
 )[1   IiR ( )] iR ( )d  . (2.82)


i
2

0


Consider the DS-SSMA quaternary asynchronous system with complex sequences and
complex receivers over Rayleigh fading channels shown in Fig. 2.1. If the chip waveform
is a rectangular pulse, then the average BER of Rayleigh faded user can be given by (2.82).
Note that the above mentioned BER in (2.82) is expressed as the Q-functions and single
integral. Numerical integration techniques similar to [33] that use Simpson’s rule and
series expansion method can be applied to obtain the BER with high accuracy.
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2.1.4.2.2. Gaussian Approximation
The high accuracy BER for asynchronous system under consideration can be obtained
from the previous discussion. However, it would generally require excessive
computations. Hence, here we shall compute the average BER for asynchronous complex
DS-SSMA system in the flat Rayleigh fading by modelling multiple access interference
in (2.34) as a complex Gaussian process. Obviously, the mean of the multiple access
interference reduce to zero and the variance is given by

 I2 R   I2 G 
k

k

K



i 1,i  k

2
2
ˆ
2 PE
i [| Ri , k ( i ) |  | Ri , k ( i ) | ] 

2 Pi T
[| Ri ,k ( i ) |2  | Rˆi , k ( i ) |2 ]d 
 

i 1,i  k T 0
K

N 1

2P
   i
i 1,i  k k  0 T
K

( l 1)Tc



(2.83)

[| Ri ,k ( i ) |2  | Rˆi , k ( i ) |2 ]d ,

lTc

where the mathematical expectation has been computed with respect to mutually
independent complex random variables { Ai ,i , b(i1) , b0(i ) }|iK1 and the random variables
given by (2.54) being zero mean complex Gaussian random variable with the unit
variance. It is trivial to show that

E[R ( I k )G ( I k )]  E[R ( I k )]E[G ( I k )]  0,

(2.84)

with that, the real and imaginary parts of random variable I k are uncorrelated and
orthogonal. Therefore, if I k is assumed to be complex Gaussian random variable, then it
is independent. In the case of a rectangular wave shape function  (t )  1, 0  t  Tc , then
R ( s )  s and Rˆ (s)  T  s . Hence, following the treatment in [4] and substituting




c

(2.37) in (2.83), we obtain

 I2 R   I2 G 
k

k

2
2 PT
i
 3 ri ,k ,
i 1,i  k 3 N

K

(2.85)

where
N 1

ri ,k   [Ci , k (l  N )Ci,k (l  N )  Ci , k (l  1  N ) 
l 0


i ,k

C (l  1  N )  Ci ,k (l )Ci, k (l ) 

i ,k

(2.86)

i ,k


i ,k

Ci ,k (l  1)C (l  1)R{Ci ,k (l  N )C (l  1  N )}  R{Ci , k (l )C (l  1)} 
 2i ,k (0)  R {i , k (1)},
with
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i ,k (n) 

N 1

C

l 1 N

i ,k

(l )Ci,k (l  n) .

(2.87)

Similar to analysis for the synchronous case, given Ak , the average conditional BERs for
the real and imaginary parts of the ith user in the asynchronous case are

BERkR | Ak  BERkG | Ak




 Q






Pk Ak T

.
2
2
K
2 PT
N

i
r  0 

3 i ,k
16 
i 1,i  k 3 N

(2.88)

Averaging over Ak with respect to the Rayleigh distribution in (2.18), the average
asynchronous BER in the case of the Rayleigh fading channel takes the following form:

BER  0.5( BER iR  BER iG )  0.5(1   a ),

(2.89)

where
a 

1

N 02
2 Pi
r

1 
i,k
3
16 Ek2
i 1,i  k 3 N Pk
K

.

(2.90)

Based on the Gaussian approximation of the multiple access interference, the average BER
evaluation is approximately obtained in (2.89) for the quaternary asynchronous DSSSMA system with complex signature sequences, as well as the complex transmitters and
receivers in Rayleigh fading as depicted in Fig. 2.1.
From [25]
N 1

C

l 1 N

i ,k

N 1

(l )Ci,k (l  n)   Ci (l )Ck, k (l  n) .

(2.91)

l 1 N

Therefore
N 1
 N 1

ri , k  2 N 2  4 Ci (l )Ck, k (l )  R   Ci (l )Ck (l  1)  .
l 1
l 1 N


(2.92)

This shows that the BER performance for asynchronous system over Rayleigh fading
channel can be obtained using the periodic autocorrelation functions.

2.1.5. Numerical Results
In this section, we report the numerical evaluation of the system performance for Gold
sequences, near optimum four phase sequences of family A [34] and UCHT sequences.
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As was discussed previously, there are 64 sets of UCHT matrices, and each set can
generate 2n complex sequences with the period duration of N  2n . It has been
investigated in [10] that not all the UCHT sequences generated from one UCHT matrix
can be simultaneously used as the spreading sequences, as this will lead to the large
periodic and periodic cross correlation values.
In order to reduce the multiple access interference effectively, the subset of the complex
sequences with smaller sum of the periodic cross-correlation values is selected for
simulation, but a consideration of trade-off between the autocorrelation and cross
correlation properties for spreading sequences suggests that the subset with the smallest
sum must be avoided. High-speed UCHT sequences are also recommended to be more
suitable for the asynchronous DS-SSMA communication systems than not high speed
UCHT sequences [9].
Hence, in this section, we will choose 1  j , 2  1 , 3  j and N  26  64 as one set
of not high speed UCHT sequences which have relatively good autocorrelation and cross
-correlation functions among the UCHT sequences [10]. On the other hand, the Gold
sequences are produced by a preferred pair of m sequences u and v, where u is obtained
by using primitive polynomials

f1  x6  x  1,

(2.93)

f 2  x 6  x5  x 2  x  1 .

(2.94)

and v is obtained by using

Thus, the period of the Gold sequences is N  63 , and it has 65 different sequences
belonging to the set

P (u, v)  {u, v, u  v, u  T v, u  T 2 v,, u  T

N 1

v},

(2.95)

where T is the shift operator. The 4-phase family A sequences are produced by using
the primitive polynomials

f3  x6  2 x3  3x  1 .

(2.96)

So, the period of 4-phase sequences is N  63 with 65 different sequences. In the
simulations, the equal transmission power, for simplicity, is assumed for each user and

P1  P2    PK  1 .

(2.97)

The BER performance of quaternary synchronous DS-SSMA system over Rayleigh fading
channels is shown in Figs. 2.3 and 2.4, where the active users are K  8, K  16 and
K  30 , respectively. It can be seen that the performance of the UCHT sequences is the
best among the three sequences, and the Gold sequences also perform the better than the
4-phase family A sequences at the synchronous conditions. The reason is that the UCHT
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sequences are orthogonal, i.e., Ci ,k (0)  0, i  k . As to the Gold sequences,

Ci , k (0)  1, if i  k and the v in the set of Gold sequences P (u , v ) is not chosen as
spreading sequence. For the 4-phase family A sequences, Ci , k (0)  0, i  k , could be
1,7, 9, 1  8 j and each occurs many times. Hence, in view of (2.42), the BER
performance in Figs. 2.3 and 2.4 are reasonable. Furthermore, for the UCHT sequences,
the curves of BERs are the same for all different number of users, such as K  8,16,30.
However, for the Gold sequences and 4-phase family A sequences, the curves of BERs
are different for K  8,16,30.

Fig. 2.3. BER performance for synchronous DS-SSMA with active users K  8,16.

Fig. 2.4. BER performance for synchronous DS-SSMA with active users K  8,30.
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Finally, Figs. 2.5-2.7 show the accurate BER computed using the characteristic function
approach as well as the BER obtained by the Gaussian approximation method described
in the previous section for quaternary asynchronous DS-SSMA systems with the Rayleigh
fading channels, where the active users are K=8,16,30, respectively. In the asynchronous
case, the cross-correlation function of the Gold sequences Ci , k (l ), i  k ,| l |, 63, could be
1, 17,15 and each value occurs many times. The distributions of the periodic crosscorrelation function values are different for the Gold and 4-phase family A sequences,
but they are similar. Thus, the Gold and 4-phase family A sequences belong to
pseudorandom spreading sequences and have similar correlation properties.

Fig. 2.5. BER performance for asynchronous DS-SSMA with active users K  8. Correlation
receiver is represented for UCHT and Gaussian approximation.

Fig. 2.6. BER performance for asynchronous DS-SSMA with active users K  16.
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Fig. 2.7. BER performance for asynchronous DS-SSMA with active users K  30.

It has also been shown that the UCHT complex sequences offer the better crosscorrelation function properties compared with the Gold sequences [10]. In view of (2.82)
and (2.89), the BER performance is mainly determined by the cross correlation function
properties of the signature sequences. Figs. 2.5-2.7 have verified this. That is to say, the
asynchronous system under consideration with UCHT sequences outperforms that with
the Gold and 4-phase family A sequences, and the BER performance using the Gold
sequences is also close to that using the 4-phase family A sequences.
We also derive from our numerical results presented in Figs. 2.5-2.7 that the BER
estimates based on the complex Gaussian approximation consistently overestimate the
accurate BER computed via the characteristic function method for the asynchronous
quaternary DS-SSMA system in the Rayleigh fading channels with complex processing
at the transmitter and receiver. Comparative analysis between the asynchronous
DS-SSMA systems constructed on the basis of the generalized receiver and correlation
one is represented in Figs. 2.5-2.7. We can see superiority in the BER performance under
employment of the generalized receiver in DS-SSMA communication systems with active
users in comparison with implementation of the correlation one in these systems.

2.1.6. Conclusions
In this section we investigated the performance of quaternary DS-SSMA wireless
communications, which are constructed on the basis of the generalized approach to signal
processing in noise, with complex signature sequences, as well as complex transmitters
and receivers over the Rayleigh fading channels. The average BER is first derived for the
quaternary synchronous systems. Due to the orthogonal property of UCHT sequences, the
probability of bit errors of the synchronous DS-SSMA systems with UCHT sequences is
lower in comparison with the synchronous systems with other nonorthogonal sequences.
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The average BER is also evaluated for the quaternary asynchronous DS-SSMA systems
with complex transmitters and generalized receivers based on the characteristic function
approach, and the approximate result is also given based on the Gaussian approximation
method of multiple access interference. Numerical results are presented to illustrate
performance comparison among systems employing the UCHT sequences, 4-phase family
A sequences and Gold sequences. The simulation results show that the UCHT complex
sequences can yield the better performance than other two sequences. Comparative
analysis of the asynchronous DS-SSMA systems employing the generalized receiver
demonstrates superiority in the BER performance over asynchronous DS-SSMA systems
implementing the correlation receiver.

2.2. Generalized Detector: Orthogonal Space-time Block Coding
2.2.1. Problem Statement
The growing demand for high rate date services through wireless channels experienced in
recent years motivates the design of multiple antenna wireless communication systems to
transmit increase data rates without substantial bandwidth expansion. In particular, the
antenna diversity can be used to improve the performance of wireless communication
systems such as the code division multiple access (CDMA). First presented in [35] for
two transmit antennas and generalized in [36] and [37] for an arbitrary number of transmit
antennas, the orthogonal space-time block coding (STBC) is the remarkable technique
which can provide a full diversity gain with very low computational complexity.
However, a loss in capacity, characterized by the code rate and the number of receive
antennas, is shown in [38] and [39] for an arbitrary channel. Following the analysis in
[37-39], a characterization based on the equivalent scalar AWGN channel multiplied by a
coefficient, which is a function of the Frobenius norm of the channel matrix with multiple
antennas, was given in [4] assuming a full code rate. The Shannon and outage capacity
for the scalar AWGN channel were also given.
The Shannon capacity

C  W log 2 (1  SNR) ,

(2.93)

where SNR is the signal-to-noise ratio and W is the channel bandwidth, predicts the
channel capacity C for an AWGN channel with continuous valued inputs and continuous
valued outputs. However, a channel employing the STBC with the pulse amplitude
modulation (PAM), phase shift keying (PSK) or quadrature amplitude modulation (QAM)
has the discrete valued inputs and continuous valued outputs, which imposes an additional
constraint on the capacity calculation.
In this section, we generalize the effective channel representation in [38] for all rate
orthogonal STBCs, including the rate 0.5 STBCs G N , N  2 and the rate 0.75 STBCs
H 3 and H 4 , given in [36]. A new capacity calculation taking into account the constraint
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of discrete valued inputs is presented here, as well as the capacity loss incurred by
employing STBC.
In [40], an analysis of the bit error probability (BEP) of G 2 for q-ary PSK was presented
for the Rayleigh fading channel using the probability density function (pdf) of the received
signal phase from [41]. However, the BEP for q-PSK (q  4) is very complex using this
approach. In [42], a union bound on the symbol error probability (SEP) for the STBC was
presented. A general form for the exact pair wise error probability of STBCs was obtained
in [43] based on the moment generating function of the Gaussian tail function. In [44], the
STBC was applied to a DS-CDMA wireless communication downlink channel, and a
novel decoding algorithm was presented. In [45], the exact expression for the pair wise
error probability in a flat Rayleigh fading channel was derived in terms of the symbol
distance between two message vectors for quaternary phase shift keying (QPSK),
16-QAM, 64-QAM and 256-QAM. In [46], a unified approach for calculating the error
rates of linearly modulated signals over generalized fading channels was presented.
However, the results of both [45] and [46] are given in an open form that has to be
evaluated via numerical integration.
In this section, we analyze the error probability of STBCs for PAM, PSK, QAM
modulated signals as a function of an SNR perspective based upon the equivalent scalar
channel induced by the STBC. Using the SNR pdf, the closed form SEPs are given for
various combinations of modulation and fading channels. Furthermore, these results are
extended to a multiuser DS-CDMA wireless communication system with STBC
employing the generalized receiver. Expressions for the capacity and error probability of
the DS-CDMA wireless communication system with STBC are derived and analyzed.

2.2.2. General Channel Model
2.2.2.1. Channel Model
The channel model is the same as in [36-38]. Consider the wireless communication system
with N transmitting and M receiving antennas. The channel is assumed to be quasistatic
with flat fading, which means that the channel parameters are constant within the limits
of one frame period, but are varied independently between frames. Furthermore, the
perfect channel state information is assumed available at the receiver input, but the
channel parameters are unknown at the transmitter.
Let T represents the number of time slots used to transmit S symbols. Hence, a general
form for the transmission matrix of STBC is

 g11

g
G   12


 g1T

g 21  g N 1 

g 22  g N 2 
,
  

g 2T  g NT 

(2.94)
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where gij represent a linear combination of the signal constellation components and their
conjugates, and are transmitted simultaneously by the ith transmit antenna in the jth time
slot for i  1 N and j  1T . Since there are S symbols transmitted over T time slots,
the code rate of the STBC is given by
R  S /T .

(2.95)

It is shown in [36], based on the theory of orthogonal designs, that full rate STBCs exist
for any number of transmitting antennas using an arbitrary real constellation such as PAM.
For an arbitrary complex constellation such as PSK, QAM, the half rate STBCs exist for
any number of transmit antennas, while full rate STBCs exist only for two transmitting
antennas. As specific cases for two, three, and four transmit antennas, the rate 1, 0.5, and
0.75 STBCs are given in [36], and are denoted as G 2 , G 3 , G 4 , H 3 , and H 4 ,
respectively. At the particular time nT , the received signal corresponding to the nth input
block spanning T time slots is

YnT  HGT  WnT ,

(2.96)

where YnT is the M  T matrix; H is the M  N fading channel coefficient matrix with
independent identically distributed (i.i.d.) entries modelled as the circular complex
Gaussian random variables; G T is the transpose of G with the size N  T , and WnT is
the M  N receiver noise matrix with i.i.d. entries modelled as the circular complex
Gaussian random variables with the zero mean and variance  W  f  N 0 2 in each
dimension, where f is the bandwidth of linear system at the receiver input and N 0 2
is the AWGN power spectral density.

2.2.2.2. Effective Scaled AWGN Channel
In [38], the equivalent scaled AWGN channel induced by the STBC for the complex
constellations was given as

y nT || H ||2F x nT  w nT ,

(2.97)

where y nT is the S  1 complex matrix after STBC decoding from the received matrix
YnT ; x nT is the input S  1 complex input matrix with each entry having the energy
Es N , Es is the maximum total transmitted energy on the N transmit antennas per symbol
time; and w nT is the complex Gaussian noise with the zero mean and variance

|| H ||2F 0.5 N 0 in each real dimension;
N

M

|| H ||2F   || hij ||2
i 1 j 1
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is the squared Frobenius norm of H ; hij is the channel gain from the ith transmit antenna
to the jth receive antenna. Taking into account the code rate, the equivalent AWGN scaled
channel with a STBC is

y nT  (1 R) || H ||2F x nT  w nT ,

(2.99)

where w nT is the complex Gaussian noise with the zero mean and variance

Var  (1 2 R) || H ||2F N 0 ,

(2.100)

in each real dimension. Therefore, the effective instantaneous SNR denoted as  s at the
receiver input is

s 

Es
|| H ||2F .
NR N 0

(2.101)

Let
2

N M || h ||
1
ij
h  || H ||2F  
,
R
R
i 1 j 1

(2.102)

then the STBC channel model of (2.7) can be simplified to

y nT  hxnT  w nT ,

(2.103)

and  s can be written as

s 

Es
h.
NN 0

(2.104)

2.2.2.3. Distribution of Channel Coefficients and SNR
2.2.2.3.1. Rayleigh Fading
With Rayleigh fading, the coefficients hij can be modelled as the complex Gaussian
variables with the zero mean and variance  w2 in each dimension. The pdf of the
coefficient h is then a central chi-square distribution with 2MN degrees of freedom

f Rayleigh (h) 

 hR 
RMN
hMN 1 exp  2  , h  0 .
2 MN
(2 ) (MN )
 2 w 

(2.105)

Consequently, the instantaneous SNR per symbol  s is also chi-square distributed. Using
a change of variables, the pdf of  s is given by
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f Rayleigh (h) 

  
R MN
 sMN 1 exp  s  ,  s  0 ,
MN
 ch (MN )
  ch 

(2.106)

where  ch is the average SNR per channel, which is assumed to be identical for all
channels, i.e.

 ch 

Es
2 w2 Es
E[|| hij ||2 ] 
,
NR N 0
NR N 0

(2.107)

where E[] is the mathematical expectation. It can easily be shown that the instantaneous
SNR per bit  b has the same pdf except that

 ch 

Es
,
NRN 0 log 2 M

(2.108)

for M -ary signal constellation.
2.2.2.3.2. Rician Fading
For Rician fading, the coefficients hij can be modelled as the complex Gaussian variables
with the means I and Q for the real and imaginary parts, respectively, and the variance

 w2 in each dimension. In this case, || H ||2F has a non-central chi-square distribution with
2MN degrees of freedom. The pdf of h is given by

R  Rh 
f Rician (h)  2  2 
2 w  s 

MN 1
2

 Rhs 
 s 2  Rh 
exp 
 I MN 1  2  , h  0,
2
 2 w 
 w 

(2.109)

where
s 2  MN (  I2   Q2 )

(2.110)

is the non-centrality parameter, I ( x) is the  -th order modified Bessel function of the
first kind, which may be represented by the infinite series
(0.5 x) n  2 k
.
л  0 k ! ( n  k  1)


I т ( x)  

(2.111)

Introducing the Rician parameter
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the pdf in (2.105) can be written in the following form


f Rician ( h)  
i 0

h

( MN  )i exp{ MN  }R MN  i

(i  1)( MN  i )(2 w2 ) MN  i

MN  i 1

(2.113)

exp{ Rh 2 }, h  0
2
w

Using a change of variables, the pdf of the instantaneous SNR takes the following form:


f Rician (h)  
i 0

( MN  )i exp{ MN  } s MN  i 1 exp{  s  c }
,  s  0,
(i  1)( MN  i ) c MN  i

(2.114)

where  c is the average SNR per channel, which is assumed to be identical for all
channels, as given in (2.107).

2.2.2.3.3. Nakagami-m Fading
For Nakagami-m fading with integer m, || hij || is the amplitude of the channel coefficient
hij and has the Nakagami-m distribution with the zero mean and variance  N2 in each
dimension. The random variable
y  R 1 || hij ||2 ,

(2.115)

then has the pdf
f ( y) 

Rm
y m 1 exp{ Ry 2 w2 } ,
2 m
(2 ) ( m)

(2.116)

where  w2   N2 m . Observing that the pdf for Nakagami-m fading has the same form as
the pdf for the Rayleigh fading but with 2m degree in (2.105), a single Nakagami-m fading
channel is equivalent to an m diversity system for a Rayleigh fading channel. It is then
straightforward to show that the results for STBCs over Nakagami-m fading channels can
be obtained by considering the Rayleigh fading channels with the channel diversity order
increased from MN to mMN. Consequently, the pdf of the instantaneous SNR per symbol
 s can be obtained directly from (2.102) as
f Nakagami  m ( s ) 



mMN
c

1
 smMN -1 exp{  s  c } ,
(mMN )

(2.117)

where  c is the average SNR per channel, which is assumed to be identical for all
channels, as in (2.107).
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2.2.3. Capacity Analysis of STBC
2.2.3.1. Shannon Capacity over Fading Channels
The capacity of a multiple antenna wireless communication system over a fading channel
with continuous valued inputs and continuous valued outputs is given in [47] in the
following form:



Es
C  E  log 2 det  I 
HH T *   , [(b/s)/Hz] ,
NN 0


 

(2.118)

where E[] is the mathematical expectation; I is the identity matrix with M dimension;
det(x) denotes the determinant of the matrix x , and the superscript T * denotes the
matrix transpose and conjugate. The capacity of the equivalent STBC channel in (2.7)
with the continuous valued inputs and continuous valued outputs for complex signals is
given in [38] and [39] as



Es
C  E  R log 2 det  1 
|| H ||2F    E  R log 2 1   s   , [(b/s)/Hz] . (2.119)
RN N 0


 

Given the pdf of  s , the capacity of the equivalent STBC channel can be obtained
based on


C  R  log 2 (1   s ) f ( s ) d  s , [(b/s)/Hz].

(2.120)

0

2.2.3.2. Capacity of M-ary Signal Constellations over Fading Channels
Both (2.118) and (2.119) were obtained assuming continuous valued inputs. Here, we
consider modulation channels with discrete valued multilevel phase inputs and continuous
valued outputs. Assuming maximum likelihood (ML) soft decoding with perfect channel
*
state information at the receiver input, it is well known [48-50] that the capacity CSTBC
of
the STBC channel (2.99) can be obtained by averaging the corresponding conditional
capacity C * (H) with respect to the joint pdf of the channel matrix H . By doing so, the
*
following expression for the capacity CSTBC
of the fading channel is obtained

*
CSTBC
 E[C * (H)]   C * (H) f (H)dH , [(b/s)/Hz] ,

with
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C * (H )  R log 2 q 


1
q R 1 || H ||2F N 0

q


j 1

yC

 || y  R 1 || H ||2F  j ||2 

R 1 || H ||2F N 0



exp 

 q
 || y  R 1 || H ||2F  j ||2  || y  R 1 || H ||2F  s ||2  
 log 2   exp 
 dy  ,
R 1 || H ||2F N 0

 
 s 1

(2.122)

where  j , j  1,, q is a real signal in the q-ary PAM constellation or a complex in the
q-ary PSK and QAM constellation, and f (H) is the joint pdf of the M  N random
elements of the channel matrix H for the fading channel.
Applying the channel model (2.103), (2.121) can be simplified to the one-dimensional
integral containing the pdf of h
*
*
*
CSTBC
, R  E[C ( h)]   C (h) f (h)dh , [(b/s)/Hz] ,

(2.123)

where

1
C * (h)  R log 2 q 
q hN 0


 || y  h j ||2 
exp

yC  hN 0  
j 1


q

 q
 || y  h j ||2  || y  h s ||2   
 log 2   exp 
  dy 
hN 0
 s 1

  

.

(2.124)

Note that (2.123) applies to both real signal constellations such as PAM, and complex
signal constellations such as PSK and QAM.
2.2.3.3. Capacity Comparison
It is shown in [38] that the difference between (2.118) and (2.119) is the capacity loss
incurred by using a STBC in the multiple-input multiple-output (MIMO) fading channel
with continued valued inputs. The capacity of MIMO fading channel with PAM, PSK,
QAM is given in [49] as

CM* , N   C M* , N (H) f (H)dH , [(b/s)/Hz] ,

(2.125)

where
C M* , N (H )  N log 2 q  q  N ( N 0 )  M 


(2.126)

 || y  Hx ||2 
 || y  Hx ||2  | y  Hx ||2  
exp

log
exp
 2 

  dy
N  
N0
N0
x( Ax ) yC



 
 x( Ax ) N
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Here, N and M are the number of transmit and receive antennas, respectively;

Ax  {1 , , q }

(2.127)

is the q-ary complex signal constellation; ( Ax) N is the N-fold Cartesian product of Ax
with itself; the coded vector

x  [ x1 ,, xN ]  ( Ax) N

(2.128)

is the q N -variate random variable with outcomes taking values from the expanded signal
constellation ( Ax) N ; and

у  [ y1 ,, yN ]T

(2.129)

is the M-dimensional output vector of the receive antennas. It can easily be shown that the
second terms in (2.124) and (2.126) vanish as the SNR increases. This fact implies the
capacity of a MIMO fading channel approaches N log 2 q bit/channel use while the
capacity with STBC approaches only R log 2 q bit/channel use for large SNR. While the
capacity loss of ( N  R)log 2 q bit/channel incurred by using STBC is fairly significant,
it will be shown below that the SNR threshold for reliable data transmission is reduced
because of the STBC diversity gain.
2.2.4. Analysis of Error Probability over Fading Channels
2.2.4.1. Error Probability with Rayleigh Fading
Let Pqerror ( s ) is the error probability of q-ary signal constellation with STBC in the
AWGN channel. The error probability with Rayleigh fading can be obtained by averaging
the Pqerror ( s ) over the pdf of  s


error
error
PSTBC
( s ) f Rayleigh ( s ) d  s .
, q ( s )   Pq

(2.130)

0

Note, Pqerror ( s ) can be SEP or BEP, respectively.
2.2.4.1.1. Error Probability for PAM
Since the full rate STBCs exist for any number of transmit antennas using a real PAM
constellation [36], R  1 for q-ary PAM. The average SEP for PAM over the AWGN
channel is [41]
Pqerror ( s )  2(1  q 1 )Q  6( q 2  1) 1  s  ,



(2.131)

where Q () is the Gaussian tail function. Substituting (2.106) and (2.131) into (2.130),
the average SEP for PAM takes the form
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error
1
 6( q 2  1) 1   
PSTBC
, PAM , q ( s )   2(1  q )Q
s


0



 sMN 1

 cMN ( MN )

(2.132)

exp{  s  c }d  s

To evaluate the integral in (2.132), the following integral function can be employed:


g ( L)   Q( ax ) x L 1 exp{ x u}dx 
0

 L 1  1   2 k  2k  
 0.5u ( L) 1    
   ,
 k 0  4   k  

(2.133)

L

where
au
.
2  au



(2.134)

The proof is given in Appendix 1. The closed form of the SEP for PAM is then given by
error
STBC , PAM , q

P

 MN 1  1   2  k  2k  
( s )  (1  q ) 1    
   ,

k 0
 4   k  
1

(2.135)

where



3 c
.
q  1  3 c
2

(2.136)

2.2.4.1.2. Error Probability for PSK
Based on the equivalent scalar AWGN channel model presented before, the error
probability for q-ary PSK is equivalent to the analysis in [41] and [51] for adaptive
reception of multiphase signals in Rayleigh fading but with MN branch diversity. This
approach was also employed in [40]. Following the same steps as in [51], the SEP
is given by
error
PSTBC
,q 

(1) MN 1 (1   2 ) MN
 ( MN )

  MN 1  1  
( M  1) 
 MN 1 
2 
s    M
 s


   
 cos( M )
   ,

 cot  
2
2

 

s   2 cos 2 ( M )
s
M


cos
(
)

    s 1

 sin( M )

(2.137)

1

where
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с
,
1 с

(2.138)

and the notation

 MN 1
f ( s,  )
s MN 1
s 1
Denotes the (MN  1) -th partial derivative of the function f ( s,  ) evaluated at s  1 .
Note that the coherent detection with perfect channel state information at the receiver
input is assumed in (2.137). Following approach presented in [41, 51], performing the
differentiation indicated in (2.137) and evaluating the resulting function at s  1 for q  2
and 4, we obtain the following closed form of BEPs for binary phase shift keying (BPSK)
and QPSK
error
STBC ,2

P

k
MN 1 2 k

 1 2  
 0.5 1      
 ,
4  

k  0  k 




error
PSTBC
,4  0.5 1 

2  2

MN 1


k 0

k
 2k   1   2  
,
 
2 
 k  4  2   

(2.139)

(2.140)

respectively. Note that the Gray coding was assumed in the BEP calculation for QPSK.
The same procedure can be applied to calculate the SEP for q-ary PSK at q  8,16,32 ,
however, the expressions are not as simple as in (2.139) and (2.140). In the remainder of
this section we employ (2.130) in order to derive a simpler expression for the error
probability.
It is well known [41] that the BEP for BPSK and QPSK over the AWGN channel are
given as
error
PBPSK
( s )  Q ( 2 s ) ,

(2.141)

error
PQPSK
( s )  Q(  s ) ,

(2.142)

respectively. As shown in [52], the exact SEP of M-ary PSK for the AWGN channel can
be presented in the following form
error


PPSK
, AWGN , M ( s )  2Q  2 s sin( q )  
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1

 2

  2


sin 2 ( q) 
exp  s
d .
cos 2 


q

(2.143)
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For large SNR and large values of q, the SEP of q-ary PSK in the AWGN channel can be
approximated as
error
PPSK
, AWGN , q ( s )  2Q





2 s sin( q) ,

(2.144)

and the equivalent BEP is given by
error
PPSK
, AWGN , q ( s ) 

SEPq
log q

,

(2.145)

where the Gray coding is assumed. This approximation is good for large values of q,
however, for q  2 there is a difference in the factor of 2 with the exact probability given
in (2.139).
error
By substituting for PPSK
, AWGN , q ( s ) in (2.144) and using (2.133), (2.130) can be written in

the following form


 MN 1

error

 MN s
PSTBC
exp{  s  c }d  s 
, PSK , q ( s )   2Q  2 s sin( q ) 
 c ( MN )
0

1

MN 1


k 0

k

 1   2   2k 

  ,
 4  k 

(2.146)

where



sin 2 ( c q )
.
1  sin 2 ( c q )

(2.147)

Therefore, the BEP can be approximated as
error
STBC , PSK , q

P

k
1  MN 1  1   2   2k  
1    
( s ) 
   .
log q 
4   k 
k 0




(2.148)

error
error
( s ) or PQPSK
By substituting for PBPSK
( s ) in (2.141) and (2.142), and using (2.133), the

exact BEP for BPSK and QPSK can be derived from (2.130) as
error
STBC , PSK , q

P

k
1  MN 1  1   2   2k  
( s )  1    
   ,
2
k 0
 4   k  


(2.149)

where
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c
,
1 c

(2.150)



c
,
2 c

(2.151)

for BPSK, and

for QPSK, respectively. It can easily be shown that (2.149) is equivalent to (2.139) and
(2.140). Using (2.148), approximations for the BEPs of BPSK and QPSK can be
obtained as
error
PSTBC
, BPSK ,2  1 

MN 1


k 0

k

 1   2   2k 
  ,
 4   k 



(2.152)

with  given by (2.150) and
1  MN 1  1   2   2k  
 1    
   ,
2
k 0
 4   k  

k

error
STBC ,QPSK ,4

P

(2.153)

with  given by (2.151), respectively. As expected, this approximation is unsuitable for
BPSK, but equation (2.153) brings us the exact BEP for QPSK. It is shown later that this
approximation is very accurate for the q  4 and large SNR.
2.2.4.1.3. Error Probability for QAM
Rectangular QAM signal constellations are frequently employed because they are
equivalent to two PAM signals on quadrature carriers. For q-ary, q  2k (k is even),
rectangular QAM, the SEP is given in [41] as

Pqerror  1  [1  Perror
( s )]2 ,
q

(2.154)

where

3
P error
s
( s )  2(1  q 0.5 )Q 
q
 q 1

By substituting for Pqerror in (2.155), (2.130) can be written as
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(2.155)
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3
error
0.5

(
)
PSTBC

s
0 2(1  q )Q  q  1  s
, PAM , q


  sMN 1 exp{ s  c }
d s .

MN
  c ( MN )

(2.156)

Using (2.133), the closed form SEP for the rectangular q-ary QAM is then given by
error
error
2
PSTBC
,QAM , q ( s )  1  [1  PSTBC , PAM , q ( s )] ,

(2.157)

where
error
STBC , PAM , q

P

( s )  (1  q

0.5

 MN 1  1   2  k  2k  
) 1    
   ,

k 0
 4   k  

(2.158)

and



3 c
.
2q  2  3 c

(2.159)

2.2.4.2. Error Probability over Rician Fading
Substituting f Rician ( s ) given by (2.114) in (2.130) instead of f Rayleigh ( s ) and following
the same procedure used previously, the SEP over Rician fading channel can be presented
in the following form
error
PSTBC
, Rician , q ( s ) 

( MN  ) n exp{ MN  }  MN  n 1  1   2   2k  
1    

   ,
(n  1)

n0
k 0
 4   k  
k



(2.160)

where



3 c
and   1  q 1 ,
q  1  3 c

(2.161)

sin 2 ( c q )
,
1  sin 2 ( c q )

(2.162)

2

for q-ary PAM,



with   0.5 at q  2 and   1 at q  2 for q-ary PSK, and
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3 c
and   1  q 0.5 ,
2q  2  3 c

(2.163)

for q -ary PAM in q-ary rectangular QAM. The SEP of q-ary rectangular QAM can then
be calculated using (2.157). Note that each term in the second part of (2.160) is a
monotonically decreasing function of i, and is strictly smaller than 1 for all i. The
truncation of the first L terms will introduce an error of at most

Error 

 (1   2 MN  L
( MNK ) k exp{ MNK }
1 
(k  1)
k 0
L

,

(2.164)

in the probability of error. The proof is given in Appendix 2.
2.2.4.3. Error Probability with Nakagami-m Fading
The probability of error over Nakagami-m, m is the integer, can be obtained from the
results presented in Section 2.2.4.1 by increasing the diversity order from MN to mMN.
The SEP for STBC over a Nakagami-m fading channel takes the following form
error
STBC , Nakagami , q

P

 MN  n 1  1   2  k  2k  
( s )   1    
   ,

k 0
 4   k  

(2.165)

where  and  for q-ary PAM, q-ary PAM, and q -ary PAM in q-ary rectangular
QAM are given by (2.161)-(2.163), respectively. The SEP of q-ary rectangular QAM can
be calculated by (2.157).
2.2.5. Extension to STBC DS-CDMA
There is a great interest in the application of STBCs to practical wireless communications
systems constructed based on the generalized approach to signal processing in noise and
employing the generalized receiver (see Fig. 2.2).
2.2.5.1. System Model
To facilitate the analysis, we generalize the CDMA multiple access interference model
from [53] and [54] to accommodate multiple antennas. The system model is presented in
Fig. 2.8. In the transmitter, S information symbols for K users are encoded by the
respective STBC encoders, and then spread by each user’s pseudo noise code, modulated
and transmitted from N transmit antennas over the symbol duration T, simultaneously. At
the receivers, each user has M receive antennas, and the filtered signals are first dispread,
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and then sent to STBC decoders. The symbol decisions are made based on the M STBC
decoder outputs. The signal at the jth receive input antenna is given by
N

K

z j (t )   2Pk hknj (t )ak (t   knj )bnk (t   knj )cos[c (t   knj )]  w(t ) , (2.166)
n 1 k 1

where hknj (t ) is the channel coefficient from the nth transmit antenna to the jth receive
antenna for the kth user; Pk  Es Ts is the symbol power of the kth user; Es is the symbol
energy; Ts is the symbol duration; ak (t ) is the PN spreading chip sequence with chip
duration Tс ; w(t ) is the zero mean AWGN with the power spectral density N 0 2 in each
real dimension;  knj is the time delay from the nth transmit antenna to the jth receive
antenna; c is the carrier frequency; bnk (t ) is the encoded signal transmitted from the nth
antenna of user k. Binary modulation is assumed in this model.

Fig. 2.8. DS-CDMA system model with STBC and multiple antennas employing the generalized
receiver: 1 – STBC encoder; 2 – STBC decoder; 3 – decision device; GR - generalized receiver.

2.2.5.2. Channel Model Analysis
To facilitate the analysis, we assume the first user is the desired one, without loss of
generality. The dispread signal input to the jth STBC decoder for the ith received symbol
takes the form
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iTs

N K


P
hknj (t )ak (t   knj )bnk (t   knj )cos[c (t   knj )]  w(t ) 
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n 1 k 1
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a1 (t   1qj )cos[c (t   1nj )]dt

(2.167)
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2 Pk  hknj (t )ak (t   knj )bnk (t   knj )cos[c (t   knj )]dt
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( i 1)Ts
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iTs
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q 1 ( i 1)Ts

w(t )a1 (t   1qj ) cos[c (t   1nj )]dt .

Note that only the first term of (2.167) is the desired signal; the second term of (2.167) is
the multiple access interference (MAI) produced by the same user from different transmit
antennas; the third term of (2.167) is the MAI produced by other users; the fourth term of
(2.167) is the AWGN. Using the Gaussian approximation in [30], (2.167) can be presented
in the following form
N

zˆ1 j (t )  0.5PT
1 s  h1nj bn1  1 j ,

(2.168)

n 1

where zˆ1 j (t ) is the Gaussian random variable; 1 j is the combination of the interference
and noise. The expected mean and variance of 1 j are given by
 E[1 j ]  0,


Ts2 K

N
N

Pk  4 w4 NTs ,
Var[

]
(
1)


1j
G
6
k 1


(2.169)

respectively, where G is the processing gain of the DS-CDMA system. Note that (2.168)
has the same form as (2.96). After STBC decoding is performed on zˆ1 j (t ) given in
(2.168), the decision statistic for user 1 over T symbol durations takes the form
zˆ 1 (t )  R 1 0.5 P1 Ts || H ||2F b1T  ηT ,

(2.170)

where iT (t ) have the zero mean and the variance is defined as

Var{iT (t )} 
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Therefore, the effective instantaneous SNR at the generalized receiver output is given by
1

 N ( N  1) K 4 N w4  1
2
s  

 R || H ||F .
2
3
G
E
s



(2.172)

Note that the perfect power control is assumed in (2.172), i.e., Pk  P1 .
2.2.5.3. Capacity Analysis of STBC-DS-CDMA
To facilitate the capacity analysis, we first normalize the equivalent channel by
then (2.170) can be written in the same form as (2.99)

y nT  R 1 || H ||2F xnT  ηnT ,

0.5Ts ,

(2.173)

where x nT is the S  1 complex input matrix with each entry having the symbol energy
Es ; the combination of the interference and noise ηnT has the zero mean and variance

Var{ηnT }  R 1

|| H ||2F N ( N  1) K
 4 w4 N .
3G

(2.174)

The capacity of this STBC DS-CDMA wireless communication system constructed based
on the generalized approach to signal processing in noise [13-15] and employing a q-ary
signal constellation can be obtained directly from (2.123).
2.2.5.4. Probability of Error for DS-CDMA with STBC
The average SNR per channel is determined as

c 

E{|| hij ||2 }
 N ( N  1) K 4 N  w4 

R

3G
Es2 




2 2
 N ( N  1) K 4 N  w4 

R

3G
Es2 


,

(2.175)

and this can be used with the probability of error results in Section 2.2.4 to obtain the
performance in fading channels. In particular, the exact BEP of BPSK is given by
error
PSTBC
_ CDMA , Rayleigh ,2 b 

k
1  MN 1  1   2   2k  
1    
   ,
2
4   k 
k 0




(2.176)

for the Rayleigh fading channel;
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for the Rician fading channel;
error
PSTBC
_ CDMA , Naragami , q 
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(2.178)

for the Nakagami-m fading channel, where  is given by (2.150) and  c is defined in
(2.175). Note that there are two factors in  c which determine the BEP of the DS-CDMA
system with STBC designed based on the generalized approach to signal processing in
noise [13-15], N ( N 1) K 3G and 4 w4 N . The first term corresponds to the MAI from
other users and the self-interference from different transmitting antennas. The second term
corresponds to the system noise, i.e., AWGN. At the high SNR,  c will be dominated on
the MAI, i.e., the number of users limits the performance, as expected.
2.2.6. Numerical Results
In this subsection, some numerical results are presented to illustrate and verify the
capacity and probability of error results obtained before. Fig. 2.9 demonstrates the
capacity using SBTC G 2 over Rician fading channel with one, two and four receive
antennas for BPSK, QPSK, and 8-PSK. The Rician parameter is   100 . This figure
shows that the capacity with STBC G 2 is not increased as the number of receiving
antennas increases. However, the SNR threshold required to achieve capacity improves as
the number of receive antennas increased. The capacity with a single antenna over Rician
fading channel for PSK is included for reference. Additionally, Fig. 2.9 represents a
superiority of employment of the generalized receiver in DS-CDMA wireless
communication system with STBC in comparison with the correlation one.
The capacity using several STBCs over Rayleigh fading channel is presented in Fig. 2.10.
As expected, it shows that G 2 is the optimal code from a capacity perspective, and H 4
is more efficient in comparison with G 4 . Also, a demonstration of superiority to employ
the generalized receiver in comparison with the correlation one in DS-CDMA wireless
communication system with STBCs is demonstrated in Fig. 2.10. Comparison between
Figs. 2.9 and 2.10 demonstrates that the DS-CDMA wireless communication system with
STBC codes achieves the capacity at the lower SNR over the Rician fading channel at
  100 than over the Rayleigh fading channel. Fig. 2.11 demonstrates the relationship
between the Rician parameter  and the capacity if STBC code G 2 is used. Note that
the capacity is insensitive to the Rician parameter when   15 dB. Additionally, we can
see a superiority of implementation of the generalized receiver over the correlation one in
DS-CDMA system with STBC codes.
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Fig. 2.9. Capacity of DS-CDMA system employing STBC G 2
over Rician fading channel with Rician parameter   100 :
1 – MIMO 4×2; 2 – MIMO 2×2; 3 – MIMO 1×2; 4 – MIMO 1×1.

Fig. 2.10. Capacity of DS-CDMA system employing various STBCs over Rayleigh fading
channel: 1 – MIMO 4×2; 2 – MIMO 2×2; 3 – MIMO 1×2.
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Fig. 2.11. Capacity of DS-CDMA system with STBC G 2 versus the Rician parameter  ;
SNR  5 dB: 1 – MIMO 4×2;2 – MIMO 2×2; 3 – MIMO 1×2.

Simulation was used to verify the exact and approximate error probabilities given in
Section 2.4. In Fig. 2.12, the BEP of QPSK at STBCs G 2 , G 3 , G 4 , H 3 and H 4 with one
and two receive antennas are presented, and these results are identical to those obtained
using (2.140). Also, a superiority of employment of the generalized receiver in DS-CDMA
wireless communication system with STBC in comparison with the correlation one is
evident. Fig. 2.13 shows the comparison between the approximate and exact (via
simulation) SEP for 8-PSK. Note that the approximation error is negligible. Fig. 2.14
demonstrates the SEP for 16-QAM with one and two receive antennas for different
STBCs. A superiority of implementation of the generalized receiver in DS-CDMA
wireless communication system with STBC over the correlation one is presented, too.
These results are identical to those obtained with (2.39).
In Fig. 2.15 the capacity of DS-CDMA based on the generalized approach to signal
processing in noise [13-15] with several STBCs is demonstrated for the case of BPSK
modulation over the Rayleigh fading channel. We can see that with a given number of
users and signal processing gain, the system may not be able to achieve the full channel
capacity even with infinite SNR due to the dominant MAI component. In this case,
increasing the number of antennas will increase the achievable system capacity. Note that
the capacity increases significantly as the number of receive antennas increases for a given
number of users and signal processing gain, as expected. However, it should be noted that
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if the system can already achieve the channel capacity for a given number of antennas,
users and signal processing gain, increasing the number of antennas cannot increase the
system capacity.

Fig. 2.12. BEP of DS-CDMA system with QPSK for STBC using one
and two receive antennas over Rayleigh fading channel:
1 – STBC G 2 ; 2 – STBC G 3 ; – STBC H 3 ; 4 – STBC G 4 ; 5 – STBC H 4 .

Fig. 2.13. SEP of DS-CDMA wireless communication system with QPSK for STBC using one
and two receive antennas over Rayleigh fading channel:
1 – STBC G 2 ; 2 – STBC G 3 ; 3 –STBC H 3 ; 4 – STBC G 4 ; 5 – STBC H 4 .
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Fig. 2.14. SEP of DS-CDMA system with 16-QAM for STBC using one and two receive
antennas over Rayleigh fading channel:
1 – STBC H 4 ; 2 – STBC H 3 ; 3 – STBC G 3 ; 4 – STBC G 4 .

Fig. 2.15. Capacity of DS-CDMA system with BPSK, STBC over Rayleigh fading channel
G  32, K  30 : 1 – MIMO 4×4; 2 – MIMO 4×2; 3 – MIMO 2×4; 4– MIMO 2×2;
5 – MIMO 1×4; 6 – MIMO 1×2.
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Fig. 2.16 presents us the relationship between the system capacity and the number of users
given the processing gain and SNR over the Rayleigh fading channel. It can be seen that
the capacity decreases rapidly as the number of users is increased for one and two receive
antennas. However, with four receive antennas increasing the number of users has much
less effect on the capacity.

Fig. 2.16. Capacity of DS-CDMA wireless communication system with BPSK and STBC
over Rayleigh fading channel G  32, SNR  7 dB: 1 – MIMO 4×4; 2 – MIMO 4×2; 3 – MIMO
2×4; 4 – MIMO 2×2; 5 – MIMO 1×4; 6 – MIMO 1×2.

The BEP for STBC G 2 with DS-CDMA wireless communication system with STBC
constructed on the basis of the generalized approach to signal processing in noise using
BPSK modulated signals is presented in Fig. 2.17 for one, two, three, and four receive
antennas. The signal processing gain is 64, the number of users is 20 and the Rayleigh
fading is employed for all DS-CDMA wireless communication system with STBC figures.
Fig. 2.17 presents that significant performance gain can be obtained with multiple receive
antennas. For comparison the simulation results for the correlation receiver is presented,
too. We can see a great superiority of implementation of the generalized receiver in DSCDMA wireless communication system with STBC over the correlation one.
Fig. 2.18 demonstrates the relationship between the BEP and the number of users in the
system at SNR equal to 7 dB with G 2 and G4 . As the number of users is increased, the
performance degrades, but at the four receive antennas the DS-CDMS wireless
communication system with STBC is capable of accommodating far more users than with
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one receive antenna. As it is shown in the Fig. 2.18, G 4 provides the better performance
than G 2 , however, this is obtained at the price of the capacity loss as shown in Fig. 2.16.

Fig. 2.17. BEP of DS-CDMA system with BPSK and STBC G 2 over Rayleigh fading channel
G  64, K  20 : 1 – one receive antenna; 2 – two receive antennas; 3 – three receive antennas;
4 – four receive antennas.

Fig. 2.18. BEP versus the number of users for DS-CDMA wireless communication system
with BPSK, STBC G 2 (the curve 1) and G 4 (the curve 2) over the Rayleigh fading channel
with G  64 , SNR  7 dB.
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2.2.7. Conclusions
The capacity and error probability of STBCs employed by DS-CDMA wireless
communication systems with STBC constructed on the basis of the generalized approach
to signal processing in noise have been studied in fading channels for q-ary signal
constellations. Rayleigh, Rician, and Nakagami-m fading channels were investigated for
PAM, PSK, and QAM modulations. The closed form of the error probabilities under
employment of the generalized receiver based on the generalized approach to signal
processing in noise were derived for various fading and modulation combinations. This
analysis has been employed to determine the performance of STBC multiuser DS-CDMA
wireless communication system. Comparative analysis concerning implementation of the
generalized receiver and correlation one in DS-CDMA system with STBCs demonstrates
a great superiority in favour of the first.
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Appendix 1.
Using integration by parts, the proof of (2.133) is as follows:
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Repeating the process, we have
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Now, using the fact that
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we obtain (2.133)

Appendix 2.
The truncation of (2.160) to the first L terms will introduce the error
1 2 
Error     

iL
 4 


110

MN  i

i
 2( MN  i  
( MNK ) n exp{ MNK } 

 1  

( n  1)
 MN  i   n  0


(2.184)

Chapter 2. Signal Processing by Generalized Receiver in Wireless Communications Systems over Fading
Channels

Given the fact that
 2( MN  i ) 
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(2.185)

for all i, we have
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The right-hand side of (2.179) can be simplified to
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Given that
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(2.179) can be written as
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Thus, truncation of (2.160) to the first N terms will introduce an error
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in the error probability.
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Exploitation of the Properties of
Communication Signals: From Non-circular
Signal to Circular Signal
Yuehua Ding, Yide Wang, Pascal Chargé, Jie Li and Nanxi Li1

3.1. Introduction
In wireless communications, the signals are usually assumed to be circular. This
assumption is true in many cases, especially in the digital communication systems
adopting two-dimensional digital linear modulation for high data rate. At the same time,
there are also considerable cases where the non circular signals are used. One typical
example is military communications, where the reliability of communication is extremely
important, one dimensional modulation is used to ensure the reliability in harsh
communication environment. Even in civil wireless communications, rectilinear signals,
or non circular signals, such as Amplitude Modulated (AM), Amplitude Shift Keying
(ASK) or Binary Phase Shift Keying (BPSK) signals are used. In some unwanted cases,
the non circular signals can be produced by unperfect hardware even if the circular signals
are chosen as a transmission strategy. In addition to circularity and non circularity, almost
all the man-made modulation signals exhibit a cyclostationarity (or periodic correlation)
property, corresponding to the underlying periodicity arising from carrier frequencies or
baud rates. Also linear modulated signals have conjugate symmetric property, namely
every constellation point has a corresponding complex conjugate point in the
constellation.
These properties can serve as a priori informations, and their exploitation may produce
significant performance gain with respect to the conventional processing, in DoA
estimation [1, 2], beamforming [3], signal detection [4, 5] etc. This chapter introduces the
recent work in the exploitation of signals’ properties.

Yuehua Ding
National Engineering Technology Research Center for Mobile Ultrasonic Detection, School of Electronic and
Information Engineering, South China University of Technology, Guangzhou, China
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3.2. Exploitation of Non-circularity
3.2.1. Non-circularity
Non circularity can be introduced from its opposite aspect, circularity. A random signal
x is said to be second order circular if it satisfies the following conditions:
1. E[x(t )xT (t   )] = 0 for any couple ( t ,  );
2. E[x(t )] = 0.
All the second order statistic characteristics of a circular signal x are contained in its
covariance matrix E[x(t )x H (t   )] . Although circularity is a common hypothesis in
narrowband system, there are still numerous non circular signals. These situations occur
in rectilinear signals, for example: AM, ASK, or BPSK signals in code-division-multipleaccess (CDMA) system. Minimum shift keying (MSK), Gaussian Minimum Shift Keying
(GMSK), offset quadrature amplitude modulated (OQAM) signals are also in these
situations [6]. A signal x is second order non circular if E[x(t )xT (t   )]  0 for at least
one couple ( t ,  ) [7, 8].
3.2.2. DoA Estimation by Exploiting Non-circularity
3.2.2.1. Problem Statement
A uniform linear array (ULA) of M antennas is considered. The distance between two
adjacent antennas is denoted by  . Suppose K not correlated electromagnetic waves are
impinging on the array from angular directions k , k = 1,, K . The snapshots number of
the received signals is denoted by N . The incoming signals are assumed to be plane
waves and narrowband. The received signal at the antenna array can be written as:
K

y (t ) = sk (t )a(k )  n(t ),

(3.1)

k =1

where n(t ) represents the complex circular spatially and temporally white zero-mean
Gaussian noise. Let sk (t ) denote the k th signal waveform arriving at the first antenna, and
a( k ) be the corresponding steering vector given by
a( k ) = [1, e

j 2

 sin  k



, , e

j 2 ( M 1)

 sin  k



]T ,

where  is the wavelength of the incoming signal. The data model (3.1) can be written in
the following matrix form:

y (t ) = As(t )  n(t ),
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with A = [a (1 ), a ( 2 ), , a ( K )] , s(t ) = [ s1 (t ), s2 (t ),, sK (t )]T .
The signals are assumed to be independent of the noise. Accounting for the path loss and
channel phase shift from the sources to the receiver and assuming they are relatively stable
during the observation time, the data model can be re-expressed in sampling instant nTs ,
with Ts the sampling period, as follows:

y (n) = AΨx(n)  n(n), n = 1, 2, ..., N ,
where

x(n)

Ψ = diag ( h1e

contains
j 1

, h2 e

j 2

the

temporal
j K

,  , hK e

signals

transmitted

(3.3)
by

K

sources,

) with hk and  k representing the path loss and

channel phase rotation for the k th element of x(n) , respectively. To facilitate the
discussion, x(n) is supposed to be real signal, and it can be extended to general non
circular signals [2].
3.2.2.2. Extended Data Model
The extended data model is given in the following form:
 y ( n )   AΨ 
 n(n) 
 y * ( n )  =  A * Ψ *  x ( n )  n * ( n )  ,

 




(3.4)

(3.4) can be re-written in a more compact form as follows:
K

y (n) = a ( k ) xk (n)  n (n),

(3.5)

 y (n) 
y ( n ) =  *  ,
 y (n) 

(3.6)

 h a ( )e j k 
a ( k ) =  k k  j  ,
 hk a* ( k )e k 

(3.7)

n ( n ) 
n ( n) =  * 
n ( n) 

(3.8)

 (n)  n (n),
y (n) = Ax

(3.9)

k =1

where

In matrix form, (3.4) becomes:

 =[a ( ), a ( ), ..., a ( )] .
where A
1
2
K
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3.2.2.3. DoA Estimation
Based on the extended data model, the MUSIC method can be used to calculate the DoA
of incoming signal. The covariance matrix of y (n) is given by:
 = E  y ( n) y H ( n)  = AR

 H   2I ,
R
A
xx
n 2M



(3.10)

where the signal covariance matrix is R xx = E[x(n)x H (n)] .

 is:
The eigenvalue decomposition of R
 = UΛU
 H = U
sΛ U
 sH   2 U
n U
 nH ,
R
s
n

(3.11)

where Λ s is a diagonal matrix with eigenvalues being the diagonal elements in
 = [u 1 , u 2 , ... , u 2 M ] is a unitary matrix, the columns of
descending order. U
 s = [u 1 , u 2 , ..., u K ] span the signal space, and the columns of U
 n = [u K 1 , u K  2 , ..., u 2 M ]
U
span the noise space. One can observe that the maximum number of resolvable non
circular sources are 2M  1 . Theoretically, ˆk can be estimated by solving the following
equation:
H
n U
 nH a ( ) = 0
a ( k ) U
k

Let z = e

j 2

(3.12)

 sin 



. The above equation can be transformed into the following form:
T
n U
 nH a ( z ) = 0
a ( zk1 ) U
k

(3.13)

By finding the K roots of (3.13) which are inside and closest to the unit circle, the
direction angles ˆ1 , ˆ2 , , ˆK can be estimated. Equation (3.13) depends on the unknown
parameters  k , which makes the root-finding problem impossible. In order to fix the
 n is split into two equal-sized sub-matrices U and
problem, the noise subspace matrix U
n1

 n =  U n1  .
U n 2 , namely, U
U 
 n2 
(3.13) can be rewritten as follows:

q H Tq = 0,
aT ( z 1 )U n1U nH1a( zk ) aT ( zk1 )U n1U nH2a( zk1 ) 
1

where q =   j 2  , and T   T k
.
1 
H
T
H
k
 a ( zk )U n 2 U n1a( zk ) a ( zk )U n 2 U n 2a( zk ) 
 e
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Due to the non negativity of the quadratic form {q H Tq} , the minimum of {q H Tq}
depends on the smallest eigenvalue of T , which is always non negative. Thus (3.14) can
be solved by finding the roots of det{T} , that is:

det{T} = 0

(3.15)

Obviously, (3.15) is independent of parameters  k . It is proved in [9] that

U*n 2 UTn 2 =U n1U nH1 , (3.14) is equivalent to the following simplified equation:

aT ( zk1 )Un1UnH1a( zk )  aT ( zk1 )Un1UnH2a( zk1 ) = 0

(3.16)

By finding the roots of (3.16), the DoA can be estimated. Alternatively, the DoA can also
be estimated by searching the peaks of the following spatial pseudo-spectrum:

P( k ) =

arg max

 
k [  , ]
2 2

1
a ( z )U n1U a( zk )  aT ( zk1 )U n1U nH2a( zk1 )
T

1
k

H
n1

(3.17)

One can refer to [2, 10] for more details.
3.2.3. MIMO Detection by Exploiting Non-circularity
3.2.3.1. System Model
The MIMO system model considered here is the V-BLAST system [11] with N R
antennas at the receiver and NT antennas at the transmitter, as described by the following
equation:

y = Hx + n,

(3.18)

where y is the received signal, the transmitted signal x is BPSK/ASK modulated, n is
the additive zero-mean complex circular white Gaussian noise, H represents the
frequency-flat channel. In this model, the following assumptions are used:

 E[xx H ] = PI N , where P is the average transmitting power of each transmitting
T

antenna;

 E[nn H ] =  2 I N , where  2 is the power of noise at each receiving antenna;
R

 E[nx H ] = 0 , which means that the signal and noise are independent;
 Constellation points are equally probable.
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3.2.3.2. Extended ZF Detector
For real signals (for example, BPSK or ASK modulated signals), x = x* , and thus
E[x(t )xT (t   )]  0 when  = 0 . An extended model can be obtained as

  n ,
y = Hx

(3.19)

 = [HT H H ]T , n = [nT n H ]T . The transmitted signal x can be
where y = [y T y H ]T , H
estimated through the ZF receiver.
x EZF = C EZF y ,

(3.20)

 † , ()† denotes the pseudo inverse. Since the linear space under
where C EZF = H
consideration has been extended to 2 N R  N T dimensions, this method is called extended
ZF (EZF) to distinguish it from the conventional ZF.
3.2.3.3. Extended MMSE
If MMSE principle is applied to the extended MIMO model, the MMSE detector can be
obtained as:

 H R 1 ,
C EMMSE = P H

(3.21)

  H ] = R y Rc  ,
R = E[yy
 R* R* 
 c y 

(3.22)

where

where

R y = E[yy H ] = PHH H   2 I N ,

(3.23)

R c = E[yyT ] = PHHT

(3.24)

R

The signal vector x can be estimated as
x EMMSE = C EMMSE y

(3.25)

Similarly, this method is called extended MMSE (EMMSE) to distinguish it from the
conventional MMSE.
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3.2.3.4. Nulling and Cancelling
System (3.19) is considered as a 2 N R  N T MIMO system. The ordered successive
interference cancelation (OSIC) can be additionally applied. Especially, the performance
of EZF and EMMSE is further improved by extended ZF-OSIC (EZF-OSIC) and extended
MMSE-OSIC (EMMSE-OSIC) respectively, just like ZF-OSIC [11] and MMSE-OSIC
[12] which improve ZF and MMSE respectively. The details and optimal order are
discussed in [11, 12].
The exploitation of the non circularity can extend the conventional MIMO model to an
observation space with doubled dimensions. The diversity of EZF/EMMSE is proven to
N 1
N 1
, and the diversity of EZF/EMMSE-OSIC is between N R  T
and
be N R  T
2
2
N R [4]. For more details, one can refer to [5].
3.2.4. MIMO-NOMA Framework by Exploiting Non-circularity
3.2.4.1. System Model
The downlink of a MIMO-NOMA communication system is considered. The number of
transmitting antennas is NT , and the number of receiving antennas at a user is N R . It is
assumed that N R  NT . This case is possible in the ultra-dense small cells of 5G networks
[13]. In this scenario, low-cost small-cell base station with same (or less) number of
antennas as user handsets is likely to be used. Cloud radio access networks (C-RANs) can
also be another example, where users are served by a small number of low cost remote
radio heads (RRHs) in order to reduce the fronthaul overhead [14]. The signal vector
transmitted by the BS is represented as:
s =  s1

s2



T

s NT  ,

(3.26)

where s m = α mH s m denotes the signals intended for the mth cluster.
T

T

s m =  sm ,1  sm , K  , α m =  m ,1   m , K  ,

(3.27)

where K is the number of users in the mth cluster, sm,k denotes the signal intended for
the k th user in the mth cluster with k {1, 2, , K } ,  m , k is the power allocation
coefficient.

Conventionally,

 m ,k

is

a

real

positive

number

and

meet

 m2 ,1   m2 ,2     m2 , K = 1 . The signal received by the k th user in the ith cluster is given
by:
y i , k = H i , k Ps  n i , k ,

(3.28)
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where H i , k is a N R  NT Rayleigh fading channel from the base station to the k th user in
the ith cluster, and ni ,k is a Gaussian noise vector with dimension of N R  1 . Similar to
[14], let P = I N . The following assumptions are used:
T

H

 E[s s ] = I N (each transmitter has unit power);
T

 E[ni ,k n ] =  2 I N ;
H
i ,k

R

 sm,k is real except in the discussion of mixed signal.
3.2.4.2. MIMO-NOMA Based on Widely Linear Processing (WLP)
Case 1: WL-MIMO-NOMA with complex power coefficients ( K = 2)
This is the case of user pairing. Most of the existing works use real and positive power
allocation coefficients. However, phase angles can be added to the power coefficients
within a cluster [15]. This operation can produce a staggering angle between users in each
cluster. It facilitates the receiving end to decode the signals. The complex allocation
coefficients can be expressed as follows:
α m =  m ,1e


 j1

 m ,2 e

 j 2

T

 ,


(3.29)

where  m , k is the strength coefficient of power allocation, taking real positive values and

 m2 ,1   m2 ,2 = 1 ; 1 and  2 are the introduced phase angles. y i ,k can be expressed in more
details with hm,ik denoting the mth column of H i , k .

y i ,k

α1H s1 
 H

α 2 s2 

= h1,ik ,h 2,ik ,,h N ,ik  
  ni ,k

 
T
 H

α NT s NT 

(3.30)

The above equation can be further expressed as:
y i , k =  h1,ik e


j1

, h1,ik e

j 2

, , h N

T , ik

e

j1

,hN

T , ik

e

j 2

 s  n i , k ,


(3.31)

T

where s = 1,1 s1,1 , 1,2 s1,2 , ,  N ,1 s N ,1 ,  N ,2 s N ,2  . An extended model is constructed as
T
T
T
T 

follows by jointly euxploiting the received signal y i , k and its conjugate version:

 y i ,k    
y i , k =  *  = H
i , k s  ni ,k ,
 y i ,k 
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where

 h1,ik e j1 , h1,ik e j2 ,, h N ,ik e j1 , h N ,ik e j2 
T
T


Hi ,k = 
h* e j1 , h* e j2 ,, h* e  j1 , h* e  j2 
NT ,ik
NT ,ik
1,ik
 1,ik


(3.33)

One notes that the WL-MIMO-NOMA model is transformed into a classical MIMO
model. The advantage is that both the inter-cluster interference and intra-cluster
interference can be eliminated completely. Without loss of generality, the first cluster is
discussed. In the first cluster, the signal detection for the two users can be performed by
†
†
 1,1
 1,2
and W = H
respectively. Let
adopting zero-forcing (ZF) method. Denote W = H
1,1

H
1,11

w be the first row of W1,1 , and w
respectively as:

H
2,12

1,2

the second row of W1,2 , the two users are detected

H 
H 
w1,11
y1,1 = 1,1 s1,1  w1,11
n1,1 ,

(3.34)

H 
H 
w 2,12
y1,2 = 1,2 s1,2  w 2,12
n1,2 ,

(3.35)

where  w1,11 2 and  w 2,12 2 stand for the noise amplification coefficients of ZF on the
first and the second users, respectively. For ZF, the user’s gain is fixed to one, so the noise
amplification coefficient determines the user’s channel condition. Without loss of
generality, we assume that1:

 w1,11 2  w 2,12 2 ,

(3.36)

which means that the first user’s detection vector brings less noise gain, i.e. the first user’s
channel condition is better than the second user. According to the NOMA power
allocation strategy, the power allocation coefficients should be ordered as follows:

1,1 < 1,2

(3.37)

Based on the signal model described above, the second user in the first cluster directly
demodulates its own information with the following signal to noise ratio (SNR):
SNR1,2 =

2
1,2

 w 2,12 2

1

,

(3.38)



1 The base station needn’t know the users’ channel matrices, it needs only the noise amplification coefficient
for each user, which reflects the user’s channel condition, this brings a much less demanding requirement than
acquiring the global channel condition.
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where  =

P

2

. For the first user, the detection performance can be improved by SIC,

namely it firstly detects the second user’s signal as follows:
H 
H 
w 2,11
y1,1 = 1,2 s1,2  w 2,11
n1,1 ,

(3.39)

H
where w 2,11
denotes the second row of W1,1 . Following the representation style of [14],
2
2
let SNR1,1
be the SNR of the second user at the first user, SNR1,1
is given by:

2
SNR1,1
=

2
1,2

w 2,11

2

(3.40)

1



Once the second user’s message is decoded, the received signal is updated as y 1,1 by
removing the second user’s signal. Then the first user detects its own signal, the detection
model in (3.34) is rewritten as:
H
H
v1,11 y1,1 = 1,1s1,1  v1,11 n 1,1

 1,1 = [h 1,11 h 2,11
For simplicity, denote H
†

(3.41)
H

H1,1 ] , where v1,11 is given by the first row of
 1,1 , namely
is obtained by removing the second column from H

H1,1 , and H1,1
H1,1 = [h 1,11 H1,1 ] . The SNR in the detection of the first user’s signal is then given by:

SNR1,1 =

2
1,1

 v1,11 2

1

(3.42)



If the fixed power allocation strategy is adopted, the SNR of the two users are determined
by the noise amplification effect of ZF detection vector v1,11 and w2,12 , which can be
optimized if 1   2 = k 


2

[15].

Case 2: Extension to K -user clusters ( K > 2 )
Different from 2-user cluster, widely linear processing can not completely separate K > 2
users in a cluster, because the available degrees of freedom for a complex-valued power
coefficient are only 2. In a K -user cluster, the interference can be partially canceled by
the following strategy.
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1. The mth cluster is divided into two subsets, denoted by  m ,1 and m,2 , respectively.
Assume that  m ,1 = K1 and  m ,2 = K 2 , where K1  K 2 = K . Without loss of generality,

 m ,1 and m,2 can be represented as follows:
 m ,1 = {sm ,1 , sm ,2 ,  , sm , K },  m ,2 = {sm , K

1 1

1

, sm , K

12

,  , sm , K }

2. The users in subsets  m ,1 and m,2 respectively use the power coefficient vectors α m ,
β m , given by
α m =  m ,1e

β m =   m , K 1e
1


where  m2 ,1     m2 , K   m2 , K
1

1 1

 j1

 j 2

 m ,2 e

 j1

 m, K  2 e
1

 m , K e

 j1

1

 j 2

  m,K e

T

 ,


 j 2

T

 ,


    m2 , K = 1 . One notes that, the complex-valued

power coefficients in  m ,1 have the identical phase 1 , and those in m,2 share another
phase  2 . Recalling (3.26), the signal intended for the mth cluster is given by:

 j
 K1
 j  K
s m =   m ,k sm ,k  e 1     m ,k sm ,k  e 2
 k =1

 k = K 1


  
1
 

m ,1

(3.43)

m ,2

The above signal model shows that the users in  m ,1 are overlapped in phase, and so are
the users in m,2 . However,  m ,1 and m,2 are staggered by 1 and  2 . This is quite
similar to the user pairing if  m ,1 and m,2 are considered as two ‘big users‘ in a cluster.
It is proven in [15] that the system reaches the optimal performance if 1   2 = k    / 2
. Therefore, if 1 and  2 are orthogonal, a general system model is obtained as follows:
 i , k s  n i , k .
y i , k = H

The 2 NT 1 vector s is given by:

1,1 s1,1    1, K s1, K


1
1


 1, K1 1 s1, K1 1    1, K s1, K


s = 



  s




s

NT ,1 NT ,1
NT , K1 NT , K1


  N , K 1 s N , K 1     N , K s N , K 
T 1
T
T
 T 1


(3.44)
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†

 1,k the ZF
Without loss of generality, the first cluster is considered. Denote W1,k = H
matrix at the kth user. Let w1,k be the ZF detection vector of the kth user. For
k  {1, 2, K1} , the kth user is in subset 1,1 , the detection vector w1,k is the first row of

W1,k ; and for k  {K1  1, K } , the kth user belongs to 1,2 , and w1,k is the second row
of W1,k . So the kth user is detected as:
K1

w1,Hk y 1, k = 1, n s1, n  w1,Hk n 1, k , k  {1, K1},

(3.45)

n =1

K



w1,Hk y 1, k =

1, n s1, n  w1,Hk n 1, k , k  {K1  1, K },

(3.46)

n = K1 1

According to the above analysis, w 1, k

2

stands for the noise amplification coefficients of

ZF, reflecting the user’s channel condition. Without loss of generality, we assume that:
2

w1,1

 w1,2
2

w1, K

1 1

2

   w1, K

2

1

2

 w1, K

12

, for 1,1 ,

(3.47)

2

(3.48)

  w1, K

, for 1,2

Although the channel conditions are ordered within 1,1 (or 1,2 ), one should note that,
in general, there is no specific magnitude order for any pair across the subsets, i.e.
 w1,k 2 in 1,1 and  w1, K  k 2 in 1,2 , with 1  k1  K1 , 1  k 2  K 2 .  w1,k 2 can be
1

1

2

bigger or smaller than  w1, K

1  k2

1

2

 . Following the principle of NOMA power allocation,

the power allocation coefficients should be ordered as follows:

 1,1     1, K1 , 1, K1 1    1, K

(3.49)

For the detection in subset 1,1 , as shown by (3.45), the K1th user in subset 1,1 can
directly decode its messages, it will be detected with the following signal-to-interferenceplus-noise ratio (SINR):

SINR1, K =
1

1,2 K

1

K1 1


m =1

2
1, m

 w1, K

1

2

1

(3.50)



The kth user, 1  k < K1 , needs to use SIC technique to decode the signal of the jth user,
1  k  j  K1 , and then remove all these users’ signal before detecting its own. So the
SINR of the jth user at the kth user is given by:
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SINR1,j k =

1,2 j
j 1



2
1, m

 w1, k

2

(3.51)

1



m =1

The first user in 1,1 , needs to decode all the other users’ messages (from the K1th -th user
to the second user) and remove their contribution, the first user is then detected with the
following SNR:
2
1,1

SNR1,1 =

w1,1

(3.52)

1

2



Similar to the detection in subset 1,1 , the Kth user in subset 1,2 is detected with the
following SINR:

1,2K

SINR1, K =

K 1



1,2m  w1, K

2

1

(3.53)



m = K1 1

The kth user, K1  1  k < K , needs to perform SIC to decode the signal of the jth user,
1  k  j  K , and then remove all these users’ signals before detecting its own. So the
SINR of the jth user at the kth user is:

1,2 j

j
1, k

SINR =

j 1





m = K1 1

2
1, m

 w1,k

2

1

(3.54)



For the ( K1  1)th user in 1,2 , if other users can be detected successfully, its SNR is given
by:

SNR1, K 1 =
1

1,2K1 1
w1, K 1
1

2

1

(3.55)



3.2.4.3. Coexistence of Real and Complex Circular Signals
In practice, users are likely to suffer from various channel fadings. To deal with the
problem, communication system usually adopts an adaptive strategy by using real signals
for users with poor channels and complex circular signals for those experiencing good
channels. Therefore, the coexistence of real and complex circular signals is quite usual.
The above model can be extended to the mixed case where real and complex circular
signals coexist in a cluster.
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Recalling (3.43),  m ,1 and m,2 are supposed to be the sets for the complex circular and
real signals, respectively. An extended mixed signal model can be expressed as follows:
j
y =  y i , k  =  e H i ,k sc    H i ,k  s  ni ,k  ,
i ,k
 y *    j * *   H*  n n* 
 i .k   e H i .k s c   i .k 
 i .k 

(3.56)

where  is the difference of two phase angles ( 1 and  2 for  m ,1 and m,2 ,
respectively), which can simplify the expression, s n and sc denote the real signals and
complex circular signals, respectively. They are expressed as follows:
 1,1s1,1    1, K1 s1, K1



sc = 

,
 s
    N , K sN , K 
T 1
T 1
 NT ,1 NT ,1

(3.57)

 1, K1 1 s1, K1 1    1, K s1, K



sn = 



    N , K sN , K 
s
T
T
 NT , K1 1 NT , K1 1


(3.58)

Without loss of generality, in the first cluster, let c1,k be the detection vector at the kth user,
so the detected signal is described as:
s 1, k = c1,Hk y 1, k

(3.59)

The detection vector c1,k is obtained by minimizing the following criterion:
2
min L1, k = E | s1, k  s1, k | 
c

(3.60)

1, k

Let

L1, k
c1, k

= 0 , c1,k can be obtained:







  E s

H
H

c1,k =  E  s1,k y 1,k  E  y 1,k y 1,k 






H
H
2
L1,k = E  s1, k   E  s1, k y 1, k  E  y 1,k y 1,k 



 


The SINR of kth user is given by:
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SINR1, k =

s1, k

2

(3.61)

L1, k

It is assumed that the channel conditions of complex circular signals are better than those
of real signals, and the channel condition in each subsets is ordered as (3.47) and (3.48).
The Kth user in real signals subset 1,2 can directly decode its messages. The outage
probability of the Kth user (real signal) is given by:
P1,oK = P  SINR1, K <  1, K

 1,2K

 = P  L


1, K


<  1, K 



(3.62)

The kth user, k < K , needs to use SIC technique to decode the signal of jth user,
1  k  j  K , and then remove all these users’ signal before detecting its own. The SIC
process is similar to those in the above sections. And the outage probability experienced
by the kth user is shown as follows:

P1,ok = 1  P  SINR1,j k >  1, j , j {k ,, K}

(3.63)

One should note that, for the case of circular complex signals, it is well known that WLP
is equivalent to its traditional counterpart [16].

3.3. Exploitation of Cyclostationarity
3.3.1. Cyclostationarity
A signal s(k ) is said to be cyclostationary if its cyclic conjugate or cyclic correlation
functions defined respectively as:

rss ( , ) =  s(n) s(n   )e j 2 n   ,

(3.64)

rss* ( , ) =  s (n) s* (n   )e j 2 n  

(3.65)

1 N
()
N  N n =1
. Most man-made signals exhibit cyclostationarity with cycle frequency equal to the twice
of the carrier frequency, multiples of the baud rate, or combinations of these [18]. For a
vector s(t ) , its cyclic conjugate and cyclic correlation matrices are defined respectively
as:
is nonzero at cycle frequency  for some time shift  [17, 18], where   = lim

R ss ( ,  ) = s(n)sT (n   )e j 2 n   ,

(3.66)

R ss* ( , ) = s(n)s H (n   )e j 2 n  

(3.67)
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3.3.2. DoA Estimation by Exploiting Cyclostationarity
3.3.2.1. Problem Statement
An array of M antennas is considered. K electromagnetic waves impinging on the array
are from angular directions  k , k =1,, K . The incident waves are assumed to be
narrowband plane waves, K  sources emit cyclostationary signals with cycle frequency
 (with K  K ). s(t ) contains only the K  signals that exhibit cycle frequency  , and
all of the remaining K  K  signals (that have not cycle frequency  ) and any noise are
lumped into a vector i(t ) . The signal received by the array can be written as:

y(t ) = As(t )  i(t ),

(3.68)

where s(t ) = [ s1 (t ), , sK (t )]T contains the temporal signals having cycle frequency  ,


i(t ) represents interfering sources and noise. A =  a (1 ), , a ( K )  contains the
 

steering vectors of the impinging signals of interest (SOI). The received signals are
sampled at N distinct times t n , n = 1,2,, N .
3.3.2.2. Extended Cyclostationary-exploiting Data Model
In order to exploit the cyclostationarity of the incoming signals, an extended-data vector
is constructed:

 s (t )  i(t ) 
 y (t )  K
y CE (t ) =    =  B( k )  k      ,
 y (t )  k 1
 sk (t )  i (t ) 

(3.69)

B( ) = a1 ( ) a 2 ( ) ,

(3.70)

 a ( ) 
 0 
, a 2 ( ) =   
a1 ( ) = 

 0 
a ( ) 

(3.71)

a1H ( ) a 2 ( ) = 0,
a1H ( ) a1 ( ) = a 2H ( ) a 2 ( ) =  ,

(3.72)

with

and

For any angle  , note that:

where  is a real positive constant such that  a( ) 2 =  . Without losing generality, let

 be unity, and in this case the matrix B H ( )B( ) is equal to the identity matrix.
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3.3.2.3. Extended Autocorrelation Matrix
The cyclic correlation matrix for the extended data model is calculated as:

RCE ( ) =

1 N 
H
I 2 M (tn )y CE (tn   / 2)y CE
(tn   / 2),

N n =1

(3.73)

where the time dependent matrix I2 M (t ) is defined by:

I e j 2 t
I2 M (t ) =  M
0


0
IM e

 j 2 t


,


(3.74)

and I M is the M -dimensional identity matrix. The extended cyclic correlation matrix can
be developed as:

 R yy ( , ) R yy* ( , ) 
RCE ( ) =  
,

 R yy* ( , ) R yy ( , ) 

(3.75)

where R yy ( ,  ) and R yy* ( , ) are estimated according to (3.66) and (3.67),
respectively.
3.3.2.4. Extended-Cyclic-MUSIC
According to the extended data model (3.69), the extended cyclic correlation matrix (3.75)
can be developed as:
A
R CE ( ) = 
0


0   R ss ( , ) R ss* ( , )   A
A    R ss* ( , ) R ss ( , )   0

H

0
,
A  

(3.76)

where RCE ( ) is a (2M  2M ) - dimensional matrix but its rank is equal to K   with
K  K   2 K .
In the extended data model, for any DoA  k , there are two signal components: a non
conjugate signal component and a conjugate signal component. That is, each source can
be considered as the combination of these two signal components. Moreover, these two
components are associated with the steering vectors a1 ( k ) and a 2 ( k ) in (3.71),
respectively. These two components can be viewed as two sources with a same DoA.
In order to exploit simultaneously the contribution of the two components, the following
extended normalized steering vector is designed:
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b( , c) =

B( )c
,
 B( )c 

(3.77)

where vector c =  c1 c2  contains unknown coefficients, and matrix B( ) is defined by
(3.70). According to the subspace based methods principle and by using this extended
steering vector, the DoA of the SOI is given by the minima of the following function:
T

P ( , c) = U nH b( , c) 2

(3.78)

The values of  and c are to be determined to minimize P( , c) . The spatial spectrum
P( ) is given as:

c H B H ( ) U n U nH B ( )c 
P ( ) =  min

c H B H ( )B ( )c 
 c

1

(3.79)

Matrix B H ( )B( ) being equal to the identity matrix, according to (3.72), it can be shown
that the minimum value within the brackets is given by the minimum eigenvalue of
P( ) = B H ( )U n UnH B( ) , and the minimizing vector c is the corresponding eigenvector.
The (2  2) -dimensional matrix P( ) can be written as:

 U UH
P( ) = B H ( )  n1 nH1
 U n 2 U n1

U n1U nH2 
 B( ),
U n 2 U nH2 

(3.80)

where U n1 and U n 2 are two sub-matrices of same dimension defined by:

U 
U n =  n1 
Un2 

(3.81)

By showing that Un 2 UTn 2 = U n1U nH1 , hence:

a H ( )U n1U nH1a( ) (aT ( )U n 2 U nH1a( )) 
P( ) =  T
,
H
H
H
 a ( )U n 2 U n1a( ) a ( )U n1U n1a( ) 

(3.82)

Then, by calculating the analytical expression of the eigenvalues of the (2  2) dimensional matrix P( ) , it can be easily shown that the spatial spectrum of the
Extended-Cyclic-MUSIC method is given by:

P( ) =

1
a ( )U n1U a( ) | aT ( )U n 2 U nH1a( ) |
H

For more details, one can refer to [1].
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3.3.3. Beamforming by Exploiting Cyclostationarity
3.3.3.1. Problem Statement
Consider an array of M elements. Suppose P  1 ( P  1 < M ) far-filed signals
impinging on the array, the received signal at time n is given as:
P

y (n) = a p s p (n)  n(n),

(3.84)

p =0

where a p is the steering vector of the pth source signal s p (n) , n(n) is the noise vector.
Here, s0 ( n) is considered as the desired signal while s p (n), p = 1,..., P are interferences.
The output signal-to-interference-plus-noise ratio (SINR) of the beamformer is given as:
SINR =

 02 | w H a0 |2
w H R in w

,

(3.85)

where w is the beamformer weight vector, R in is the interference plus noise covariance
matrix (INCM),  02 is the power of the desired signal. To maximize the SINR (3.85),
MVDR beamformer obtains the weight w by solving the following optimization problem
[19]
H
minw R in w

s.t. w H a 0 = 1,

w

(3.86)

whose solution is w = R in1a0 / (a0H R in1a0 ) . In practice, R in is unavailable, and is replaced
N
ˆ = 1 x(n)x H (n) with N snapshots. The
by the sample array covariance matrix R
N n=1
1
H ˆ 1
ˆ
resultant beamformer w = R a / (a R a ) is commonly referred to as the sample
0

0

0

matrix inversion (SMI) beamformer. However, when N is not large enough, the
estimated R̂ will dramatically affect the beamformer’s performance [20]. More
importantly, since R̂ includes the desired signal component, the SMI beamformer dose
not provide sufficient robustness against steering vector mismatch for the desired signal
[21].
Efforts have been made in [25, 26] to replace R̂ with a reconstructed INCM. The INCM
in [26] is reconstructed as:
a( )a H ( )
d ,

ˆ 1a( )
a( ) H R

ˆ =
R
in


(3.87)
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where  is the angle region excluding that of the desired signal. Therefore, the desired
ˆ . However, a( ) in (3.87) is based on a known array
signal is totally removed from R
in
structure. In practice, if there is unknown gain and phase errors in a( ) , the interference
ˆ , and the SINR of the beamformer will
will not be well suppressed by using such R
in

degrade especially for strong interferences. [27] developed an INCM reconstruction
method by exploiting the interferences’ cyclostationarity.
According to (3.66), the cyclic conjugate correlation matrix is given by:
R yy * ( , ) =  y ( n ) y T ( n   )e  j 2 n  

In practice,

R yy* ( , )

(3.88)

is estimated by finite-number of snapshot data as

ˆ ( , ) =  y ( n) y T (n   )e  j 2 n  . Suppose s (n), p = 0,..., P are cyclostationary
R
yy *
p
N
signals with different cycle frequencies  p , p = 0,..., P . Then for each  p , R yy* ( p , )
can be expressed as

R yy* ( p , ) = r

s p s*p

( p , )a p aTp ,

p = 0,..., P,

(3.89)

which is a rank-one and non Hermitian matrix [22]. Therefore, the dominant left singular
vector of R yy* ( p , ) , denoted as c p , is proportional to a p [18, 23]. Based on this fact,
the constrained cyclic adaptive beamforming (CCAB) algorithm [18] is given as:
H ˆ
min w Rw
w

s. t. w H c 0 = 1,

(3.90)

which exploits the cyclostationarity of the desired signal. However, CCAB is also based
on the sample covariance matrix R̂ , thus has similar sensitivity problem as the SMI
beamformer. Therefore, [27] proposes to reconstruct the INCM further by exploiting the
cyclostationarity of interferences.
3.3.3.2. INCM Reconstruction by Exploiting the Cyclostationarity of Interferences
Theoretically, if all the source signals and noises are uncorrelated with each other, the
INCM can be expressed as:
P

R in =  p2 a p a Hp   n2 I,

(3.91)

p =1

where  2p is the power of the pth interference and  n2 is the noise power, I is the identity
matrix. Hence, in order to reconstruct R in , the steering vector and the power of each
interference signal should be estimated.
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In [18, 23], it is shown that c p which is the dominant left singular vector of R xx* ( p , )
is proportional to a p . Thus, for each cyclostationary interference, c p can be considered
as the estimate of a p , p = 1,.., P . Note here that  is not unique to make a non zero

R xx* ( p , ) . However, the optimal  should be the one which maximizes the dominant
singular value of R xx* ( p , ) .
After that, the Capon power estimator [24] can be used to further obtain the power of each
interference as:

ˆ p2 =

1
, p = 1,..., P
ˆ 1c
c R
p
H
p

(3.92)

Note that to avoid the scaling ambiguity of the power estimate, a scaling process is applied
to c p in (3.92) to make it have the same norm as a p , i.e.

c p  M c p /  c p , p = 1,..., P

(3.93)

For the noise power  n2 , it can be estimated as  min , which is the minimum eigenvalue of
the sample covariance matrix R̂ .
To summarize, the INCM reconstruction steps are described as follows:

ˆ ( , ), p = 1,..., P ;
1. For each interference with cycle frequency  p , obtain R
xx*
p
ˆ ( , ) , and obtain the
2. Perform the singular value decomposition (SVD) of R
xx*
p
dominant left singular vector c p , p = 1,..., P ;
3. Scale c p according to (3.93). Then obtain each interference’s power as (3.92);
4. Perform the eigenvalue decomposition (EVD) of R̂ , and obtain its minimum
eigenvalue  min ;
P

ˆ = ˆ 2 c c H   I .
5. Reconstruct the INCM as R
in
p p p
min
p =1

ˆ , the robustness of MVDR and CCAB can be greatly improved
With the reconstructed R
in
ˆ . This performance improvement can be
since the desired signal is removed from R
in

attributed to the exploitation of the cyclostationarity of interferences.
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3.4. Exploitation of Conjugate Symmetry
3.4.1. Conjugate Symmetry
Most of the practically used digital linearly modulated signals have conjugate symmetric
constellations, such as MPSK/MQAM signals. For an NT -dimensional MPSK/MQAM
modulated signal x 
property [4]:

NT

, its rotated version z = x exp ( j 0 ), z  

NT

, has the following

z* = M N z,

(3.94)

T



NT

represents the rotated version of 

NT

with respect to exp ( j 0 ) , M N = diag (l ) is
T

T

the phase rotation matrix (PRM) with l = [l1 , l2 , , lN ] and li is defined as the phase
T

rotation factor between two conjugate constellation points. li   , the value of li depends
on the phase of zi (the ith element of z ). l is called phase-rotation vector.
MN 

NT

T

is data-dependent. 

NT

is represented as 

NT

(2)
(|
= {M (1)
N , M N , , M N
T

T

NT
|)

T

}.

M N can be viewed from a perspective of constellation partition, as shown in Fig. 3.1.
T

The constellation set  

NT

is divided into | 

(2)
(|
by the PRM-s M (1)
N , M N , , M N
T

T

NT
|)

T



NT

= 1

 i

NT

NT

| distinct subsets 1

NT

N

N

, 2 T , ,  NT

| T |

, we have the following relations:
NT

NT

N

 2

    NT ,

NT

i  k,

  k

(3.95)

| T |

= ,

(3.96)

N
where  represents the empty set. For any z  i T , its PRM must be M(Ni ) . The

T

following special cases are taken to illustrate this property.

 For the extreme case of real signals, e.g. BPSK/ASK, M N = I N is the sole PRM. The
T

T

constellation partition is unnecessary.

 For MPSK signals, each diagonal element of M(NiT) represents a pair of anti-polar
N

constellation points. The size of each subset is 2 T , just like the case of BPSK signals.
N
For MQAM signals, the sizes of subsets are not always 2 T , because one real diagonal
element defines multiple constellation points. One example is the 16QAM, whose subset
with M (Ni ) = I N has the 4
T

T

NT

vectors. To further illustrate the concept of constellation

partition, examples of QPSK signals are employed as follows:
134

Chapter 3. Exploitation of the Properties of Communication Signals: From Non-circular Signal to Circular
Signal

Fig. 3.1. Constellation partition ( K =| 

Example 1. z 


NT

NT

= {1,  j} , 

N

T

| ),  i

N

T

  k

N

T

N

N

= ,  i T   k T = , i  k .

is QPSK modulated, NT = 1 .

NT

= {1} , |  

NT

|= 4 , | 

NT

| = 2.

NT
N
M(1)
= {1} , | 1 T |= 2 .
NT =1 , 1
NT
N
M (2)
= { j} , |  2 T |= 2 .
NT = 1 ,  2

Example 2. z 

NT

is QPSK modulated, NT = 2 .



NT

= {[ 1  1]T ,[ 1  j ]T ,[  j  1]T ,[  j  j ]T } , 

|

NT

|= 4 .

NT

= {diag ([ 1  1]T )} , |  

NT

|= 16,

NT
N
T
M(1)
= {[ 1  1]T } , | 1 T |= 4 .
NT = diag ([1 1] ) , 1

NT
N
T
M(2)
= {[ 1  j ]T } , |  2 T |= 4 .
NT = diag ([1  1] ) ,  2
NT
N
T
M(3)
= {[  j  1]T } , |  3 T |= 4 .
NT = diag ([1 1] ) ,  3
NT
N
T
M(4)
= {[  j  j ]T } , |  4 T |= 4 .
NT = diag ([1  1] ) ,  4

 For a linearly modulated signal x , the same conclusions can be obtained for its
constellation 

NT

. There also exist distinct subsets 1NT ,  2NT ,  ,  NTN

| T |



NT

N

N

= 1 T   2 T    
N

N

 j T  k T = ,

NT
N
| T |

jk

,

satisfying:
(3.97)
(3.98)
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Accordingly, i T is the rotated version of space  i T with respect to exp( j 0 ), as
shown in Fig. 3.1.
N

N

3.4.2. MIMO Detection by Exploiting Conjugate Symmetry
3.4.2.1. MIMO System Model
The previously considered MIMO system model is taken as follows:

y = Hx + w

(3.99)

The only difference is that the transmitted signal x is MPSK/MQAM modulated, and the
constellation points in MQAM (or MPSK) are equally probable.
3.4.2.2. Widely Linear Model for Detection
The MIMO system model can be transformed into (3.100) by a phase shift of 0 :

y exp( j0 ) = Hz + w exp( j0 ),

(3.100)

where z = x exp( j0 ) . By exploiting the property in (3.94), the conjugate version of
(3.100) is obtained as follows:

y* exp( j0 ) = H*M N z  w * exp( j0 )

(3.101)

T

Combining (3.100) and (3.101), an extended model is constructed as:
 y exp ( j 0 )   H
 y * exp (  j )  =  H *M
NT
0 




 w exp ( j 0 ) 
z   *

 w exp (  j 0 ) 


(3.102)

Intuitively, (3.102) can be seen as an extended MIMO system model with NT transmitting
antennas and 2 N R receiving antennas. z can be detected by applying the ZF or MMSE
principle as follows:

y exp( j0 ) 
z = C  *
,
y exp( j0 )

(3.103)

where C is the extended ZF (EZF) matrix or extended MMSE (EMMSE) matrix, given
by:

†
H

2
C= H
 H
   I )1 H
H
( H
NT
P
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with
H
 =  *
H
 H M NT





(3.105)

x = z exp (  j 0 )

(3.106)

Finally, the transmitted signal x is recovered by

The computation of C depends on M N , which is unknown and data-dependent. One
T

N
basic way is to calculate x using (3.103) and (3.106) for each M N   T and a set of
T

(1)

(2)

{x , x ,  , x

N
(| T |)

} is obtained accordingly. Candidate vectors {s1 , s 2 ,  , s

N
| T |

} are

( i)
N
produced by the quantization process si = Q(x ) , and s i   i T . Finally, the likelihood

test is performed to determine the individual which minimizes y - Hsi
i = 1, 2,  , | 

NT

2

, with

| . In this case, M N and x are jointly estimated. The process can be
T

described by Algorithm 1 and Fig. 3.2. Note that Algorithm 1 should perform an inverse
(i )
matrix for each M N , leading to a substantial computational overhead. In the following,
T

widely linear sphere decoder (WLSD) is introduced to avoid the repetitive inversions.
Algorithm 1. EZF/EMMSE based on ML criterion.
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Fig. 3.2. EZF/EMMSE based on ML criterion.

3.4.2.3. Widely Linear Sphere Decoder
Motivated by sphere decoding, WLSD can jointly estimate M N and x . To this end,
T

(3.102) can be rewritten as follows by applying QR decomposition:

y Q = HQ z  w Q ,

(3.107)

where

[yT exp( j ) y H exp( j )]T ,
yQ = Q
0
0
[HT M H H ]T ,
HQ = Q
N
T

[wT exp( j ) w H exp( j )]T ,
wQ = Q
0
0
 is a block diagonal unitary matrix defined as:
Q
Q H

Q=
 0

0 

QT 

(3.108)

For an EZF receiver, unitary matrix Q is given by QR decomposition H = QR , and R
is an upper triangular matrix. For EMMSE detection, QR decomposition is applied to the
matrix [HT



P

I N ]T , which is based on the following equivalent model [28, 29]:
T

H
 y exp ( j 0 )  

= 
IN
 0 NT 1
 
 P T
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 w exp ( j 0 ) 
z   
,



z
P




(3.109)
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R can be obtained by taking the first NT rows after the QR decomposition on model
T
(3.109). Note that H Q can be expressed by HQ = [R

M N R H ]T . Because R is an
T

upper triangular matrix, H Q can be written as follows:

 r11





HQ =  *
 r11l1









r22  r2 N

T





rN N
T T
,
r12* l2  r1*N lN 
T T 
r22* l2  r2*N lN 
T T




*
rN N lN 
T T T 


r12

r1N

T

(3.110)

where rpq is the element of R in the p th row and q th column, and the phase-rotation
factor lq is the q th diagonal element of matrix M N . H Q can be re-arranged to a “quasiT

 by respectively gathering its inter-conjugate pairs as follows:
upper triangular” matrix R
r11

=
R





r12
r22



 r2N 
T
,

 
rN N 
T T 


r1N

T

(3.111)

with rpq = [ rpq rpq* lq ]T . Accordingly, by combining the inter-conjugate pairs in y Q and

w Q , a new system model is given as follows:

 w

y = Rz

(3.112)

*
*
*
T
Let y Q = [ y1 , y2 ,, yN , y1 , y2 ,, yN ] , then y is given by y = [y1T , yT2 , , yTN ]T , with
T

T

T

 is obtained by applying the same arrangement. It is easy to
y p = [ y p , y ] , and vector w
* T
p

  H ] =  2 I . To obtain the true M (or phase-rotation vector l ), a
verify that E[ww
2 NR
N
T

new successive searching is performed inside a sphere of radius d . This is described as:

 2 ,
M N = arg min  y  Rz
 T
NT
l



 s. t.  y  Rz 2  d 2 ,

(3.113)
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(3.113) can be further specified as:
NT
NT

2
M
=
arg

y

min  p rpq zq  ,
 NT
NT
p =1
q= p

l

NT
NT

2
2
 s. t.   y p  rpq zq   d ,
p =1
q= p


(3.114)

To meet the requirement of (3.114), the following inequality holds for p = N T :

 y N  rN
T

T NT

zN 2  d 2 ,

(3.115)

T

and for any p = 1, 2, , NT  1 , the similar inequality is obtained as follows:
NT

 y p  rpq zq   d 
q= p

2

2

NT



NT

p = p 1

 y p  rpq zq 2

(3.116)

q = p

According to (3.115), (3.116), the search of (3.113) is performed in an iterative manner
 from its lower right corner to its upper left corner. The diagonal
based on matrix R
elements of M N are searched one by one from l N to l1 . Accordingly, with the obtained
T

T

li , the transmitted symbols are estimated from z N to z1 . In the estimation of zi , widely
T
linear processing is employed, this is called sphere searching “widely linear sphere
decoder (WLSD)”. The WLSD searching for general MPSK/MQAM signals is described
by the pseudo codes in Algorithm 2 and by Fig. 3.3.

Fig. 3.3. Tree Searching of WLSD.

Algorithm 2 describes the sphere searching process inside the sphere within radius d ,
whose value is updated in iterations. Set  is used to build matrix L , which serves as a
data base of M N . depth denotes the depth of sphere searching, it is initialized to NT .
T

Matrix B is defined to save the initial states of y Q (1: NT ) at NT levels, which is very
useful when the searching is switched from one node to another in the same level or when
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the searching is withdrawn from current level (e.g. level k ) to upper level (e.g. level
k  1). During the searching, M N and z hold current optimal PRM and its
T

corresponding solution respectively. The final optimal solution is saved in M N and z
T

once the searching is terminated. The initial value of d can be infinity and the PRM can
be initialized with the first column of matrix L ; or alternatively, the radius and PRM can
be initialized by ZF-OSIC/MMSE-OSIC.
3.4.2.4. Widely Linear Signal Estimation
In “line 21” of Algorithm 2, one should estimate and quantize the signal component zq
to update the distance. One classic method is successive interference cancelling [11].
For q = N T , z N is estimated by jointly exploiting the information contained in y N and
T

T

y *N :
T

zˆ N = Q (
T

rNH

T NT

 rN

yN

T NT

T
2



) = Q(

y N  l N* rN

rN*

T NT

T

T

2 | rN

T NT

|

T NT
2

y *N

T

(3.117)

),

and for any q = 1, 2,  , N T  1 :

rqqH y q
rqq* yq '  lq*rqq yq '*
zˆq = Q(
)
=
Q
(
),
2 | rqq |2
 rqq 2
where y q = [ yq , yq* ]T = y q   p T= q 1rqp z p . Let rN*
N

T NT

(3.118)

y N = aN  bN j , rqq* yq ' = aq  bq j
T

T

T

and lq =  q   q j , a more general expression for zˆq can be obtained as follows:
zˆq = Q (

( aq  aq q  bq  q )  (bq  bq q  aq  q ) j
2 | rqq |2

(3.119)

)

3.4.2.5. Quantization
The general rule of quantization Q () is somewhat simple. For an MPSK/4QAM signal,
there is only one pair of anti-polar constellation points for each value of lq , the
quantization can be realized according to the ‘polarity’ of zˆq . For MQAM signal (M > 4),
the quantization is exactly the same as the MPSK signal except for the constellation points
lying on the x-axis or y-axis. For the points lying on the axes, they are quantized in the
same way as M-ary ASK (MASK) signals.
One notes that, for the extreme case of real signals, e.g. BPSK/ASK, M N = I N always
T

T

holds. ML is unnecessary, Algorithm 1 (or Algorithm 2) becomes EZF/EMMSE (or
EZF-OSIC/EMMSE-OSIC) [5]. For more details, one can refer to [5].
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Algorithm 2. WLSD.
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3.4.3. DoA Estimation by Exploiting Conjugate Symmetry
3.4.3.1. Problem Statement
The DoA finding model considered is exactly the same as in the previous discussion,
except that x(n) can be BPSK, MPSK or QAM signal.
3.4.3.2. Extended Data Model
Without loss of generality, the discussion is firstly focused on the case where the
transmitted signals are sharing a same rotation matrix M(Ki ) , the corresponding received
signals are included in subset  i . Hence, the sample in  i meets:
y ( ni ) = AΨx ( ni )  n ( ni )

(3.120)

The complex conjugate version of (3.120) is written as:

y* (ni ) = A*Ψ*M(Ki ) x(ni )  n* (ni )

(3.121)

Extended data model : The extended data model is given in the following form:

 y (ni )   AΨ 
 n(ni ) 
 y * (n )  =  A*Ψ*M ( i )  x(ni )  n* (n ) 
i 
i 
K 




(3.122)

Let M (Ki ) = diag (l1(i ) , l2(i ) , , lK(i ) ) , (3.122) can be rewritten in a more compact form as
follows:
K

(i )
y (ni ) = a ( k )xk (ni )  n (ni ),

(3.123)

 y (n ) 
y (ni ) =  * i  ,
 y (ni ) 

(3.124)

 h a( )e j k

(i )
a ( k ) =  k k  j
,
 hk a* ( k )e k lk( i ) 

(3.125)

n ( n ) 
n (ni ) =  * i 
n (ni ) 

(3.126)

k =1

where

In matrix form, (3.122) becomes:
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 ( i ) x( n )  n ( n ),
y (ni ) = A
i
i

(3.127)

 ( i ) =[a (i ) ( ), a (i ) ( ), ..., a ( i ) ( )] .
where A
1
2
K
3.4.3.3. DoA Estimation
Based on the extended data model, the Root-MUSIC algorithm is applied to calculate the
DoA of incoming signal. In each subset  i , the covariance matrix of y (ni ) is given as:
  = E  y ( n ) y H ( n )  = A
 (i ) R (A
 (i ) ) H   2I ,
R
i 
n 2M
i
i
 i


(3.128)

where the signal covariance matrix is R  = E[x(ni )x H (ni )] .
i

  is:
The eigenvalue decomposition of R
i

  = [UΛU
  H ](i ) = [U
 sΛ U
 sH   2 U
n U
 n H ](i ) ,
R
s
n
i

(3.129)

 = [u 1 , u 2 , ... , u 2 M ] is a unitary matrix, the columns of U
 s = [u 1 , u 2 , ..., u K ] span the
U
 n = [u K 1 , u K  2 , ..., u 2 M ] span the noise space.
signal space, and the columns of U
Theoretically, in subset  , ˆ can be estimated by solving the following equation:
i

k

H
n U
 nH a ( )]( i ) = 0
[a ( k )U
k

Let z = e

j 2

(3.130)

 sin 



. The above equation can be transformed into the following form:
T
n U
 nH a ( z )]( i ) = 0
[a ( zk1 ) U
k

(3.131)

By finding the K roots of (3.131) inside and closest to the unit circle, the direction angles
ˆ1 , ˆ2 , , ˆK can be estimated. Equation (3.131) depends on unknown parameters  k and

lk( i ) , which makes the root-finding problem impossible. In order to fix the problem, the
 n is split into two equal-sized sub-matrices U and U ,
noise subspace matrix U
n1
n2
namely,
 n =  Un1  ,
U
U 
 n2 
(3.131) is rewritten as follows:
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(q(i ) ) H T(i ) q( i ) = 0,

(3.132)
(i )

where q

(i )

1

aT ( z 1 )U n1U nH1a( zk ) aT ( zk1 )U n1U nH2a( zk1 ) 
.
=   j 2 ( i )  , and T(i ) =  T k
H
T
H
1 
k
lk 
 a ( zk )U n 2 U n1a( zk ) a ( zk )U n 2 U n 2a( zk ) 
 e

Due to the non negativity of the quadratic form {(q(i ) ) H T(i )q( i ) } , the minimum of

{(q(i ) ) H T(i )q( i ) } depends on the smallest eigenvalue of T(i ) , which is always non
negative. Thus (3.132) can be solved by finding the roots of det{T(i ) } , that is:

det{T(i ) } = 0,

(3.133)

Obviously, (3.133) is independent of parameters  k and lk( i ) . It can be proved that

U*n 2 UTn 2 =U n1U nH1 , (3.133) is equivalent to the following simplified equation:

{aT ( zk1 )Un1UnH1a( zk )  aT ( zk1 )Un1UnH2a( zk1 )}(i ) = 0

(3.134)

By finding the roots of (3.134), the DoA can be estimated. Alternatively, the DoA can
also be estimated by searching the peaks of a new spatial pseudo-spectrum, given by:

P( k ) =

arg max

 
k [  , ]
2 2

1
{a ( z )U n1U a( zk )  aT ( zk1 )U n1U nH2a( zk1 ) }(i )
1
k

T

H
n1

(3.135)

The DoA estimation can be further refined by synthesizing the results over  subsets, e.g.
one can add and average the DoA estimates.
An synthesizing method is used in [10]. Due to the non negativity of the quadratic form
H
nU
 nH a ( )]( i ) in (3.130), the statistical average over the whole samples is used,
[a ( )U
k

k

the DoA estimation is refined by synthesizing all the polynomials as:


Ni

 N [a

T

n U
 nH a ( z )](i ) = 0
( zk1 )U
k

(3.136)

i =1

Hence


Ni

 N det{T

(i )

} = 0,

(3.137)

i =1

which is equivalent to the following equation:


Ni

 N {a

T

( zk1 )U n1U nH1a( zk )  aT ( zk1 )U n1U nH2a( zk1 ) }(i ) = 0

(3.138)

i =1
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By finding the roots of (3.138), the improved DoA estimator can be obtained.
One notes that the above discussion focuses on the received signals belonging to subset
 i , whose elements are sharing a same rotation matrix M (Ki ) . Actually, before the above
processing, the classification on the received signals is needed. Generally, in digital
communications, the receiver does not know the exact value of each received sample,
which is a challenge in the classification. However, reference signals, e.g. training signal
and pilot signal, are known by the receiver. Before the classification, the data symbols
other than reference signals are estimated firstly. For details, one can refer to [10].

3.5. Summary
This chapter gives a brief introduction to the recent work on the exploitation of signals’
properties, including the non circularity, the cyclostationarity, the conjugate symmetry in
array signal processing. Besides in DoA estimation, the non circularity is exploited in
signal detection/demodulation in MIMO communication system; and this property is
further utilized in the MIMO-NOMA downlink system to jointly eliminate or control the
intra/inter-cluster interferences. The cyclostationarity is used for filtering out the
interferences with cycle frequencies distinct from the desired signals to enhance the
performance of DoA estimation or beamforming. The non circularity can be considered
as a special case of the conjugate symmetry, which exhibits in the general linearly
modulated digital signals. Therefore, the non circularity exploiting method can be
extended to the exploitation of conjugate symmetry, which can be equally applied in DoA
estimation and signal detection/demodulation.
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Chapter 4

A Review on Chirp and Some Other Related
Signal Processing Models
Debasis Kundu, Rhythm Grover and Swagata Nandi1

4.1. Introduction
We observe periodic phenomenon everyday in our daily lives. For example, the number
of tourists visiting the famous Taj Mahal in India, the daily average temperature in
Toronto, Canada, the number of passengers travelling daily between New York and
London, the Electro Cardio Graph (ECG) signal of a normal human being are all periodic
in nature. Sometimes the data or signals may not be exactly periodic but they may be
nearly periodic. Figs. 4.1 and 4.2 are examples of an ECG plot of a normal human being
and ‘UUU’ vowel sound of a male, respectively. Evidently, both of them exhibit periodic
behavior.

Fig. 4.1. ECG Plot of a normal human being.
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Department of Mathematics and Statistics, Indian Institute of Technology Kanpur, Pin 208016, India

149

Advances in Signal Processing: Reviews. Book Series, Vol. 2

Fig. 4.2. UUU-sound of a male.

The periodic or nearly periodic phenomena may be observed even in higher dimensions
also. See for example a black and white symmetric image plot in Fig. 4.3 and a colored
symmetric image plot in Fig. 4.4. Both of them indicate periodic nature in higher
dimensions.

Fig. 4.3. Black and white symmetric image plot.

As unforeseeable glitches occur in every experiment, the observed signals are usually
corrupted with random noise. Due to random nature of the noise corrupted signal, statistics
plays an important role in Signal Processing. In adopting a statistical model, we assume
that the observed signal has two components- a deterministic component and a stochastic
component. The deterministic component constitutes the important characteristics of the
noise free signal and the stochastic component takes care of the contaminated part of the
observed signal. To recover the deterministic component from the noisy signal, different
statistical techniques may be used quite effectively. The main aim of this chapter is to
provide different methods which are available till date to analyze periodic or nearly
periodic signal in presence of additive noise. One natural question that arises why
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somebody wants to analyze a periodic or nearly periodic signal. One reason might be
purely academic curiosity. However, some of the more practical reasons can be: a) data
compression, b) to better understand the observed phenomenon, and/ or c) to make
predictions about the future.

Fig. 4.4. Colored symmetric image plot.

A simple periodic function can be represented as follows:

y(t ) = A cos(t )  B sin(t ) .
Here 0 <  < 2 . In this case the period of the function y(t ), i.e. the shortest time it needs
to repeat itself is 2 /  . Any mean zero smooth periodic function can be written in


general as y (t ) = { Ak cos( k t )  Bk sin( k t )}, and it mainly follows from the Fourier
k =1

expansion of a periodic function. For any given smooth periodic function y(t ), the
coefficients Ak ’s and Bk ’s are unique and they can be recovered from y (t ) as follows:

Ak =

 2 / 
cos(kt ) y (t )dt
 0

and Bk =

 2 / 
sin(kt ) y (t )dt .
 0

Since an observed signal is usually corrupted with noise, it is more reasonable to write it
in a general form as


y (t ) = { Ak cos( k t )  Bk sin( k t )}  e(t ) .

(4.1)

k =1

Here e(t ) is the noise component of the signal with mean zero. It is difficult to estimate
infinite number of parameters, hence, (4.1) is approximated as
p

y(t ) = { Ak cos(kt )  Bk sin(kt )}  e(t ) with general form  k for k  (4.2)
k =1
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Here 0 < 1 , ,  k < 2 . The sum of sinusoidal model (4.2) plays an important role in
Signal Processing. The problem is to extract the deterministic component of the signal
p

 (t ) = { Ak cos(k t )  Bk sin(k t )},
k =1

based on the noisy signal at the discrete time points { y (1),, y ( N )}. Hence, the problem
becomes the estimation of ‘ p’ as well as Ak , Bk , k , for k = 1,, p. Here, ‘ p’ is the
order of sinusoidal model, Ak2  Bk2 is known as the amplitude and k is the frequency,
for k = 1,, p.
Sometimes it is more convenient to work with the associated complex version of model
(4.2), and with the abuse of notation it can be written as
p

y(t ) = Ak e

ik t

 e(t ) .

(4.3)

k =1

In model (4.3), y (t ) is complex valued signal, e(t ) is the complex valued error, Ak is a
complex number, and | Ak |2 is the amplitude and i = 1. Model (4.3) can be obtained
from model (4.2) by taking the Hilbert transformation [131]. Both the models have been
used to analyze noisy periodic signals in a wide variety of applications. The two models
are equivalent, and results which have developed for model (4.2) can be modified suitably
for model (4.3) and vice versa. An extensive amount of work has been done on models
(4.2) and (4.3). We provide a brief overview of the sinusoidal model and some of the wellestablished parameter estimation methods for this model in Section 4.3.
Many natural signals are not exactly periodic, however they can be nearly periodic. The
sinusoidal model in such a scenario becomes unsuitable because of its harmonic structure.
Several alternative models have been introduced in literature to address this concern. One
of the most popular models among them is the chirp model, where the frequency is
allowed to vary linearly in time, making the model more capable of capturing the
aperiodicities of the signal. A chirp model can be mathematically described as follows:

y (t ) = A cos( t   t 2 )  B sin( t   t 2 )  e(t ) .

(4.4)

Here also A and B are real numbers, and | A |2  | B |2 is the amplitude of the signal, 
and  are known as frequency and frequency rate, respectively, y (t ) is the observed
signal and e(t ) is a mean zero noise. This one component chirp model has been used quite
extensively in different applications in signal processing. One most important application
can be found in modeling radar signals. For example, suppose a radar is illuminating a
target, then the transmitted signal will undergo a phase shift induced by the distance and
relative speed between the target and the receiver. Based on the assumption that the speed
is continuous and differentiable, the phase shift can be approximated as
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 (t ) = a0  a1t  a2t 2 . Here the parameters a1 and a2 are either related to speed and

acceleration or range and speed depending on what the radar is intended for, and on the
kind of waveform transmitted. For explicit details see Rihaczek [108] (pages 56-65). A
more general form of the chirp signal can be written as follows:
p

y (t ) = { Ak cos( k t  k t 2 )  Bk sin( k t  k t 2 )}  e(t ) .

(4.5)

k =1

Model (4.5) can be found in several engineering applications also, see for example
Wehner [121].
In case of chirp signals also, sometimes it is more convenient to work with the associated
complex model. With the abuse of notation, it can be written as follows:
p

i ( k t  k t 2 )

y(t ) = Ak e

 e(t ) .

(4.6)

k =1

Similar to the complex exponential model, in this case also, for model (4.6) y (t )s are
complex valued signals, Ak s are complex numbers, and e(t )s are complex valued errors.
Models (4.5) and (4.6) are equivalent models. Therefore, the methodologies and results
which have been developed for model (4.6) can be used for model (4.5) and vice versa.
This problem is a challenging problem both from the theoretical and computational view
points, since it is a highly non-linear model. Although model (4.5) or (4.6) can be seen as
a non-linear regression problem, it does not satisfy some of the standard sufficient
conditions needed to establish the basic properties like consistency and asymptotic
normality of least squares estimators (LSEs) of maximum likelihood estimators (MLEs).
Hence, it is not guaranteed whether the LSEs or the MLEs will be consistent or not.
Moreover, even if it can be established that the LSEs or the MLEs will be consistent,
finding them is not a trivial issue. Most of the standard algorithms do not work in this
case. During the last fifteen years an extensive amount of work can be found both in Signal
Processing and in Statistics literature developing different efficient estimation procedures
and establishing their properties. We provide a comprehensive review of the different
methods which have been developed in the last fifteen to twenty years related to one
dimensional one component chirp model in Section 4.4 and one dimensional
multicomponent chirp model in Section 4.5.
A more general model than the one component chirp model was proposed by Djurić and
Kay [24], it is known as the polynomial phase model and it can be written as follows:
y (t ) = Ae

i (1t  2 t 2  p t p )

 e (t ) .

(4.7)

Here also y(t ), A and e(t ) are complex valued. The corresponding real valued model
can be written as
y (t ) = A cos(1t   2 t 2     p t p )  B sin( 1t   2 t 2     p t p )  e(t ) .

(4.8)
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Here y(t ), A, B and e(t ) are all real valued, and (4.7) and (4.8) are equivalent models.
Clearly, model (4.8) is more flexible than model (4.4), and it has also been used quite
extensively in different signal processing applications. Model (4.7) or (4.8) is a highly
non-linear model. In Section 4.6 we have provided various applications, theoretical
developments and different estimation procedures related to this model.
Another interesting, yet absurdly scarce in literature, is a random amplitude chirp model.
This model is a generalization of the random amplitude sinusoidal model put forward by
Besson and Stoica [9]. The latter is defined as follows:
y (t ) =  (t ) e

i ( a0  a1t )

 e (t ) .

(4.9)

Here  (t ) is assumed to be real valued Gaussian stationary process and e(t ) is a complex
valued noise. The random amplitude sinusoidal model (4.9) has several applications in
different signal processing applications, for example when a radar on-board a train emits
a continuous wave towards the track, the echo received is known to have a slowly varying
amplitude and it can be modeled by using (4.9), see Besson and Castanié [8]. Similarly,
in underwater systems, it has been observed that the acoustic signals propagating through
the ocean are perturbed by multiplicative noise, and Dwyer [30] observed that model (4.9)
can be used for this purpose.
Besson, Ghogho and Swami [10] proposed the random amplitude chirp signal model to
capture the linearly time-varying phase shift as well as amplitude distortion, and it can be
represented as follows:
y (t ) =  (t ) e

i ( a0  a1t  a2 t 2 )

 e (t ) .

(4.10)

Here  (t ) and e(t ) are same as defined above. Clearly, the random amplitude chirp
model (4.10) is more flexible than the one component chirp model. If  (t ) is constant,
then the random amplitude chirp model becomes the one component chirp model.
Recently Nandi and Kundu [94] proposed a multicomponent random amplitude chirp
model and it can be described as follows:
p

y(t ) =  k (t )e

i (1k t 2 k t 2 )

 e(t ) .

(4.11)

k =1

Here { k (t )} is a sequence of independent and identically distributed (i.i.d.) real valued
random variables and e(t ) is the complex valued noise. Again, the multicomponent
random amplitude chirp model (4.11) is more flexible than the multiple chirp model (4.6),
and model (4.6) can be obtained from model (4.11), when  k (t ) s are assumed to be
constant. In Section 4.7 we provide different applications, theoretical development and
various estimation procedures related to one component and multicomponent random
amplitude chirp models.
Recently, Grover [45] proposed a model which is a combination of the sinusoidal and the
chirplet component and it can be expressed as follows:
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y (t ) = A cos( t )  B sin( t )  C sin(  t 2 )  D cos(  t 2 )  e(t ) .

(4.12)

Here, A , B , C and D are real numbers, | A |2  | B |2 is the amplitude corresponds to the
sinusoidal component, | C |2  | D |2 is the amplitude corresponds to the chirplet
component, | A |2  | B |2  | C |2  | D |2 is the amplitude corresponds to the signal y(t ), 
is the sinusoidal frequency parameter,  is the chirp rate parameter and e(t ) is the real
valued noise component. It is observed that model (4.12) exhibits same type of behavior
as the one component chirp model. In her thesis, the author proposed a more general
multicomponent ‘chirp like’ model as follows:
p

y (t ) =  Ak cos( k t )  Bk sin( k t )
k =1
q

 Ck sin(  k t )  Dk cos(  k t )  e(t ).
2

(4.13)

2

k =1

The multicomponent chirp like model (4.13) behaves very similar to the multicomponent
chirp model. See for example Fig. 4.5, where a multicomponent chirp model has been
approximated by a chirp like model (4.13). They are very similar in nature as evidenced
from Fig. 4.5.

Fig. 4.5. A chirp model fitting and a chirp like model fitting to a sound vowel data.

It is observed that any signal which can be modelled using the multicomponent chirp
model can be modelled using the multicomponent chirp like model also and vice versa.
The main advantage about the chirp like model is that it is more convenient to use it in
practice than the chirp model. In Section 4.8 we provide theoretical developments about
one component and multicomponent chirp like models, different estimation procedures
and the properties of these estimators have been discussed in details.
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A special case of the chirp model is a Harmonic chirp model where frequencies and
frequency rates instead of being arbitrary are integer multiples of a common fundamental
frequency and a fundamental chirp rate. This model was put forward quite recently by
Jensen et al. [59] as a generalization of the well-established fundamental frequency
sinusoidal model proposed by Hannan [48]. The latter is mathematically expressed as
follows:
p

y(t ) = { Ak cos(k t )  Bk sin(k t )}  e(t ) .

(4.14)

k =1

Due to the particular structure of the model, the number of non-linear parameters to be
estimated reduces to only one. Model (4.14) has been used quite extensively for analyzing
speech data. In short span periodic speech signal often it is observed that there is one
fundamental frequency, and it has several harmonics. However, many a times it is also
observed that frequency is not constant but time-varying. This had motivated the
introduction of harmonic chirp model, mathematically expresses as follows:
p

y(t ) = { Ak cos(k t  k  t 2 )  Bk sin(k t  k  t 2 )}  e(t ) .

(4.15)

k =1

Here,  and  are the fundamental frequency and fundamental frequency rate,
respectively. Due to presence of only two non-linear parameters, numerically it is easier
to handle than the multiple chirp model. Therefore, if a non-stationary signal can be
modelled using the harmonic chirp model, it is always preferable. Jensen et al. [59]
proposed estimation procedures of the unknown parameters of model (4.15) and recently
Grover [42] provided theoretical properties of different estimators. In Section 4.9 we
describe different estimation procedures and their theoretical properties in details under
various error assumptions.
In this chapter, we also look into the modelling of two dimensional signals. The most basic
and popular model is the traditional sinusoidal model proposed by Barbieri and Barone
[6] in two dimensions to model symmetric texture data. A ‘ p ’ component two
dimensional sinusoidal frequency model can be written as follows:
p

y(m, n) =  Ak cos(mk  nk )  Bk sin(mk  nk )  e(m, n) .

(4.16)

k =1

Here, Ak , Bk are real numbers, k ,  k are the frequencies, and e(m, n) is the real valued
error component. A typical texture image as shown in Fig. 4.3 can be obtained using
model (4.16). This model is used in a wide range of practical applications such as antenna
array processing, geophysical perception, biomedical spectral analysis etc. Since the
introduction of the model, an extensive amount of work has been done for developing
different estimation procedures and establishing their properties for the two dimensional
sinusoidal model.
A related but more general two dimensional model is the two dimensional polynomial
phase signal model suggested by Friedlander and Francos [38]. This model has found
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several applications in image processing and finger print imaging. Mathematically, it can
be expressed as follows:
y (m, n) = Ae

i (1m  1n  2 m 2   2 n 2   mn )

 e ( m, n ) .

(4.17)

Here, A is a complex number, e(m, n) is the complex valued two dimensional noise and
y (m, n) is the two dimensional signal. The associated real model becomes

y (m, n) = A cos(1m  1n   2 m2   2 n 2   mn)
 B sin(1m  1n   2 m2   2 n 2   mn)  e(m, n).

(4.18)

A typical image generated by using model (4.18) can be seen in Fig. 4.6.
The most general two dimensional model has been considered by Lahiri and Kundu [75],
and it can be expressed as follows:

 r p

 r p

y (m, n) = A cos   ( j , p  j )m j n p  j   B sin   ( j , p  j )m j n p  j   e(m, n).
 p =1 j =0

 p =1 j =0

(4.19)

Fig. 4.6. A simulated image generated using the two dimensional model (4.18).

Here as before A and B are real numbers,  ( j, p  j ) s are distinct frequency rates of
order ( j, p  j ), respectively. Different forms of (4.19) have been considered in the
literature. A significant amount of work has been done in developing efficient estimation
procedures of the unknown parameters of the two dimensional polynomial phase signal.
Lahiri and Kundu [75] discussed about the theoretical properties of the LSEs of the
unknown parameters of the most general two dimensional polynomial phase model (4.19)
under a fairly general error assumptions. In Section 4.10 we provide different theoretical
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developments and numerical procedures available related to this model. In all the sections
we provide several open problems for future research, and finally we conclude the chapter
in Section 4.11.

4.2. Notations and Preliminaries
In this section, we present some useful notations that we use throughout the chapter. We
also provide some preliminaries (Table 4.1) foreshadowing the analytical development of
many of the existing methods and algorithms.
Table 4.1. List of symbols and notations.
Symbol
lower or uppercase letters
lower or upper case bold
typefaces
(.) 

(.) H
(.)
diag {a1 , , am }
PA = A(ATA)−1AT
PA = A(AHA)−1AH
a. s.


d



Example
A

a vector or a matrix

A

AT is the transpose of real matrix A
AH is the complex conjugate
complex conjugate transpose
transpose
of a complex matrix
of complex matrix A
complex conjugate of a
c is the complex conjugate of c
complex number
m  m diagonal matrix with
diag {a1 , , am }
diagonal elements a1 , , a m
projection matrix on the
column space of a real matrix
PA
A
projection matrix on the
column space of a complex
PA
matrix A
a.s.
convergence almost surely
X n 
X
transpose of a real matrix

d
X n 
X

θ

convergence in distribution
m-variate normal distribution
with mean vector μ and
dispersion matrix Σ
parameter vector that denotes
a set of unknown parameters
of a model
an estimator of θ

I

an identity matrix

1
I=
0

D

a diagonal matrix

D = diag {N

N m ( μ, Σ )

θ
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Notation
scalar quantity

X  N m ( μ, Σ )

θ

θ
0

, an identity matrix
1 
of order 2
1/ 2

, N 1/ 2 , N 3/ 2 , N 5/ 2 }
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4.2.1. Prony’s Equation
In 1795, in his seminal paper, Prony proposed a method for fitting sum of real valued
exponential model to real-life data. The interested reader is referred to numerical analysis
textbooks by Froberg [39] or Hilderband [50]. Later on, different variants of Prony’s
equations have been developed. Some basic features of Prony’s method can be briefly
described as follows. Suppose  1 , ,  M are arbitrary non-zero real numbers and
1 , ,  M are distinct real numbers. If

 (t ) =  1 e

1t

  M e

M t

;

t = 1, , N ,

(4.20)

and M < N , then there exists (M  1) constants { g 0 , , g M }, such that

Ag = 0,

(4.21)

where
  ( M  1) 
  (1)
 g0 
0




 .
A= 



 , g =    , 0=   
  ( N  M ) 
 g M 
 0 
 ( N ) 

The matrix A is of rank M , and g is the eigen vector corresponds to the zero eigenvalue.
It is always possible to put restrictions on g 0 , , g M , such as
M

g

2
j

= 1 and g0 > 0,

(4.22)

j =0

so that g becomes unique. The set of linear equations (4.21) is known as Prony’s
equations. It is possible to recover 1 , ,  M from g 0 , , g M as follows. The following
polynomial equation:

p( x) = g0  g1 x    g M x M = 0


(4.23)



has M distinct roots, and they are e 1 ,, e M . Therefore, there is a one to one
correspondence between {1 , ,  M } and { g 0 , , g M }, such that (4.22) hold. Further,
{ g 0 , , g M } does not depend on {1 , ,  M }. Once, 1 , ,  M are obtained from
 (1),,  ( N ), 1 , ,  M can be obtained from the linear equation

μ  Xα,

(4.24)

where μ= (  (1),,  ( N )) , α = (1 ,, M ) and
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 e 1  e  M

X =   
N
 N 1
 e M
e



.



The matrix X is of rank M , hence, α = ( X  X ) 1 X  μ.
The idea of Prony has been extended for the complex case also. Consider the following
complex exponential model

 (t ) =  1 e

i1t

  M e

i M t

;

t = 1, , N .

(4.25)

Here, 1 , ,  M are non-zero complex numbers, 0 < 1 , ,  M < 2 and they are
distinct. Then, there exists { g 0 , , g M } such that (4.21) is satisfied. Moreover, the
complex polynomial equation

p( z ) = g0  g1 z    g M z M = 0
i

has the roots z1 = e 1 , , z M = e
ijk

X = (( X jk )), X jk = e

i M

and α = (1 ,, M ) = ( X H X )1 X H μ. Here

. Note that the roots of the complex polynomial p( z) satisfy
| z1 |=  =| zM |= 1, zk = zk1 ; k = 1,, M .

(4.26)

Define the new complex polynomial

q( z ) = z  M p ( z ) = g0 z  M    g M .

(4.27)

Due to (4.26), the polynomials p( z) and q( z) have same roots. Therefore,

gk g M k
=
;
gM
g0

k = 0,, M

can be obtained by comparing the coefficients of p( z) and q( z). Hence,

bk = bM  k ;


k = 0,, M ,

1

(4.28)

 g  2
where bk = g k  0  ; k = 0, , M . The condition (4.28) is known as the conjugate
 gM 
symmetry property and in matrix notation it can be written as

b= Jb ,
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here b = (b0 ,, bM ) , and J is an exchange matrix as follows:

0
0

J = 

0
1

0
0

1
0







0
1

0
0

1
0 
 .

0
0 

4.2.2. Number Theoretic Results and Conjecture
The theoretical derivation of the asymptotic properties of the various estimators proposed
for the chirp signal model are established using some number theoretic results and a
famous conjecture by Vinogradov [115]. We present these results and conjecture here.
However, before stating these, we first present some useful trigonometric identities used
to establish various asymptotic results for the sinusoidal model. For   (0,  ),

1 N
 cos(t ) = o 1 ,
N t =1

(4.29)

1 N
 sin(t ) = o 1 ,
N t =1

(4.30)

1 N
1
2
cos (t ) =  o 1 ,

2
N t =1

(4.31)

1 N
1
2
sin (t ) =  o 1 ,

2
N t =1

(4.32)

1 N k
1
2
(t ) =
t
 o 1 ,
k 1  cos
2(k  1)
N t =1

(4.33)

1 N k 2
1
(t ) =
t
 o 1 ,
k 1  sin
2(k  1)
N t =1

(4.34)

1 N k
t cos(t )sin(t ) = o 1 ,
N k 1 t =1

(4.35)

here aN = o 1 means a N  0 as N  .
These results can be easily established and for reference one may look into the handbook
by Mangulis [86].
The following lemma provides the number theoretic results by Vinogradov [115].
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Lemma 1. Let 1 , 2  (0,  ) and k = 0,1, . Then except for countable number of points
the followings are true:

1 N
2
lim  cos(1t   2t ) = 0,
N  N t =1

(4.36)

lim

1 N
sin(1t   2t 2 ) = 0,

N  N t =1

(4.37)

1 N k
1
2
2
,
lim k 1 t cos (1t   2t ) =
N  N
2(k  1)
t =1

(4.38)

lim

1 N k 2
1
(1t   2t 2 ) =
,
t
k 1  sin
N  N
2(k  1)
t =1

(4.39)

1 N k
t cos(1t   2t 2 )sin(1t  2t 2 ) = 0 .
k 1 
N  N
t =1

(4.40)

lim

Proof: The proof of this lemma can be seen in Lahiri, Kundu and Mitra [76] in detail.
The following conjecture has been used to establish some of the crucial results related to
chirp model. It was proposed by Vinogradov [115] and it still remains an open problem.
It is important to note that even though it has not been proved theoretically, extensive
simulation results suggest the validity of the conjecture.
Conjecture 1. Let 1 , 2 ,1, 2  (0,  ) and k = 0,1, . Then except for countable number
of points the followings are true:

lim

N 

N

1
NN

k

t

k

cos(1t   2t 2 )sin(1t  2t 2 ) = 0 .

k

cos(1t   2t 2 )cos(1t   2t 2 ) = 0,

(4.41)

t =1

In addition if  2   2 , then

lim

N 

lim

N 

N

1
N Nk

t =1
N

1
NN

t

k

t

k

sin(1t   2t 2 )sin(1t   2t 2 ) = 0 .

t =1

4.3. Sinusoidal Model
In this section we briefly provide different estimation procedures of the frequencies of a
periodic signal and their properties. Due to vast amount of scientific literature dealing
with solving this problem (see for example the books by Kay [60] or Stoica and Mosses
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[112]), the overview is limited to the estimation methods that can be extended and
generalized for the chirp model as well.
Also, of the many different kinds of sinusoidal models previously mentioned, we limit our
discussion here to the basic multicomponent sinusoidal model, mathematically expressed
as follows:
p

y(t ) = { Ak0 cos(k0t )  Bk0 sin(k0t )}  e(t ); 1,2,, N ,

(4.42)

k =1

where Ak0 , Bk0 , k0 for k = 1,, p are true parameter values and they are unknown. Our
problem is to estimate the unknown parameters based on the sample { y (1),, y ( N )}. It
is important to note that, for the estimators that we will discuss subsequently, p is
assumed to be known.
Most of the results in this chapter are asymptotic in nature, so we make certain
assumptions about the asymptotic framework. In particular, we present assumptions on
the error component e(t ).
Assumption 1. {e(t )} is a sequence of i.i.d. normal random variables with mean zero and
variance  2 .
Assumption 2. {e(t )} is a sequence of i.i.d. random variables with E (e(t )) = 0 and

V (e(t )) =  2 .
Assumption 3. {e(t )} is a stationary linear process with the following form:


e(t ) = a( j ) X (t  j ),
j =0

here { X (t ); t = 1,2,} are i.i.d. random variables with E( X (t )) = 0 and V ( X (t )) =  2 ,
and




j =0

| a ( j ) |< .

The explicit structure of e(t ) can follow either of the above assumptions and will depend
on the estimation method used.
It is important to note that in practice p is unknown and must be estimated from the data
itself. Model selection methods offer different ways of estimating this number. Later, in
this section we provide a brief overview of some of these methods.
4.3.1. Periodogram Estimators
The most popular estimator of the frequencies is the periodogram estimator. The
periodogram function I ( ) of the signal y (t ) is defined as follows:
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1
I ( ) =
N

N

y(t )e

2
i t

.

(4.43)

t =1

The main reason to use the periodogram function to estimate the frequencies and the
number of components p is that I ( ) has local maxima at the true frequencies if there is
no noise in the data. Therefore, if the noise variance is not high, then I ( ) can be used to
detect the number of signals and also the associated frequencies. Let us look at the
following example. A sample of y (t ) is generated using the following model equation:

y(t ) = 3.0cos(0.2 t )  3.0sin(0.2 t )  3.0cos(0.5 t )  3.0sin(0.5 t )  e(t ).

(4.44)

Here e(t ) satisfies Assumption 2 with  2 = 2. The periodogram plot of the signal (4.44)
is displayed in Fig. 4.7.

Fig. 4.7. Periodogram plot of y (t ) obtained from Model (4.44).

The figure clearly reveals that the number of sinusoidal components of the signal y (t )
is 2. Moreover, the location of the frequencies can be estimated from the periodogram
function as well. However, sometimes the periodogram plot may give misleading results.
To demonstrate we consider the following example. We generate a sample using
the model:

y(t ) = 3.0cos(0.2 t )  3.0sin(0.2 t )
0.25cos(0.5 t )  0.25sin(0.5 t )  e(t ).

(4.45)

Here also e(t ) satisfies Assumption 2, but  2 = 5. In this case, the periodogram plot of
y (t ) is shown in Fig. 4.8. The figure fails to tell us the true location of the frequencies as
well as the number of components present in the signal.
Therefore, it is clear that the periodogram estimators may not always work, particularly if
the sample size is not large enough or the error variance is high.
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Hannan [47] and Walker [117] independently established the strong consistency and
asymptotic normality results of the periodogram estimators of the frequencies based on
Assumption 3. Their theoretical results justify the use of periodogram estimators at least
when the number of data points N is large enough.

Fig. 4.8. Periodogram plot of y (t ) obtained from Model (4.45).

4.3.2. Least Squares Estimators
Since model (4.2) is a non-linear regression model, one natural choice of estimators is the
LSEs, and they coincide with the MLEs, if the error satisfies Assumption 1. These
estimators can be obtained by minimizing the error sum of squares as defined below
2

p


Q( , ) =   y (t )   Ak cos(k t )  Bk sin(k t )  .
t =1 
k =1

N

(4.46)

Here ω = (1 , ,  p )  , θ = ( A1 , B1 , , Ap , B p )  . Now (4.46) can be written as

Q(ω,θ ) = ( Y - Z (ω)θ ) ( Y - Z (ω)θ ),

(4.47)

where Y = ( y (1),, y ( N )) , e = (e(1),, e( N )) and
sin(1 )  cos( p )
sin( p ) 
 cos(1 )







.
Z ( ω) = 
 cos( N 1 ) sin( N 1 )  cos( N  p ) sin( N  p ) 





For a given ω, the LSE of θ can be obtained as

θ ( ω ) = (Z ( ω )  Z ( ω ) )-1 Z ( ω )  Y .

(4.48)
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Substituting (4.48) in (4.47) we obtain

R(ω) = Q(ω, 
θ (ω)) =Y ( I  PZ ( ω) )Y .

(4.49)

Here PZ ( ω) is the projection matrix on the column space of Z (ω) . Therefore, the LSE of
ω can be obtained by minimizing R(ω) with respect to ω. Bresler and Macovski [12]
proposed a special purpose algorithm named as iterative quadratic maximum likelihood
(IQML) to minimize R(ω). We briefly describe it here. It can be observed that, using
Prony’s equation I  PZ ( ω ) = PB ( g ) , where B(g) is a ( N  1)  ( N  1  2 p) matrix of rank

( N  1  2 p) as follows:
 g0
g
 1
 

 g2 p
 0
B(g) = 
 
 0

 
 0



0
g0

g 2 p 1
g2 p

0

0

 0 
 0 
  

 0 
 0 
,
  
 g0 

  
 g 2 p 


(4.50)

and g = ( g 0 , g1 , , g 2 p )  . Note that minimization of Y  ( I  P Z ( ω ) )Y with respect to ω
is same as the minimization of Y  PB ( g )Y with respect to g. Now observe that
Y P

Y = g  Y D ( B ( g )  B ( g )) 1YD g ,
B( g)

where YD is an ( N  2 p)  (2 p  1) matrix as given below:

 y (1)

YD = 


 y ( N  2 p ) 

y (2 p  1) 
.


y ( N ) 

Bresler and Macovski [12] suggested the following. If at the k  th stage of the iteration
g ( k ),
g ( k 1)
then
obtain
by
minimizing
the
estimate
of
g
is

g  YD ( ( B( g ( k ) ) B ( g ( k ) ))1YD g with respect to g. The iteration continues until
convergence takes place. No proof of convergence has been provided by Bresler and
Macovski [12]. Later Kundu [65] converted the minimization of Y  P
Y as a
B (g )
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non-linear eigenvalue problem, and provided an iterative procedure based on solving a
standard non-linear eigenvalue problem. He also has provided the proof of convergence
of the proposed iterative procedure.
Note that the multiple sinusoidal model (4.42) is a non-linear regression model. An
extensive amount of work has been done in the statistical literature developing different
properties of the LSEs for different non-linear regression model, see for example the book
by Seber and Wild [111] or Bates and Watts [7] in this respect. Jennrich [58] and Wu
[122] developed different sufficient conditions which ensure the consistency and
asymptotic normality of the LSEs of the parameters of a nonlinear regression model.
Unfortunately, the multiple sinusoidal model (4.42) does not satisfy the sufficient
conditions of Jennrich [58] or Wu [122]. Hence, it is not guaranteed that the LSEs will be
consistent in this case. However, in 1997, Kundu [66] provided rigorous theoretical proofs
of the strong consistency and asymptotic normality of these estimators. The obtained
asymptotic results were corroborated through extensive simulation studies. The following
theorem reflects these results.
Theorem 1. If the error e(t ) of model (4.42) satisfies Assumption 3, and for k = 1,, p,
 k ,
 k ), as the LSE of ( A0 , B 0 ,  0 ), then
if we denote ( 
Ak , B
k
k
k
a.s.

 k ,
 k )   ( A0 , B 0 ,  0 )  ,
(
Ak , B
k
k
k

and
d

 k  B 0 ), N 3/ 2 (
 k   0 ))  N (0, 2 2 c( 0 ) ) .
( N 1/ 2 ( 
Ak  Ak0 ), N 1/ 2 ( B
3
k
k
k
k

Here c(k0 ) =

 j =0a( j)e


 ijk0

2

and

 A0 2  4 B 0 2
3 Ak0 Bk0
3Bk0 
k
 k

1
02
02
0 
 3 A 0 B 0
.
A
B
A
4
3
 k1= 2

k k
k
k
k
2

Ak0  Bk0  3B 0
0
3 Ak
6 

k


 k ,
 k ) for k =1,, p are asymptotically independent.
Moreover, ( 
Ak , B

From the above theorem, several interesting observations can be made. It can be seen that
although the multiple sinusoidal model does not satisfy some of the existing sufficient
conditions for the LSEs to be consistent and asymptotically normal, still in this case the
LSEs are consistent and they are asymptotically normally distributed. Also, the
asymptotic variances of the linear parameters are of the order O( N 1 ), whereas the
asymptotic variances of the frequencies are of the order O( N 3 ). This implies that the
LSEs of the frequencies converge to the true frequencies much faster than the LSEs of the
linear parameters. The above theorem can also be used to construct asymptotic confidence
intervals of the linear parameters and frequencies. Despite these desirable statistical
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properties, computing the LSEs is not a trivial issue. Finding them involves solving a p
dimensional optimization problem and finding the roots of a p degree polynomial.
Evidently, the problem can be numerically challenging for large values of p. An example
of such a problem is that of an ECG signal. It has been observed that the number of
sinusoidal components for an ECG signal can be as high as 60 and therefore finding LSEs
in this case entails high computational complexity. To address this issue, Prasad, Kundu
and Mitra [102] introduced a sequential estimation procedure which can be used quite
effectively for large p. Moreover, the proposed sequential estimators have the same
asymptotic properties as the LSEs.
4.3.3. Efficient Estimators
Nandi and Kundu [93] proposed an algorithm which is computationally very efficient.
The most important feature of this algorithm is that it is computationally efficient but it
produces estimators which have the same asymptotic properties as the LSEs. It is an
iterative algorithm, but is known to converge in three steps when it starts with the initial
estimators as the periodogram estimators. Moreover, the algorithm works even when the
errors are from a stationary distribution.
The efficient algorithm uses only a fraction of the sample at the first two stages. However
at the last step, the entire data set is taken into account. We describe the algorithm here
for p =1, , but it can be easily extended for any p using the sequential method of Prasad,
Kundu and Mitra [102].
If at the j-th stage the estimator of  is denoted by  ( j ) , then  ( j 1) is calculated as

 ( j 1) =  ( j ) 
Nj

12  P( j ) 
,
Im
N j  Q( j ) 
N

(4.51)

j
( j)
N 
( j)

where P ( j ) =  y (t )  t  j  e  i t , Q( j ) = y (t )e i t , and N j denotes the sample
2 
t =1
t =1

(0)
size used at the j-th iteration. If  denotes the periodogram estimator of  over the
Fourier frequencies as defined in Section 4.3.1, then the algorithm takes the following
form:

Algorithm 1.
Step 1: Compute (1) from (0) using (4.51) with N1 = N 0.8 .
Step 2: Compute (2) from (1) using (4.51) with N2 = N 0.9 .
Step 3: Compute (3) from (2) using (4.51) with N 3 = N .
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It has been indicated by Nandi and Kundu [93] that the choices of N 1 and N 2 are not
unique and that there are several other choices for which the same asymptotic results hold.
They also show that the estimators obtained by the above iterative procedure are consistent
and have the same asymptotic distribution as the LSEs.
4.3.4. Super Efficient Estimators
Kundu et al. [68] proposed a modified Newton-Raphson method to obtain super efficient
estimators of the frequencies of the sum of sinusoidal model. The remarkable property of
this method is that it can produce estimators of the frequencies which have lower
asymptotic variances than those of the LSEs. It is well known that the usual
Newton-Raphson method often does not converge for this particular problem. But the
authors have used a proper step factor modification which not only guarantees the
convergence, but it also produces estimators which have smaller asymptotic variances
than the LSEs. The method also works when the errors are from a stationary distribution.
We describe the method here for p =1, but one can easily use the sequential procedure to
further extend the method for a general p. Let us denote

S ( ) =Y  Z ( )( Z  ( ) Z ( ))1 Z  ( )Y ,

(4.52)

where Y and Z ( ) are same as defined before. Therefore, the LSE of  can be obtained
by maximizing S () with respect to  . The maximization of S () using
Newton-Raphson method can be performed as follows:

 ( j 1) =  ( j ) 

S ( ( j ) )
,
S ( ( j ) )

(4.53)

here  ( j ) is the estimate of  at the j -th stage, S ( ( j ) ) and S ( ( j ) ) denote the first
derivative and second derivative, respectively, of S () evaluated at  ( j ) . The standard
Newton-Raphson algorithm is modified with a smaller correction factor as follows:

1 S ( ( j ) )
.
4 S ( ( j ) )

 ( j 1) =  ( j )  

Suppose (0) denotes the periodogram estimator of  , then the algorithm can be
described as follows:
Algorithm 2.
Step 1: Take N1 = N 6/7 , and calculate
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1
4

 (1) =  (0)  

S N ( (0) )
1

S N ( (0) )

,

1

here S N ( (0) ) and S N ( (0) ) are same as S ( (0) ) and S ( (0) ), respectively, computed
1

1

using a subsample of size N1 .
Step 2: With N j 1 = N , repeat



( j 1)

=

( j)

( j)
1 S N j 1 ( )
 
, j = 1, 2,,
4 S N ( ( j ) )
j 1

until a suitable stopping criterion is satisfied.
It is observed by the authors based on extensive simulations that any consecutive N 1 data
points can be used at Step 1 to start the algorithm, so that the dependence structure is not
destroyed, if any, and the choice of the initial estimators does not have any visible effect
on the final estimators. Moreover, as it has been seen before in some of the other
estimators also that the factor 6 / 7 in the exponent of Step 1 is not unique and there are
several other ways Step 1 can be initiated. It is observed that the iteration converges very
quickly and it produces frequency estimator which has lower variance than the LSE.
4.3.5. Weighted Least Squares Estimators
The weighted least squares estimators (WLSEs) are proposed by Irizarry [55, 56] to
estimate the frequencies in a musical signal. The WLSEs method proposed by the author
is an extension of the standard least squares method, and the LSEs can be obtained as a
special case of the WLSEs. The method has been proposed for a class of weight functions.
Under the assumption that the error process is stationary, and with certain other properties,
the asymptotic results of the WLSEs have been developed. The WLSEs can be obtained
by minimizing the following criterion function
2

p

 t 
S (ω,θ ) = w    y (t )  ( Ak cos(k t )  Bk sin(k t ))  ,
t =1  N  
k =1

N

with respect to ω = (1 , ,  p )  and θ = ( A1 , B1 , , Ap , B p )  . It is assumed that the
weight function w() is non-negative, bounded, of bounded variation, has support on

[0,1], and it is such that W0 > 0 and W12  W0W2  0, where for k =1,2,,
1

Wk =  s k w( s ) ds.
0
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It may be seen that w(s) =1, satisfies all these conditions. Hence, the LSEs can be
obtained as a special case of the WLSEs. Based on stationarity assumptions on the error
components, Irizzary [55, 56] derived the consistency and asymptotic normality results of
the WLSEs. The details are avoided. It may be mentioned although the theoretical
properties of the WLSEs have been established, no proper efficient estimation procedure
has been developed, more work is needed in that direction.
4.3.6. Estimation of the Number of Components
So far we have discussed about different methods of estimation for the frequencies and
amplitudes, assuming the number of components ‘ p’ to be known. In this section we
briefly discuss some of the well known methods of estimation of p. The estimation of
‘ p’ can be considered as a model selection problem. We consider the class of models
k


M k =  k : k (t ) =   A0j , k cos( 0j ,k t )  B 0j ,k sin( 0j , k t )   ; k = 1, 2,
j =1



(4.54)

Based on the data { y(t ); t = 1,, N } one needs to choose pˆ , an estimate of ‘ p’ , such that
the model M p fits the data ‘best’. Therefore, any model selection procedure can be used
to estimate ‘ p’ .
One important point to observe here that the models are nested, i.e.
M1  M 2  M 3  .

Hence, one of the natural procedures is to use a test of significance for each additional
term as it is introduced in the model. Fisher [33] first considered this problem as a simple
testing of hypothesis problem and it is based on the well known likelihood ratio test. This
test uses the ratio of the maximized likelihood for the k-th term to the maximized
likelihood for (k  1) -th term of model (4.54). If this quantity is large, it indicates that the
k-th term is needed in the model, otherwise not.
The problem can be formulated as follows:
H 0 : p = p0

vs.

H 1 : p = p1 ,

(4.55)

where p1 > p0 . Based on the assumptions that the errors are i.i.d. normal random variables
with mean zero and variance  2 , it can be shown after some calculations, see Kundu and
Nandi [73], that the likelihood ratio test takes the following form: rejects H 0 , if L is
large, where
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p0

y
(
t
)





t =1
k =1
L= 
p1
N 
y
(
t
)




t =1 
k =1
N



2


 k, p t)  B
 k , p sin(
 k , p t ) 
Ak , p0 cos(
0
0
0

 ,
2





Ak , p1 cos( k , p1 t )  B k , p1 sin( k , p1 t ) 









(4.56)

 k, p , 
 k , p are MLEs of A , B
here 
Ak , p0 , B
k,p
k , p and k , p , respectively. Similarly,
0
0
0

0

0

Ak , p , B
 k, p , 
 k , p are also defined. Now to apply this likelihood ratio test in practice, one
1
1
1
needs to obtain the exact/ asymptotic distribution of L under the null hypothesis. It seems
finding the exact distribution of L is not an easy problem. Quinn and Hannan [104]
provided an approximate distribution of L under certain restrictions on the form of the
frequencies, which is quite complicated and may not have much practical importance.
Rao [106] proposed to use the cross validation technique to estimate the number of
components in a sinusoidal model. It may be mentioned that the cross validation is a model
selection technique and it can be used in a fairly general set up. The basic assumption of
cross validation technique is that there exists an M , such that 1  k  M for the models
defined in (4.54). It can be described as follows. For a given k , such that 1  k  M ,
remove the j-th observation from { y(1),, y ( N )}, and estimate ‘ y ( j )’ , say yˆ k ( j )
and
the
observation
based
on
the
model
assumption
Mk
{ y(1),, y( j  1), y( j  1),, y( N )}. Obtain the cross validatory error for the model M k
as
N





2

CV (k ) =  y(t )  y k (t ) ,
t =1

for k =1,, M . Choose p̂ as the estimate of p , if
p = arg min{CV (1), ,CV ( M )} .

One major issue in implementing the cross validation method is to estimate y( j ) based
on { y(1),, y( j  1), y ( j  1),, y( N )} and on the underlying model M k . Rao [106] did
not provide any explicit method to compute yˆ k ( j ). Later Kundu and Kundu [69] provided
a non-iterative method to estimate y( j ) based on the missing observation. The method
has been further modified by Kundu and Mitra [70] and this can be used quite effectively
to estimate ‘ p’ based on cross validation method. Extensive simulations, performed by
Kundu and Mitra [70], indicate that for small sample the method works quite well.
Rao [106] also proposed to use different information theoretic criteria to detect the number
of components based on the assumptions that the errors are i.i.d. normal random variables
with mean zero and finite variance. Based on these error assumptions, Akaike Information
Criterion (AIC) takes the following form:
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AIC ( k ) = N ln Rk  2(3k  1),

here Rk denotes the minimum value of
2

k


Q (θ k ) =   y (t )    A j cos( j t )  B j sin( j t )   ,
t =1 
j =1

N

(4.57)

where θ k = ( A1 ,, Ak , B1 ,, Bk , 1 ,, k ) and the minimization of Q ( θ k ) as defined in
(4.57) is performed with respect to θ k . Here ‘ 3k  1 ’ denotes the number of unknown
parameters when the number of sinusoids is k. Choose p̂ an estimate of p , where
p = arg min{ AIC (1), , AIC ( M )} .

Under the same assumption, Bayesian Information Criterion (BIC) takes the
following form

1
BIC (k ) = N ln Rk  (3k  1)ln N ,
2
here Rk is same as defined above. In this case also, choose p̂ an estimate of p , where
p = arg min{ BIC (1), , BIC ( M )} .

Although, Rao [106] suggested to use different Information Theoretic Criteria to estimate
p , he did not provide any practical implementation procedure particularly, for the
computation of Rk . Later, Kundu [64] suggested a practically feasible method to
implement for different information criterion and performed extensive simulation
experiments for different models, for different error variances, and for different sample
sizes. He observed that AIC does not provide consistent estimate of the model order,
although for small sample sizes, performance of AIC is quite good. In general it is
observed that BIC performs quite well.
In 1997, Kundu [67] suggested another estimation procedure for finding the number of
components p. We explain it here in brief. Let us suppose that M denotes the maximum
possible order, then for some fixed L > 2M , we write the data matrix AL as follows:

y (1)


A L= 


 y ( N  L  1) 

y ( L) 
  .
y ( N ) 

2
2
1 
AL AL . Consider,
Let  1 >  >  L be the L eigenvalues of the L  L matrix
N
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2
KIC(k ) =  2k 1  kc( N ),

here, c( N ) > 0, and satisfies the following two conditions

c( N ) N
=.
1/ 2
N  (ln ln N )

lim c( N ) = 0 and lim

N 

Choose p̂ an estimate of p , where
p = arg min{ KIC (1), , KIC ( M )} .

Under the assumption of i.i.d. errors, Kundu [67] proved the strong consistency of the
above procedure. The probability of wrong detection has also been obtained in terms of
linear combination of chi-square variables. Extensive simulations have been performed to
check the effectiveness of the proposed method and to find proper c( N ). It is observed
that c( N ) = (ln N ) 1/ 2 performs quite well, although no theoretical justification has been
provided.
There are several other methods which are available in the literature and the interested
reader is referred to the works of Sakai [110], Wang [118], Quinn [103] and the references
cited therein.
4.3.7. Bayes Estimation of the Parameters and the Number of Components
Nielsen [96] proposed Bayes estimation method for the number of components and also
the unknown parameters of the sinusoidal model. In this case the author considered model
(4.42) where p is also unknown. It is assumed that the error random variables e(t ) s are
i.i.d. normal random variables with mean zero and variance  2 . It is also assumed that
there exists a P, which is known such that the number of component p  P. The
following prior assumptions are made on the different parameters. The Jeffrey’s prior has
been assumed on  2 , i.e.

 ( 2 )   2  .
1

For the model M p , let us use the following notations:
 cos(1 )
sin(1 )  cos( p )
sin( p ) 


Z p (ω p ) = 





,
 cos( N 1 ) sin( N 1 )  cos( N  p ) sin( N  p ) 


θ p = ( A1 , B1 , , Ap , B p )  , ω p = (1 , ,  p )  . Now the following prior assumptions are

being made on θ p, ω p and M p .
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 (θ p| g, 2 ,ω p, M p ) N 2 p θ 0p, g 2[ Z p (ω p) Z p (ω p)]1  .
Here, g and θ 0p are known quantities. Further, ω p is assumed to be uniform in

[0,2 ] p , the model order p is also assumed to be uniform over {1,, P} and they are
independently distributed. The Bayes estimates of the unknown parameters cannot be
obtained in closed forms. Laplace approximation may be used to obtain the approximate
Bayes estimates of the unknown parameters. But in that case the credible intervals cannot
be obtained. Hence, Markov Chain Monte Carlo (MCMC) method may be used to
generate samples from the full conditional posterior density functions, and they can be
used to compute the Bayes estimates of the unknown parameters, and also the associated
credible intervals. Interested readers are referred to Nielsen [96] for more details.
So far, we have focussed on a brief review of the several sinusoidal parameter estimation
methods. This was mainly a motivation for the core of this chapter which is the chirp
signal model. Chirp signals are encountered in many different areas of engineering
applications, particularly in radar, active sonar and also in passive sonar systems. Due to
its applicability, the problem of parameter estimation of the chirp model parameters has
received considerable amount of attention in the Signal Processing literature. The next
two sections are devoted to one dimensional chirp model with one component and
multiple components. We discuss several existing parameter estimation methods for both
of them.

4.4. One Dimensional One Component Chirp Model
Recall that a one component chirp model can be written as follows:

y (t ) = A0 cos( 0t   0t 2 )  B 0 sin( 0t   0t 2 )  e(t ); t = 1,, N .
2

(4.58)

2

Here A0 , B 0 are unknown real numbers, A0  B 0 is known as amplitude,  0 is the
frequency and  0 is the frequency rate. Also, 0 <| A0 |,| B0 |< , and 0 <  0 ,  0 <  . The
error e(t ) is an additive error with mean zero and finite variance. At this moment we
assume that e(t ) s are i.i.d. random variables. However, a more general structure will be
considered later. The problem is to estimate the unknown parameters A0 , B 0 ,  0 ,  0
based on a sample of size N , namely { y (1),, y ( N )}.
4.4.1. Least Squares Estimators
Like the sinusoidal model, a one component chirp model (4.58) is a non-linear regression
model as well. Therefore, the LSEs or equivalently the MLEs when the errors are i.i.d.
Gaussian random variables are the natural choice. The LSEs of the unknown parameters
of model (4.58) can be obtained by minimizing the residual sums of squares, as given
below:
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N

Q(θ ) = ( y (t )  A cos( t   t 2 )  B sin( t   t 2 ))2 .

(4.59)

t =1

 ,  , 
 )  minimizes Q(θ ), and it is the LSE of
Here θ = ( A, B, ,  ) , and 
θ = (
A, B

θ 0 = ( A0 , B0 , 0 ,  0 ) . Now to minimize Q(θ ) let us rewrite (4.59) in matrix notation.

Q(θ ) = (Y  W ( ,  ) δ) (Y W ( ,  ) δ),

(4.60)

here Y = ( y(1),, y( N )) , δ = ( A, B) and the matrix W ( ,  ) is
sin(   ) 
 cos(   )
 cos(2  4  2 )
sin(2  4  2 ) 
.
W ( ,  ) = 






2
2
 cos( N  N  ) sin( N   N  ) 

(4.61)

Therefore, for fixed  and  ,


A( ,  ) 

 = (W  ( ,  )W ( ,  )) 1 W  ( ,  )Y ,

 B( ,  ) 
minimizes Q(θ ). Hence, the LSEs of  and  , say ̂ and ˆ , respectively, can be
obtained as
 )  = arg min Q ( 
 ( ,  ),  ,  ) .
( , 
A( ,  ), B

(4.62)

Note that

 ( ,  ), ,  ) = Y   I  W ( ,  )(W  ( ,  )W ( ,  ))1 W  ( ,  )  Y 
Q( A( ,  ), B
= Y  ( I  P W ( , ) ) Y ,
here I is the identity matrix of order N and
P W ( ,  ) = W ( ,  )(W  ( ,  ) W ( ,  )) 1 W  ( ,  )

is the projection matrix on the column space of W ( ,  ). Therefore,

 ) =arg maxY  P
( , 
W ( ,  ) Y .
Once ̂ and ̂ are obtained, the LSEs of A and B can be obtained as
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)
A= 
A( , 

and

=B
 ( , 
 ),
B

respectively. It can be seen that for one component chirp model the LSEs of the unknown
parameters can be obtained by solving a two dimensional optimization problem. Some of
the standard numerical techniques like Newton-Raphson method or Gauss-Newton
method may be used to compute them. Unfortunately, the least squares surface of  and
 , namely Y  ( I  P W ( ,  ) ) Y is a highly non-linear surface. Fig. 4.9 illustrates this issue
and evidently it has several local minima present on it.

Fig. 4.9. Least Squares Surface.

Therefore, a very good set of initial values of  and  is needed for any iterative process
to converge. Otherwise, the iterative process may not converge, or some times even if it
converges it might converge to a local minimum rather than the global minimum.
Saha and Kay [109] proposed a Monte Carlo importance sampling procedure which does
not need any initial guesses. It is a purely Monte Carlo based method, and uses the basic
result of Pincus [100]. The implementation of the method is very simple and it can be
described as follows. Based on the result of Pincus [100] it follows that




0

0

   exp(cR( ,  ))d  d and
 = lim  
  exp(cR( ,  ))d  d
 

  exp(cR( ,  ))d  d ,
 = lim  
  exp(cR( ,  ))d  d
c 

0

0

0

(4.63)

0

c 

0

0

where
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R( ,  ) = Y  P W ( ,  ) Y .
Now to compute ̂ and ̂ based on (4.63) Monte Carlo importance procedure can be
used. We describe the algorithm below.
Algorithm 3.
Step 1: Generate a random sample of size M , say {1 , ,  M } from uniform (0,  ).
Similarly, generate another random sample of size M , say {1 , ,  M } also from
uniform (0,  ).
Step 2: Choose a sequence {c1 , c2 , ,}, such that cn  , and c1 < c2 < c3 <  . For a
fixed cm , compute

 cm

1 M
1 M

c
R


exp(
(
,
))
k
k exp(cm R( k , k ))
m
k
k
M k =1
M k =1

and  c =
=
.
m
1 M
1 M
c
R


c
R


exp(
(
,
))
exp(
(
,
))


m
k
k
m
k
k
M k =1
M k =1

Step 3: Stop the iteration if  cm 1   cm <  and  c   c <  . Otherwise change cm
m 1
m
to cm 1 and go back to Step 2.
It is important to note that the same generated sample namely {1 , ,  M } and
{1 , ,  M } can be used in each iteration. Therefore, the proposed method is
computationally very efficient. We will see later that the method can be easily generalized
for multiple chirp model also.
Although, Saha and Kay [109] proposed a very efficient estimation procedure of the
unknown parameters, they did not discuss any theoretical properties of the LSEs or the
MLEs based on the assumption that the error are i.i.d. Gaussian random variables. Like
the sinusoidal model, the one component chirp model as described in (4.58) is a non-linear
regression model that does not satisfy the sufficient conditions of Jennrich [58] or Wu
[122]. Therefore, it is not immediate that the LSEs will be consistent. Nandi and Kundu
[91] established the consistency and asymptotic normality properties of the LSEs of the
unknown parameters of the complex counterpart of this model. The results for the
underlying real valued model are presented in the following theorems.
Theorem 2. If there exists a K , such that 0 <| A0 |  | B0 |< K , 0 <  0 ,  0 <  , and

 ,  , 
 )
is a strongly consistent estimate of
 2 > 0, then
θ = (
A, B

θ 0 = ( A0 , B 0 , 0 ,  0 ) .
Theorem 3. Under the same assumptions as in Theorem 2,
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N

1/ 2

  B 0 ), N 3/ 2 (   0 ), N 5/ 2 ( 
   0)
(
A  A0 ), N 1/ 2 ( B



 d

 N 4 (0, 2 2 Σ ) .

(4.64)

Here

 1 02
02
4 A0 B 0
18B 0
 2 ( A  9B )

2
2
1
2
 4 A0 B 0
(9 A0  B 0 ) 18 A0
Σ= 2
2

2
A0  B 0 
0
18B
18 A0
96

0
0

15 A
90
15B


15B 0 

0
15 A .


90 
90 

(4.65)

Theorem 2 establishes the consistency of the LSEs, whereas Theorem 3 states the
asymptotic distribution along with the rates of convergence of the LSEs. It is important to
note that when the errors are i.i.d. Gaussian random variables then the LSEs are same as
the MLEs and the asymptotic variance-covariance matrix coincide with the corresponding
Cramer-Rao lower bounds.
It is interesting to observe that the rates of the convergence of the LSEs of the linear
parameters are significantly different than the corresponding non-linear parameters as we
have observed in case of sinusoidal model parameters also in Section 4.3. The non-linear
parameters are estimated more efficiently than the linear parameters for a given sample
size. The variance of the frequency estimator goes to zero with the rate O ( N 3 ), whereas
the variance of the frequency rate estimator goes to zero with the rate O( N 5 ). Moreover,
2

2

as A0  B 0 decreases, the asymptotic variances of the LSEs of the frequency and
frequency rate increase. It may be noted that the asymptotic distribution of the LSEs can
be easily used to construct asymptotic confidence intervals of the unknown parameters as
well as to develop testing of hypotheses.
Nandi and Kundu [91] were the first to formally establish the asymptotic properties of the
LSEs of the parameters of the one component complex chirp model based on the
assumptions that the additive errors are i.i.d. with mean zero and finite variance. Later,
the same authors (see Kundu and Nandi [72]) obtained the theoretical results for model
(4.58) for a more general class of error distributions in which the errors are assumed to be
stationary. The explicit error assumption is stated below.
Assumption 4.

e(t ) =



 a( j) X (t  j),

(4.66)

j = 

where { X (t )} is a sequence of i.i.d. random variables with mean zero, variance  2 and
finite fourth moment, and
179

Advances in Signal Processing: Reviews. Book Series, Vol. 2


 | a( j) |<  .

(4.67)

j = 

This assumption is a standard assumption of a linear process. The stationary
autoregressive process or the moving average process is a special case of the above linear
process. Kundu and Nandi [72] established the following two results under this
assumption.
Theorem 4. If there exists a K , such that 0 <| A0 |  | B0 |< K , 0 <  0 ,  0 <  ,  2 > 0
 ,  , 
 )  is a strongly consistent estimate
and e(t ) satisfies Assumption 4, then 
θ = (
A, B
of θ 0 = ( A0 , B 0 , 0 ,  0 ) .
Theorem 5. Under the same assumptions as in Theorem 4,

N

1/ 2



 d

  B 0 ), N 3/ 2 (   0 ), N 5/ 2 ( 
   0 )  N (0, 2c 2 Σ ),
(
A  A0 ), N 1/ 2 ( B
4

(4.68)

here Σ is same as defined in Theorem 3, and c =  j = a 2 ( j ).


Note that the original asymptotic variance-covariance matrix given by Kundu and Nandi
[72] was much complicated, however the simplified form provided here was derived later
by Lahiri, Kundu and Mitra [79]. Lahiri, Kundu and Mitra [79] performed extensive
simulations to study the behavior of the LSEs under different error assumptions, and it is
observed that the performance of the LSEs are quite satisfactory. The sample variances of
the different estimators match quite well with the asymptotic variances even for moderate
sample sizes.
4.4.2. Periodogram Estimator
Periodogram estimator as described in Section 4.3.1 is one of the most popular estimators
for the sinusoidal model. Along the same line the periodogram estimators of the frequency
and frequency rate of the one component chirp model (4.58) can be obtained. First let us
define the periodogram function associated with the chirp model as follows:

I ( ,  ) =

1
N

N

y(t )ei ( t   t

2)

2



t =1

1  N
  N

=   y (t )cos( t   t 2 )    y (t )sin( t   t 2 ) 
N  t =1
  t =1

2

2


.


(4.69)

Grover, Kundu and Mitra [43] proposed periodogram estimators (PEs) or approximate
least squares estimators (ALSEs) of  and  as
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 ) = arg max I ( ,  ) .
( , 

(4.70)

The basic idea is same as that for the periodogram estimator of the frequency of a
sinusoidal model. That is, if the error variance is small then the maximum of the
periodogram function I ( ,  ) occurs near the true values of the frequency and frequency
rate, i.e. at ( 0 ,  0 ).
Clearly, the PEs of  and  are obtained by solving a two dimensional optimization
problem. The Newton-Raphson or the Gauss-Newton method may be used to compute
them. Like the least squares surface, the periodogram surface is also highly
non-linear in nature as it has several local maxima. Hence, precise initial estimators are
needed for any algorithm to converge to the global maximum rather than a local
maximum. In concurrence with the Fourier frequencies for the sinusoidal model,
to find the initial values of ( 0 ,  0 ) one can search among the points
  k  j 

, 2  ; k = 1, , N  1, j = 1, , ( N  1) 2  and select ( k0 , j0 ), such that

 N N 


k  j  k  j 
I  0 , 20   I  , 2  ,
 N N   N N 
for all k , j. Alternatively, Algorithm 3 also can be used to maximize I ( ,  ) simply by
replacing R( ,  ) with I ( ,  ) at each step.
Once ̂ and ̂ are obtained the estimators of A and B can be obtained as
N
N
A = 1 y (t )cos(t  
t 2 ) and B
 = 1 y(t )sin(t  
t 2 ) .


N t =1
N t =1

(4.71)

Grover, Kundu and Mitra [43] established the asymptotic properties of the PEs of the
unknown parameters of the one component chirp model. It has been shown that under the
assumption of stationary errors as in Assumption 4, the PEs are strongly consistent and
they have the same asymptotic distribution as the LSEs. Grover, Kundu and Mitra [43]
performed extensive simulations to compare the performances of the ALSEs and LSEs.
Based on simulation experiments it is observed that although LSEs and ALSEs have the
same asymptotic variances, for small and moderate sample sizes the sample variances of
the ALSEs are slightly higher than the corresponding variances of the LSEs.
4.4.3. Finite Step Algorithm
So far we have discussed about the LSEs and PEs and although both of them have some
computational issues, they are the most efficient estimators in the sense that their
asymptotic variances achieve the Cramer-Rao lower bound under the assumption of i.i.d.
Gaussian noise. Therefore a trade-off has to be made between statistical properties and
computational complexity. A numerically faster algorithm was proposed by Lahiri, Kundu
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and Mitra [76] that offers computational advantage and has the same convergence
properties as the LSEs. They observed that if one starts with the initial guesses of  0 and
 0 with convergence rates O p ( N 1 ) and O p ( N 2 ), respectively, then after four
iterations, the algorithm produces an estimate of  0 with convergence rate O p ( N 3/ 2 ),
and an estimate of  0 with convergence rate O p ( N 5/ 2 ) . Before providing details of their
algorithm, we first show how to improve the estimators of  0 and  0 . If  is an

   0 = O ( N 11 ), and  is an estimator of
estimator of  0 , such that for  1 > 0, 
p
2
 0 , such that for  2 > 0,    0 = Op ( N 2 ), then the improved estimators of  0 and

 0 , can be obtained as
 =  

48  PN 
Im 
,
N 2  QN 

(4.72)

 =  

45  PN 
Im 
,
N 4  QN 

(4.73)

respectively, where
N
N

N 2  i (t  t 2 )
 N   2
PN = y (t )  t   ei (t  t ) , PN = y (t )  t 2 
,
e
3 
2

t =1
t =1


N

QN = y(t )ei (t  t ) .


2

t =1

The theoretical justification of the algorithm comes from the following two theorems. One
may refer to Lahiri, Kundu and Mitra [76] for the detailed proof.

   0 = O ( N 11 ) for  > 0, then
Theorem 6. If 
p
1
1 21
(a ) (   0 ) = O p ( N
)

where  12 =

384 2
2

A0  B 0

2

if

1  1 / 4,

d
(b) N 3/2 (   0 )   (0, 12 ) if

1 > 1 / 4,

.

   0 = O ( N 22 ) for  > 0, then
Theorem 7. If 
p
2
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   0 ) = O ( N 2  2 2 )
(a) ( 
p

if

 2  1 / 4,

   0 )   (0, 2 ) if
(b) N 5/ 2 ( 
2

 2 > 1 / 4,

d

where  22 =

360 2
2

A0  B 0

2

.

 with convergence rates
Now we show that starting from initial guesses  , 
   0 = O p ( N 1 ) and    0 = O p ( N 2 ), respectively, how the above results/theorems
can be used to obtain efficient estimators. It may be noted that finding initial guesses with
the above convergence rates is not difficult. We can use the same initial guesses as it has
been used in case of PEs in Section 4.4.2. The main idea is not to use the whole sample at
the beginning, as it was originally suggested by Bai et al. [3]. A fraction of the sample is
used at the beginning, and we gradually proceed towards the complete sample. With
varying sample size, more and more data points are used with the increasing number of
iterations. The algorithm is described below. Note that we denote the estimates of  0 and
( j)
( j)
 0 obtained at the j -th iteration as  and  , respectively.
Algorithm 4.
(0)
Step 1: Choose N1 = N 8/9 . Therefore,    0 = O p ( N 1 ) = O p ( N111/8 ) and
(0)

   0 = O p ( N 2 ) = O p ( N12 1/ 4 ). Perform steps (4.72) and (4.73). Therefore, after 1-st
iteration, we have



(1)

 (1)   0 = O ( N 2 1/ 2 ) = O ( N 20/9 ) .
  0 = O p ( N111/ 4 ) = O p ( N 10/9 ) and 
1
p
p

(1)
Step 2: Choose N 2 = N 80/81. Therefore,    0 = O p ( N 211/8 ) and
(1)

   0 = O p ( N 22 1/ 4 ). Perform steps (4.72) and (4.73). Therefore, after 2-nd iteration,
we have


(2)

 (2)   0 = O ( N 2 1/ 2 ) = O ( N 200/81 ) .
  0 = O p ( N 211/ 4 ) = O p ( N 100/81 ) and 
2
p
p

(2)
Step 3: Choose N 3 = N . Therefore,    0 = O p ( N 3119/81 ) and
(2)

   0 = O p ( N 32 38/81 ). Perform steps (4.72) and (4.73). Therefore, after 3-rd
iteration, we have


(3)

 (3)   0 = O ( N 2  76/81 ) .
  0 = O p ( N 138/81 ) and 
p
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Step 4: Choose N 4 = N and perform steps (4.72) and (4.73). Now we obtain the
required convergence rates, i.e.



(4)

 (4)   0 = O ( N 5/ 2 ) .
  0 = O p ( N 3/ 2 ) and 
p

The above algorithm can be used quite efficiently to compute the estimators in four steps
which are equivalent to the LSEs. Lahiri, Kundu and Mitra [76] performed extensive
simulations for different sample sizes and for different error structures, mainly to see the
behavior of the proposed estimators and to compare their performances with the LSEs. It
is observed that the performances of the proposed estimators are quite satisfactory even
for moderate sample sizes, although the sample variances of the LSEs are slightly smaller
than the corresponding variances of these estimators.
It may be mentioned that the fraction of the sample sizes which have been used in each
step is not unique. It is possible to obtain equivalent estimators with different choices of
N i . Moreover, if observations are independent then the algorithm can be started with any
sub-sample of size N1 . But if the data are stationary, then the sub-sample of size N 1 has
to be chosen with consecutive data points. Although they are asymptotically equivalent,
the finite sample performances might be different. It might be interesting to compare the
finite sample performances of the different estimators by the use of Monte Carlo
simulations.
4.4.4. Least Absolute Deviation Estimators
As discussed above, LSEs and PEs are the most natural choice of estimators in case of
chirp model. However, despite their theoretical appeal, a widely-recognized practical
difficulty with these estimators is that they are not robust. For a model to describe majority
of the data and avert the influence of outliers on the results, we need robust methods of
estimation. Among different robust estimators in the literature, the L1 norm estimators or
least absolute deviation (LAD) estimators are quite popular for general linear and nonlinear regression problems. For reference, one may look into Dielman [23] or Dodge [28].
The two major issues associated with the LAD estimators are: (i) Computational
complexity, i.e. how to compute the LAD estimators in an efficient manner, and (ii)
Theoretical intractability, i.e. how to develop properties of the LAD estimators.
In the renowned paper by Charnes, Cooper and Ferguson [17], it has been shown that for
a linear regression model the LAD estimators can be obtained very efficiently by solving
a linear programming problem. Similar method can be extended for the non-linear
regression model as well although this has not been explored yet in the literature. The
LAD estimators of the unknown parameters of the one component chirp model (4.58) can
be obtained by minimizing
N

R(θ ) =  y(n)  A cos( n   n2 )  B sin( n   n2 ) .
n =1
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Here θ = ( A, B, ,  ) is same as defined before. Let us denote the LAD estimators of
0
 , and  , respectively. They can be obtained as
A, B
A0 , B 0 ,  and  0 , by 
 ,  , 
 ) = arg min R (θ ) .
(
A, B

(4.75)

Clearly, the computation of the LAD estimators is a challenging issue. Any optimization
algorithm which does not require derivative information may be used for this purpose.
Alternatively, one can use the importance sampling technique as suggested by Saha and
Kay [109] in Section 4.4.1 with the obvious modifications. Developing efficient LAD
estimators is a challenging and still an open problem.
Another main difficulty is the derivation of the theoretical properties of the LAD
estimators. Even for a linear regression model, this method requires stronger assumptions
on the error distribution than those needed in case of the LSEs. Recently, Lahiri, Kundu
and Mitra [78] developed the properties of LAD estimators under certain assumptions on
the probability density function (PDF) of the error distribution (see Assumption 5). We
present their results in the following theorems, however for the proofs of these theorems
one may refer to their work.
Assumption 5. The error random variable {e(t )} is a sequence of i.i.d. random variables
with mean zero, variance  2 , and it has a PDF f ( x). The PDF f ( x) is symmetric and
differentiable in (0,  ) and ( ,0), for some  > 0, and f (0) > 0.
Theorem 8. If there exists a K , such that 0 <| A0 |  | B0 |< K , 0 <  0 ,  0 <  ,  2 > 0,
 ,  , 
 )  is a strongly consistent estimate
and {e(t )} satisfies Assumption 5, then 
θ = (
A, B
of θ 0.
Theorem 9. Under the same assumptions as in Theorem 8,

N

1/ 2

  B 0 ), N 3/ 2 (   0 ), N 5/ 2 ( 
   0)
A  A0 ), N 1/ 2 ( B
(





1
 N 4  0, 2 Σ  ,
 f (0) 

 d

(4.76)

here Σ is same as defined in (4.65).
It is evident that the rates of convergence of the LAD estimators are same as that of the
LSEs, however for the heavy tailed distributions, the LAD estimators are asymptotically
more efficient that the LSEs. Lahiri, Kundu and Mitra [78] performed some simulations
to observe the behavior of the LAD estimators mainly for Gaussian errors. They have used
the Downhill Simplex Algorithm to minimize (4.74) and the asymptotic results of
Theorem 9 have been used to construct confidence intervals of the unknown parameters
assuming f (0) is known. It is observed that the sample variances are quite close to the
asymptotic variances even for moderate sample sizes. The performances of the confidence
intervals based on the asymptotic distribution, are not very good for moderate sample sizes
185

Advances in Signal Processing: Reviews. Book Series, Vol. 2

in the sense that the coverage percentages are significantly smaller than the nominal level.
Although, for large sample sizes, they are quite close. More work is needed in developing
efficient estimation procedure to compute LAD estimators, and also a proper methodology
to construct confidence intervals mainly for small and moderate sample sizes.
4.4.5. Iterative Approach
So far all the methods we have discussed are computationally quite demanding, but all of
them are shown to achieve the best convergence rates possible. In all these cases the main
computational time involves finding the initial guess which requires a O( N 3 ) search.
Therefore, if N is large this can take a significant amount of time. To avoid that several
heuristic methods are available in the literature. Out of many of these methods, the
iterative method suggested by Ikarm, Abed-Meraim and Hua [53] (see also Ikarm,
Abed-Meraim and Hua [52]) is an interesting one and we will briefly discuss this
method here.
To implement the iterative method, Ikarm, Abed-Meraim and Hua [53] used the complex
one parameter chirp model defined as follows:
2

y (t ) = Aei ( t   t )  e(t ); t = 1,, N .

(4.77)

Here A is a complex number and e(t ) is a complex valued random variable with mean
zero and finite variance. The frequency  and the frequency rate  are same as defined
before. The basic idea of their proposed algorithm is the following. Suppose
2

 (t ) = Aei ( t   t ) ; t = 1,, N .
Then for any fixed integer  , consider

m(t ) =  H (t )  (t   ) = Cei (2  t ) ; t = 1,, N   .

(4.78)

2

Here  H (t ) is the conjugate of  (t ) and C =| A |2 ei (   ) . The equation (4.78)
indicates that the sequence m(t ) represents a sinusoidal signal with frequency 2 .
Therefore, the frequency  can be estimated from m(t ) using one of the frequency
estimation technique. Once  is estimated say by ̂ then the signal  (t ) can be
demodulated as
2

z (t ) =  (t )e  i (  t )  Aei ( t ) .
Hence,  can be estimated from the demodulated signal z (t ) by using again the same
frequency estimation technique. Note that in estimating  , it is assumed that the effect
of  has been removed in the demodulated signal z(t ). Hence, Ikarm, Abed-Meraim and
Hua [53] proposed the following iterative technique to estimate  . Once an accurate
estimate of  is obtained in the first phase then in the second phase  is estimated by
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using the demodulation technique as described above. Let us use the subscript k as the
iteration number and  k as the lag parameter at the k -th iteration.
The first step of the iterative algorithm depends on the following transformation

mk (t ) = zk 1 (t   k 1 ) zkH1 (t ), t = 1,, N   k 1 ,
where zk 1 (t ) = y(t )e

2

i 
k 1t

(4.79)

, t = 1,, N  1.

Here,  k 1 is the estimate of  at the (k 1)-th iterate. Let us start the iteration as follows.
For the first iteration ( k = 1 ) the initial values of  = 0 and  = 1 are chosen. Now from
0

0

the transformed data m1 (t ) = y (t  1) y (t ); t = 1,, N  1, obtain  1 . At the k th
( k = 1, 2, ) iteration, the demodulated signal z k 1 (t ) is considered to be a chirp signal
with the same frequency as the original signal y (t ) but with different frequency rate
 . The parameter  is estimated using the transform m (t ) , say as
 =   
H

k 1

k 1

k 1

k

  . The estimate of  is then updated using

k 1
 .
 k =  k 1  
k 1

It is very clear that the selection of the lag parameter  k affects the accuracy in estimating
 . Different  k s can be chosen at different iteration steps. Ikarm, Abed-Meraim and Hua
[53] conducted extensive simulation experiments and they have taken fixed lag size
 k = 9. It is observed that the above method provides very good results in practice,
although theoretically the properties of the estimators could not be established.
4.4.6. Bayes Estimates
Lin and Djurić [81] and recently, Mazumder [87] considered the Bayes estimators of the
unknown parameters of model (4.58) when e(t ) s are i.i.d. normal random variables. Here
we elaborate on the methodology proposed by Mazumder [87], as it is more general in
nature. The following transformations and assumptions have been made for mathematical
convenience.

A0 = r 0 cos( 0 ), B 0 = r 0 sin( 0 ), r 0  (0, K ],  0 [0, 2 ],  ,   (0,  ) .
The following assumptions on prior distributions have been made on the above unknown
parameters.

r uniform(0, K ),  uniform(0,2 ),  vonMises ( a0 , a1 ),
 vonMises (b0 , b1 ),  2 inverse gamma (c0 , c1 )
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It may be mentioned that r and  have non-informative priors and  2 has a conjugate
prior. In this case, 2 and 2 are circular random variables, that is why, von Misses
distribution, the natural analog of the normal distribution in circular data has been
considered. We denote the prior densities of r ,  ,  ,  ,  2 as [r ], [ ], [ ], [  ],
[ 2 ], respectively, and Y as the data vector as defined in Section 4.4.1. Under the
assumption that the priors are independently distributed, the joint posterior density
function of r ,  ,  ,  ,  2 can be obtained as follows:

[r , , ,  , 2 |Y ]  [r ][ ][ ][  ][ 2 ][Y | r , ,  ,  , 2 ] .
Now, computation of the Bayes estimates of the unknown parameters is based on the
Gibbs sampling technique. For that one needs to compute conditional distribution of each
parameter given all the parameters, known as the full conditional distribution and denoted
by [ | ]. These are given by

[r | ]  [r ][Y | r , , ,  , 2 ] ,

[ | ]  [ ][Y | r , , ,  , 2 ] ,

[ | ]  [ ][Y | r , , ,  , 2 ] ,

[  | ]  [  ][Y | r , , ,  , 2 ] ,

[ 2 | ]  [ 2 ][Y | r , , ,  , 2 ] .
The closed form expression of the full conditionals cannot be obtained. Mazumder [87]
proposed to use the random walk MCMC technique to update these parameters, which
can be easily implemented in practice. The author has used this method to predict future
observation also.
4.4.7. Testing of Hypothesis
So far we have mainly talked about different estimation procedures of the unknown
parameters for one component chirp model. But along with the estimation problem the
associated testing of hypothesis problem is of significant practical importance. The testing
of hypothesis can be very useful in identifying a source, mainly to detect whether a
particular signal is coming from a known or an unknown object. Recently, Dhar, Kundu
and Das [22] considered the following testing of hypothesis problem. The authors
considered model (4.58) and assumed the additive errors e(t ) s to be i.i.d. random
variables with mean zero and finite variance  2 . In order to develop the testing procedure
some more technical assumptions on the density functions of the error random variables
will be specified later.
We denote the vector θ 0 = ( A0 , B 0 , 0 ,  0 ) . The testing of hypothesis can be formulated
as follows. We want to test the following null hypothesis

H 0 :θ =θ 0
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We may interpret the problem as whether the observed signal is coming from a known
source which emits chirp model with parameter θ 0.
Dhar, Kundu and Das [22] proposed four different tests to test the hypothesis (4.80) based
on the following test statistics:

TN ,1 =|| D 1 ( 
θ N , LSE θ 0 ) ||22 ,

(4.81)

TN ,2 =|| D1 ( 
θ N , LAD θ 0) ||22 ,

(4.82)

TN ,3 =|| D1 ( 
θ N , LSE θ 0 ) ||12 ,

(4.83)

TN ,4 =|| D1 ( 
θ N , LAD θ 0) ||12 .

(4.84)

θ N , LSE and 
θ N , LAD denote the LSE of θ 0 and LAD estimate of θ 0 as discussed in
Here, 
Sections 4.4.1 and 4.4.4, respectively. Further, ||  ||2 and ||  ||1 denote the Euclidean and
L1 distances, respectively, and the 4  4 diagonal matrix D is as follows:

D = diag{N 1/2 , N 1/ 2 , N 3/2 , N 5/ 2 } .
All these test statistics are based on some normalized values of the distances between the
estimates and the true parameter value under the null hypothesis. The authors have chosen
two specific distances, but in principle, any other distance can be considered. In all these
cases, it is expected that the null hypothesis should be rejected if the values of the test
statistics are large.
At this point, a natural question to ask is how large is large? For this purpose we need to
compute the critical value of a test for a given significance level. The hypothesis will be
rejected for the given significance level, if the value of the test statistic exceeds the critical
value. In practice, for a given error distribution and significance level, it is possible to
compute the critical value of a test based on extensive simulations. To calculate it
theoretically, the following error assumptions are made by the authors.
Assumption 6. Let Fn be the distribution function of y(n) with the probability density
function f n ( y,θ ), which is twice continuously differentiable with respect to θ. It is
2 

assumed

 

E
f n ( y ,θ ) 
< ,
  i
 θ=θ 0

that

for

some

 >0

and

2

 2

E
f n ( y,θ ) 
< , for all n = 1, 2,, N . Here i and  j , for 1  i, j  4, are
 i  j
 θ =θ 0

the i-th and j-th component of θ.
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Note that the above assumption is not very unnatural. It holds for most of the well known
probability density functions, e.g. normal, Laplace and Cauchy probability density
functions. Based on the above assumption the critical values for all the four tests can be
calculated. Since they are quite involved, they are not presented here. Interested readers
are refereed to the original article of Dhar, Kundu and Das [22] for details. It can be shown
that all the tests are consistent, i.e. as the sample size tends to infinity, the power of the
tests goes to one. Dhar, Kundu and Das [22] performed extensive simulation experiments
to study the power of these tests under different error assumptions, namely standard
normal (light tailed), standard Laplace (heavy tailed) and t -distribution with 5 degrees of
freedom (heavy tailed). It is observed that the tests based on least squares ( TN ,1 and TN ,3 )
perform well when the data are obtained from a light tailed distribution like Gaussian
distribution. Similarly, the tests based on least absolute deviations ( TN ,2 and TN ,4 ) perform
well when the data are obtained from standard Laplace or t distribution with 5 degrees of
freedom. It is recommended that the least absolute based methodologies should be
preferred when the data are likely to have influential observations/ outliers.
In this section we have mainly addressed different inferential issues associated with the
one component chirp model. Now in the next section we will address the multicomponent
chirp model.

4.5. One Dimensional Multicomponent Chirp Model
For real life applications, we need a more general model than a one component chirp
model. Here in this section, we work with its natural generalization to a model with
multiple components, defined as follows:
p

y(t ) = { Ak0 cos( k0t  k0t 2 )  Bk0 sin( k0t   k0t 2 )}  e(t ); t = 1,, N .

(4.85)

k =1

Similar to the one component model, Ak0 , Bk0 are real numbers, | Ak0 |2  | Bk0 |2 is the
amplitude associated with the k-th component,  k0 and  k0 are the frequency and
frequency rate, respectively. The additive error e(t ) has mean zero and the other
conditions will be explicitly stated whenever required. At this moment, Ak0 , Bk0 ,  k0 and

 k0 are assumed to be unknown, and the number of components p is assumed to be
known. Based on the sample { y(t ); t = 1,, N}, the problem is to estimate the unknown
parameters.
Even though all natural signals are real-valued, sometimes it might be more beneficial to
use their complex counterpart. With the abuse of notations, the associated complex model
can be written as follows:
p

y(t ) = Ak0 e
k =1
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 e(t ); t = 1,, N .
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Here, Ak0 is a complex number, e(t ) is a complex valued error with mean zero. The
problem remains the same, i.e. to estimate the unknown parameters based on the complex
valued signal { y(t ); t = 1,, N}. Most of the estimation methods which have been
developed for the one component model, can be extended for the multicomponent model
also. We mainly discuss the estimation procedures for the real multicomponent model
(4.85) only, but all the methods can be used with the obvious modification for model
(4.86) also.
Before proceeding further, let us define the following notations: α = ( 1 , ,  p )  ,
β = (  1 , ,  p )  ,

A = ( A1 , , Ap )  ,

B = ( B1 , , B p )  , and Γ j = ( A j , B j ,  j ,  j )  ,

j  1,..., p. The vectors α 0, β 0, A0 , B 0 and Γ 0j are defined in the similar manner.
Based on the assumption that additive error e(t )s are i.i.d. random variables with mean 0
and variance  2 , the most natural estimator of the unknown parameters will be the LSEs.
In the subsequent subsection, we provide the least squares estimation procedure in detail
and derive the theoretical properties of the LSEs.
4.5.1. Least Squares Estimators
The LSEs of the unknown parameters of model (4.85) can be obtained by minimizing
2

p
N


Q( Γ 1,,Γ p ) =   y (t )  { Ak cos( k t   k t 2 )  Bk sin( k t   k t 2 )}  . (4.87)
t =1 
k =1


Note that if e(t )s are i.i.d. Gaussian random variables, then the LSEs become MLEs also.
The minimization of (4.87) can be performed along the same line as the one component
model. We can write Q ( Γ 1, , Γ p ) as follows:


p
p

 

Q( Γ 1,,Γ p ) =  Y  W ( j ,  j ) j   Y  W ( j ,  j ) j  ,
j =1
j =1

 


(4.88)

where the N  2 matrix W ( ,  ) is same as defined in (4.61) and  j = ( A j , B j )  is a
2  1 vector for j = 1,, p. The data vector Y = ( y (1),, y ( N )) is same as defined
before. The LSEs of the unknown parameters can be obtained by minimizing (4.88) with
 (α, β ) as
respect to the unknown parameters. Now we define the N  2 p matrix W

 (α , β ) = [ W ( ,  ) :  :W ( ,  )].
W
1
1
p
p
Then, for fixed α and β , the LSEs of  1, , p , the linear parameter vectors, can be
obtained as follows:
1



  (α , β ) 
  ( ,  )Y .
[  1 (1 , 1 ) :  :  p ( p ,  p )] =  W
W (α , β )  W
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  (α , β )W
 (α , β ) is a diagonal matrix for large N by the use
It is important to note that W
of Lemma 1. Therefore,  =  ( ,  ), the LSEs of  0 , j = 1,, p can also be
j

j

j

j

j

expressed as follows:
1

 j ( j ,  j ) = W  ( j ,  j )W ( j ,  j )  W  ( j ,  j )Y .
Using similar techniques as in the one component case, the LSEs of α and β can be
obtained as the argument maximum of

 (α , β )[W
  (α , β )W
 (α , β )]1 W
  (α , β )Y .
Y W

(4.89)

The criterion function, given in (4.89), is a highly non-linear function of  and  ,
therefore, the LSEs of  and  , cannot be obtained in a closed form. One needs to solve
a 2 p dimensional optimization problem to compute these LSEs. Also, because of the
non-linear nature of the function defined in (4.89), very good initial estimates are needed
to find the global maximum. The problem becomes all the more complicated for large
values of p. An alternative is to use the method of Pincus [100] to maximize (4.89), as
suggested by Saha and Kay [109]. But before describing different efficient methods, we
provide the properties of the LSEs.
Kundu and Nandi [72] obtained the following consistency result for the LSEs of the
multicomponent model.
Theorem 10. Suppose there exists a K , such that for j = 1,, p, 0 <| A0j |  | B 0j |< K ,
0 <  0j ,  0j <  ,  0j are distinct, similarly  0j are also distinct. If e(t )s are i.i.d. random

 j , j , 
 ) , the LSE
Γ j = ( A j , B
variables with mean zero and finite variance  2 , then 
j
of Γ 0j = ( A0j , B 0j ,  0j ,  0j )  is strongly consistent, for j = 1,, p.

Γ j along with the consistency
They also obtained the asymptotic normality properties of 
results, but the elements of the asymptotic variance covariance matrix were quite complex.
Later Lahiri, Kundu and Mitra [79] simplified the entries of the asymptotic variance
covariance matrix using Lemma 1 and the Conjecture 1. They obtained the following
results.
Theorem 11. Under the same assumptions as in Theorem 10, for j = 1,, p,

N

1/ 2



 d

 j  B 0 ), N 3/ 2 ( j   0 ), N 5/ 2 ( 
   0 )  N (0, 2 2 Σ ),
(
A j  A0j ), N 1/ 2 ( B
j
4
j
j
j
j

(4.90)

where Σ j can be obtained from the matrix Σ defined in (4.65), by replacing A0 and

B 0 with A 0j and B 0j , respectively. Moreover, Γˆ j and Γˆ k , for j  k are asymptotically
independently distributed.
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Note that the consistency and asymptotic normality of the LSEs hold even when the errors
are from a stationary linear process. More precisely, under Assumption 4, the asymptotic
variance covariance matrix is 2 2 c Σ j , where c is same as defined in Theorem 5.
4.5.2. Sequential Least Squares Estimators
Even though, the LSEs are the most natural estimators for the multicomponent chirp
model, finding the LSEs is a numerically challenging problem, particularly if p is large.
To address this issue, Lahiri, Kundu and Mitra [79] proposed a sequential procedure for
the multiple chirp model similar to the sequential procedure suggested by Prasad, Kundu
and Mitra [102] for the multiple sinusoidal model. Based on the number theoretic Lemma
1 and the Conjecture 1, it has been shown that the LSEs and the sequential estimators are
asymptotically equivalent, i.e. the sequential estimators are also strongly consistent and
they have the same asymptotic distributions as the LSEs.
The sequential procedure proposed by Lahiri, Kundu and Mitra [79] can be described as
follows. Let us assume the following, without loss of generality:
2

2

2

2

A10  B10 >  > Ap0  B p0 .

We first obtain the estimates of A10 , B10 , 10 and 10 by minimizing

Q( Γ 1) = Y  W (1 , 1 ) 1   Y  W (1 , 1 ) 1  .


(4.91)

Note that the minimization of (4.91) can be performed by solving a two dimensional
 1 ) , are the estimates of  0 ,  0 and
A1 , B
optimization problem. Suppose  1 ,  1 ,  1 = ( 
1
1

( A10 , B10 ) , respectively. We then obtain the new data set Y (1) from the original data set
Y , by removing the effect of the first component as follows:
 )  .
Y (1) = Y  W ( 1 , 
1
1

(4.92)

Then at the second step, we obtain the estimates of A20 , B20 ,  20 and  20 by minimizing


Q ( Γ 2 ) =  Y (1)  W ( 2 ,  2 ) 2   Y (1)  W ( 2 ,  2 ) 2  .

(4.93)

Minimization of (4.93) can again be performed by solving a two dimensional optimization
problem. Repeating this process we can obtain the estimates of ( A30 , B30 , 30 ,  30 ),  ,
( Ap0 , B p0 ,  0p ,  p0 ), sequentially. We call these estimators as the sequential LSEs. It has been
shown by Lahiri, Kundu and Mitra [79] that under the assumption of stationary errors, the
sequential estimators are strongly consistent and they have the same asymptotic
distribution as the LSEs. They also performed extensive simulation experiments and
observed that the sequential estimators perform as good as the LSEs. Another important
result is that if the process is repeated beyond p times, then the corresponding linear
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parameter estimates converge to zero almost surely. Hence, in practice the sequential
procedure can be used to estimate the number of components in a chirp signal also.
Note that the sequential procedure is a very powerful tool. It mainly works due to the fact
that as the sample size increases the two chirp components become orthogonal because of
the number theoretic results described in Section 4.2. Thus, this sequential procedure can
be extended for other estimators as well. For example, Grover, Kundu and Mitra [44]
developed the sequential PEs. They showed that these estimators are strongly consistent
and have the same asymptotic distribution as the LSEs. Through extensive simulations, it
is observed that the sequential PEs perform at par with the LSEs and are computationally
faster in comparison. It can be easily shown that the sequential method works for the finite
step algorithm (Section 4.4.3) as well. Also, it will be interesting to develop the theoretical
properties of the sequential LAD estimators and sequential testing of hypothesis for the
multicomponent chirp model.
So far, most of the discussion has been on the chirp model, its applications, motivation
and various methods of estimation of its parameters are briefly reviewed. The rest of the
chapter, however, will deal with the more general variations of this model. For instance,
in the next section, we consider a polynomial phase model which is more flexible as it
allows the phase to be a time-varying polynomial of any degree.

4.6. Polynomial Phase Model
4.6.1. One Component Polynomial Phase Model
The one component polynomial phase signal was first introduced by Djurić and Kay [24]
and it can be described as follows:
y (t ) = A 0 e

i (10t  20t 2  0p t p )

 e(t );

t = 1, , N .

(4.94)

Here also A0 is a complex number, and 0 < 10 , ,  0p <  are the coefficients of the
polynomial and e(t )s are noise random variables with mean zero and finite variance. The
explicit assumptions on e(t )s will be mentioned later. The problem remains the same, that
is, based on the observations { y (1),, y ( N )}, we need to estimate the unknown
parameters A0 ,  10 , ,  0p . It is assumed that the degree of the polynomial p is known.
The associated real valued model can be written as follows:

y (t ) = A0 cos(10t   20t 2     p0 t p )
 B 0 cos(10t   20t 2     0p t p )  e(t ); t = 1,, N .
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In case of model (4.95), A0 , B 0 are real valued and e(t )s are real valued random
variables with mean zero and finite variance.
One of the primary motivations for studying polynomial phase signals comes from
Doppler radar applications. Although the continuous time transmitted radar signal does
not have polynomial phase, the samples taken at the matched filter output of a pulsed radar
system give rise to a discrete time polynomial phase signal, when the target is moving,
see for example Rihaczek [108]. The polynomial coefficients are then related to the kinetic
parameters of the target. The polynomial phase models are often used in analyzing
synthetic aperture radar (SAR) images, see for example Porchia et al. [101].
Djurić and Kay [24] considered the MLEs of the unknown parameters based on the
assumptions that the error random variables are complex valued Gaussian random
variables. Hence, for model (4.94) the MLEs of the unknown parameters can be obtained
by minimizing
N

Q(θ p ) =  y (t )  Ae

i (1t , p t p )

2

,

(4.96)

t =1

with respect to θ p , where θ p = ( AR , AI ,  1 , ,  p )  and A = AR  iAI . The minimization
of (4.96) can be performed by solving a p dimensional optimization problem. Any
standard non-linear optimization method may be used, but one needs a very good set of
initial guesses to attain the global optimum solution. Alternatively, the importance
sampling as described in Section 4.4.1 can be used for this purpose. Although, Djurić and
Kay [24] justified the use of MLEs through Monte Carlo simulations, they did not provide
any theoretical properties of the MLEs. Clearly, many desirable properties of the MLEs
are not assured as the non-linear model (4.94) does not satisfy the sufficient conditions of
Jennrich [58], Wu [122] or Kundu [63]. Later, Nandi and Kundu [91] established the
consistency and asymptotic normality properties of the LSEs under the assumptions that
the errors are i.i.d. complex valued random variables with mean zero and finite variance.
To state their results, we need the following assumption.
Assumption 7. A0 = AR0  iAI0 is an arbitrary complex number, 0 < 10 , ,  0p <  and

e(t )s are i.i.d. complex valued random variables. Let us write e(t ) = eR (t )  ieI (t ), where
eR (t ) and eI (t ) are the real and imaginary parts of e(t ) . It is assumed that
2
, and eR (t ) and eI (t ) are
E (eR (t )) = E (eI (t )) = 0 and V (eR (t )) = V (eI (t )) =
2
independently distributed.
The following results were obtained.
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Theorem 12. If e(t )s are i.i.d. complex valued random variables satisfying
Assumption 7, then the LSEs of ( A 0 , A 0 ,  0 , ,  0 )  , say ( Aˆ , Aˆ ,ˆ ,,ˆ ) , are
R

I

R

p

1

I

1

p

strongly consistent and


3
2 p 1

 d
0
0
0


2 
2
N
(
A
A
),
N
(
A
A
),
N
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),

,
N
( p   0p )   N p  2 (0, 2 Σ p  2 ),



R
I
1

1
R
I



where Σ p 2 is a ( p  2)  ( p  2) positive definite matrix, and it is defined through its
inverse as follows:
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Similar to periodogram estimators for the chirp model (see Section 4.4.2), one can
compute them for the polynomial phase model (4.94) as well. The periodogram function
for the latter can be defined as follows:

1
I (1 ,, p ) =
N

N

y(t )e

 i (1t  p t p )

2

.

(4.97)

t =1

Thus, the estimators of 1 ,, p can be obtained by maximizing I (1 ,, p ) with
respect to the unknown parameters. If

( 1 ,, p ) = arg max I (1 ,, p ),
then ˆ1 ,,ˆ p are called the periodogram estimators of  10 , ,  0p , respectively. Once we
obtain the periodogram estimators of the phase parameters, the periodogram estimator of
A0 can be obtained as

1 N
 i ( t  p t p )

A = y (t )e 1
.
N t =1
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Evidently, the periodogram estimators of the polynomial chirp model can be obtained by
solving a p dimensional optimization problem, similar to the LSEs. Moreover, if the error
random variables e(t )s satisfy Assumption 7, then it can be shown that the periodogram
estimators are strongly consistent and they have the same asymptotic distribution as the
LSEs. This can be proved theoretically following similar approach to that used for a chirp
model by Grover, Kundu and Mitra [44]. It will be interesting to develop efficient
estimation procedures to compute LSEs and ALSEs for a general polynomial of order p
and compare their performances.
4.6.2. Multicomponent Polynomial Phase Model
Although one component polynomial phase model has been used quite extensively in
modeling SAR data and in many other signal processing applications, in a number of
practical situations such as analysis of non-stationary signal in the presence of another
non-stationary jamming signal, the multicomponent model is more suitable. A
multicomponent polynomial phase model in presence of additive noise can be described
as follows:
m

i (10k t  20k t 2  0pk t p )

y(t ) = Ak0 e

 e(t );

t = 1,, N .

(4.98)

k =1

Here A10 ,, Am0 are complex numbers, e(t ) s are complex valued random variables as
before, and 0 < 10k , ,  0pk <  , for k = 1,, m. The problem remains the same, i.e. to
estimate the unknown parameters namely A10 ,, Am0 and 10k , ,  0pk , for k = 1,, m.
Note that a more general model than model (4.98) can be more flexible in the sense that
the former can have different components with varying degrees of the polynomials.
However, analytically it has the same challenges as the underlying model. Hence, we
restrict to model (4.98) mainly for notational simplicity.
This problem has been considered by several authors, see for example Friedlander and
Francos [37], Barbarossa, Scaglione and Giannakis [5], Ticahvsky and Handel [113],
Pham and Zoubir [99] and the references cited therein. There are mainly two issues related
to the multicomponent polynomial phase model. First, the interaction between the two
components, often called cross-terms, give rise to undesired sinusoids in the higher order
instantaneous moment. This strongly affects algorithms based on frequency estimation.
Second, the principle of demodulation of mono component polynomial phase signals no
longer works with multicomponent polynomial phase signals.
Pham and Zoubir [99] proposed to use the maximum likelihood method to estimate the
unknown parameters when the errors are i.i.d. complex Gaussian random variables with
mean zero and finite variance. The MLEs of the unknown parameters can be obtained by
solving a non-linear optimization problem. If the errors are not complex Gaussian random
variables but i.i.d. with mean zero and finite variance, then the least squares method can
be applied. The LSEs can be obtained by minimizing
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N

m

t =1

k =1

Q( A,α ) =  y (t )  Ak e

i (1k t  2 k t 2  pk t p )

2

(4.99)

with respect to A = ( A1 ,, Am ) and α = ( 11 , ,  p1 , ,  1m , ,  pm )  . The theoretical
properties of the MLEs or the LSEs have not yet been established and is an open problem.
Therefore, it will be interesting to develop them under different error assumptions.

4.7. Random Amplitude Chirp Model
4.7.1. One Component Random Amplitude Chirp Model
So far we have discussed one component and multicomponent chirp models when the
amplitude is constant. However in many applications of signal processing, particularly in
different radar problems, it is more apt to use a model with time-varying amplitude. Let
us consider an example of a radar illuminating a target. The transmitted signal can then
be affected by two different phenomena. First, it will usually undergo a phase shift
induced by the distance and relative motion between the target and the receiver. Based on
some smoothness assumption on the motion, the phase shift can be modelled as quadratic
function of time. The coefficients of the quadratic functions are usually dependent on the
speed and acceleration of the radar, and kind of waveforms transmitted by the target. The
second phenomenon is due to amplitude distortion caused either by target fluctuation or
scattering of the medium. Due to these reasons, the random amplitude chirp signal (4.100)
can be used quite effectively in dealing with different radar problems. Mathematically,
the random amplitude chirp model can be described as follows:
y (t ) =  (t ) e

i (00 10t  20t 2 )

 e(t );

t = 1, , N .

(4.100)

Here, e(t ) s are the additive noise random variables with mean zero and finite variance,
and  (t ) is the random time varying amplitude. The explicit structure of  (t ) will be
defined later.
Besson, Ghogho and Swami [10] made the following assumptions on the random
amplitude  (t ) and the error component e(t ). It is assumed that  (t ) is a real valued
stationary mixing process with non-zero mean. The error component e(t ) is a white
complex Gaussian process with mean zero and finite variance. Moreover, e(t ) and  (t )
are assumed to be independent. Recently, Nandi and Kundu [94] considered the random
amplitude chirp model (4.100), and provided a theoretical justification that if the mean of
the stationary mixing process  (t ) is unknown and  00 is also unknown, then both are
not identifiable. Hence, if both are present then one has to be known. Due to this, without
loss of generality, we consider the model
y (t ) =  (t )e
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i (10t  20t 2 )

 e(t );

t = 1, , N .

(4.101)
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The problem remains the same, i.e., estimate the frequency 10 and the frequency rate  20
based on a random sample { y(1),, y( N )} from model (4.101). Besson, Ghogho and
Swami [10] proposed the following estimators of 10 and 20 . Consider the following
function

1
Q (θ ) =
N

N

y

2

(t )e

 i 2(1t  2t 2 )

2

.

(4.102)

t =1

Note that the function Q(θ ) as defined in (4.102) is the periodogram function of the
transformed signal y 2 (t ) with exponent replaced by twice the usual periodogram
component. The unknown parameters 1 and  2 are estimated by maximizing Q(θ ). Let

θ = (
θ , θ )  be the maximizer of Q(θ ), then
1

2


θ = (
θ 1 , θ 2 ) = arg max Q(θ ) .
θ

(4.103)

In this case also, the maximization of Q(θ ) can be performed by solving a two
dimensional optimization problem. Once 
θ and 
θ are obtained, then the random
1

2

amplitude  (t ) at the time point t may be estimated by



 (t ) = Re y (t )  e  ( θ 1t  θ 2t




2)

.

Besson, Ghogho and Swami [10] provided the Cramer-Rao lower bound, and performed
extensive simulations to show that the above estimators perform very well in practice.
However, they did not provide any theoretical properties of the estimators. Very recently,
θ and 
θ based on the
Nandi and Kundu [94] provided the theoretical properties of 
following assumptions on  (t ) and e(t ).

1

2

Assumption 8. The random amplitude { (t )} is a sequence of i.i.d. real-valued random
variables with mean  , variance  2 ,   0 and  2 > 0. The fourth moment of
{ (t )} exists.
Assumption 9. The additive error {e(t )} is a sequence of complex-valued i.i.d. random
variables with mean zero and variance  2 . Write e(t ) = eR (t )  ieI (t ), then {eR (t )} and
{eI (t )} are i.i.d. random variables with mean 0 and variance

 , and are independently distributed.

2
2

, have fourth moment

Assumption 10. {e(t )} is assumed to be independent of { (t )} and 0 < 10 ,20 <  .
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It may be noted that the assumptions used by Nandi and Kundu [94] in case of the random
amplitude are stronger than it has been mentioned by Besson, Ghogho and Swami [10],
whereas the assumptions on the error components are weaker in comparison. Based on
the above assumptions, the following consistency and asymptotic normality results have
been obtained. For detailed proofs, interested readers are referred to Nandi and Kundu
[94].
Theorem 13. Under Assumptions 8-10, 
θ 1 and 
θ 2 as defined in (4.103) are strongly
consistent estimators of 10 and  20 , respectively.
Theorem 14. Under Assumptions 8-10, as N  ,
d

D 1( 
θ θ 0 )  N 2 (0, 4( 2  2 ) 2 Σ 1 Γ Σ 1),

1
1
where with C = 8( 2  2 ) 2     4 ,
2
8

  32
N
D= 
 0



0 
,
5 

2 
N 

1 1 
2(    ) 
,
Σ=
1 16 
3
 15 
2

2 2

1
3
Γ = C 
1
 4

1
4
.
1
5 

From Theorem 14 it follows that the asymptotic variances of θˆ 1 and θ̂ 2 are
Var ( θ 1 ) =

93
N ( 2  2 ) 2

1
1 4

2
2
2
8(    )  2   8   ,



Var ( θ 2 ) =

135
N ( 2  2 ) 2

1
1 4

2
2
2
8(    )  2   8   ,



3

5

respectively. In case the additive error is Gaussian with mean zero and variance  2 , then
the fourth moment is 3 4 and the asymptotic variances reduce to
Var ( θ 1 ) =

93
N ( 2  2 ) 2

13 4 

2
2
2
8(    )  8   ,



Var ( θ 2 ) =

135
N ( 2  2 ) 2

13 4 

2
2
2
8(    )  8   .



3

5

It should be mentioned that the asymptotic variances of θˆ 1 and θ̂ 2 in case of Gaussian
errors, obtained heuristically by Besson, Ghogho and Swami [10] are slightly different
than the above and they are
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Var ( θ 1 ) =

96
N ( 2  2 ) 2

1 4
 2
2
2
 (    )  2   ,



Var ( 
θ 2) =

90
N ( 2  2 ) 2

1 4
 2
2
2
(    )  2   .



3

5

Comment 1. It may be mentioned that the random amplitude sinusoidal model
0

y (t ) =  (t )ei t  e(t ) is a special case of model (4.101). In this case, the effective
frequency does not change over time and it is constant since the frequency rate is zero.
The unknown frequency can be estimated by maximizing Q( ), where

Q( ) =

1
N

2

N

y 2 (t )ei 2 t .
t =1

The consistency and asymptotic normality of the estimator of  0 follow along the
same way.
Recall that in Section 4.6.1 we examined the polynomial phase signal model. It can be
used to generalize the underlying random amplitude chirp model to define a more flexible
random amplitude polynomial phase signal. Mathematically, the latter can be described
as follows:
y (t ) =  (t ) e

i (10t  0p t p )

 e(t );

t = 1, , N .

(4.104)

Under proper conditions on the random amplitude  (t ) and the error random variables
e(t ), it will be interesting to develop consistency and asymptotic normality properties of
the estimators of the unknown parameters. More work is needed along that direction.
4.7.2. Multi Component Random Amplitude Chirp Model
Nandi and Kundu [94] proposed the multi component random amplitude chirp model,
where instead of a single frequency and chirp rate pair, p such pairs are present. The
model can be written as follows:
p

y (t ) =  k (t )e

i (10k t 20k t 2 )

 e(t );

t = 1,, N .

(4.105)

k =1

Here, the number of components p is assumed to be known. The additive error e(t )
satisfies Assumption 9 and the random amplitudes 1 (t ),, p (t ) and the parameters
satisfy the following assumptions.
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Assumption 11. The random amplitude corresponding to the k -th component { k (t )} is
a sequence of i.i.d. real-valued random variables with mean  k  0 , variance  k2 > 0
and finite fourth moment, for k = 1,, p. Moreover, { j (t )} and { k (t )} for j  k , are
independent.
Assumption 12. The additive error component {e(t )} is independent of the random
amplitudes {1 (t )},,{ p (t )}.
Assumption

13.

The

parameters

satisfy

0 < 110 , 210 , ,10p , 20p <  ,

and

( , )  ( , ), for j  k , j, k = 1,, p.
0
1j

0
2j

0
1k

0
2k

The unknown parameters are estimated by maximizing Q(θ ), for θ = (1 , 2 ) , as defined
in (4.102), locally. Let us write θ k = (1k ,2 k ) and let θ 0k be the true value of θ k . Let us
further use the notation N k , as a neighborhood of θ 0k , such that for j  k , θ 0j N k . We
estimate θ 0k as follows:


θ k = (
θ 1k , θ 2 k ) = arg max ( ,
1

1
2 )N k N

N

y

2

(t )e

 i 2(1t 2t 2 )

2

.

(4.106)

t =1

Nandi and Kundu [94] observed that the proposed estimators have the following
theoretical properties.
Theorem 15. Under Assumptions 9 and 11 to 13, θˆk is a strongly consistent estimator of

θ 0k , for k = 1,, p.
Theorem 16. Under Assumptions 9 and 11 to 13, as N  ,
d

D 1 ( 
θ k θ 0k )  N 2 (0, 4( k2   k2 ) 2 Σ k 1 Γ k Σ k 1),

1
1
where with Ck = 8( k2  k2 ) 2     4 ,
2
8

  32
N
D=
 0
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,
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1 1 
2( k2  k2 ) 
,
Σk=
1 16 
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1
3
Γ k = Ck 
1
 4

1
4
.
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θ j θ 0j ) for
Theorem 17. Under Assumptions 9 and 11 to 13, D 1 ( 
θ k θ 0k ) and D1 ( 
k  j are asymptotically independently distributed.
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At this point we would like to bring the reader’s attention to some interesting observations:
a) The rates of convergence of the LSEs of the frequencies and frequency rates are same
as that for the multicomponent chirp model, b) The asymptotic distribution of the
estimators depends on the parameters of  (t ) and e(t ), but not the true values of the
frequencies or frequency rates, c) and lastly the assumption that { j (t )} and { k (t )} are

θ j θ 0j ) and
independent for j  k is crucial in obtaining the independence of D1 ( 
D 1 ( 
θ k θ 0k ).
Nandi and Kundu [94] performed extensive simulations both for one component and
multicomponent random amplitude chirp models. It is observed that the performances of
the proposed estimators are quite good even for moderate sample sizes if E ( k2 (t )) is not
very close to zero, for k = 1,, p. But as sample size increases the sample biases of the
proposed estimators become negligible and sample variances become quite close to the
theoretical asymptotic variances.

4.8. Sum of Sinusoidal and Chirplet Model
In this section, we will have a detailed discussion on a new model which has been recently
introduced by Grover [42] in her doctoral thesis. This novel model is closely associated
with the multicomponent chirp model and it has been named as ‘chirp like model’. The
chirp like model can be formally described as follows:
p

y (t ) =   A0j cos( 0j t )  B 0j sin( 0j t )
j =1
q

  C cos(  t )  D sin(  t )  e(t ); t = 1, , N .
0
k

0 2
k

0
k

(4.107)

0 2
k

k =1

Here p  1, q  1, A0j s, B 0j s, Ck0s, Dk0s are real numbers,  0j s and  0j s are the
frequencies, and frequency rates, respectively. It has been observed through extensive
simulation studies that model (4.107) behaves very much like a multicomponent chirp
model (4.85), in the sense that if a signal has been generated from model (4.85) then model
(4.107) fits the generated signal very well and vice versa. She also observed that if the
multicomponent chirp model (4.85) fits a data set well, then the ‘chirp-like-model’ also
fits the data set reasonably well and the two model fittings are almost indistinguishable.
To illustrate the validity of her analysis, in Fig. 4.10, we show four examples of speech
signal data sets. We plot the original speech signal along with the estimated signals in
each of the sub-plots, where the estimated signals are obtained by fitting a chirp model
and a chirp like model to the original data set.
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Fig. 4.10. Observed speech signals along with estimated signals using chirp
and chirp-like models.

It is clear from the above figure that the two fittings for each data set are extremely similar.
The major advantage of switching to the proposed model (4.107) is that it is easier to
handle both analytically as well as computationally. Although the theoretical properties
of different estimators are developed assuming that the number of sinusoids and chirp
components, p and q are known, but in her thesis, Grover [42] has discussed their
estimation when analyzing real data sets. In the following table, we report the number of
components that were needed to model the speech signals using the chirp model as well
as using the chirp like model. These models were fitted to the observed signals using the
sequential estimation procedure that we describe in Section 4.5 for the multicomponent
chirp model and in this section for the chirp like model. It is clear that in most of the cases
the chirp like model needs less number of parameters than a chirp model to fit a particular
data set. Moreover, we will see later that fitting a multicomponent chirp-like model is
much easier compared to a multicomponent chirp model. The results, undeniably,
demonstrate how using a chirp like model as an alternative to the chirp model lowers the
computational cost significantly.
Table 4.2. Number of components used to fit chirp and chirp like model to the speech data sets.
Data Set
AAA
AHH
UUU
EEE

204

p
9
8
9
11

Chirp Model
Number of parameters
36
32
36
44

(p, q)
(10, 1)
(7, 1)
(8, 1)
(14, 1)

Chirp-like model
Number of parameters
33
24
27
45
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It is interesting to note that the sinusoidal frequency model can be obtained as a special
case of model (4.107) when Ck0 = Dk0 = 0, for k =1,, q. Similarly, a simple elementary
chirp model namely

y (t ) = C 0 cos(  0t 2 )  D0 sin(  0t 2 )  e(t ); t = 1,, N ,

(4.108)

can be obtained as a special case of model (4.107). Compared with the sinusoidal model,
the literature on a simple elementary chirp model is rather limited. However, the interested
reader is referred to articles by Casazza and Fickus [15] and Mboup and Adali [88] for
references.
In the next two subsections, we briefly discuss the different estimation methods of a one
component and a multicomponent chirp like model.
4.8.1. One Component Chirp Like Model
The one component chirp like model can be described as follows:

y (t ) = A0 cos( 0t )  B 0 sin( 0t ) 

(4.109)

 C 0 cos(  0t 2 )  D0 sin(  0t 2 )  e(t ); t = 1,, N .

Here A0 , B 0 , C 0 and D0 are real numbers and 0 <  0 ,  0 <  , e(t ) s are i.i.d. random
variables with mean zero and finite variance. Note that the one component chirp like
model has six parameters, whereas one component chirp model has four parameters. Due
to presence of additional parameters, the one component chirp like model (4.109) is
expected to be more flexible than the one component chirp model (4.58).
Now the natural question is how to estimate the unknown parameters given the observed
signal data { y (1),, y ( N )}. The most reasonable estimators of the unknown parameters
will be the traditional LSEs. The LSEs of θ 0 = ( A0 , B 0 , 0 , C 0 , D0 ,  0 ) can be obtained
by minimizing
N

Q(θ ) =   y (t )  A0 cos( 0t )  B 0 sin( 0t )  C 0 cos(  0t 2 )  D0 sin(  0t 2 )  ,
2

(4.110)

t =1

with respect to the unknown parameters θ = ( A, B, , C , D,  ) . For notational
convenience, we write (4.110) in matrix notation as follows:

Q(θ ) = ( Y  Z ( ,  ) μ) (Y  Z ( ,  ) μ),

(4.111)

here Y = ( y(1),, y( N )) , μ = ( A, B, C , D) and
sin( )
cos(  )
sin(  ) 
 cos( )

.
Z ( ,  ) = 





 cos( N  ) sin( N  ) cos( N 2  ) sin( N 2  ) 
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Since μ is a linear parameter vector, we use separable regression technique of Richards
[107] and obtain the LSE of μ for a given  and  as follows:

μ ( ,  ) = [ Z  ( ,  ) Ζ ( ,  )]1 Z ( ,  )  Y .

(4.112)

 ( ,  ), C
 ( ,  ) and
Now, we denote the LSEs of A, B, C and D as A( ,  ), B
 ( ,  ), respectively, so that
D

 ( ,  ),  , C
 ( ,  ), D
 ( ,  ),  ) 
R ( ,  ) = Q ( 
A( ,  ), B
= Y  ( I  Z ( ,  )[ Z  ( ,  ) Z ( ,  )]1 Z  ( ,  ))Y .

Hence, the LSEs of  0 and  0 can be obtained by minimizing R( ,  ) with respect to
 and  . Clearly, it is a two dimensional optimization process. As we have shown
before, once the LSEs of  0 and  0 are obtained, say ̂ and ̂ , then the LSEs of A0 ,
0
0
B 0 , C and D can be easily obtained as


 ), B
=B
 ( , 
 ), C
=C
 ( , 
 ), D
=D
 ( , 
 ),
A= 
A( , 

respectively. Therefore, it is observed that although the one component chirp like model
has six parameters, the LSEs of its unknown parameters can be obtained by solving a two
dimensional optimization problem, similar to the one component chirp model.
 ,  , C
, D
, 
 )  , the LSE of θ 0 are stated in the
The theoretical properties of 
θ = (
A, B
following theorems. However for proofs, one may refer to Grover [42].

Theorem 18. Under the assumptions that there exists a K such that
0 <| A0 |,| B 0 |,| C 0 |,| D0 |< K and e(t )s are i.i.d. random variables with mean zero and
finite variance  2 > 0,
a.s.


θ θ 0 .

Theorem 19. Under the same set of assumptions as of Theorem 18
d

D (
θ θ 0 )  N 6 (0,  2 Σ ),

 Σ (1)
where D = diag{ N , N , N N , N , N , N 2 N }, Σ = 
 0
and
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 2( A02  4 B 02 )
6 A0 B 0
12 B 0 


1
2(4 A0  B 0 ) 12 A0  ,
6 A0 B 0
Σ (1) =

2
2
( A0  B 0 )  12 B 0
12 A0
24 


 4C 02  9 D 02

1
0 0
Σ (2) =
 5C D
2
2
0
0
2(C  D )  15D 0


15D 0 

15C 0  .
45 


5C 0 D 0
9C 0  4 D 0
15C 0

The theoretical analysis suggests that the behavior of the LSEs of the linear, frequency
and chirp parameters are very similar with that of the one component chirp model. Finding
the LSEs, however, involves solving a two dimensional optimization problem and as we
have seen it in the case of chirp model, to compute accurate initial guesses we need to
perform a grid search of the order O( N 3 ). When N is large, this problem becomes
computationally quite challenging. Due to this reason, Grover [42] proposed a sequential
method which involves a search of the order O( N 2  N ) to find the initial estimates, and
which produces estimators having the same asymptotic properties as the LSEs. We call
these estimators as the sequential LSEs.
The sequential procedure is described below. We first provide the following notations for
this description. Let us partition the matrix Z ( ,  ) as follows:

Z ( ,  ) =  Z

(1)

( )

Z (2) ( )  ,

where

Z

(1)

cos( )  cos( N ) 
( ) = 

 sin( )  sin( N ) 





cos(  )  cos( N 2  ) 
and Z (  ) = 
 .
2
 sin(  )  sin( N  ) 
(2)

Similarly, the vectors



μ = μ (1)

where μ (1) = ( A, B) ,



μ (2)



,




θ = θ (1)



θ (2)







μ (2) = (C , D) , θ (1) = ( A, B, ) and θ (2) = (C , D,  ) . Similarly,
0

μ 0 and θ 0 are also partitioned. First obtain estimators of μ (1) and  0 by minimizing

Q1 (θ (1) ) = (Y  Z (1) ( ) μ (1) ) ( Y  Z (1) ( ) μ (1) ) .

(4.113)

Note that the minimization of Q1 ( (1) ) can be obtained by solving a one dimensional
(1)
 and  , i.e.
optimization problem. Let the sequential LSEs be denoted by 
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(1)
(1)

 ,  )  = arg min Q (θ (1) ) .
θ = (
μ ,  )  = ( 
A, B
1

Then at the second stage obtain the new data vector:
(1)
Y 1= Y  Z (1) ( ) 
μ .
0

Compute the estimators of μ (2) and  0 , by minimizing

Q2 (θ (2) ) = (Y1  Z (2) (  ) μ (2) ) ( Y1  Z (2) (  ) μ (2) ) .

(4.114)

0

In this case also the sequential LSEs of μ (2) and  0 can be obtained by solving a onedimensional optimization problem. An interesting problem will be to look at the
performance of ALSEs of  0 and  0 in comparison. These can be obtained by
maximizing I1 ( ) and I 2 (  ), respectively, where

1
I1 ( ) =
N

N

y(t )e

2

 i t

t =1

1
and I 2 (  ) =
N

N

y(t )e

 i t 2

2

.

t =1

Once the ALSEs of  0 and  0 are obtained, the corresponding linear parameter
estimates can be obtained in explicit form. Therefore, the ALSEs also can be obtained by
solving two one dimensional optimization problems, and in this case also finding the
initial guesses involves search of the order O( N 2  N ). It is expected that the asymptotic
properties of the ALSEs should be same as the LSEs, although it has not been established
yet. More work is needed along that direction.
4.8.2. Multicomponent Chirp Like Model
To model real life phenomena efficiently, we need a more general and flexible model. We
consider in this section the chirp like model with multiple components (4.107) and discuss
some methods for its parameter estimation. The most intuitive estimators will be the LSEs
and they can be obtained by minimizing
2

p
q
N 

Q (θ ) =   y (t )    A j cos( j t )  B j sin( j t )   Ck cos(  k t 2 )  Dk sin(  k t 2 )  , (4.115)
t =1 
j =1
k =1


with respect to the unknown parameters
θ = ( A1 , B1 , 1 , , Ap , B p ,  p , C1 , D1 , 1 , , C q , Dq ,  q )  .

It can be easily seen as before, that the LSEs of θ can be obtained by solving a p  q
dimensional optimization problem. Grover [42] established the asymptotic properties of
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0

θ , the LSE of θ , the vector of true parameter values of the model. These are indicated
in the following theorems.

Theorem 20. Under the assumptions that there exists a K such that
0 <| A10 |,| B10 |, ,| Ap0 |,| B p0 |,| C10 |,| D10 |, ,| C q0 |,| Dq0 |< K ,

and e(t )s are i.i.d. random variables with mean zero and finite variance  2 > 0, then
a.s.


θ θ 0 .

Theorem 21. Under the same set of assumptions as in Theorem 20,





d

D 
θ θ 0  N 3( p  q ) (0, 2 Σ 1 ) .

Here D = diag ( 
D 1
,
, D1 , 
D2 
,
, D2 ), with


ptimes

qtimes

D 1= diag





N , N , N N , D2 = diag

 Σ 1(1)

 0
 
Σ= 
 0
 0

 0

0 
 0
 Σ (1)
p
 0
 
 



0
Σ 1(2)
0






N , N ,N2 N ,

 0 

 0 
 0 
,
 0 
 0 

0 Σ (2)
q 


and for j = 1,, p, k = 1,, q,

 1

 2

Σ (1)
j =  0

 B0
 j
 4

0
1
2


A0j
4


 1


4

 2
0

Aj


 , and Σ (2)
k =  0
4 

2
02
 D0
Aj  B 0j 
 k

 6
6

B 0j

0
1
2


Ck0
6





.

2
2
Ck0  Dk0 

10

Dk0
6
C0
 k
6

Again to avoid solving ( p  q) dimensional optimization problem, Grover [42] proposed
sequential LSEs for this model as well. The proposed sequential procedure works on the
same principle as the one described in Section 4.8.1 with some obvious modifications.
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Based on the number theoretic Conjecture 1, it has been shown that the LSEs and
sequential LSEs are asymptotically equivalent. Note that the sequential LSEs can be
obtained by solving ( p  q) one dimensional optimization problems, thus lowering the
computational complexity involved in computing the LSEs significantly. Grover [42]
performed extensive simulation experiments to observe the performances of the sequential
estimators for multicomponent chirp-like model for known p and q. She has estimated
first p sinusoidal components, then q chirp components. The performances of the
sequential estimators are quite satisfactory in the sense that the sample variances are quite
close to the asymptotic variances even for moderate sample sizes. Grover [42] fitted
multicomponent chirp-like model to several data sets, where p and q are not known. She
has used Bayesian Information Criterion (BIC) to estimate p and q effectively.
In case of the multicomponent chirp like model also, the ALSEs can be examined.
Following a sequential procedure as described above, the ALSEs can be obtained by
solving ( p  q) one dimensional optimization problems. Again, it is expected that the
ALSEs will be equivalent asymptotically with the LSEs, although it has not been
established and is an open problem. It will be interesting to see the performance of the
ALSEs and to explore how they compare with the existing least squares method
for this model.

4.9. Harmonic Chirp Model
The harmonic chirp model is a special case of the chirp model, where the frequencies and
frequency rates instead of being arbitrary, are harmonics of a common constant
fundamental frequency and common constant fundamental frequency rate, respectively.
The model can be expressed mathematically as follows:
p

y(t ) =  Ak0 cos(k 0t  k  0t 2 )  Bk0 sin(k 0t  k  0t 2 )  e(t ); t = 1,, N .

(4.116)

k =1

Here Ak0 s and Bk0 s are arbitrary real numbers, 0 <  0 <  is the fundamental frequency
and 0 <  0 <  is the fundamental frequency rate of the observed signal y(t ), and e(t )s
are real valued additive error with mean zero and finite variance.
It may be mentioned that the problem of estimating the fundamental frequency of
harmonic time stationary sinusoids has several applications in speech processing,
communications, radar and sonar, biomedical systems, electric power, and semiconductor
devices, see for example Christensen et al. [18, 19], Eddy [31] and Li, Stoica and Li [80].
An extensive amount of work has been done in developing efficient estimators and
developing their properties both in the Statistical and Signal Processing literature, see for
example Quinn and Thomson [105], Irizarry [55], Nandi and Kundu [92, 95], Chang and
Chen [16], Jain and Singh [57] and the references cited therein.
But in many other applications it is observed that the signal is more appropriately modeled
as a sum of harmonic components of a non-stationary signal, i.e. a signal that has its
210

Chapter 4. A Review on Chirp and Some Other Related Signal Processing Models

frequency content varying with time. In active transmission used in tissue harmonic
imaging in ultrasound or by mammals, namely bats, dolphins, whales, the signal is
deliberately transmitted as a sum of harmonic linear frequency modulated chirps to
increase the detectability of the source of interest, i.e. an organ in ultrasound or a prey in
case of mammals, see for example Vespe, Jones and Baker [114], Kopsinis et al. [62].
Doweck, Amar and Cohen [29] considered model (4.116) when the errors are i.i.d.
Gaussian random variables with mean zero and finite variance. They have discussed about
the MLEs of the unknown parameters assuming the number of components p to be
known, and then using BIC criterion they have estimated p as well. They have obtained
the Cramer-Rao lower bound and discussed several computational issues associated with
this problem. They have also used product high order ambiguity function method to
estimate the unknown parameters, but did not provide any theoretical justifications. Thus,
developing theoretical properties of these estimators remains an open problem.
Grover [42] considered the LSEs and ALSEs of the unknown parameters under a fairly
general set of assumptions on the additive errors e(t )s and provided the theoretical
properties of these estimators. However, before providing the exact results let us define
the following notations: θ = ( A1 , B1 , , Ap , B p ,  ,  )  . The true parameter value will be
denoted by θ 0. The LSEs of the unknown parameters can be obtained by minimizing
p
N


Q(θ ) =   y (t )   Ak cos(k t  k  t 2 )  Bk sin(k t  k  t 2 ) 
t =1 
k =1


2

(4.117)

with respect to θ. Using matrix notation (4.117) can be written as

Q(θ ) =  Y  Z ( ,  ) 



 Y  Z ( ,  )  .

(4.118)

Here Y = ( y (1), , y ( N )) is the observed data vector,  = ( A1 , B1 , , Ap , BP )  is the
vector of linear parameters and the matrix Z ( ,  ) is defined as
sin(   )

cos( p  p  )
sin( p  p  ) 
 cos(   )

 . (4.119)
Z ( ,  ) 







 cos( N   N  ) sin( N   N  )  cos( pN   pN  ) sin( pN   pN  ) 
2

2

2

2

Since  is a vector of linear parameters, for given  and  , they can be estimated using
simple linear regression technique as discussed before:
1

 ( ,  ) =  Z  ( ,  ) Z ( ,  )  Z  ( ,  )Y .

(4.120)

Now the LSEs of  0 and  0 can be obtained by minimizing
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R( ,  )  Y  Z ( ,  )  ( ,  )

 Y  Z ( ,  ) ( ,  ) 


 Y ( I  PZ ( ,  ))Y ,


(4.121)

where PZ ( ,  ) = Z ( ,  )[ Z  ( ,  ) Z ( ,  )]1 Z  ( ,  ) is the projection matrix on the
column space of the matrix Z ( ,  ). Let us denote the obtained estimators as ̂ and ˆ ,
respectively, i.e.
 )  = arg min R ( ,  ),
( , 

(4.122)

so that the LSE of  becomes
1

 =  ( ,  ) =  Z  ( ,  ) Z ( ,  )  Z  ( ,  )Y .




(4.123)

Grover [42] obtained the following result on the consistency of the LSEs.
Theorem 22. It is assumed that there exits a K, such that 0 <| A10 |2  | B10 |2 < 
<| Ap0 |2  | B p0 |2 < K ,

0 < 0, 0 <


p

and the error random variables e(t )s satisfy

0
Assumption 4. Then, 
θ , the LSE of θ , is strongly consistent i.e.
a.s .


θ θ 0 .

The asymptotic distribution of the LSEs also has been derived as well, and it is stated in
the following theorem.
Theorem 23. Under the same set of assumptions as in Theorem 22
d

D( 
θ θ 0 )  N 2 p  2 (0, 2c 2 Σ ).

N ,
, N , N N , N 2 N }, c =  j = a 2 ( j ), the matrix
Here D = diag{



2ptimes

 I
Σ 1 = 
 Σ 21

Σ 12 
,
Σ 22 

where I is a 2 p  2 p identity matrix, Σ 12 is a 2 p  2 matrix, Σ 22 is a 2 p  2 p
matrix as given below:
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 B10

2
Σ 21= 
 B0
 1
 3

Σ 12 = Σ 21




pB p0
2
pB p0
3



A10
2



A10
3

pAp0 

2 
,
pAp0 
 

3 
 

 p 2 02
02
 k ( Ak  Bk )
 k =1
3
and Σ 22 =  p
2
2
 k 2 ( Ak0  Bk0 )
 k =1

4

2
2 
( Ak0  Bk0 ) 
k =1

4
.
p

2
2
k 2 ( Ak0  Bk0 ) 


k =1

5
p

k

2

Grover [42] also proposed ALSEs of the unknown parameters of the underlying model.
These can be obtained by maximizing a periodogram type function I ( ,  ), where

1
I ( ,  ) =
N

N

y(t )e

 i ( t   t 2 )

t =1

2

=

1 
Y Z ( ,  ) Z  ( ,  ) Y .
N

(4.124)

Evidently, the maximization of I ( ,  ) can be obtained by solving a two dimensional
optimization problem. If ̂ and ̂ maximize I ( ,  ), i.e.
 )  = arg max I ( ,  ),
( , 

then the corresponding ALSE of  can be obtained as

 =

2   
Z ( ,  ) Y .
N

Under the same set of assumptions as in Theorem 22, Grover [42] showed that the LSEs
and ALSEs are asymptotically equivalent, i.e. ALSEs are also consistent and they have
the same asymptotic distribution as the LSEs. Based on extensive simulations by Grover
[42] it has been observed that although LSEs and ALSEs are asymptotically equivalent,
the performances of the LSEs are slightly better than the ALSEs mainly for small and
moderate sample sizes in terms of lower mean squared errors.

4.10. Two Dimensional Chirp Model
So far we have mainly talked about one dimensional chirp model and some of its variants.
We will now proceed to discuss about the two dimensional (2-D) chirp model in presence
of additive errors and some of its variants. Mathematically a 2-D chirp model can be
expressed as follows:
213

Advances in Signal Processing: Reviews. Book Series, Vol. 2
p

y ( m, n ) =   Ak0 cos( k0 m   k0 m 2   k0 n   k0 n 2 )  Bk0 sin( k0 m   k0 m 2   k0 n   k0 n 2 )
k =1

 e( m, n); m = 1, , M ; n = 1, , N .

(4.125)
Here, y ( m, n) is the observed signal in two dimension, Ak0 s, Bk0 s are real numbers,  k0
s,  k0 s are frequencies, and  k0 s,  k0 s are frequency rates. The random component e(m, n)
s are real valued random variables with mean zero and finite variance. The more explicit
assumptions on e(m, n) s will be stated later.
The 2-D chirp model is a natural generalization of the 2-D sinusoidal model which can be
described as follows:
p

y ( m, n) =   Ak0 cos( k0 m   k0 n)  Bk0 sin( k0 m   k0 n)  e( m, n);
k =1

(4.126)

m = 1, , M ; n = 1, , N .

The above model has received considerable amount of attention in the signal processing
literature because of its many applications in ‘Multidimensional Signal Processing’. This
is one of the basic models in many fields such as antenna array processing, geophysical
perception, biomedical spectral analysis etc. See for example the work by Barbieri and
Barone [6], Cabrera and Bose [13], Chun and Bose [20], Hua [51] and see the references
cited therein. This problem also has a special scope in spectrography, and it has been
studied quite rigorously by Malliavan [84, 85].
Apart from being a generalization of the 2-D sinusoidal model, naturally the above 2-D
chirp model (4.125) is also an extension of the 1-D chirp model. Many 2-D signal
processing applications require modeling and analysis of non-homogeneous signals. In
fact, almost any application where image interpretation is required, has to face challenge
of analyzing heterogeneity in the observed image. Model (4.125) and some of its variants
have been used in modeling and analyzing magnetic resonance imaging (MRI), optical
imaging and different texture imaging. It has been also used in modeling black and white
‘gray’ images, and to analyze finger print images data. This model has a wide applications
in modeling SAR data and in particular Interferometric SAR data. See for example, Pelag
and Porat [98], Hedley and Rosenfeld [49], Friedlander and Francos [38], Francos and
Friedlander [35, 36], Cao, Wang and Wang [14], Zhang and Liu [129], Zhang, Wang and
Cao [130], and see the references cited therein.
In the subsequent subsections we mainly discuss several estimation procedures and their
properties for a single component 2-D chirp model. However, all the results can be easily
generalized for multiple 2-D chirp model using sequential procedures. These sequential
methods can be developed following the same pattern as described before for 1-D chirp
model.
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4.10.1. Least Squares Estimators
The one component 2-D chirp model can be written as follows:
y ( m, n ) = A0 cos( 0 m   0 m 2   0 n   0 n 2 )  B 0 sin( 0 m   0 m 2   0 n   0 n 2 )
(4.127)
 e( m, n ); m = 1, , M ; n = 1, , N .

This model can be obtained as a particular case of model (4.125) when p = 1. The
problem is to find the estimators of the unknown parameters based on the observed data
y (m, n), under a suitable error assumption. At first we assume that the error components
e(m, n)s are i.i.d. random variables with mean zero and finite variance  2 , for
m = 1, , M and n = 1, , N . More general error assumptions will be considered in the
subsequent sections.
Based on the assumptions that the errors are i.i.d. random variables the most reasonable
estimators will be the conventional LSEs, and they can be obtained by minimizing the
following error sums of squares, i.e.
M

N

Q(θ ) =   y(m, n)  A cos( m   m2   n   n2 )  B sin( m   m2   n   n2 )  ,
2

m =1 n =1

(4.128)
where θ = ( A, B, ,  ,  ,  ) . The LSEs of the unknown parameters θ, say θˆ, can be
obtained as the argument minimum of Q(θ ), i.e.

 ,  , 
 ,  ,  )  = arg min Q (θ ) .
θ = (
A, B

As expected, the LSEs cannot be obtained in explicit forms and one needs to use some
numerical techniques to compute them. Newton-Raphson, Gauss-Newton, Genetic
algorithm or simulated annealing method may be used for this purpose. Alternatively, the
method suggested by Saha and Kay [109] as described in Section 4.4.1 may be used to
find the LSEs of the unknown parameters. Lahiri [74], see also Lahiri and Kundu [75] in
this respect, established the asymptotic properties of the LSEs under a fairly general set
of conditions. It has been shown that the LSEs are strongly consistent and they are
asymptotically normally distributed. The results are provided in the theorems below.
Theorem 24. If there exists a K , such that 0 <| A0 |  | B 0 |< K , 0 <  0 ,  0 ,  0 ,  0 <  ,
 ,  , 
 ,  ,  )  is a strongly consistent estimate of
and  2 > 0, then 
θ = (
A, B

θ 0 = ( A0 , B 0 , 0 ,  0 ,  0 ,  0 ) .
Theorem 25. Under the same assumptions as in Theorem 24, if we denote D as a 6  6
diagonal matrix as

D = diagM 1/2 N 1/2 , M 1/2 N 1/2 , M 3/2 N 1/2 , M 5/2 N 1/2 , M 1/2 N 3/2 , M 1/2 N 5/2  ,
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  B 0 ,    0 , 
   0 ,    0 ,    0 )  N (0, 2 2 Σ ),
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A  A0 , B
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Note that the above asymptotic result (Theorem 25) can be used to construct confidence
intervals of the unknown parameters. They can be used for testing of hypothesis problem
also. When the errors are assumed to be i.i.d. Gaussian errors, the above LSEs are the
MLEs. In fact, the LSEs are consistent and asymptotically normally distributed even for
a more general set of error assumptions. These are stated below.
Assumption 14. The error component e(m, n) has the following form:
e ( m, n ) =





  a( j, k ) X (m  j, n  k ),

j =  k = 

with





  | a( j, k ) |< , where { X (m, n)} is a double array sequence of i.i.d. random

j =  k = 

variables with mean zero, variance  2 , and with finite fourth moment.
Under Assumption 14, Lahiri [74] proved that the LSE of  0 is strongly consistent.
Furthermore, the LSEs are shown to be asymptotically normally distributed and the
associated result is stated in the theorem below.
Theorem 26. Under the same assumptions as in Theorem 25 and Assumption 14,
d

D (
θ θ 0 )  N 6 (0, 2c 2 Σ ),

where matrices D and Σ are same as defined in Theorem 25 and c =





 a

j =  k = 
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4.10.2. Approximate Least Squares Estimators
As an alternative to the LSEs, Grover, Kundu and Mitra [44] considered ALSEs which
can be obtained by maximizing a 2-D periodogram type function defined as follows:
2
I ( ,  ,  ,  ) =
MN

2
 M N
2
2 
  y (m, n) cos( m   m   n   n ) 

 m =1 n =1

M N

   y (m, n)sin( m   m 2   n   n 2 ) 
 m =1 n =1


2


.


(4.129)

The main idea about the above 2-D periodogram type function has been obtained from the
periodogram estimator in case the 2-D sinusoidal model and the former is a natural
extension of the latter.
The 2-D periodogram type estimators or the ALSEs of the 2-D chirp model can be
obtained by the argument maximum of I ( ,  ,  ,  ) given in (4.129) over the range
(0,  )  (0,  )  (0,  )  (0,  ). Since, the closed-form solution of this problem cannot be
obtained analytically, efficient numerical methods are required to compute them.
Extensive simulation experiments have been performed by Grover, Kundu and Mitra [44],
and it has been observed that the Downhill-Simplex method performs quite well to
compute the ALSEs, provided the initial guesses are close to the true values. It has been
observed in simulation studies that although both LSEs and ALSEs involve solving four
dimensional optimization problem, computational time of the ALSEs is significantly
lower than the LSEs. They also show that the LSEs and ALSEs are asymptotically
equivalent. Based on extensive simulation results, it is observed by Grover, Kundu and
Mitra [44] that the performances of the LSEs are slightly better than the ALSEs for small
and moderate sample sizes in terms of biases and lower mean squared errors.
Since the computation of the LSEs or the ALSEs is a challenging problem, several other
computationally efficient methods are devised in the literature. But unfortunately in most
the cases, either the asymptotic properties are unknown or they do not have the same
efficiency as the LSEs or ALSEs. In the next two subsections, we summarize two
estimators which have the same asymptotic efficiency as the LSEs or ALSEs and at the
same time both of them can be computed more efficiently than the LSEs or the ALSEs.
4.10.3. 2-D Finite Step Efficient Algorithm
Lahiri, Kundu and Mitra [77] proposed a finite step efficient algorithm for 2-D one
component chirp signal model. It is observed that if we start with the initial guesses of  0
and  0 having convergence rates O p ( M 1 N 1/ 2 ) and O p ( N 1 M 1/ 2 ), respectively, and

 0 and  0 having convergence rates O p ( M 2 N 1/ 2 ) and O p ( N 2 M 1/ 2 ), respectively,
then after four iterations the algorithm produces estimates of  0 and  0 having
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convergence rates O p ( M 3/ 2 N 1/ 2 ) and O p ( N 3/ 2 M 1/ 2 ), respectively, and  0 and  0
having convergence rates O p ( M 5/ 2 N 1/ 2 ) and O p ( N 5/ 2 M 1/ 2 ), respectively. Therefore,
the efficient algorithm produces estimates with the same rates of convergence as the LSEs
or the ALSEs. Moreover, it is also guaranteed that the algorithm stops after four iterations.
Before providing the algorithm in detail, we introduce some notations and preliminary
 is an estimator of  0 such that
results required for further development. If 
( 1  )  
   0 = Op (M 11 N 12 ), for some 0 < 11 , 12  1/ 2, and  is an estimator of  0

   0 = O (M ( 221 ) N 22 ), for some 0 <  ,   1 / 2, then an improved
such that 
p
21
22
estimator of  0 can be obtained as


48  PMN


 =   2 Im  ,   ,
M
 QMN 

(4.130)

with
N M
M


PMN
=  y (m, n)  m 
2

n =1 m =1

N

M

  i (m  m2 )
,
e


 ,
QMN
= y(m, n)ei (m  m ) .


 2

(4.131)
(4.132)

n =1 m =1

Similarly, an improved estimator of  0 can be obtained as

 =  


45  PMN
Im
  ,
M 4  QMN


,


(4.133)

with
N M

M 2  i (m m2 )

= y(m, n)  m2 
,
PMN
e
3 
n =1 m =1


(4.134)

 ,
and QMN
is same as defined above in (4.132).

The following two theorems provide the theoretical justification for the improved
estimators. For the proofs, however, the reader is referred to the article by Lahiri, Kundu
and Mitra [77].

   0 = O (M 111 N 12 ) for  ,  > 0, then
Theorem 27. If 
p
11 12
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1 2 11

(a ) (   0 ) = O p ( M
N 12 ) if

11  1 / 4,

d

(b) M 3/ 2 N 1/ 2 (   0 )  N (0, 12 ) if

where  12 =

384c 2
02

02

11 > 1 / 4, 12 = 1 / 2,

, the asymptotic variance of the LSE of  0 , and c is same as

A B
defined in Theorem 26.

   0 = O (M 221 N 22 ) for  ,  > 0, then
Theorem 28. If 
p
21
22
   0 ) = O ( M 2  2 21 N  22 ) if
(a) ( 
p
d

   0 )  N (0, 2 )
(b) M 5/ 2 N 1/ 2 ( 
2

where  22 =

360c 2
02

02

21  1 / 4,
21 > 1 / 4, 22 = 1 / 2,

if

, the asymptotic variance of the LSE of  0 , and c is same as

A B
defined in the previous theorem.

In order to find estimators of  0 and  0 , one can interchange the roles of M and N . If
( 1 )

 is an estimator of  0 such that    0 = Op ( N 11 M 12 ), for some
( 2  21 )

M 22 ),
0 < 11 , 12  1 / 2, and  is an estimator of  0 such that    0 = Op ( N

for some 0 <  21 ,  22  1/ 2, then an improved estimator of  0 can be obtained as

 =  


48  PMN
Im
  ,
N 2  QMN


,


(4.135)

with
N M
N  2


PMN
=  y (m, n)  n   e  i ( n  n ) ,
2

n =1 m =1

N

M

 ,
QMN
= y(m, n)ei ( n  n ) ,


 2

(4.136)
(4.137)

n =1 m =1

and an improved estimator of  0 can be obtained as

 =  


45  PMN
Im
  ,
N 4  QMN


,


(4.138)

with
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N M

N 2  i (nn2 )

= y(m, n)  n2 
,
PMN
e
3 
n =1 m =1


(4.139)

 ,
and QMN
is same as defined in (4.137).

Again, the justification for the improved estimators is provided in the following theorems
but the details of the proofs can be obtained from Lahiri, Kundu and Mitra [77].
1

Theorem 29. If    0 = Op ( N 11 M 12 ) for 11 , 12 > 0, then
1 211

(a )(   0 ) = O p ( N
M 12 ) if

11  1 / 4,

d
(b) N 3/ 2 M 1/ 2 (   0 )  N (0, 12 )

11 > 1 / 4, 12 = 1 / 2.

if

Here  12 and c are same as defined in Theorem 27.
2 

Theorem 30. If    0 = Op ( N 21 M 22 ) for  21 ,  22 > 0, then
2  2 21

(a )(   0 ) = O p ( N
M 22 ) if
d


(b) N 5/ 2 M 1/ 2 (   0 )  N (0, 22 )

if

 21  1 / 4,
 21 > 1 / 4,  22 = 1 / 2.

Here  22 and c are same as defined in Theorem 28.

, 
 , with convergence rates
Now we show that starting from the initial guesses 
   0 = O (M 1 N 1/2 ) and    0 = O (M 2 N 1/2 ), respectively, how the above results
p

p

can be used to obtain efficient estimators, which have the same rate of convergence as the
LSEs. It may be noted that finding initial guesses with the above convergence rates are
not difficult. It can be obtained by finding the minimum of Q1 ( ,  ), where
2

 N

Q1 ( ,  ) =   y (m, n)  Α cos( m   m2 )  Β sin( m   m2 )  .
m =1  n =1

M

Here also the main idea is not to use the whole, but a fraction of sample at the beginning
and gradually proceed towards the complete sample. The algorithm is described below.
( j)
 ( j) ,
We denote the estimates of  0 and  0 obtained at the j -th iteration as  and 
respectively.
Algorithm 4.
Step 1: Choose M 1 = M 8/9 , N1 = N . Therefore,
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(0)



  0 = O p ( M 1 N 1/ 2 ) = O p ( M 111/8 N11/ 2 ) and
(0)

  0 = O p ( M 2 N 1/ 2 ) = O p ( M 12 1/ 4 N11/ 2 ) .

Perform steps (4.130) and (4.133). Therefore, after 1-st iteration, we have



(1)

  0 = O p ( M 111/ 4 N11/ 2 ) = O p ( M 10/9 N 1/ 2 ) and



(1)

  0 = O p ( M 12 1/ 2 N11/ 2 ) = O p ( M 20/9 N 1/ 2 ) .

Step 2: Choose M 2 = M 80/81 , N1 = N . Therefore,



(1)

 (1)   0 = O ( M 21/ 4 N 1/ 2 ).
  0 = O p ( M 211/8 N 21/ 2 ) and 
2
2
p

Perform steps (4.130) and (4.130). Therefore, after 2-nd iteration, we have



(2)



  0 = O p ( M 211/ 4 N 21/ 2 ) = O p ( M 100/81 N 1/ 2 ) and
(2)

  0 = O p ( M 22 1/ 2 N 21/ 2 ) = O p ( M 200/81 N 1/ 2 ) .

Step 3: Choose M 3 = M , N 3 = N . Therefore,



(2)

 (2)   0 = O ( M 2 38/81 N 1/ 2 ).
  0 = O p ( M 3119/81 N 31/ 2 ) and 
2
3
p

Again, performing steps (4.130) and (4.133), after 3-rd iteration, we have



(3)

 (3)   0 = O ( M 2  76/81 N 1/ 2 ) .
  0 = O p ( M 138/81 N 1/ 2 ) and 
p

Step 4: Choose M 4 = M , N 4 = N , and after performing steps (4.130) and (4.133) we
obtain the required convergence rates, i.e.



(4)

 (4)   0 = O ( M 5/ 2 N 1/ 2 ) .
  0 = O p ( M 3/ 2 N 1/ 2 ) and 
p

Along the similar lines, interchanging the roles of M and N , we can get the algorithm
corresponding to  0 and  0 . Extensive simulation experiments have been carried out by
Lahiri [74], and it is observed that the performance of the finite step algorithm is quite
good in terms of mean squared errors (MSEs) and biases. In the initial steps, the part of
the sample is selected in such a way that the dependence structure is maintained in the
subsample. The MSEs and biases of the finite step algorithm are quite comparable with
the performance of the corresponding LSEs. Therefore, the finite step algorithm can be
used quite effectively in practice.
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4.10.4. Efficient Algorithm Based on Dimension Reduction
Recently, Grover, Kundu and Mitra [45] proposed an efficient estimation method for the
estimation of the unknown parameters of a 2-D chirp model (4.127). They assumed that
the errors are i.i.d. random variables with mean zero and finite variance  2 . It is a
numerically efficient method and it uses the reduction of 2-D chirp model to 1-D chirp
models. The main advantage of the proposed estimators is that although they can be
obtained in a more computationally efficient manner, they have the same convergence
rates as the LSEs.
Suppose we fix n = n0 , then (4.127) can be rewritten for m = 1, , M as follows:
y (m, n0 ) = A0 cos( 0 m   0 m 2   0 n0   0 n02 )
 B 0 sin( 0 m   0 m 2   0 n0   0 n02 )  e(m, n0 )

(4.140)

 A ( n0 ) cos( m   m )  B (n0 )sin( m   m )  e(m, n0 ).
0

0

0

2

0

0

0

2

2

2

Clearly, (4.140) represents a 1-D chirp model with A0 (n0 )  B0 (n0 ) as amplitudes,  0
as the frequency parameter and  0 as the frequency rate parameter. Here,
A0 ( n0 ) = A0 cos( 0 n0   0 n02 )  B 0 sin( 0 n0   0 n02 ),
B 0 ( n0 ) =  A0 sin( 0 n0   0 n02 )  B 0 cos( 0 n0   0 n02 ).

It is important to note that each column of the 2-D data matrix can be thought of as a data
vector coming from 1-D chirp model with the same frequency and frequency rate.
Therefore, each column of the data matrix can be used to estimate  0 and  0 . For this
purpose, least squares method may be used. Hence, the estimators of  0 and  0 can be
obtained by minimizing the following function:

RM ( ,  , n0 ) = Yn ( I  PZ ( ,  ))Yn ,
0

M

0

for each n0 . Here, Yn =  y[1, n0 ],  , y[ M , n0 ] is the n0 th column of the original data


0

matrix,

PZ ( ,  ) = Z M ( ,  )( Z M ( ,  ) Z M ( ,  ))1 Z M ( ,  ) is the projection
M

matrix on the column space of the matrix Z M ( ,  ) and
sin(   ) 
 cos(   )

.
Z M ( ,  ) = 



 cos( M   M 2  ) sin( M   M 2  ) 

(4.141)

The estimates of  0 and  0 can be obtained from each column of the data matrix and
they can be combined thereafter. This process involves minimizing of N 2-D functions
corresponding to the N columns of the matrix. To avoid solving N such optimization
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problems, Grover, Kundu and Mitra [45] propose to minimize the following function
instead:
(1)
RMN
( ,  ) =

N

R

M

( ,  , n0 ) =

n0 =1

N

Y


n0

n0 =1

( I  PZ ( ,  ))Yn ,
0

M

(4.142)

with respect to  and  simultaneously and obtain ̂ and ̂ . This reduces the
computational burden significantly. It may be mentioned that since the errors are assumed
to be i.i.d., replacing these N functions by their sum is justifiable.
Similarly, we can obtain the estimates,  and  , of  0 and  0 , by minimizing the
following criterion function:
(2)
RMN
( ,  ) =

M

R

N

( ,  , m0 ) =

m0 =1

M

Y

m0 =1


m0

( I  PZ ( ,  ))Ym ,
0

N

(4.143)

with respect to  and  simultaneously. The data vector Ym =  y[m0 ,1],  , y[m0 , N ] ,


0

is the m0 th row of the data matrix, m0 = 1,, M , PZ ( ,  ) is the projection matrix on
N

the column space of the matrix Z N ( ,  ) and the matrix Z N ( ,  ) can be obtained by
replacing  ,  , N by  ,  and M , respectively in the matrix Z M ( ,  ), defined in
(4.141). Once the non-linear parameters have been estimated, the estimates of the linear
parameters can be obtained as given below:


A
  = [W (ˆ , ˆ , ˆ, ˆ ) W (ˆ , ˆ , ˆ, ˆ )]1W (ˆ , ˆ , ˆ , ˆ) YMN 1 .

 B

Here, YMN 1 =  y(1,1), , y(M ,1), , y(1, N ), , y(M , N ) is the data vector obtained
by stacking the columns of the observed data matrix on top of one another, and


cos(       )
sin(       )


 cos(2  4      )

sin(2  4      )








sin( M   M      )
 cos( M   M      )


=



 . (4.144)






N
N
N
N
cos(




)
sin(




)


 cos(2  4   N   N  )
sin(2  4   N   N  ) 






 cos( M   M   N   N  ) sin( M   M   N   N  ) 


2

W ( ,  ,  ,  ) MN  2

2

2

2

2

2

2

2

2

2
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The following assumptions are needed to establish the asymptotic properties of the
estimators.
Assumption 15. The error random variable {e(m, n)} is a double array sequence of i.i.d.
random variables with mean zero, variance  2 and finite fourth order moment.
Assumption 16. The non-linear parameters satisfy 0 <  0 ,  0 ,  0 ,  0 <  and there exists
a K , such that 0 < A02  B02 < K .
The results obtained on the consistency of the proposed estimators are presented in the
following theorems:
Theorem 31. Under Assumptions 15 and 16, ̂ and ̂ are strongly consistent estimators
of  0 and  0 respectively, that is,
a.s.
 
 0 as M  ,
a. s .
 
 0 as M  .

Theorem 32. Under Assumptions 15 and 16,  and  are strongly consistent estimators
of  0 and  0 respectively, that is,
a.s .
 
 0 as N  ,
a.s .
 
 0 as N  .

The following theorems provide the asymptotic distributions of the proposed estimators:
Theorem 33. If Assumptions 15 and 16 are satisfied, then


d
   0 )  
D 1  (   0 ), ( 
 N 2 (0, 2 2 Σ ) as min{M , N }   .


3

1

5

1

Here, D 1 = diag ( M 2 N 2 , M 2 N 2 ) and
Σ=

2
A

02

B

02

 96 90 
 90 90  .



Theorem 34. If Assumptions 15 and 16 are satisfied, then


d
D2  (   0 ), (   0 )  
  2 (0, 2 2 Σ ) as min{M , N }   .


1

3

1

5

Here, D2 = diag ( M 2 N 2 , M 2 N 2 ) and Σ is as defined in (4.145).
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The asymptotic distributions of (ˆ , ˆ ) and (ˆ, ˆ) are observed to be the same as those of
the corresponding LSEs. Thus, we get the same efficiency as that of the LSEs without
going through the process of actually computing the LSEs. Grover, Kundu and Mitra [45]
performed extensive simulations when the errors are i.i.d. Gaussian random variables to
compare the performances of the LSEs and the estimators obtained through dimension
reduction technique. It is observed that their performances are quite comparable. Even for
moderate sample sizes, the variances of the estimators obtained through dimension
reduction technique reach the Cramer-Rao lower bound. Grover, Kundu and Mitra [45]
also compared the computational times of the two estimators, and it is observed that even
for one component model the computation time of the LSEs is more than 200 times
compared to the other.
4.10.5. Two-dimensional Polynomial Phase Signal Model
A related but more general model that has received significant amount of attention in the
signal processing literature is a 2-D polynomial phase signal model. This model was first
introduced by Francos and Friedlander [35] and in presence of additive errors, it can be
described as follows:
 r p

 r p

y ( m, n) = A0 cos   0 ( j , p  j ) m j n p  j   B 0 sin   0 ( j , p  j ) m j n p  j 
 p =1 j =0

 p =1 j =0
 (4.146)
 e( m, n); m = 1, , M ; n = 1, , N ,

here e(m, n) is the additive error with mean 0, A0 and B 0 are non zero real numbers, and
for j = 0,, p, = 1, , r ,  0 ( j, p  j ) s are distinct frequency rates of order ( j, p  j ),
respectively, and lie strictly between 0 and  . Here  0 (0,1) and  0 (1,0) are called
frequencies. The explicit assumptions on the error e(m, n) will be provided later.
Different specific forms of model (4.146) have been used quite extensively in the
literature. For example Friedlander and Francos [38] used the following 2-D polynomial
phase signal model
y ( m, n) = A0 cos( 0 m   0 m 0   0 n   0 n 2   0 mn)
 B 0 sin( 0 m   0 m 0   0 n   0 n 2   0 mn)
 e( m, n); m = 1, , M ; n = 1, , N ,

to analyze finger print type data and Djurović et al. [27] used a specific 2-D cubic phase
signal model due to its applications in modelling SAR data and in particular
Interferometric SAR data. Further, 2-D polynomial phase signal model also has been used
in modeling and analyzing MRI, optical imaging and different texture imaging. For some
of the other specific applications of this model, one may refer to Djukanović and Djurović

225

Advances in Signal Processing: Reviews. Book Series, Vol. 2

[21], Ikram and Zhou [54], Wang and Zhou [120], Tichavsky and Handel [113], Amar,
Leshem and van der Veen [2] and see the references cited therein.
Due to the wide-ranging applications of the model, several estimation procedures have
been suggested in the literature. These are mostly based on the assumption that the error
components are i.i.d. random variables with mean zero and finite variance. For example,
Farquharson et al. [32] provided a computationally efficient estimation procedures of the
unknown parameters of a polynomial phase signals. Djurović and Stanković [26]
proposed the quasi maximum likelihood estimators based on the normality assumption of
the error random variables. Recently, Djurović et al. [25] considered an efficient
estimation method of the polynomial phase signal parameters by using a cubic phase
function. Some of the refinement of the parameter estimation of the polynomial phase
signals can be obtained in O’Shea [97].
Interestingly, a significant amount of work has been done in developing different
estimation procedures to compute parameter estimates of the polynomial phase signal, but
not much work has been done in developing the properties of the estimators. In most of
the cases, the MSEs or the variances of the estimates are compared with the corresponding
Cramer-Rao lower bound, without establishing formally that the asymptotic variances of
the MLEs attain the lower bound in case the errors are i.i.d. normal random variables.
Recently, Lahiri and Kundu [75] established formally the asymptotic properties of the
LSEs of parameters in model (4.146) under certain general assumptions on the error
random variables. From the results of Lahiri and Kundu [75] it can be easily seen that
when the errors are i.i.d. normally distributed, the asymptotic variance of the MLEs attain
the Cramer-Rao lower bound. Although, the LSEs are the most efficient estimators,
finding the LSEs is a computationally challenging problem. Moreover, computationally
efficient algorithm which provide estimators with the same rate of convergence as the
LSEs, do not exist and developing such algorithms is an area to explore.

4.11. Conclusions
In this chapter we have provided an overview of different 1-D and 2-D chirp and related
models which have received a considerable amount of attention in recent years in the
Statistical Signal Processing literature. Our main aim is to introduce different models
which are being extensively used in practice. These models have been used quite
effectively in analyzing 1-D and 2-D non-stationary signals. We have highlighted several
numerical algorithms and different sophisticated statistical tools which have been used for
the efficient estimation of the unknown parameters of the underlying models. Their
theoretical properties are provided and the associated problems have been discussed as
well. Since the models are non-linear in nature, most of the properties are asymptotic in
nature. We have discussed simulation results which are available in the literature
regarding the behavior of these estimators mainly for small and moderate sample sizes.
This chapter has surveyed many important and effective methods of parameter estimation
in the Classical as well as Bayesian framework suggested by different researchers over
the years and advocated the use of such coherent methods of estimation. Several open
problems for future research are proffered in the hope that this will generate enough
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interests among young researchers to come forward and solve some of these challenging
problems.
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5.1. Introduction
Early work in search of video/infrared systems utilized algorithms that first attempted to
detect the object spatially in each image, and then applied a temporal association
algorithm [1, 2]. Although these algorithms were adequate for early applications in which
the targets were bright compared to the background, they performed poorly with dim
targets in severe real-world clutter [3, 4]. Approaches that are more recent used multiple
frames to incorporate temporal as well as spatial information. The initial work performed
by Reed [2] derived the filter that maximized the output SNR in the general case of noise
with known auto-covariance function. A number of approaches have been developed for
the detection of targets in the presence of the dominant background clutter and noise. The
common detection methods include the orthogonal subspace projection and constrained
energy minimization [5, 6]. Recently, Kim improved the mean subtraction filter by
inserting a target enhancement and noise reduction filter called modified mean subtraction
filter (M-MSF) [5, 7]. In [8], the authors develop the FC method. This method is based on
the observation that the two images of the background (for example, sea surface) do not
correlate, whereas the two images of the same boat do correlate.
The existing multipixel and subpixel target detection methods mainly depend on the
spectral characteristics of the targets to be detected [1, 9, 10]. One kind of subpixel
detection method is the linear unmixing (LU) analysis methods. These methods are based
on the linear mixture model (LMM), in which a pixel’s spectrum is assumed to be
composed of several pure materials’ spectra, called endmembers. In this model, pixels in
the imagery are called mixed pixels, and the signal of a mixed pixel is the sum of the
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different endmembers’ spectral signals. Different endmembers’ weighted values are
assigned according to their fractions in the pixel. This model is based on the assumption
that the signals acquired by the sensor are reflected directly from the ground objects’
surfaces, not reflected twice or more times by surfaces on the ground. If multiple
reflections are taken into consideration, the LMM has to be extended into a nonlinear
model. However, the LMM is suitable in most cases, and it has clear physical meaning.
Based on LMM, several spectral LU methods were developed [11-13]. Among them, the
fully constrained least squares (FCLS) method is one that has been successfully used in
subpixel target detection. In this method, two constrained conditions are used: each
endmember’s abundance is nonnegative and all the endmembers’ abundances in each
pixel sum to one. With these two constraining conditions, the abundance results have
physical meanings and can be weighted as the percentages of different materials in each
pixel. In this method, the subpixel target is assumed as an endmember in the imagery and
its percentage in each pixel is figured out by the least squares estimation (LSE) method
[14]. In this way, a quantitative detection result is determined.
Another kind of multipixel and subpixel target detection method is based on a statistical
hypothesis test. Adaptive matched subspace detector (AMSD) is such an algorithm that
formulates the target and background subspaces and uses the LMM and the generalized
likelihood ratio (LR) approach to separate a probable subpixel target [15, 16]. The key
factor in AMSD is the target abundance and the noise variance, which can be estimated
by the maximum likelihood (ML) method, and with which a Neyman-Pearson detector
can be designed to maximize the probability of detection for a certain given false alarm
probability. Due to the complexity of the changes in atmospheric conditions, sensor
geometry, surface defects, and films, target variability is not negligible and can have an
impact on the detection result. However, by the use of the subspace model, AMSD can
resolve the problem and provides a reliable rule to separate the target pixels from
nontarget ones.
Adaptive cosine/coherent estimate (ACE) is another statistical hypothesis test-based
method [1, 6, 10, 17]. Unlike AMSD, ACE assumes no structured background. Instead,
ACE models the background as a multivariate normal distribution. ACE discards both the
sum to one constraint and the nonnegative constraint. This characteristic allows it to
provide a better separability between targets and background as the target abundance can
be fully expressed by a large enough value.
Recently, hybrid subpixel target detection methods have been proposed, which combine
the advantages of LU-based methods and statistical hypothesis test-based
methods [18-20].
Hybrid detectors model the background with both physically meaningful abundance and
the statistical hypothesis test. In this way, the background is better characterized and the
separability of targets and background is improved. In [19], Broadwater and Chellappa
used FCLS, AMSD, and ACE to develop two hybrid detectors. Compared to the
aforementioned two kinds of method, the two hybrid methods proved to be less sensitive
to the number of endmembers used and provided a better separability and improved
receiver operating characteristic (ROC) curves.
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All the aforementioned methods use the first-order statistics in the formulation of the
problem of binary statistical hypotheses testing. But in the problem of detecting an object
against a dynamic surface, a situation is possible when the object obscures the background
and the task is to distinguish between the background and the object, which can differ in
both first order and second order statistics. The most interesting case is when the spectral
composition of the object is much narrower than the spectral composition of the
background. In this case, it is possible to estimate the background parameters from the
primary data. An example is the task of detecting a floating object on the surface of an
agitated sea using a video camera. Light signals reflected from a floating object contain
only low-frequency harmonics, and a signal reflected from an excited sea surface contains
higher frequencies.
To remedy this situation, the new detection algorithms for subpixel objects have been
recently developed [21-23]. In these papers, the authors took the modified GLRT-based
approach which takes consists of taking into account that the statistical characteristics of
the background under H0 hypothesis (object is not present) are not similar to that under
H1 (object is present). This model is physically motivated. Indeed, in video systems, the
target may completely cover the pixel on the fluctuating surface and, in this case, the
received signal contains only target signal plus channel noise. Hence, the presence of the
target removes the background clutter from the received signal. In this case, it is more
appropriate to use the general likelihood ratio (GLR) approach with different background
plus noise power under the two hypotheses. Specifically, each pixel contains the
background-plus-noise power under the null hypothesis and the signal-plus-noise power
under the alternative hypothesis only in the case of the presence of the target in this pixel.
We have recently proposed a modified GLR approach associated with the hypothesisdependent background clutter power for subpixel optical objects in the case of
unstructured background clutter in [22-24] and Bo Du proposed it in [25] for the case of
structured background clutter.

5.2. 3D Subpixel Target Detection
5.2.1. 3D Subpixel Target Detection Algorithms for Structured Signal Models
In the literature the detection problem with the hypothesis dependent noise power had
been considered in [21] for the case of the white normal noise. In [21], Vincent, et al.
examined specific aspects the situation when the presence of the signal of interest triggers
a change in the noise power. This problem has been expanded to the case of the subpixel
targets detection where the structured background power is only known under the null
hypothesis and the presence of the target triggers a change in the noise power. It was
presented an algorithm for subpixel detection in sequence of the images. The approach is
based on the use of linear subspaces to model the target and background spectra. The idea
of this approach is derived from the phenomena nature. When the target is present in a
pixel, the background power will change in this pixel. Accordingly, a noncomplete
knowledge of the target’s size leads to the background power variation under hypotheses
H0 and H1.
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It is considered the modified adequate to the problem modified statistical test that detects
the target presence and the background power change simultaneously. Both phenomena
give their contributions into the detection quality. The subject of this paragraph is the
design and analysis of the modified algorithm for the detection of subpixel targets with
partially known spectral signature in the presence of structured background with unknown
power under alternative statistical hypothesis H1 and channel noise. It is interesting to
perform comparisons of the MSD, ACE and the modified MSD (MMSD) detectors. The
analytical results explain when the MMSD outperforms the MSD and ACE. Numerical
simulations attest to the validity of the analysis.
The linear mixing modeling is widely used when one has to detect a partly known
deterministic signal belonging to a known subspace in the presence of an additive
background belonging to a known or unknown subspace and white Gaussian noise
[1, 6, 26-29]. Because the background power is changed if a target is present, it is
necessary to modify the MSD. It is formulated the subpixel detection problem in the case
of known and unknown structured background subspace. Then we derive the GLRT for
the problems at hand and the distributions under both the hypotheses. The modified MSD
employs an additional term in test for the known background subspace. The additional
terms should estimate the difference between background variances under the H1 and H0.
The performance analysis is presented by developing the approximated analytical
expressions. It was investigated the detection performance gains in the case of the
background power variations between two hypotheses in a Gaussian environment for the
proposed detectors with respect to the MSD. Here, the numerical simulations are included
to verify the validity of the theoretical analysis and show that the proposed detectors could
outperform the classical one. When the closed-form expressions for the false alarm
probability and the probability of detection are not available we evaluate them resorting
to Monte Carlo techniques. Brief conclusion ends the work.
A pixel that contains more than one material is called a mixed pixel. A mixed pixel is
often represented as the linear combination of component spectra (endmembers) [1, 20].
Let L denote the number of spectral bands and let S and at denote an L×P matrix with
columns that contain the orthogonal basis vectors that span the target subspace and the
abundance vector of the target, respectively. A mixed pixel, denoted by an L-dimensional
vector x, can be described

𝒙
𝒙

𝑩𝒂
𝑺𝒂

𝜎 𝒏, under H0,
𝑩𝒂

𝜎 𝒏, under H1,

(5.1)

where B is the L Q matrix representing the background endmembers (Discreet Fourier
components), 𝒂 are the abundance vector of the background endmembers, 𝒏 is the
L-dimensional random background error vector (or error noise) accounting for lack-of-fit
and noise effects [1, 30], σ2 is the variance of the error noise, and σn~N[0,σ2 I]. Note that
the lack-of-fit effect causes a spectral tail and we assume that its variance predominates
over the thermal noise [1, 30]. Subpixel material detection requires determining if a pixel
spectrum x contains some amount of the target material. Our approach is based on the use
of linear subspaces and LMM with a structured background (5.1). We assume that the
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background spectra span some subspace of the real vector space ℛ and the target material
spectrum lies in a different subspace within ℛ . We assume that

𝒂

𝑐𝒂 , and 𝜎

𝑐𝜎 ,

(5.2)

where c is the pixel fill factor. The scale total interference under H1 is used in this model
because in the case of subpixel targets, the amount of background covered area may be
different from that of a pure background pixel. The target's size determines the pixel fill
factor c and practically always is unknown (see Fig. 5.1(b)). In this work, we focus on the
detection of a small target in the case of unknown total interference scale factor c under
hypothesis H1.

a)

b)

Fig. 5.1. Typical target detection scenario: a) Resolved target occupying a whole pixel (pixel fill
factor c = 0); b) Subpixel target in pure background with the pixel fill factor of c ≈ 0.3.

Healy and Slater [29] used a physical model to show that the set of sensor spectral radiance
vectors for a material can be approximated accurately by a small number of orthogonal
basis vectors. We will use this approach to define a target subspace. Also, we describe
shortly a method for finding the subspace that is spanned by the background component
spectra. It was considered a rectangular image region of size α×β pixels with L spectral
bands. It was constructed a matrix of size L×α β, where each column contains a
hyperspectral pixel vector in the region. Using the singular value decomposition, it was
obtained the diagonal matrix that contains the singular values λ1, λ2, …, λL. Suppose that
the eigenvectors columns (background basis vectors) are arranged so that λ1≥λ2≥ …≥λL.
The first M background basis vectors will always be included in the background subspace
to ensure that the squared error is less than a determined fraction of the total variance. It
is not advantageous to include a number of basis vectors in the background subspace that
reduces the squared error below the noise or error levels. However, there are situations
where either we do not have sufficient information, or we are unwilling to estimate the
background subspace B. In these situations, we may be only interested in a certain object
present in an unknown image scene and only its spectral subspace S is available. We
assume that the background matrix B is unavailable, and it cannot be estimated from the
data. Then, we deal with the total interference

𝜎 𝒗
and 𝜎 𝒗

𝑩𝒂
𝑩𝒂

𝜎 𝒏 under H0
𝜎 𝒏 under H1

(5.3)
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Under these assumptions, the received signal is

𝜎 𝒗 under 𝐻
,
𝑺𝒂
𝜎 𝒗 under 𝐻

𝒙
where 𝜎

𝑐𝜎 , 𝒂

(5.4)

𝑐𝒂 .

5.2.2. Modified Matched Subspace Detectors
The purpose of this section is to derive the modified matched subspace detector (MMSD)
for known background structure to differentiate between the pixels that contain a target
and the pixels that contain only background.
The structured background model (5.1) assumes that the additive noise is modeled by a
multivariate normal distribution. In this case the received signal has distributions

𝒙~

𝑁 𝑩𝒂 , 𝜎 𝑰 under H
,
𝑁 𝑺𝒂
𝑩𝒂 , 𝜎 𝑰 under 𝐻

(5.5)

where I is L by L identity matrix, abundance vectors 𝒂 , 𝒂 and 𝒂 are unknown, and
𝜎
𝑐𝜎 is unknown (or 𝑐 is unknown). Under these assumptions, we can calculate the
remaining unknown parameters using the Maximum likelihood Estimation (MLE)
technique. The MMSD algorithm provides a statistical test using a Generalized Likelihood
Ratio Test (GLRT). To do this, we calculate the likelihood equations for the null and
alternative hypotheses as

𝐿 𝒙|𝐻

/

2𝜋𝜎

𝐿 𝒙|𝐻

/

2𝜋𝜎

𝑒𝑥𝑝

𝑒𝑥𝑝
𝒙

𝒙

𝑩𝒂

𝒙

𝑩𝒂

,

𝑺𝒂

𝑩𝒂

𝒙

𝑺𝒂

𝑩𝒂

(5.6)

Taking the derivative of the logarithm of (5.6) with respect to each of the unknown
parameters and setting them equal to zero allows us to arrive at the (MLE) abundance
estimates

𝒂

𝑩 𝑩

𝑩 𝒙, 𝒂

𝑨 𝑨

𝑨 𝒙, and 𝒂

𝑪 𝑪

𝑪 𝒙,

(5.7)

and the MLE noise variance estimate under alternative hypothesis

𝜎

𝑷 𝒙

𝒙

,

(5.8)

𝑷 𝒙, 𝑷
𝑰 𝑷 ,𝑷
𝑬 𝑬 𝑬 𝑬 , E = [S, 𝑷 𝑩] is a L J matrix,
where 𝒙
𝑷 𝑩, C
𝑷 𝑺, 𝑷
𝑰 𝑷
𝑰 𝑺 𝑺 𝑺 𝑺 , 𝒂 is the estimate of ab0,
A
𝒂 is the estimate of the concatenation of at and ab1, PS and PB are the orthogonal
projection matrices onto the target and background subspaces, and PE is the orthogonal
projection matrix onto the concatenation of the target and background (without its fraction
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occupied by a target) subspaces. We assume here that L >> P and substituting (5.8) and
(5.7) into (5.6) provides the generalized likelihood equation under alternative hypothesis.
Then, the GLR is given by
𝒙;𝒂,

|

𝒙𝐻
/

𝒙

𝑒

𝒙

𝒙

/

𝒙

𝑒𝑥𝑝

/

(5.9)

Taking the logarithm of the Lth root of the (5.9) and using some algebra, the GLRT is
given by the following MMSD statistical test
TMMSD(x) =
where 𝒙

‖𝒙 ‖

𝒙

𝒙

𝑙𝑛

,

(5.10)

𝑷 𝒙. The first term in (5.10) is well known MSD statistical test [1, 10, 31]
TMSD(x) =

‖𝒙 ‖

(5.11)

The test (5.11) provides such a statistical test using a GLRT in the case of the known
background variance under the H1. We can see (5.10) that the detection quality depends
on relation between the target recognition contribution (the first term) and the background
power change contribution (the second and third terms).
We can regulate the target presence sensitivity of detector with respect to the background
power change sensitivity using the factor m. Varying the factor m we can change the
relation between the first and other terms in the statistical test (5.12), i.e. between the
target recognition contribution (depends on the target signature) and the background
power change contribution (in the fraction of the total space outside of the target
subspace). We can introduce the factor of signal detection sensitivity m and rewrite the
proposed detector in the following form:
TMMSD(x) =

‖𝒙 ‖

𝒙

𝑙𝑛

𝒙

𝜂,

(5.12)

where 𝜂 is the threshold. Fig. 5.2 shows the computational structure of the MMSD. We
observe that the MMSD, MSD and ACE differ in the way they remove the background
power from the total power.
The MMSD uses the background power estimate as the additional term in the statistics
but the ACE [6, 23, 24] applies this estimate as the MSD normalizing factor.
Unfortunately, such unmixing methods require the complete knowledge of the image
endmembers and background subspace. On some practical occasions, obtaining this prior
knowledge may not be realistic. In this problem statement, we addressed the problem of
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detecting targets in the error noise-dominant scenario, that is, we limited the influence of
the thermal noise.

Fig. 5.2. Computational structure for the implementation of the MMSD for unknown
structured background.

5.2.3. Detection Power Analysis
In the case of structured background is known to make a decision we need to compare
TMMSD (5.12) to a given threshold η and decide H1 when TMMSD(x) ≥ η and H0 otherwise.
Since the threshold determines both probability of detection PD and false alarm probability
PFA, we need to determine the probability distribution of TMMSD(x). The first term of the
TMMSD(x) (5.12) is the MSD statistical test TMSD(x) in the subspace orthogonal to
background subspace. Since x is drawn from a real multivariate Gaussian distribution,
with mean and covariance matrix 𝜎 𝑰, it follows immediately that

𝑇
𝑺𝒂

where λ2S

𝑷

𝒙
𝑺𝒂

‖𝒙 ‖

∼

𝜒

0 under 𝐻

𝜒

𝜆

under 𝐻

,

(5.13)

is a noncentrality parameter. When the pixel fill factor
λ2S

increases but threshold increases too. It is a reason of a
decreases the parameter
detection performance diminution. By analogy, we observe that the second term in (5.12)
𝒙

is 𝜒

term 𝑙𝑛

𝒙

0 a central distribution under H0 and

𝜒

0 under H1. Since the third

is nonlinear function, the deriving the exact distribution it is very difficult.

In order to come up with manageable expressions, we thus investigate an asymptotic
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approach, assuming that the number of samples L is large. The approximation is based on
well-known convergence the central chi-square distribution to a Gaussian distribution. It
is possible to obtain the following approximation for the chi-square distribution:
𝒙

∼

𝑁 1,

under 𝐻

𝑁 𝑐 ,

under 𝐻

(5.14)

For high value of L it is easy to obtain the approximation
𝒙

𝒙

𝑙𝑛

𝒙

1

1

(5.15)

We used the latter approximation along with (5.15) and obtained that
𝒙

𝑙𝑛

𝒙

𝜒 0 under 𝐻

1∼

𝜒

under 𝐻

(5.16)

Since the first and second terms are independent, the asymptotic distribution of TMMSD(x)
is given by as follows:

𝜒 0
TMMSD(x) ~

𝜒

𝜒

0 𝐻
𝜒

𝜆

𝐻

(5.17)

The distributions derived above enable one to obtain the received operating characteristics
(ROC). In order to come up with exploitable expressions, we examine a further
approximation (L >> J, L >> P, L >> Q) to (5.17):
TMMSD(x) ~

0 under 𝐻

𝜒
𝜒

𝜆

𝜆

under 𝐻

,

(5.18)

. This expression holds for large L and c ≈ 1. We verified that
where 𝜆
the pdf of (5.18) is close to those of (5.12) for parameter c between 0.5 and 1. Furthermore,
through extensive Monte Carlo simulations, we checked that the pdf of (5.18) matches the
exact pdf of (5.12) for L ≥ 200 and P, Q < 20, J < 40. We provided a qualitative analysis
of the differences between classical test TMSD and the proposed test TMMSD in presence of
the pixel fill factor c variation (the noise and the background power variation). The TMSD
depends only on the projection on the subspace orthogonal to the background subspace;
the TMMSD depends on the projections on the two subspaces: on the subspace orthogonal
to the background subspace (first term in (5.12)) and on the white noise subspace (second
and third terms in (5.12)). Noticing (15, 11 and 8) that TMMSD can be rewritten as
243

Advances in Signal Processing: Reviews. Book Series, Vol. 2

𝒙

TMMSD(x) = 𝑇

,

(5.19)

we observe that TMMSD modifies TMSD by adding a corrective factor proportional to the
square of the noise power variation between H1 and H0. This correction increases the
probability of detection. One can notice that the only information used by TMMSD to modify
TMSD is the power in the noise subspace. One can then expect the different behavior of the
proposed detector, each time the estimated noise power is different from the expected one.
When the target is present, the background and error noise powers will decrease. The
projection onto the subspace orthogonal to the background subspace will decrease and the
projection onto the noise subspace will increase (5.19). The proposed detector could
recover a part of the energy having moved from one subspace to the other and try to
maintain the test performance. The distribution derived above enable one to obtain the
ROC, using the complementary cumulative distribution of a noncentral 𝜒 (𝜆 ) random
variable with n degrees of freedom and noncentral parameter 𝜆:

𝑥 𝑑𝑥

𝑇

C(η, n, λ) =

(5.20)

We can obtain the threshold η, false alarm probability PF and probability of detection PD
in such form:
η = C-1(PF, n, λ), PF = C(L η, L-Q+1,0), PD = C(η𝑐

,𝐿

𝑄

1, 𝜆

𝜆 ) (5.21)

Based on these expressions, the detection probability depends on three factors: the pixel
fill factor, the degree of freedom and noncentrality parameter. When the target is present,
the pixel fill factor decreases and, hence, the bottom limit of the integral (5.20) increases.
It leads to reduction of the detection probability. In contrast, at the pixel fill factor
reduction, the noncentrality parameter increases, and that leads to improvement of
detectability.
In general, as a result of the action of two opposite factors (the first and the third
parameters in (5.21)), the detection probability can decrease or increase in the case of the
reduction of the fill factor. These changes of detection probability depend on the target
and background dimensions. Note that the noncentral parameter of the TMMSD more than
the noncentral parameter of TMSD on the value 𝜆 . This value depends on the pixel fill
factor 𝑐 and the subspaces (S and B) degrees of freedom. When the target appears in the
pixel the fill factor 𝑐 decreases, hence, the chi-square noncentral parameter (5.18)
increases on the value 𝜆 that causes the augment of the detection probability.
The asymptotic approach, assuming that the number of samples L is large, was based
(5.10) on convergence the central chi-square distribution to a Gaussian distribution. In our
case the second term of the TMMSD(x) (5.12) has the noncentral chi-square distribution:
‖𝒙 ‖
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∼

𝜒

𝜆

under 𝐻

𝜒

𝜆

under 𝐻

,

(5.22)
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where 𝜆

𝑩𝒂

𝑷

𝑩𝒂

. Unfortunately, the third term (5.12) 𝑙𝑛

‖𝒙 ‖

is nonlinear

function and the asymptotic approach is not applicable because the noncentral chi-square
distributions (5.22) do not converge to a Gaussian distribution. In this case we will apply
Monte Carlo simulations to obtain the ROC.
5.2.4. Numerical Illustrations
The aim of this section is threefold. First, we assess the validity of the theoretical formulas
((5.18), (5.20), (5.21) for TMMSD) by comparing it with the actual receiver operating
characteristics obtained through Monte Carlo simulations. We analyze the MMSD
detection performance with respect to the MSD and ACE in the case of different pixel fill
factor. Second, since closed-form expressions for the PF and the probability of detection
PD are not available for the TMMSD we evaluated them resorting to standard Monte Carlo
techniques based on 100/PF and 100/PD independent trials, respectively. In order to limit
the computational burden, we set PF = 10-3. We assess the performances of the MMSD
and the MSD (5.13) in the case of the structured background power variation under
hypothesis H1. Third, we compare the performance gain of the proposed detectors (5.11)
and (5.12) with respect to the MSD under the different pixel fill factor.
In this section, we consider the target and background abundance vectors at = [1,1,…,1]T
and ab0 = [1,1,…,1]T, number of measurements L = 200, the target and the background
subspace dimensions P = 11, Q = 10, respectively. The target subspace matrix S is not
orthogonal to the background subspace matrix B. We have used the orthogonal L P and
L Q Fourier matrices to represent the target S and background B subspaces in the
simulations. The some fraction of the target and background spectral components has been
the common.
Figs. 5.3-5.5 illustrate the relation between the detection probability PD and the input
signal-to-noise ratio (SNRin) under the chosen system constraint resulting from the
106 Monte Carlo trials. In Fig. 5.3 we have plotted the approximated analytical
performance given by (5.18), (5.21) for MMSD (dashed line for simulation results and
continuous for analytical results). One can see that the closed form expressions (5.18),
(5.21) give a relatively precise approximation for 0.8 < c < 1 and 0.6 < PD < 1. Notice that
in the case of c = 1 the mean of the second term in the detector statistic (5.19) is equal to
zero and, hence, the performances of the TMMSD and TMSD are approximately equal. Using
Fig. 5.3, we can compare the detection probability behavior for weak targets and varying
c. In this case the first term in (5.19) is very small and the detection probability is almost
completely determined by the second term (see curves for SNRin < 22 dB and c = 0.8). As
we can see in Fig. 5.4, the MMSD has the better performance than the MSD and ACE for
0.5 < c < 0.7.
Fig. 5.5 shows that the MSD considerably outperforms the MSD and ACE in the case of
the background power deviation under the alternative hypothesis. In Fig. 5.6, we display
the theoretical (5.18), (5.21) detection probability of the MMSD as a function of the false
alarm probability (ROC). We can see (Fig. 5.6) that the quality of the MMSD outperforms
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the MSD considerably for different values of the false alarm probability. Changing the
factor of signal detection sensitivity m, it is possible to increase or reduce the detection
performance and the detection gain. The choice of the m leads to the trade-off between
the detection sensitivity to the target signature and to the background power deviation
under the alternative hypothesis. For high m the first term (5.19) determines the major
contribution to the detection statistics and, hence, the detection sensitivity to the target
signature is high. In the case of low m the detection sensitivity to the background power
deviation is high. The MMSD or MMSRD detection gain with respect to MSD or ACE
can be defined as the incremental of SNRin required that to obtain under the same instance
about the background and the target models, the same detection probability PD = 0.9.
Fig. 5.7 illustrates the MMSD detection gain factor as a function of the pixel fill factor for
different values of the signal detection sensitivity factor m. One can see that the detection
gain factor depends on detection sensitivity factor m.
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Fig. 5.3. Detection probability of the MMSD, versus SNRin for varying pixel fill factor
c, m = 1.5, L = 200, P = 11, Q = 10, PF = 10-3. Theoretical and simulation results.
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Fig. 5.4. Detection probability of the MMSD, MSD, and ACE versus SNRin for varying pixel fill
factor c, m = 7, L = 200, P = 11, Q = 10, PF = 10-3. The background matrix B is known.
Simulation results.
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Fig. 5.5. Detection probability of the MSD, ACE and MMSD versus signal-to-background-plusnoise ratio for varying pixel fill factor c, m = 4.4, L = 200, P = 11, Q = 10, BNR = 4, PF = 10-3.
The background matrix B is unknown. Simulation results.
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Fig. 5.6. Detectors comparison for m = 1.25, L = 200, P = 11, Q = 10, SNRin = -9 dB for varying
pixel fill factor c. Theoretical results.

When m decreases the detection gain factor increases and can achieve 29 dB. To illustrate
the behavior of the detection gain factor of TMMSD, we display the Fig. 5.8. Since the
MMSD does not eliminate the energy within the background subspace we introduce the
background to noise ratio factor (BNR). The BNR is the relation between background and
noise powers. It is clearly that the gain factor of the TMMSD depends on BNR and achieves
the large value (24 dB) in the case of the small c. At the decreasing of the m the sensitivity
to the background power change of both proposed detectors will be increased. In this case,
these detectors can have the unnecessary high sensitivity with respect to the background
power changing.
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Fig. 5.7. Detection gain factor of TMMSD vs. pixel fill factor c, L = 200, P = 11, Q = 10,
SNRin = 0.024, PF = 10-3. The background matrix B is known. Simulation results.
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Fig. 5.8. Detection gain factor of TMMSRD vs. pixel fill factor c, L = 200, P = 11, Q = 10, PF = 10-3.
The background matrix B is unknown. Simulation results.

The natural variation of the background power can be equal to the background power
change associated with the target presence and, hence, the false alarm probability can
increase. The natural reason of this phenomenon is a possible instability of the
background power.
5.2.5. Conclusion
In this section, we have proposed the asymptotic optimum target detection algorithms
(with background subspace known or not) in the presence of the structured background
and noise. We derived the GLRT for the case where the structured background plus noise
power is only known under the null hypothesis. The proposed detectors modify the MSD
by adding the corrective term proportional to the square of the background power
variation. Numerical simulations attest to the validity of the theoretical analysis and show
that this new detectors could considerably outperform the classical one.
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Our approach implicitly assumes that HSI data of the targets and background can be
approximated by a small number of orthogonal basis vectors [2]. Comparing the MMSD
and MSD, we note that the MMSD outperforms the MSD and the MMSD is robust with
respect to the background subspace B and also is less dependent on the relation between
background error vector and thermal noise.

5.3. 3D Multipixel Target Detection
5.3.1. 3D Multipixel Target Detection Algorithms for Unstructured Signal Models
The goal is to design and assess the adaptive scheme to detect unknown, relatively small
low contrast targets in a given sequence of images with a random homogeneous
background. We use video spatial-temporal patches, called bricks, to determine whether
the observed brick contains a target in the presence of the random background. We assume
that some or all pixel areas in the analyzed brick can be covered by the target under
hypothesis H1. These pixels contain the target signal plus channel noise, and the remaining
pixels contain the background clutter plus channel noise. The variance of each pixel of
the brick under H1 is equal to the background variance plus channel noise variance or only
channel noise variance. We focus attention on a situation when the presence of the target
in the pixel changes the pixel noise covariance matrix. In this case, the pixel noise is equal
to the channel Gaussian white noise. It is assumed that the optical background clutter is
the predominant noise factor and is modeled as a correlated Gaussian noise. For
simplicity, all the image data under H0 is assumed to be a zero-mean Gaussian random
vector. Specifically, the local mean of each pixel has been subtracted from the original
pixel value. The whole data set is divided into primary and secondary data sets. The
primary data set (all pixels in the observed brick) consists of a real pixel-vectors, xj, N×1,
j = 1, …, L. The secondary data set consists of G bricks (GL pixel-vectors or GLN pixels),
does not contains any targets and exhibits the same structure of the background covariance
structure. Under H0, i.e. the background-plus-channel-noise hypothesis, we have
xj = σ0,jnj, where the noise pixel-vector nj~N[0,R], the R is normalized covariance matrix
of the background clutter plus channel noise for the homogeneous environment, and σ0,j
is the variance of the background plus channel noise. Under H1, i.e. the signal-plusbackground-plus-channel-noise hypothesis, we have xj = sj+σ1,jnj, where sj = Hθj is the
deterministic signal of interest that belongs to a known subspace 〈𝑯〉 of size p [32], 𝑯 is
an orthogonal N×p target mode matrix, p is the rank of a projection matrix [32]
Ps = H 𝑯 𝑯 HH, θj is the unknown amplitude vector, and j = 1, …, U. The noise
pixel-vector of the primary data under H1, σ , nj, is scaled by σ1,j, where we have σ1,j = σ0,j
for the pixel-vectors without target (nj~N[0,R]); and σ1,j = σch,j for the pixel-vectors with
target (nj~N[0,I]), where σch,j is the standard deviation of the channel noise and I is
identity matrix.
We consider the problem of detecting a multi-pixel optical target in the sequence of N
digital images with a random homogeneous Gaussian background and channel noise. We
assume that the multi-pixel target may be present completely or partially anywhere in the
brick of size L of the pixel-vectors. We assume that the area of the observed brick is
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partially covered by the target, and the presence of the target changes the backgroundplus-noise power in the pixels covered by the target. Let j = 1, …, U be the subset of
integers indexing the pixel-vectors (U is unknown), which may contain a partially
unknown object under the H1 hypothesis and j = U+1, …, L be the subset of the
pixel-vectors, which do not contain the object under the H1. The secondary data set
consists of GL pixel-vectors xj, N×1, j = L+1,2, …,(G+1)L, which are assumed to have
the background clutter and white channel noise components only. In this case, we assume
that xj~N[0, σ R] are independent and identically distributed Gaussian vectors and that xj
are independent of the primary data xj. Note that we assume the homogeneous Gaussian
environment and assume that the secondary data set is available to estimate both the
σ , .
normalized covariance matrix R and σ
We develop a hypothesis test that distinguishes the signal-plus-noise hypothesis (H1) from
the background-plus-noise hypothesis (H0). Then, the hypotheses are expressed as

𝐻 :𝒙
𝐻:

𝒄
𝒙
𝒄

𝒙

𝒏 ,𝑗
1,2, … , 𝐺 1 𝐿,
𝒔
𝒏 ,𝑗
1, … , 𝑈,
𝒏 ,𝑗
𝑈 1, … , G 1 𝐿

(5.23)

Our approach may be evaluated against: (i) the well-known statistic GLRT of Kelly [33]
that assumes the same noise scaling in both primary and secondary data (σ = σ0 = σ1 = 1),
(ii) the ASD (σ = σ0 = σ1≠1) [34], and (iii) the constant false alarm ASD [35] that assumes
σ≠σ0 = σ1. The statistic test ACE assumes that the variance σ is estimated using the
primary data. In contrast to these papers, we assume that σ0,j may be estimated using the
secondary data set, but σ1,j may be estimated by primary data and may be different with
respect to σ0,j. It is well known that GLRT is obtained by inserting maximum-likelihood
(ML) estimates for unknown parameters into the likelihood ratio. Following the generally
accepted approach, we derive the GLRT by considering the joint probability density
function (pdf) of the measurement and the secondary data set. This paragraph is devoted
to the derivation of the two-step detector. In particular, we first derive the GLRT based
σ ) and normalized covariance
on primary data, assuming that the variance ( σ ,
matrix (R) of the background plus channel noise are known. Fully adaptive detector is
obtained by substituting the unknown matrix by the sample covariance matrix based on
secondary data only.
Step 1. Under the hypotheses H1 and H0, pdf of the (G+1)L vectors may be written as

𝑝
=
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=
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and tr() denote the determinant and the trace of a square matrix, respectively,

where
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𝒙𝑇𝑗 ,

(5.27)

σ 𝒙 𝒙

(5.28)

The GLR statistic for the problem at hand is

𝐿

,𝒙 ,⋯,𝒙

, ,𝜽 ,
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𝒙 ,⋯,𝒙
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𝑹, σ , , 𝐻

(5.29)

where the numerator is maximized by independent varying σ , , θj and U. Using the
primary data set, we obtain two MLE of the σ , : the first estimate for the subset
j = 1, …,U, where the possible object is present (in his case the pixel noise is equal to
channel noise), and the second estimate for the subset j = U+1, …, L, where the possible
object is not present (in this case the pixel noise is equal to the background-plus-channel
noise). Then, the MLE of the σ , has two solutions [24]:

σ

,

σ

and σ

,

𝒙 𝑷 𝒙
,
𝒙 𝒙

for j = 1, …, U,

(5.30)

, for j = U+1, …, L,

(5.31)

where p is the rank of the target subspace 〈𝐻〉 , 𝑷
𝑰 𝑷 is N 𝑁 orthogonal
projection matrix onto the subspace orthogonal to the signal subspace 〈𝐻〉, and 𝑷 is N N
orthogonal projection matrix onto the signal subspace 〈𝐻〉. The MLE of the vector θj has
an explicit solution [24], when the target is present (j = 1,.., U):

𝜽j = 𝑯 𝑯
Substitutions of θj (5.32) and σ

,

,

(5.32)

(5.30) into the (5.26) yield

tr 𝑻
and σ

𝑯 𝒙

𝑡𝑟 ∑

𝒙 𝑷 𝒙
,

= NU,

(5.33)

(5.31) into the (5.27) yield

𝑡𝑟 𝑹 𝑻

𝑡𝑟 𝑹

𝑁∑

𝒙 𝒙
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σ 𝒙 𝒙

(5.34)

Maximizing the numerator over θj and σ , , the GLR statistic can be recast
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We use a straightforward maximization in (5.35). Since L(G+1) > pN, it follows
immediately that the maximum of L with respect to U is obtained by replacing the
unknown parameter U by known L. Then, the GLR statistic can be rewritten as
L=

‖𝑹‖ /
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Step 2. In the case of the homogeneous environment, we can make the detector fully
adaptive by plugging the maximum likelihood estimate of R and σ based on the
secondary data xj,

𝑗

𝐿
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1 𝐿, i.e., σ
∑

𝑹

∑
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,

𝒙 𝒙,
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(5.37)

Following this guidance, we receive
L=

𝑹

/

∑
∏

𝒙 𝑹

𝒙 𝑷 𝒙

𝒙

(5.38)

/

Taking the logarithm of the N/2-th root of L, the proposed GLRT-based detector, named
multipixel adaptive subspace detector (MASD), is given by the following decision rule:

∑

𝒙 𝑹 𝒙

𝑙𝑛

𝒙 𝑷 𝒙

𝑡,

(5.39)

where t is the threshold. One can see from (5.39) that the detection quality depends on the
relation between the object energy contribution (the first term) and the background power
change contribution (the second term). Obviously, the first term contribution may be
insufficient to detect the low-contrast object. Note that the second term does not depend
on the object contrast and its return energy. The contribution of the second term depends
on relation between the channel noise variance estimate σ

𝒙 𝑷 𝒙
,

in the each

pixel-vector and background-plus-channel-noise variance σ . The second term
contribution achieves the high level when σ , ≪ σ , number of pixels occupied by
object and number of frames within the brick are large. We can adjust the background
power change sensitivity of detector with respect to the target presence sensitivity using a
factor m. Varying the factor m, we can adapt the background power change to the detection
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performance. We can introduce the factor of signal detection sensitivity m and rewrite the
decision rule in the following form:
TMASD = ∑
Note that the first term TAED = ∑𝑳𝒋

𝒙 𝑹 𝒙

𝑙𝑛

𝒙 𝑷 𝒙

𝑡

(5.40)

𝑻
𝟏
𝟏 𝒙𝒋 𝑹 𝒙𝒋

is the known classical adaptive energy

detector (AED), and the second term TACHD = ∑𝑳𝒋

is the adaptive background

𝒙𝑻
𝒋 𝑷𝒔 𝒙𝒋
𝟏 𝒍𝒏 𝑵 𝒑 𝛔𝟐

power change detector (ACHD) that depends on the data projection on the orthogonal
subspace. In the following section, we evaluate performance of the MASD and assess it
against the two recently proposed M-MSF and FC detectors and classical ASD [34]:
TASD = ∑𝑳𝒋

𝑻
𝟏
𝟏 𝒙𝒋 𝑹 𝑯

𝑯𝑯 𝑹

𝟏

𝑯
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𝑯𝑯 𝑹

𝟏

𝒙𝒋

𝑯𝟏
𝑯𝟎

𝒕𝟏

(5.41)

5.3.2. Detection Performance and Numerical Illustrations
In the following, we assess the performance of the proposed detector and compare it to
the ASD by utilizing the standard Monte Carlo counting techniques. Specifically, in order
to evaluate the threshold needed to ensure a pre-assigned value of the false alarm
probability (PF) and the probability of detection (PD), we resort to 100/PF and
103 independent trials, respectively. We model the background and channel noise as
Gaussian process. We assume that the background normalized covariance matrix is
exponentially shaped, i.e., R = [ri,k] = 𝜌| | , where 𝜌 is the one-lag correlation
coefficient. We assume that the optical observed brick is partially covered by the target,
and the presence of the target in any pixel reduces the total noise power to the channel
noise power. We introduce the target fill factor b = U/L and the mismatched factor
𝜌 ) of the actual 𝜌 ; design 𝜌 one-lag background correlation coefficient;
(MF = 𝜌
and then analyze, as the detection performance depends on b and MF. The primary data
is modeled as the deterministic target signals with the uniform amplitude vector
θ = [1,1, …,1]T and with p low-frequency independent basis modes of the matrix H. This
matrix is a Vandermonde matrix with discrete complex exponential elements. The
secondary data model is a sequence of the G subimages (frames), where each frame is
represented as the L, independent, identically distributed correlated Gaussian vectors. We
investigate the detectability of the detector at different parameters: the target fill factor
b = U/L, the background-to-noise ratio (BNR), the signal-to-background ratio (SBR),
brick size NL, secondary data size GL, the mismatched factor MF, and the sensitivity
factor m. The MASD performance is compared to the ASD performance. In Fig. 5.9, the
PD is shown as a function of SBR for several b values, given secondary data size
GL = 5000. These curves show that, for a fixed SBR, increasing of the target fill factor
enhances the performance of both detectors. One can see that the MASD performance is
improved more than ASD. The analysis of the (5.40) shows (Fig. 5.9) that the second term
in (5.40), which is based on the ratio between background powers in the null and
alternative hypotheses, is the cause of improving the detection quality. An important
parameter of any detector is the gain factor (GF) defined as the horizontal displacement
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at PD = 0.9 between different curves in the Figs. 5.9-5.13. Fig. 5.9 shows that the GF of
the MASD, with respect to ASD, depends on target fill factor b. One can see that
GF = 5 dB at the b = 0.3, and for larger b = 0.7 the gain factor is increased to GF = 13 dB.
The performance of the MASD depends on BNR too. In Fig. 5.10, one can see that the
MASD performance is improved when the BNR is decreased. For example, when the BNR
is decreased from BNR = 100 to BNR = 20, the gain factor GF = 3.5 dB.
1

ASD,b=0.3
MASD, b=0.3
ASD, b=0.5
MASD, b=0.5
ASD, b=0.7
MASD, b=0.7
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Fig. 5.9. Probability of detection versus SBR for proposed detector MASD and the ASD
𝜌
0.8,
at different b, L = 10, MF = 0, N = 10, BNR = 100, p = 3, GL = 5000, m = 1, 𝜌
and PF = 10-3. Simulation results.
1
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ASD,BNR=100
MASD,BNR=100
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Fig. 5.10. Probability of detection versus SBR for proposed detector MASD and the ASD
𝜌
0.8,
at different BNR, L = 10, MF = 0, b = 0.9, N = 10, p = 3, GL = 1000, m = 1, 𝜌
PF = 10-3. Simulation results.
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Fig. 5.11 shows that the MASD performance depends on secondary dataset size GL. When
the GL = 10000, the gain factor GF = 3 dB with respect to GL = 1000. Fig. 5.12 shows
that the MASD performance depends on mismatched factor MF. The mismatch between
actual and designed one-lag background correlation coefficients ρac and ρd decreases the
performance of MASD. In Fig. 5.12, the gain factor GF = 2.5 dB in the case of MF = 0.2
for different pixel fill factors. The factor of signal detection sensitivity m changes the
detectability of the MASD. Fig. 5.13 shows that changing m from 1 to 0.9 improves
(GF = 2 dB) the performance of the MASD.
1
0.9
0.8

b=0.5, GL=10000
b=0.9, GL=10000
b=0.5, GL=5000
b=0.9, GL=5000
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Fig. 5.11. Probability of detection versus SBR for proposed detector MASD at different sizes
of the secondary dataset GL and target fill factor b, BNR = 10, MF = 0, L = 10, N = 10, p = 3,
m = 1, 𝜌
𝜌
0.75, PF = 10-3. Simulation results.
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Fig. 5.12. Probability of detection versus SBR for proposed detector MASD at different
mismatched factors MF and target fill factors b, BNR = 10, N = 10, L = 10, p = 3, GL = 10000,
m = 1, PF = 10-3. Simulation results.
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Fig. 5.13. Probability of detection versus SBR for proposed detector MASD and the ASD
at different sensitive factors m, MF = 0, BNR = 100, L = 10, b = 0.9, N = 10, p = 3, GL = 10000,
and PF = 10-3. Simulation results.

We compare the MASD and ASD performances for different target fill factors and
successive images using the experimental video sequences of different floating objects on
a sea surface. The performance evaluation of detection algorithms in practice is
challenging due to the limitations imposed by the limited amount of target data. As a
result, the establishment of accurate detection probability curves is quite difficult. We
consider a signal at output of the video camera composed of N = 10 and 25 successive
images (frames). Each pixel in the images is represented by 8-bits, that is, each pixel has
256 gray levels. The digital camera (30 frames/sec) is located around 8 m above the sea
surface to realize the surface sea monitoring which must give a detection distance less than
600 m (to separate the sky from the sea surface). At the first stage, we have experimentally
evaluated the target mode subspace size p (the number of the considerable Fourier
components) for three small floating objects: the gray ball, the yellow plastic container
and the swimmer in a white hat. In all experiments with different objects, the presented
altitudes of the sea waves are less than 0.3 m. The maximum frequency of the Fourier
spectrum is equal to 2 Hz for all types of the targets and 12 Hz for sea surface. These
values are obtained by using the secondary data set GL = 5000. The number of the
considerable target spectrum components p depends on N: p = 3 for N = 10 and p = 7 for
N = 25. Then we estimate the average and the variance 𝜎
of the background data from
the observed sea surface by using 5000 successive images. Both detectors, ASD and
MASD, use a sequence of optical images, which are first preprocessed by removing the
average of the background. The estimates of the parameters p and 𝜎
are used in ASD
and MASD. In order to validate the MASD and ASD, three gray scale image sequences
are collected as test samples: the image sequence with floating gray ball, the yellow plastic
and the image sequence with the swimmer. The videos are obtained at a distance of about
200 m from the targets and contain no less than 10000 images. The set of experiments
illustrates the separability between each object type and background for each detector.
The figures for each target type are shown in Figs. 5.14-5.17. Each figure for gray ball
(see Figs. 5.12-5.14) contains three subfigures: (a) The first image of the video, (b) The
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vertical bars for N = 10, and (c) the vertical bars for N = 25. The bars show the range of
detection values under H0 and H1 for ASD and MASD. Ideally, these bars should not
overlap, indicating that the target is completely separable from background. In the case
where overlaps do occur, a number of targets is missed, or false alarms occur. One can
evaluate as detection performance depends on target fill factors. Figs. 5.14(b), 5.15(b),
and 5.16(b) illustrate that the same ball is detected at different brick sizes: L = 16 pixels
(Fig. 5.14), L = 36 pixels (Fig. 5.15), and L = 64 pixels (Fig. 5.16). The MASD detected
almost without errors at N = 10 and N = 25 and observed brick size L = 16. When the brick
size is increased (L = 36 and 64), the detection quality is decreased for the same target.
The maximum detection performance is achieved when the object occupies all brick pixels
L. Minimum size of objects may be known. If we choose the spacial brick size L equal to
minimum size of objects, the probability to miss the small object is minimized. Minimum
of the number of images in analyzed sequence depends on spacial size, contrast of the
object, dynamic parameters of the sea surface and determined detection quality.
Figs. 5.14-5.16 illustrate that the MASD detection performance significantly surpasses the
ASD performance. Figs. 5.17 and 5.18 illustrate the separability between the plastic
container (Fig. 5.17(a)), swimmer (Fig. 5.18(a)) and background for each detector.

(a)
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Fig. 5.14. The first image with the ball (a) into the observed bricks (the square): of size
4×4×10 (b) and 4×4×25 (for (c)). The gray ball separability analysis for MASD and ASD
(N = 10 (b) and N = 25 (c)). Real experiment results.
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Fig. 5.15. The first image with the ball (a) into the observed bricks (the square):
of size 6×6×10 (b) and 6×6×25 (for (c)). The gray ball separability analysis for MASD and ASD
(N = 10 (b) and N = 25 (c)). Real experiment results.

Figs. 5.17(b) and 5.18(b) show that the MASD detectability significantly outperforms
the ASD.
Finally, the detection performances of TMASD and TASD are compared to two recently
proposed M-MSF and FC detectors [7, 8] using real datasets (the floating blue
low-contrast metallic container). In Fig. 5.19, we show the frames number 77, 80 and 83
of the observed brick of size 15×15×100. It is apparent from Fig. 5.20 that the reflection
intensity from the floating metallic container practically does not change during a short
time-interval between frames. On the contrary, the intensity of the reflections from the sea
surface changes quickly. The proposed detector uses this distinction in the best way. For
real images, the performances of the four detectors may be shown via the receive operation
characteristics curves (Fig. 5.21). The results show that TMASD significantly outperforms
TASD, M-MSF and FC detectors. All the experiment results show that the proposed
algorithm TMASD can detect small targets in the presence of intensive background clutter
more effectively.
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Fig. 5.16. The first image with the ball (a) into the observed bricks (the square): of size
8×8×10 (b) and 8×8×25 (for (c)). The gray ball separability analysis for MASD
and ASD (N = 10 (b) and N = 25 (c)). Real experiment results.
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Fig. 5.17. The first image with the plastic container (a) into the observed bricks of size
10×10×100. The plastic container separability analysis (b) for MASD and ASD.
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Fig. 5.18. The first image with the swimmer (a) into the observed bricks of size 10×10×100.
The swimmer separability analysis (b) for MASD and ASD.

Fig. 5.19. Images number 77, 80 and 83 of the low-contrast metalic container with marked
observed region.

Fig. 5.20. The marked observed region of the images number 77, 80 and 83 with the floating
metalic container.
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Fig. 5.21. Receive operation characteristics of the four different detectors for the floating metallic
container using the observed brick of size 15×15×100. Real dataset.

5.3.3. Conclusion
We present an effective and adaptive detector of multi-pixel objects on the sea surface.
The proposed detector offers two principal benefits. The first is that the proposed detector
is able to detect no-contrast objects on the sea surface. The second advantage is that the
proposed detector is slightly sensitive to background covariance matrix change and size
of the secondary dataset. We propose the modified 3-D GLR approach based on the
analysis of the certain set of the pixel-vectors in the sequence of images to detect the
multi-pixel target with unknown position, size and shape. The numerical simulations and
experimental results show that the proposed adaptive detector considerably outperforms
the classical one and the recently proposed M-MSF and FC detectors. The MASD
detection efficiency is different under different scenarios and depends on background-tonoise ratio, signal-to-background-plus-noise ratio, target fill factor, and number of images
in analyzed sequence.
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Sleep Scoring Based on Biomedical Signals:
A Survey and a New Algorithm
Mahtab Vaezi and Mehdi Nasri1

6.1. Sleep
Sleep is essential for human survival. It is a natural state that exists in humans, animals
and even invertebrates and directly affects people's health [1-3]. Sleep is a conscious act
in which the brain does not respond to external stimuli and is sensitive to internal stimuli.
Therefore, the brain is active in sleep mode and it affects the health of the human body.
Because the brain is sensitive to the internal processes during sleep, sleep testing is one
of the ways to diagnose a variety of mental and brain related diseases. Sleep is different
from a coma because it is an unconscious act and one cannot get out of it [3]. Sleep is a
voluntary action that increases the level of melatonin in the body and causes sleep to be
altered in certain brain patterns [4]. During sleep, changes in brain, muscle, eye, heart,
and respiratory activity are marked and these mood changes are necessary for mental and
physical health [5].
Sleep is still a mystery at the moment, but it can be partially measured by the fact that it
can be evaluated by vital signals [2]. It is estimated that about 50 million Americans suffer
from sleep disorders, but no effective research has been done to study sleep [6]. Sleep and
lack of sleep can have a profound effect on the learning process and memory with direct
effects on synapses [7]. Enough sleep can also causes as much metabolic secretion from
the brain [8]. Inadequate sleep can also have many negative effects on the cardiovascular
system, the immune system with decrease in white blood cells, reduces growth hormone
release, reduced ability to perform mental and mathematical calculations and one's body
emotions. Protein production in body fluids also often occurs during deep sleep [3, 9, 10].
People can improve their health by changing their sleep habits. Sleep, consists of three
parts, the need for sleep, the ability to sleep and the opportunity to sleep [4]. Fig. 6.1 shows
these three major areas of sleep, graphically [4].
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Fig. 6.1. Three major areas of sleep.

6.1.1. Need for Sleep
The amount of needed sleep varies depending on the genetic factors, and body structure
of the individual. Unfortunately, there is no measurement indicator for needing sleep, but
on average, every person needs 7 to 8 hours of sleep per day. This amount of need for
sleep is not offset by behaviors such as staying awake for a few days and spending a lot
of time for sleep on the weekend, and if the body does not pay attention to this
physiological need, it will become ill [4].
6.1.2. Sleep Ability
The approximate number of hours a person can sleep during the day is call the ability to
sleep. The ability to sleep can affect by physical and mental factors. For example, stress
causes one to fall asleep one day, and the cold to make one sleep more than normal [4].
6.1.3. Sleep Opportunity
Sleep opportunity is called time that a person spends in bed, this time includes sleeping
and doing things before fall sleep, such as reading a book before sleep. Sleep opportunity
is fully conscious and the individual devotes time to sleep consciously and is strongly
influenced by external factors [4].

6.2. Physiological Factors Affecting Sleep
As it was said, chemical and neurological activities in the brain cause sleep. This section
examines these physiological factors in detail. The parts of the brain that make a person
sleep in the body are: brainstem, hypothalamus, thalamus, cerebrum, neuro modulators
and the autonomic nervous system. Fig. 6.2 show six brain parts that make a person sleep.
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Fig. 6.2. Six brain part that make a person sleep.

6.2.1. The Brainstem
The brainstem is responsible for vital operations in the body, and in relation to sleep,
controls the amount of brain activity during sleep and wake by producing substances such
as serotonin, norepinephrine, and dopamine [11].
6.2.2. The Hypothalamus
Hypothalamus first by regulating the brain superchiasmatic central nucleus or nuclei
(SCN), regulates the body's physiological hours of the day. Then, by adjusting the
increased secretion of Histamine and Orexin, it wakes up throughout the day and reduces
the secretion at night so that person can sleep [11].
6.2.3. The Thalamus
Thalamus activity helps to understand what is happening around you, including
understanding events and emotions. When a person goes to sleep, the thalamus does not
move these senses from the cortex to the inner part of the brain, so no processing within
the brain is performed and the individual goes to sleep without knowing about the
environment [11].
6.2.4. Cerebrum
The cerebrum has no specific element for sleep, but the activity of billions of neurons in
this area controls sleep operations.
6.2.5. Neuromodulators
The six main and effective neural modulators of sleep and wakefulness are Dopamine,
Histamine, Norepinephrine, Acetylcholine, Serotonin and Orexin.
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6.2.6. The Autonomic Nervous System
The autonomic nervous system comprises sympathetic and parasympathetic nerves and
helps maintain sleep during sleep by reducing sympathetic nervous activity.

6.3. Sleep Stages
During sleep, there are many physiological and behavioral activities in the body.
Generally, sleep can be studied in sleep continuity and sleep architecture. Sleep continuity
is defined separately for each person and includes general sleep tests including bedtime,
total hours of sleep per day, and so on. Regular sleep monitoring can diagnose many
diseases, including sleep apnea. Sleep architecture is a physiological study of sleep by
vital signals and sleep stages is monitored and many diseases can be diagnosed by
examining this area of sleep [4].
Therefore, many sleep-related illnesses such as apnea, mental illnesses such as depression,
and brain diseases such as epilepsy can be diagnosed through sleep study. In general, it is
necessary to diagnose different diseases through sleep by separating the different stages
of sleep and examining them. A sleep period consists of several stages. These stages are
from the beginning of the sleep to deep sleep.
The body's vital signals are used to monitor sleep and detect different stages of sleep. One
of the sleep-related signal recorders is polysomnography (PSG) recording. PSG recording
includes Electroencephalography (EEG), Electrooculography (EOG) and chin
electromyography (EMG) [12]. Fig. 6.3. Shows how the PSG electrodes are used to record
vital body signals.

Fig. 6.3. How the PSG electrodes are used to record vital body signals.

PSG is a complete record of the body's vital signals during sleep, but due to the large
number of leads that bind to the patient during sleep which causes stress, it increases the
artefacts caused by motion sickness, and it is not suitable for long-term use. In recent
years, much research has been done on the recording of less vital and useful sleep signals
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[13-15]. The researchers concluded that by recording the ECG signal and extracting the
HRV, they could perform sleep studies with high accuracy and at the lowest cost. HRV
measures the activity of the autonomic nervous system and different levels of sleep can
be detected by increasing and decreasing the activity of this system [16, 17]. Both the PSG
record and the ECG of the individual during sleep can be used to investigate sleep
characteristics and identify different stages of sleep to identify different diseases.
Researches on sleep stages began in 1968, and Rechtschaffen and kales first presented the
world standard sleep stages (R&K) [18]. According to R&K standard, a sleep period
consists of six stages, respectively, wake, stage 1 (S1), stage 2 (S2), stage 3 (S3), stage 4
(S4) and the rapid eye movement stage (REM). These six stages fall into two major groups
REM and NREM (wake, S1, S2, S3, and S4). Fig. 6.4 shows six stages of sleep with brain
signal (electroencephalography (EEG)).

Fig. 6.4. Six stage of sleep.

In 2007, the American academy of sleep medicine (AASM) presents a new global
standard for sleep stages. According to AASM manual ﻭwhole sleep period includes five
stages: wake, stage 1, stage 2, stage SWS (stage 3 + stage 4) and REM [19]. In AASM
standard stage 3 and stage 4 are referred to as SWS stage. The distinction between S3 and
S4 is clinically meaningless [20]. To label sleep stages, every 30 seconds of the desired
vital signal recording is considered as an epoch. Then, using the specific features of each
stage, each epoch is identified as one stage.
6.3.1. Wake Stage
This stage usually begins at the beginning of sleep when the person is still awake. The
alpha brain wave is very prominent in the wake stage, and by studying the EEG, it is
possible to detect the wake stage by detecting the alpha wave. In wake stage, the EMG of
the chin, due to muscle contraction has a higher amplitude than other stages. EOG at this
stage is also associated with high amplitude and sustained artefacts of rapid eye
movements [20].
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6.3.2. Stage 1
Stage 1 of sleep is called light sleep and usually a short time of sleep, and the time it takes
for stage 1 to fall sleep increases with age. In S1 in addition to the alpha wave, theta wave
activity and sometimes beta appears in the EEG. The EMG of the chin also declines in
frequency domain in S1. In stage 1, dreams begin, but because of light sleep, one may
wake up at this stage [20].
6.3.3. Stage 2
Stage 2 is the middle stage of sleep, and the EEG of this stage will increase in amplitude
compared to the previous stages. Theta wave activity is also evident in EEG. In S2 EEG,
K complexes and spindle appear due to minimal response of the brain to external stimuli.
K complexes may be cause by the brain's very poor response to sudden sound in the
surroundings during sleep. Sometimes it has an intrinsic origin, and if we know that it is
not responding to external stimuli, we can find out that it is the cause of a brain disorder.
Spindles that are relate to the central nervous system reactions also usually appear at this
stage, and as the age increases, the number of times the spindle appears in the EEG of
sleep decreases. EOG and EMG signals in the stage 2 are not significantly different from
other stages. Physiological functions of the body in S2, including blood pressure, brain
metabolism, cardiac activity, and body temperature, are reduce relative to stage 1. EOG
activity at this stage is similar to EEG [12, 20].
6.3.4. Stage 3
EEG of this stage have slow waves with high amplitude, and is the most relaxing and
enjoyable phase of sleep. As the age decreases, the duration of this stage decrease. Sour
Growth Hormone is often secreted during the SWS stage [20].
6.3.5. REM
REM stage usually occurs 90-120 minutes after S1, and despite being the deepest phase
of sleep, the brain acts like an awakening state and responds to the internal stimuli. This
is why REM is called the active sleep stage. In the EEG of REM stage, the alpha wave is
known and brain waves are low amplitude. Unlike other stages of sleep, in the REM stage,
physiological activities including blood pressure, brain metabolism, body temperature,
etc. increases [12, 20].
Due to the similarity of the brain signal of some stages and the difficulty of stage
recognition by EEG signal, the PSG recording uses a combination of three vital signals to
improve the accuracy of the identification of sleep stages. No other signals are need if the
technician or computer algorithm is capable of detecting EEG sleep stages. Table 6.1
shows brain frequencies and brain waves during sleep stages.
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Table 6.1. Different brain frequencies during different sleep stages.
Feature
Alpha (α)
Beta (β)
Theta (θ)
Delta (δ)

Frequency
8-13 Hz
+13 Hz
4-8 Hz
0-4 Hz

Amplitude
20-60 𝜇𝑣
2-20 𝜇𝑣
50-75 𝜇𝑣
+ 75 𝜇𝑣

Stages
Wake, S1 and REM
Wake
S1, S2, S3, S4
S3, S4

6.4. The Importance of Sleep Study
Lack of sleep and poor sleep can affect the amplification of many diseases, and some
diseases are detectable and controlled by sleep study. That is why sleep studding is so
important, both to diagnose diseases, and to prevent or improve some diseases [21]. In the
following, we examine the relationship between some diseases and sleep.
6.4.1. Sleep and Epilepsy
The first studies on the relationship between sleep and convulsion began in Aristotle's
time, and researchers found a link between them. Internal factors affecting sleep activity
and epilepsy are common, such as brainstem, hypothalamus, thalamus and cerebrum,
which greatly influence the two activities. Anticonvulsants directly affect sleep, and
changes in sleep rhythm stimulate seizures [21].
Lack of sleep, stimulates seizures and increases the time of the SWS stage in a person
with epilepsy [22]. Sleep disorders in children, increases the likelihood of seizures and
decrease the ability of the child to learn and memory, simultaneously. For this reason, the
sleep of children with epilepsy should be checked [23]. If a person with epilepsy has
obstructive sleep apnea, by diagnosing apnea and treating it the likelihood of a seizure in
the person is significantly reduced, and this is only possible with sleep tests [24].
Highlights of the sleep stages features of people with epilepsy includes reduced REM
sleep time and increased wakefulness after waking up [25].
6.4.2. Sleep and ADHD
In recent years, studies of the relationship between sleep and attentiondeficit/hyperactivity disorder (ADHD) have increased dramatically. Sleep onset insomnia
is one of the sleep-related diseases that children with ADHD suffer from, and it reduces
learning in children. One of the signs of ADHD in children is the lack of attention to
education and poor learning [26, 27].

6.5. Automatic Sleep Stages Classification
In the past, a human technician (physician and nurse) had a sleep test, with a visual
inspection of vital signals recorded by a person during night-time sleep. Due to the high
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volume of sleep data (6 hours of sleep per night), we usually see human errors in the sleep
data analysis. The process of visual inspection of sleep stages is complex, time-consuming
and susceptible to human errors. It is also very costly due to the use of technician in the
sleep review process. Occasionally, there are urgent cases that needed to be diagnosed
quickly and manual examination, due to a time-consuming process, may not be effective
in these situations [28]. In recent years, due to the importance of sleep monitoring as well
as advances in technology, much researches has done to automate the classification of
sleep stages using computers. Automatic identification of sleep stages can dramatically
reduce sleep study time and provide reliable results.
The automatic classification of sleep stages is performed in two general ways:

 Classic methods;
 Deep learning neural network methods.
In both classical and deep learning methods, we first need a set of appropriate sleep
databases to perform processing operations. In the next section, we will review some
important ones.
6.5.1. Sleep Databases
Vital data in research may be available in three ways. The researcher has recorded the
signals from a set of individuals, the researcher used global and available data, or the
researcher has simulated the data. If the researcher has recorded the signals itself, some
kind of noises may be merged with the original signal, so the received signal must be
pre-processed. For example, Radha and et al. record sleep data from 292 patients in
584 nights and present in 2020 [16]. Tataraidze and et al. record sleep data from
685 healthy patients with RIP sensor and present it in 2017 [29]. Hwang and et al. record
sleep data from 25 patients with the bed sensor and present it in 2016 [30].
Available databases will also be very useful for initial simulations of automatic
classification of sleep stages algorithms in terms of time and cost. Using the public
available databases, you will not have problems such as recording the signal, and it is very
easy to work with them. These databases are reviewed in the following section.
6.5.1.1. Available Sleep Databases
Up to March 2020, there are seven popular sleep databases, which we will discuss in the
following sections.
Sleep EDF database [expanded]
This collection contains 197 PSG sleep information. The first database of this series was
published in 2002, and contains sleep information of 7 people. Complete information on
this collection was presented in 2018 for Cink Challenge. The 2018 collection includes
EEG (Fpz-Cz and Pz-Oz), EOG and chin EMG with 100 Hz sample rate (some records
contain respiration and body temperature) for per person in day-night period. Previous
researches has shown that EEG channels are better than C4-A1/C3-A2, which is why
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Fpz-Cz/Pz-Oz channels are used in this database [31]. The PSG file of this database is
available in EDF format. Every 30 seconds of sleep (considered an epoch) is labelled by
a skilled technician according to the R&K standard. Therefore, the sleep annotation of this
database is wake (0), S1 (1), S2 (2), S3 (3), S4 (4) and REM (5). Movement time in EDF
database annotated by 6. Label files of this database for per person is named
Hypnogram.edf [32, 33]. Table 6.2 shows total number of epochs in the sleep
EDF database.
Table 6.2. Total number of epochs in sleep EDF database.
Stage

Wake

REM

S1

S2

S3

S4

Epoch

65951

21522

96132

13039

25835

222479

The PSG data in this database are in two categories: SC* (Sleep Cassette) and ST* (Sleep
Telemetry). Number of 153 PSG data are available with SC* suffix. There is 20-hour PSG
recording of 78 people and two nights record for per person in SC* category. From person
13, 36 and 52 there is one night of PSG recording. This data was record in
1987-1991 to examine the effect of age on sleep of healthy Caucasians aged
25-101 years [34, 35].
ST* files include 9 hours PSG record in hospital from 22 persons and two-night PSG for
each person. This database was developed in 1994 to investigate the effect of temazepam
on people in the Caucasus [36]. This database is available in the physionet website1.
CAP Sleep Database
Cyclic Alternating Pattern (CAP) is an alternate and periodic pattern in EEG and occurs
during NREM sleep. CAP consists of two cycles, A and B, which brain activity occurs in
the A cycle and brain deactivation occurs in the B cycle. The CAP cycle may take less
than one minute. Complete information on the CAP cycle is available in the references
[37, 38]. Fig. 6.5 shows CAP cycle in the stage 2.
CAP indicates the brain's response to any internal or external factors during sleep, and
therefore may be a sign of instability in sleep. The high number of CAP cycles can observe
in the EEG of patients with epilepsy, insomnia, and sleep disturbances. For this reason,
this database is suitable for the detection of such diseases through sleep [40-42].
The CAP database includes EEG, EOG (2 channels), EMG of the sub mentalis muscle,
bilateral anterior tibial EMG, respiration signals (airflow, abdominal and thoracic effort
and SaO2) and EKG recordings, from 16 healthy person, 40 patients diagnosed with
NFLE, 22 affected by RBD, 10 with PLM, 9 insomniac, 5 narcoleptic, 4 affected by SDB
and 2 by bruxism. In total, this database contains a PSG record of 108 peoples at the

1

https://physionet.org/content/sleep-edfx/1.0.0/

273

Advances in Signal Processing: Reviews. Book Series, Vol. 2

Ospedale Maggiore Sleep Disorders Center, Parma, Italy [32, 43]. CAP database is
available in the physionet website1.
Labelling of the CAP cycle according to Terzano’s reference atlas was done in REMlogic
™ software (Embla). The record scores are available in.txt file and includes sleep stage
(W = wake, S1-S4 = sleep stages, R = REM, MT = body movements) and body position
(Left, Right, Prone, or Supine; not recorded in some subjects).

Fig. 6.5. CAP cycle in the stage 2 [39].

St. Vincent's University Hospital / University College Dublin Sleep Apnea Database
St. Vincent's University Hospital / University College Dublin Sleep Apnea Database
(UCDDB) database contains PSG recordings of 21 males and 4 females (25 in total)
healthy, with no history of disease and drug use and presented in 2011. The PSG includes
EEG (C3-A2, C4-A1), EOG (left and right), submental EMG, ECG (modified lead V2),
oxygen saturation (finger pulse oximeter), oro-nasal airflow, ribcage movements, body
position, abdomen movements (uncalibrated strain gauges) and snoring (tracheal
microphone) with 128 Hz sampling rate during 6 hours recordings [32]. The UCDDB
database is available in the physionet website2.
Professional experts according to R&K standard, perform sleep scoring, so that for every
30 second of the signal the stages may include wake (0), REM (1), stage 1 (2), stage 2 (3),
stage 4 (5) and artefact (6). There are also four types of sleep apnea annotated in this
database that include Hypopnea (HYP), Central (C), Obstructive (O) and Mixed (M).
MIT-BIH Polysomnographic Database
MIT-BIH Polysomnographic database (SLPDB) includes sleep PSG recordings from
18 persons in Boston's Beth Israel Hospital Sleep Laboratory. PSG recordings of this

1
2

https://physionet.org/content/capslpdb/1.0.0/
https://physionet.org/content/ucddb/1.0.0/
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database contain ECG, EEG, EOG, EMG, invasive blood pressure, respiration and cardiac
stroke volume signals [44].
The annotation of this database done by a skilled technician and includes sleep stages
labels according to R&K standard and sleep apnea. Sleep stages annotations are contain
wake (W), stage 1 (1), stage 2 (2), stage 3 (3), stage 4 (4), REM (R) and movement time
(MT). Sleep apnea annotations of MIT-BIH Polysomnographic Database are contain
hypopnea (H), hypopnea with arousal (HA), obstructive apnea (OA), obstructive apnea
with arousal (X), central apnea (CA) and central apnea with arousal (CAA) [32, 44]. The
SLPDB database is available in the physionet website1.
Wrist worn wearable sleep database
Wrist worn wearable sleep database was recorded in 2017-2019 and includes acceleration
and heart rate (bpm, measured from photo plethysmography) by Apple Watch from
31 persons during sleep. The purpose of this database is to make good use of
smartwatches, and given the ease of clock signal recording, the algorithms presented on
this database can be very useful. Subjects were both record for PSG in the laboratory for
8 hours and their accelerometers and heart rate recorded by Apple Watch. Annotation of
this database is wake (0), S1 (1), S2 (2), S3 (3), S4 (4) and REM (5) [32, 45]. This database
is also available in the physionet2 website.
Sleep Bioradiolocation Database
Sleep Bioradiolocation Database (SLEEPBRL) by using a bio radar at the Remote Sensing
Laboratory of Bauman Moscow State Technical University, examines the sleep of
31 people without taking any medicine. This bio radar is continuous wave type with
stepped frequency modulation, quadrature receiver, 3.6-4.0 GHz frequency range and
50 Hz sampling rate. The recording data from this bio radar, annotation according to
AASM manual by skilled technician and contain wake (w), stage 1 (1), stage 2 (2), stage
3 (3) and REM (R). Bio radar is a remote control device and has no contact with the person
while sleeping [32, 46]. Bioradiolocation database is available in the physionet3 website.
Sleep Heart Health Study PSG Database (SHHS)
The purpose of the database is to evaluate the health of sleep in the heart, to investigate
the effect of sleep breathing on cardiovascular disease, stroke and hypertension. SHHS1
contain PSG from 3441 persons and SHHS2 contain PSG from 3295 persons. In both
SHHS1 and SHHS2, PSG recording includes EEG (C3/A2-C4/A1) and EMG with
125 sampling rate, EOG with 50 Hz sampling rate, thoracic and abdominal excursions,
airflow, finger-tip pulse oximetry, ECG with 125 Hz sampling rate for SHHS2 and
250 Hz for SHHS1, heart rate, body position and ambient light. SHHS annotation is

1

https://physionet.org/content/slpdb/1.0.0/
https://physionet.org/content/sleep-accel/1.0.0/
3 https://physionet.org/content/sleepbrl/1.0.0/
2
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available in Hypnogram format, according to R&K standard (such as sleep EDF database)
[32, 47-50].
Different databases are used according to the researcher's needs. The number of people in
the database is also important for research. For example, in deep learning research studies
use large numbers of databases. Table 6.3. Summarizes all available and free available
databases for automatic sleep stages classification. After selecting the appropriate
database for automatic classification of sleep stages and sleep scoring, intelligent models
should be used for automatic sleep scoring and it is done in both classic and deep
learning methods.
Table 6.3. Summarizes all available and free databases for automatic sleep stages classification.
Database
EDF

Signal
EEG, EOG, chin EMG, respiration, body temperature

CAP

EEG, EOG, EMG, EKG, respiration signals

UCDDB

EEG, EOG, ECG, EMG
ECG, EEG, EOG, EMG, invasive blood pressure,
respiration, cardiac stroke volume signal
heart rate, accelerometer
Bio radio signal
EEG, EOG, EMG, ECG, thoracic, abdominal
excursions, airflow, finger-tip pulse oximetry

SLPDB
ACCEL
SLEEPBRL
SHHS

Comment
79 SC, 22 ST
16 healthy,
40 patients
21 male, 4 female
18 persons
31 persons
31 persons
6441 persons

6.5.2. Automatic Sleep Scoring by Classic Methods
Sleep signal processing like other signal processing algorithms, involves the basic stages
of signal processing. In the classical signal processing algorithms, the signal is first
selected, and the signal pre-processing operations are performed to prepare the signal
ready for processing. Afterwards, appropriate features are extracted from the signal. To
optimize the algorithms, it is necessary to select the optimal features, which is done by
intelligent algorithms in the feature selection stage. Finally, according to the optimized
signal features, the desired signal classification operation is performed. Fig. 6.6 shows a
block diagram of the classical signal processing steps.

Fig. 6.6. Block diagram of the classical signal processing steps.
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6.5.2.1. Feature Extraction
In relation to the automatic classification of sleep stages, five main groups of features have
been used to extract the feature so far which include statistical feature, frequency feature,
non-linear indicate (chaotic feature), entropy features and line-distance base feature. In
addition, considering that the main EEG or ECG signals are considered for sleeping, along
with the other signals, some features in each of the five groups are only used for one of
the EEG or ECG signals, which will be mentioned in the description of that feature. It
should be noted that some sources combine chaotic and entropy features to calculate the
complexity of the signal [16, 51], but in this study, because of the many features of each
group of entropy and chaos and the comprehensiveness of each group, we fall into two
separate categories.
Statistical Features
The first and most common group of features that used in the classification of sleep stages
and sleep scoring is statistical features [7, 52-57]. These features use time series or signal
statistics. The most important statistical features of mean variance are skewness and
kurtosis. In addition, one of the statistical features that is used only for EEG signal is
called Hjorth parameter.
Mean and Variance
Mean and variance calculate according to Equation (6.1)-(6.2) respectively. The variance
calculates the dispersion around the mean point.

1 N
 x(n) ,
N i 1

(6.1)

1 N
 ( x ( n)   ) 2
N i 1

(6.2)


2 

In Equation (6.1) and (6.2), N refers to total number of time series sample and x(n)
is time series.
Skewness and Kurtosis
Skewness, examines symmetry or asymmetry of the data. Kurtosis is a statistical operator
used to describe statistical distribution. Skewness and kurtosis calculate according to
Equation (6.3)-(6.4) respectively [58, 59].
3

xs 

1 N  x(n)   

,
N i 1  


1 N  x(n)   
xK  

N i 1  


(6.3)

4

(6.4)
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In Equation (6.1) and (6.2), N refers to total number of time series sample and x(n) is
time series.
Hjorth Parameter
Hjorth parameters present for the first time by Bo Hjorth in 1970 and include tree
parameters: activity, mobility and complexity [60, 61]. These parameters are statistical
indicators commonly used in analyzing EEG signals for feature extraction [56]. The
activity parameter indicates the power of signal. The dynamics parameter represents the
mean frequency or standard deviation ratio of the power spectrum. The complexity
parameter indicates the change in frequency. The complexity parameter compares the
signal similarity to a sinusoidal wave. If the signal is quite similar to a sinusoidal, it
reaches 1. Activity, mobility and complexity are calculated according to
Equation (6.5)-(6.7).

Hjorth _ activity   x2 ,

Hjorth _ mobility 

 x
,
x

   
Hjorth _ complexity   x    x 
  x    x 

(6.5)
(6.6)

(6.7)

In Equation (6.2)-(6.3),  x refer to standard deviation of x(n) signal derivative and  x
refer to standard deviation of the second derivative of the x(n) signal.
Root Mean Square of the Successive Differences
Root Mean Square of the successive differences (RMSSD) is a time-domain feature that
examines changes in heart rate and calculated according to Equation (6.8) [62]. RMSSD
is just use for ECG analysis.

RMSSD 

1 N
[ RRi  RRi 1 ]2 ,

N  2 i 3

(6.8)

In Equation (6.8), RRi refer to ith R-R in signal and N is the total number of signal sample.
Percentage of Successive RR Differences
Percentage of successive RR differences (pNN50) Computation is the consecutive pair of
R-R peaks occurring in more than 50 milliseconds. pNN50 just use for ECG analysis.
Fig. 6.7 shows the R-R peak in ECG signal.
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Fig. 6.7. R-R peak in ECG signal.

Frequency Analysis
The second category of features that use for sleep scoring is frequency analysis features
[63, 64]. These features transmit the signal to the frequency domain and analyze their
frequency dimension. The frequency dimension will display a signal to us that is not
detectable in the time dimension. Frequency features used to sleep scoring are divided
into two categories: Frequency domain analysis and Time-frequency analysis. Frequency
analysis is often used for EEG signals. Due to the complexities of the EEG signal,
time-domain analysis is not sufficient for this signal and needs to be investigated in the
frequency domain as well [65-67].
Short-time Fourier Transform
Frequency domain analysis is based on the Fourier transform and usually use for EEG
signal analysis. One of the most widely used features in this class is short-time Fourier
transform (STFT) to determine signal complexity based on frequency function [51]. STFT
is calculate according to Equation (6.9) [68].

STFT  x(n) (m,  )  X (m,  ) 



 x(n)(n  m)e

 j n

(6.9)

n 

In Equation (6.9), x(n) is a time series,  is continuous and m is discrete.
Power Spectral Density
The second feature in frequency domain analysis is power spectral density (PSD). PSD
represents the energy at each frequency and usually use for EEG signal analysis. This
feature is obtained from the fast Fourier transform of the signal and displays the energy
changes as a function of frequency. The frequency function determines at what
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frequencies the signal changes more and at what frequencies it changes less. Using the A
method is one of the simplest ways to calculate a PSD [69, 70]. PSD is calculate according
to Equation (6.10).

PSD 

FFT ( x(n))

2

w0  Q

(6.10)

In Equation (6.10), x(n) is a time series, Q and w0 are constant values.
Because the EEG signal is a dynamic and time-varying signal, in EEG sleep research,
each sleep phase has its own frequency component. Because of this, time-frequency
analysis is used for sleep scoring. Three features in time-frequency analysis, is most
common for sleep stages analysis that include Wigner-Ville distribution (WVD), wavelet
transform (WT) and Hilbert-Huang transform (HHT) [51].
Wigner-ville Distribution
WVD was presents by Sen et al. in 2014 [71]. The PSD studies the signal energy
distribution in the time-frequency domain and is very suitable for investigating dynamic
and time-varying signals such as EEG [72]. Discrete WVD is calculated according to
Equation (6.11).

WVDx (n,

L 1
m
)  2  p(k ) X (n  k ) X * (n  k )e jkm 2 / M
M
k  L 1

(6.11)

In Equation (6.11), mπ/M refer to circular frequency, p(k) = ω(k)ωꞏ(k). ω(k) is the time
window function at center that it can be Haining window, Gaussian window, Hamming
window etc.
Wavelet Transform
The most common feature in time-frequency domain categories is wavelet transform. WT
provides us with good frequency information from the sub-band of signal or time series.
In order to overcome the limitations of Fourier analysis to obtain information in both time
and frequency ranges, another type of conversion, called wavelet transform can be used
and wavelet transform emphasizes locations and scales [73, 74]. The signals in the wavelet
transform are repeatedly parsed and passed through low pass filters to obtain the system
wavelet at a logarithmic frequency resolution. The decomposition process in wavelet
transform is performed by the mother wavelet function which can be of various types such
as Haar, Daubechies-4, Coiflet-6 and … [75]. The discrete wavelet transform passes the
signal through the low pass filter and the output represents the partial coefficients,
in addition to the coefficients passing through the high pass filter which also
provide approximate coefficients [55, 70]. Discrete WT is calculated according
to Equation (6.12) [51].
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1

WT   x(n)

a

R

 j ,k ( n)

(6.12)

In Equation (6.12), x(n) is time series and  refer to mother wavelet function.
Hilbert-Huang transform
HHT present for the first time in 1998 by Tsai et al. and include two-step, calculate
empirical mode decomposition (EMD) and Hilbert analysis [76]. HHD is calculated
according to Equation (6.13)-(6.19). The EMD signal must first be calculated. Next, the
Hilbert transform is performed for each of the IMFs. Then the next step is the Hilbert
analysis [51].
n
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T

HHT   H (, t )dt

(6.19)

0

In Equation (6.13)-(6.19), ci (t ) is the ith IMF component and rn is the residual
component. Equations (6.14)-(6.17) are for Hilbert transform and Equations (6.18)-(6.19)
is for calculate HHT.
Chaotic features
The third category of features used to detect sleep stages is nonlinear indicate or chaotic
features. These features on the signals describe the basic concepts of nonlinear dynamics
and the measurement of signal complexity and stability. Moreover, in recent years, it has
attracted the attention of researchers for sleep scoring by EEG or ECG [56, 57, 77]. The
most prominent chaotic features are Poincaré plot, Lyapunov exponent, fractal dimension
calculation in various ways, including Higuchi, Petrosian and Katz.
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Poincaré Plot
Statistically, Poincaré plot shows the correlation between consecutive intervals
graphically and present for the first time by Henri Poincare [77]. The Poincaré plot is often
used to examine the ECG signal and is generally in Fig. 6.8.

Fig. 6.8. An example of a Poincaré diagram in general.

After drawing the Poincaré plot, we can calculate the criteria for the width, length, and
area of the Poincaré diagram, and obtain three features. The length of the first main
diameter (SD1) indicates short-term changes in the signal and calculated according to
Equation (6.20).

SD1 

1 N
( Di1 )2

N i 1

(6.20)

In Equation (6.20), Di1 represents i-th distance from the main signal line and N represents
the number of signal samples.
The length of the second diameter of the Poincaré plot indicates long-term changes in the
signal and it is calculated according to Equation (6.21).

SD2 

1 N
( Di2 )2

N i 1

(6.21)

Area of Poincare plot is calculated according to Equation (6.22).

area    SD1  SD2
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Petrosian Fractal Dimension
Statistically the fractal dimension of that signal can measure the complexity of a signal
with details of a pattern. One of the methods of calculating the fractal dimension is the
Higuchi method. Petrosian Fractal Dimension (PFD) is a combination of Higuchi method
and Petrosin algorithm for fast calculation of fractal dimension of a signal [78]. PFD is
calculated according to Equation (6.23) [56].

PFD 

log N
log N  log N  0.4M

(6.23)

In Equation (6.23), N denotes the number of signal samples and M denotes the number of
signal changes in the signal derivative.
Normalized Line Length
Another method of calculating the fractal dimension is the use of the Katz method [79].
Esteller et al. introduced the Normalized Line Length (NLL) feature for faster calculation
of the fractal dimension by the Katz method and is calculated according to
Equation (6.24) [80].

NLL(n) 

1
M

n



| x(m)  x(m  1) |

(6.24)

mn  N

In Equation (6.24), N denotes the length of the window, n denotes the number of samples,
M denotes the number of moving and changing windows and x(n) is one epoch of signal
(in sleep study x(n) is 30s of signal). In Memar et al. study about sleep scoring M = 1 [56].
The Largest Lyapunov Exponent
Lyapunov's view is a quantity that determines the degree of convergence or divergence of
a dynamic system [81]. The largest Lyapunov exponent (LLE) is estimated as the mean
rate of separation of the nearest neighbors [82]. For sleep study, a small amount of data
method is used for calculate LLE. LLE is calculated according to Equation (6.25).

1
t 
 t

  lim ln

x( x0 , t )
x0

(6.25)

Hurst Exponent
The Hurst exponent is used to evaluate correlation and self-similarity, and usually used
for EEG study [51, 83]. Hurst exponent is calculated according to Equation (6.26).

Hurst 

log( R / S )
log(T )

(6.26)
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In Equation (6.26), T refers to the length of time the sample signal lasts, and R/S is refer
to scaling range of sample signal. The closer the value of H is to zero, the more unstable
the signal is [51].
Entropy Features
The fourth category of features used in the classification of sleep stages are entropy-based
features. These features investigate the complexity and perturbation of the EEG signal in
various ways. Statistically the concept of entropy for a system is realized when the system
is not separate and the states of the available states of the system are not possible. In this
case, the entropy types can be used to check the complexity of the signal. For sleep scoring
seven type of entropy feature are used that include normalized spectral entropy, Shannon
entropy, Tsallis entropy, Kolmogorov-Sinai entropy, fuzzy entropy, sample entropy and
multi-scale entropy.
Normalized Spectral Entropy
After calculating the Fourier transform of the signal, one can obtain the normalized power
spectral of the signal and then enter the normalized spectral entropy (NSE) [84, 85]. NSE
is calculated according to Equation (6.27).

NSE 

f2
1
1
S (f )(log
)

S (f )
log (N f ) f f 1

(6.27)

In Equation (6.27), F1 and F2 are the high and low frequencies of the power spectrum, S
refer to power density of signal and N f is Frequency ranges between high and low
frequencies.
Shannon Entropy
Reiny entropy or Shannon entropy (SE) in statistics is defined as the index of diversity
and can be considered as a measure of distribution entropy [86]. SE is calculated according
to Equation (6.28).

SE 

n
1
log ( Pi m )
1 M
i 1

(6.28)

In Memar et al. study about sleep scoring m = 2 [56]. m must be a number greater than 0
and m  1 .
Boltzmann's Entropy
Boltzmann's entropy present for the first time by Ludwig Boltzmann in 1872 and was
presented to investigate the entropy of the ideal gas. Boltzmann's entropy is calculated
according to Equation (6.29).
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Boltzmann _ entropy  k ln W 

(6.29)

In Equation (6.29), k is Boltzmann constant and k  1.38065  1023 w refer to
Thermodynamic probability.
Tsallis Entropy
In terms of mathematical calculations and physical states, Tsallis entropy is similar to
Boltzmann's entropy. Tsallis entropy is calculated according to Equation (6.30) [87].
m

Tsallis _ entropy 

k (1   piq )
i 1

q 1

,q R

(6.30)

In Equation (6.30), m is the number of sample signal and k is Boltzmann constant. Usually
in sleep study k = 1 and q = 2.
Kolmogorov-Sinai Entropy
Kolmogorov-Sinai entropy (K-S) is the matrix entropy of the dynamic system and is an
important measure for random testing of a time series. For a regular series, the K-S entropy
is zero, positive for a series of noises, but infinite for a random signal [88, 89]. K-S entropy
is calculated according to Equation (6.31).
N 1

K  lim  (Sn 1  Sn )  lim
n 

n

n 

1
[ S N  S0 ]
N

(6.31)

In Equation (6.31), N refers to total number of signal sample and S is entropy of signal in
limited time.
Sample Entropy
Sample entropy (SampEn) is one of the most common types of entropy for detecting
diseases from biological signals. SampEn present for the first time by He et al. and is the
improved of approximation entropy and it is used to calculate signal complexity [90].
SampEn is calculated according to Equation (6.32).

SampEn   log

A
, A  d [ X m 1 (i ), X m 1 ( j )  r , B  d [ X m (i ), X m ( j )  r
B

(6.32)

In Equation (6.32), A and B are number of template vector, m refers to length of template
vector and d is distance function.
Fuzzy Entropy
Fuzzy entropy is also calculated to calculate the signal complexity, and Chen et al. for the
first time, improved SampEn and present fuzzy entropy [91]. Fuzzy entropy is very
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suitable for use on EMG signals, but it also provides a good response for studying sleep.
Fuzzy entropy is calculated according to Equation (6.33) [51].
FuzzyEn( m, n, r )  ln  m ( n, r )  ln  m 1 ( n, r ),

 m ( n, r ) 

N m
1 N m
1

 Dijm , Dijm  exp((dijm )n / r )
N  m i 1 N  m  1 j 1

(6.33)

In Equation (6.33), d ijm refer to maximum value of difference in distance between xim and
x mj , N refer to total number of signal sample, m is the length of sample vector and r is

tolerance.
For sample and fuzzy entropy, the selection of appropriate r and m values can influence
the desired output. Sleep studies can identify sleep stages by calculating the signal
complexity at each stage. For example, the complexity of the wake-up phase is greater
than the other stages, and in NREM sleep, the signal complexity is greatly reduced [51].
Distance-based Features
The fifth category of features used to detect sleep stages are distance-based features. These
features distinguish between different data’s based on the different distances that exist
between each individual data element. Among these features are the maximum and
minimum data distances and log root sum of sequential variation.
Maximum-Minimum Distance
Maximum-Minimum Distance (MMD) calculates the distance between the highest and
lowest points in each sub band based on the Pythagorean distance [92]. MMD is calculated
according to Equation (6.34)-(6.35).

Dk  (xk2  yk2 ) ,

(6.34)

N

MMD   Dk

(6.35)

k 1

In Equation (6.34) and (6.35), x denotes the distance difference of two points in the time
axis, y denotes the distance difference in the domain axis, and N denotes the number of
windows on the signal.
Log Root Sum of Sequential Variations
Log Root Sum of Sequential Variations (LRSSV) to measure the successive variations
between signal samples are presented and calculated according to Equation (6.36) [56].
N 1

LRSSV  log ( ( x(n)  x(n  1))2 )
n 1
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In Equation (6.36), N denotes the number of signal samples.
Table 6.4 lists all the features used to automatic classification of sleep stages. Not all of
these features are needed in sleep research, and according to the algorithm, some of these
features are used to identify different stages of sleep.
Table 6.4. List of sleep features used in sleep stage classification.
Feature
category

Feature

Equation
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 x ( n)
N
i 1

Statistical
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Feature
category

Feature
Normalized
Line Length
largest
Lyapunov
exponent
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1 M

log ( Pi m )
i 1

Boltzmann _ entropy  k ln W 
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Entropy
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Tsallis entropy
KolmogorovSinai entropy
Sample entropy
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FuzzyEn( m, n, r )  ln  ( n, r )  ln  m 1 ( n, r )
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MMD   Dk

m

N

Distancebased
features

k 1

N 1

LRSSV

LRSSV  log (  ( x ( n)  x ( n  1)) 2 )
n 1

After reviewing the appropriate features for sleep analysis, we will examine the feature
selectors. In automatic classification, it is necessary to identify the superior features after
extracting the features.
6.5.2.2. Feature Selection
Human expertise, often needed to convert raw data into useful feature sets, can be
complemented by automated feature extraction methods and operations on useful features.
In order to automatically process signals, we first need a set of features that represent the
properties of a particular signal, and can clearly distinguish the desired signal from
other signals.
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The number of features is a key factor that determines the size of the hypothesis space that
contains all the hypotheses that can be derived from the data. Linear increase in the
number of features results in an exponential increase in the hypothesis space. Therefore,
the selection of superior features can effectively reduce the hypothesis space by
eliminating inefficient and unnecessary features. Feature selection is essentially a task of
removing inappropriate or excessive features.
Feature selectors have two general stages, named search and selection mechanisms. Each
search and selection algorithm can be done by different methods. There are three
categories for search algorithms that are complete search, stochastic search and heuristic
search methods. Moreover, there are five categories for selection types that are filter
based, wrapper based, embedded selection, hybrid selection and feature selection
algorithms according to behavior of living [93]. First, we will review three categories of
search algorithms, and then investigate different feature selection methods.
Complete Search
This complete search method is a comprehensive algorithm, and at first a complete search
method starts with all the features. Afterwards, at each step a feature is removed to finally
achieve a set of efficient features.
Random Search
This method usually provides a smaller number of subsets than the original set of 2n by
setting the maximum number of iterations (n refers to the number of features). The
optimality of the selected subset depends on the available constant values. Each random
production method requires some parameter values. Assigning appropriate values to these
parameters is an important step in achieving the desired results.
Heuristics Search
In each iteration of this category, all remaining features that are still selected will be
nominated, and the number of subsets increases with each step. This method has high
computational speed and produces good results.
After reviewing the three available methods for searching feature selectors, we move on
to the description of selection methods. There are five general methods for selection in
feature selectors, which are: filter based, wrapper based, embedded selection, hybrid
selection method and feature selection according to behavior of living. We will examine
these selection methods
Filter Based Selection
Filter-based methods are used separately from the classifier to identify the pattern and
work on the data without any particular parameter dependency. This method is very
suitable for use on extensive data. Filter based methods uses a filter to apply to the feature
matrix, which can have different types. In the filter based methods, first by using the filter,
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the feature vector dimming operation is performed, and a superior feature vector is created
and then the this vector can be classified [94, 95]. Cho et al. use normalized mutual
information feature selection method that is a filter based feature selection for sleep
scoring [96]. Fig. 6.9 shows the flowchart of a filter-based selection method.

Fig. 6.9. Flowchart of filter-based selection method.

The nature of the general filter-based methods has made them universally. However, in
recent studies, the types of filter-based methods have been less accurate than other
methods. One of the filter-based feature selectors is the Laplacian selector, which works
for labelled and unlabelled data based on the Laplacian graph [97, 98].
Wrapper-based Selection
In wrapper-based methods, in order to evaluate the features, the classification error is
calculated using the selected features, and the set of features are considered as the superior
features which results in the least error in the classification stage. In the Wrapper-based
method, the main feature vector is used and simultaneously in a dual rotational process,
the feature dimension reduction is performed and the superior data are classified [99].
Seifpour et al. use a wrapper-based feature selection to classify six sleep stages [100].
Fig. 6.10 show the flowchart of a wrapper-based selection method.

Fig. 6.10. Flowchart of wrapper-based selection method.

Wrapper-based methods create a set of custom features that are tailored to some specific
task and some specific system, which limits this. In addition, this method is only
applicable to small datasets and will face computational weakness in the face of large
amounts of data.
Embedded Selection
Embedded selection methods are a combination of two previous methods, and is presented
to solve the weaknesses of the two previous ones. Similar to wrapper-based methods, this
method is also dependent on the type of classifier, and will therefore create problems in
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the process of selecting the superior features. Rahman et al. classified six sleep stages by
EOG signal using neighborhood component analysis as feature selector, that is an
embedded one [101]. Fig. 6.11 shows the flowchart of an embedded based feature
selection method.

Fig. 6.11. Flowchart of an embedded based selection method.

Hybrid Selection Method
Hybrid selection methods are a combination of the two methods of filter-based and
wrapper-based selection algorithms [102, 103]. Fig. 6.12 shows the flowchart of a hybrid
selection method.

Fig. 6.12. Flowchart of hybrid selection method.

Selection Methods Inspired from Nature
This category of feature selection is based on the survival process of organisms. For
example, the ant colony algorithm is one of these selectors and works on the ant process
of finding food [104, 105]. Genetic algorithm optimization is another example of these
selectors that works based on the evolutionary process of organisms and the Darwin
principle [106]. Yundong et al. uses genetic algorithm feature selection for sleep scoring
in 2010 [107].
Once the top features are selected, it is necessary to use the appropriate classifications to
identify the different stages of sleep. Therefore, in the next section, we will examine the
different types of classifiers for automatic classification of sleep stages.
6.5.2.3. Classifier
An algorithm that implements data classification is known as a classifier. The term
classifier also refers to the mathematical function performed by a classification algorithm
that assigns the input data to a specified class. In pattern recognition, data categorization
is divided into two different types: classification of supervised data by classifiers and
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grouping of unsupervised data by clustering methods. Classifiers often use labelled data
and assign new input data to one of the categories. Grouping of unsupervised data, known
as clustering operations, use unlabelled data and divide the input data into different
categories and each category considered as an output.
Because sleep data is usually labelled one, classifiers are used in connection with the
automatic classification of sleep stages. Classifiers are divided into two classes of linear
and nonlinear classifiers. Linear classifiers use complex mathematical relationships to
classify feature vectors, and are less popular because of the complexity of the
relationships. The most important advantages of linear classifiers is their simplicity and
computational efficiency. Linear classifiers take less time to train, use and achieve
comparable accuracy to nonlinear classifiers. Due to the simplicity of computation, linear
classifiers cannot properly classify all feature vectors and their applications are limited.
The types of classifiers used to classify the features of a signal, including the sleep signal
are: artificial neural networks (ANN), Naïve Bayes Classifier (NBC), k-nearest neighbor
(KNN), AdaBoost, Bagging, RF, denoising auto encoder (DA), support vector machine
(SVM), decision tree (DA), linear discriminant analysis (LDA) and random forest (RF).
Recent researches on the automatic classification of sleep stages by classic method with
the type of used classifier in Table 6.5 are shown.
Table 6.5. Recent research on the automatic classification of sleep stages by classic method
with the type of used classifier.
Method
Memar [56]

Type of classifier
RF

Liang [108]

DT

Phan [66]
Ronzhina [109]
Hassan [54]
Yu Zhang [110]
Yücelbaş [111]
Adnane [112]
Hassan [113]
Geng [114]

KNN
ANN
AdaBoost
LDA
RF
SVM
SVM
SVM

Signal
EEG
EEG, EOG,
EMG
EEG
EEG
EEG
EEG
ECG
ECG
EOG
HRV

Number of sleep stages
5

Accuracy
98.44 %

6

86.68 %

6
6
6
5
3
2
6
3

94.4 %
76.7 %
84.3 %
75.6 %
76 %
79.9 %
91.7 %
77.9 %

Automatic classification of sleep stages is done in two ways: classic and deep learning
methods. So far, all the steps of the classical method have been studied. In the next section,
deep learning methods are introduced.
6.5.3. Automatic Sleep Scoring by Deep Learning Method
Deep learning neural networks are new area of machine learning, and there are a variety
of applications in different engineering problems in recent years. They are an advanced
type of simple elementary neural networks, and allow for signal processing in greater
number of hidden layer than other neural networks including perceptron. Due to the use
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of more hidden layers in this type of neural networks, these networks can process large
data. Due to the high volume of sleep data that results from recording the signal during
several hours of sleep, in recent years the use of deep learning neural networks for
automated sleep studies has received much attention from researchers [115-118].
Deep learning overcomes the deficiencies of the classical methods with automatic
learning. That is, deep learning methods require only a partially processed data set, rather
than manually editing data (classic method). Afterwards, attributes are extracted, and
feature vectors are classified. Thus, the engineering burden of features has been
transferred from humans to computers, enabling users of machine learning to use deep
learning networks for their research or applications, especially in image analysis and
medical signal processing applications.
In addition to automatic processing of all signal processing steps, deep training networks
are not noise sensitive. In sleep data, there is a high likelihood of noise contamination due
to prolonged recording time and individual movements during sleep and this has been the
second reason researchers have been using deep learning networks in recent years. In
addition, deep training networks need high GPUs to run because of the high volume of
computing, and these computers are readily available today.
The theory of deep learning networks was introduced for the first time in year 1980, and
has made many advances up to date. The types of deep learning networks, from the first
type to the most advanced ones used today, are as follows: Feed-Forward Neural
Networks, Deep Boltzmann machine, Stacked auto encoder and Convultional neural
network (CNN), respectively [119].
CNN is an advanced type of perceptron neural network with more hidden layer. The
learning stage is very strong in the convolutional networks and easily recognizes the signal
pattern, which is why they are used for any kind of signal and image use. In general, it
consists of four general layers: input layer, convolutional layer (middle layer), pooling
layer and dropout layer, respectively. The raw signal enters the input layer, and the desired
output, which is the desired class, is provided after passing the fourth layer. Fig. 6.13
shows a view of a convulousional neural network (one dimensional).
Feature map
In the (j-1) th layer

Pooling layer
Subsampling

Convolutional layer
Stride: 1
Kernel: 3*3

Stride: 2
Kernel: 2*2

Fig. 6.13. Shows a view of a convulousional neural network (one dimensional).
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Input Layer
This layer is responsible for receiving the signal. In CNN, data can be entered as
one-dimensional, two-dimensional, or three-dimensional. Two-dimensional data is
usually used for image processing applications.
Convolutional Layer
In the convolutional layer, the pattern learning of the signal is performed on the basis of
some of the filters and the canonical calculations of the signal. This layer itself contains
several substrates. Usually the number of middle layers is equal to four layers. The first
layer is a filter, also known as the feature identification layer or kernel. With each filter,
CNN only can learn one pattern or feature, so it is usually designed to have between
20-100 filters to train the network for more features. The second, third, and fourth layers,
like the first layer, are different types of filters for pattern learning. This step is similar to
the feature extraction and optimum feature selection in the classical method, except that
in deep training networks this is done automatically.
Pooling Layer
This layer is used to collect the output of the previous layers and classify the data. It is
very important to determine the dimension of this layer. For example, if the dimension of
this layer is selected 3, it means that the output matrix size of this layer is only one third
of the input matrix of this layer. In some CNN networks a middle pooling layer is placed
after the second and third layers.
Dropout Layer
Dropout layer is usually used to set up convolutional networks and gives us the desired
output as well as noise-related operations in this layer. This layer is used during training
and not during testing. The weights given to the samples during the training make the
network unable to accept new data and the connections between the layers become too
much. Dropout randomly converts some of these weights to zero and by this way the
network is balanced.
Convolutional networks, despite the complexity of training and adaptability to big data,
have low computational speed and require sophisticated hardware to run, limiting their
use. In the last few years, studies on the classification of sleep stages using cannulas
networks have been conducted to investigate them. A review of recent research into the
automatic classification of sleep stages using deep learning neural networks are shown in
Table 6.6.
After reviewing two general classical methods and deep learning method to study the sleep
stages, we present a new method for automatic classification of sleep stages.
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Table 6.6. A review of recent research into the automatic classification of sleep stages using deep
learning neural networks.
Method
Supratak [120]
Zhang [121]
Sors [122]
Qiao [123]
Wei [124]

Network
CNN
CU-CNN
CNN
CNN
CNN

Hidden layer
12
4
14
7
4

Signal
EEG
EEG
EEG
ECG
ECG

Sleep stages
5
5
5
4
3

Accuracy
82 %
87 %
87 %
75.4 %
77 %

6.5.4. New Method for Sleep Scoring
An EEG signal is a signal that contains useful information to check for sleep, and in spite
of more complex recording than other signals, it has more useful information. We can
achieve good results for classifying different stages of sleep by using EEG signal in
proposed method. Deep learning methods are not sensitive to noise and perform all the
steps of the signal automatically but now these networks are more complex and less
accurate than the classical methods.
Section 6.5.4 presents a classic method using single-channel EEG for automatic
classification of sleep stages. In the proposed algorithm, statistical, entropy and
distance-based features are first extracted from EEG signal. In the last step, to improve
the classification accuracy of the different stages of sleep, we combine the accuracy of
three different classifiers named SVM, KNN and DA by Dempster-Shafer algorithm. The
results of several different classifications can be combined with different methods, one of
this method is Dempster-Shafer.
Like other signal processing methods, the proposed method includes three main parts of
database, feature extraction, and classification, which are examined in these steps.
Fig. 6.14 show the block diagram of proposed method.

Fig. 6.14. Block diagram of proposed method.

6.5.4.1. Database
The proposed method uses sleep-EDF database that is introduced in Section 6.5.1.1. This
database includes PSG signals from 197 persons. In the proposed method, we used single
channel EEG (Pz-Oz channel used according to [125]) from 100 persons for automatic
classification of sleep stages.
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6.5.4.2. Feature Extraction
In the proposed algorithm, statistical, entropy and distance-based features are first
extracted from EEG signal. Table 6.7 shows all used features in the proposed method.
Table 6.7. All features that used in proposed method.
Feature category
Statistical features
Entropy features
Distance-based features

Type of feature
Mean, variance, skewness, kurtosis, Hjorth parameters
normalized spectral entropy, Shannon entropy, Boltzmann
entropy
Maximum minimum distance

6.5.4.3. Classification
Three different classifiers are used for automatic classification of sleep stages are: SVM
(quadratic kernel), KNN (medium KNN) and DA (fine tree). Initially, data classification
operations are performed with all three classifier and finally, the results of all three
classifier are combined by Dempster-Shafer theory [126, 127].
6.5.4.4. Dempster-Shafer Classifier Fusion
Data theory is inspired by the function of the human brain. Because the brain
simultaneously combines different information, including eye, ear and mouth information.
Sometimes we can not get complete information for signal processing from one source,
so using several information sources at the same time can increase the accuracy of signal
processing.
Dempster–Shafer theory (DST) was first proposed by Dempster in 1967 and promoted by
Glenn Shafer [128, 129]. DST is based on mathematical evidence and according to this
theory, information from different sources can be combined. This combination can be
done at the data level, at the feature level or at the classifier level [130]. There are three
important functions in DST theory that are central to computation. These three functions
are: basic belief assignment (m or BBL), belief function (Bel) and plausibility function
(Pl). The basic belief assignment is a function of belief mapping is evidence of the
occurrence of A. Bel and Pl represents the upper and lower limits of a probability. m, Bel
and Pl are calculated according to Equation (6.37)-(6.39).
m : 2  [0,1]if

 m( A)  1_ and _ m( )  0 ,

(6.37)

A 

Bel ( A) 

 m( B ) ,

(6.38)

B A

_

Pl ( A)  1  Bel ( A) 



B  A 
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6.5.4.5. Results
In the proposed method, a set of statistical, entropy and distance-based features are used.
After extracting the feature, data classification operations are performed by three
classifiers SVM, KNN and DA. Then, to improve the results of automatic classification
of sleep stages, the results of three classifications are combined using DST. The proposed
method is simulated in MATLAB 2018a.
Evaluation Criteria
Accuracy, sensitivity and specificity are evaluation criteria that calculated in proposed
method according to Equation (6.40)-(6.42).

Sensitivity 
Specificity 
Accuracy 

Tpos
Tpos  Fneg
Tneg
Tneg  Fpos

,

(6.40)

,

(6.41)

Tpos  Tneg
Tneg  Fneg  Tpos  Fpos

(6.42)

In these equations, Tpos is correctly identified target class and Fpos is incorrectly
identified target class. Also Tneg refers to correctly identified non-target class and Fneg
refers to incorrectly identified non-target class. Another evaluation criterion is called the
kappa coefficient that Introduced in 1960 by Cohen and calculate agreement between two
or more cases. Kappa coefficient calculated according to Equation (6.43).

k 1

1  po
1  pe

(6.43)

In Equation (6.43), p0 relative observed agreement among rates and pe is hypothetical
probability of chance agreement. The most ideal case for the kappa coefficient is 1.
Table 6.8 show accuracy, kappa, sensitivity and specificity for sex sleep stages according
to R&K standard by SVM, KNN and DA classifier. Specificity and sensitivity values are
expressed as average for 6 stages of sleep. As shown in Table 6.8, accuracy, kappa,
sensitivity and specificity increase after classifier fusion by DST and DA is the weakest
classifier for proposed method.
Stimulation Results
The confusion matrix (based on epoch) of automatic sleep classification by SVM, KNN
and DA classifier is shown by in Tables 6.9-6.11. As shown in Table 6.9, the best classifier
for automatic classification of sleep stages is SVM, but despite its superiority over other
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classifier, it does not give us acceptable accuracy and as can be seen in all three tables,
the detection accuracy of stage 2 is very low.
After automatically classifying the sleep stages with three different classifiers, in order to
increase the classification accuracy, we combine the classification results with DST
method. Table 6.12 show confusion matrix (based on accuracy) of sleep scoring after
classifier fusion by DST. As can be seen, the classification accuracy of each stage of sleep
has increased, especially the proposed method provides acceptable accuracy in the
diagnosis of stage 2.
Fig. 6.15. Show the boxplot of features in proposed method. The size of the box for each
feature indicates the scatter of values for that feature. So the smaller a box feature, the
more suitable it is. Therefor mean, NSE, Shanonn_e, Boltzman_e and MMD are the best
features for proposed method according to Fig. 6.15.
Table 6.8. Accuracy, kappa, sensitivity and specificity foe sex sleep stages according
to R&K standard by SVM, KNN and DA classifier.
Classifier
SVM
KNN
DA
Proposed method

Accuracy
91.9 %
90.9 %
89.6 %
97.94 %

Kappa
72.96 %
70.53 %
67.22 %
91.29 %

Sensitivity
42.5 %
30.02 %
30.2 %
51.69 %

Specificity
97.97 %
97.00 %
97.2 %
98.65 %

True Class

Table 6.9. Confusion matrix of automatic classification of six sleep stages by SVM classifier.
Wake
REM
S1
S2
S3
S4

4841
43
29
1
2
27
Wake

8
17
6
0
0
6
REM

56
0
75
0
429
3
13
3
1
4
77
0
S1
S2
Prediction class

2
0
0
1
6
0
S3

26
51
57
0
0
182
S4

98 %
46 %
69 %
30 %
67 %
58 %
accuracy

True Class

Table 6.10. Confusion matrix of automatic classification of six sleep stages by KNN classifier.
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Wake
REM
S1
S2
S3
S4

4843
55
46
1
2
41
Wake

6
14
13
0
0
18
REM

60
1
69
0
482
1
15
0
2
1
100
0
S1
S2
Prediction class

0
0
0
2
8
0
S3

23
48
45
0
0
133
S4

97 %
27 %
66 %
0%
80 %
53 %
accuracy
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True Class

Table 6.11. Confusion matrix of automatic classification of six sleep stages by DA classifier.
Wake
REM
S1
S2
S3
S4

4788
51
49
2
1
32
Wake

35
18
23
0
0
29
REM

80
2
76
0
440
3
10
4
1
3
88
0
S1
S2
Prediction class

0
0
1
2
8
0
S3

28
41
71
0
0
143
S4

97 %
17 %
63 %
33 %
73 %
51 %
accuracy

True Class

Table 6.12. Confusion matrix (based on accuracy) of sleep scoring after classifier fusion by DST.

Mean

Variance

Wake
REM
S1
S2
S3
S4

99 %
19 %
0.2 %
0
0
0.5 %
Wake

0
0
0
42 %
16 %
0
0.3 %
98 %
0
0
34 %
37 %
0
0
0.7 %
3%
6%
0
REM
S1
S2
Prediction class

Skewness Kurtosis

Hjorth

NSE

0
0
0
28 %
99 %
0
S3

Shanon_e

1%
21 %
0.6 %
0
0
90 %
S4

Boltzman_e

MMD

Fig. 6.15. Show the boxplot of features in proposed method.

6.5.5. Discussion New Method
In the proposed method, single channel EEG from sleep EDF database was used to
identify six stages of sleep. In the next step, feature extraction operations were performed
using statistical, entropy and distance-based features and the extracted features were
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classified into three classifier SVM, KNN and DA. The proposed method does not use the
feature selector and all features are used for classification. Then, to increase the accuracy
of the automatic classification of sleep stages, we combined the results of three different
classifications with each other for classifier fusion by DST method. It was noted that the
accuracy of classification of sleep stages using the combined DST, increased by an
average of 4-5 % for each stage of sleep. Also, the overall accuracy of the classification
reached 97.97 %, which is an increase of 6 % compared to the accuracy of the best type
of classification (SVM) in proposed method. Therefore, using classifier fusion instead of
feature selectors can increase the accuracy of classifying different stages of sleep.

6.6. Conclusion and Future Works
In this chapter, at first, the nature of sleep and its various stages were fully studied. Then,
the importance of automatic review of sleep stages was discussed, and due to this
importance, we reviewed various databases and methods for automatic classification of
sleep stages. Regarding the databases, seven public available databases for sleep study
which contains different vital biological signals were reviewed. Afterwards, two methods
of automatic classification of sleep stages include the classical and the deep learning
algorithms are reviewed. Automatic classification of sleep stages in the classical method
includes three stages of feature extraction, feature selection and classification, all of which
have been thoroughly examined. In the classical method, the feature selection step may
be omitted and replaced instead classifier fusion, which has been explored in the
introduction of a new method for automatic sleep monitoring. In order to automatically
classify the sleep stages with deep learning networks, all types of deep learning networks
and the structure of each were examined, separately. Finally, a new method was
introduced for automatic classification of sleep stages, which is a classic method. In the
proposed method, statistical, entropy and distance-based features are used for feature
selection, and SVM, KNN and DA as classifier. DST method was used for classifier fusion
to increase the classification accuracy and six sleep stages according to R&K standard
were categorized with 98.96 % accuracy. Due to the importance of investigating sleep
disorders and identifying these disorders through the correct identification of sleep stages,
it is necessary to do more work on automatic methods of classifying sleep stages. In the
future, we plan to research deep learning networks to find networks that classification
sleep stages with the highest accuracy in the shortest time. Deep learning networks now
have lower computational speed and accuracy compared to classical methods.
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Statistical Learning of Phase Measuring
Deflectometry for Defect Detection
and Classification on Specular Cab
Body Surfaces
N. Pya Arnqvist, E. Lindahl and J. Yu1

7.1. Introduction
Competition in the automotive industries has reached the highest level recently. Due to
the competition, automated and intelligent manufacturing process is highly desired for the
increase of the production efficiency, the product quality as well as the decrease of the
labor costs. Nowadays automatic inspection plays a significant role in industrial quality
management and defect detection is an important factor on quality control process. The
location, nature and formation of the defective regions on the painted surface can be
revealed through automatic inspection. Hence automatic inspection is of crucial
importance to maintain the quality of the painted surface.
Despite a highly automated computerized system among many processes, the paint quality
inspection process is still mainly performed manually in most worldwide automotive
manufacturers. Human vision and touch are still important for the inspection of blemishes
and bumps on the final painted surface, but they are susceptible to inconsistency
due to [1]:
- Unavoidable human error;
- The limited time for the inspection of each vehicle body;
- Some defects are tough to observe due to their micrometer size or less-accessible
location on the product;
- Some defects are only visible in some particular viewing angles;

Natalya Pya Arnqvist, Department of Mathematics and Mathematical Statistics, Umeå University, Umeå,
Sweden;
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- Light conditions.
In this investigation at Volvo GTO paint shop, the issue on difficulties encountered from
inspecting highly reflected painted surface is especially crucial for defects of small sizes,
which are only visible when using directional light or viewed at a certain angle.
Manual quality inspections and root cause analysis are intensive, time-consuming,
expensive and do not necessarily minimize the consequences of the defects. An automated
paint quality control can lead to higher quality products and at the same time can reduce
the costs and time waste caused by defects.
Among those solutions developed for tackling defect detection problems during the last
decade, deflectometry-based detection on specular cab body surfaces has shown its
reliability and accuracy [2, 3]. In automotive industry, deflectometry- and vision-based
technologies combined with image fusion [4-6] have been investigated, for instance Ford
[7], Mercedes-Benz [8], and Opel [9]. Statistical learning, combined with machine
colour-based vision and image analysis, has shown its power and potential in image
segmentation and pattern recognition [10-12], e.g. recognizing defects on painted vehicle
bodies [13, 14].
In this chapter, we present a statistical learning approach for defect detection on painted
cab body surfaces, covering image acquisition, feature extraction and defect detection and
classification. As the inspection of specular surfaces inflicts special challenges,
deflectometry technique using reflected sinusoidal fringe is applied to capture images of
the considered surfaces. The main objective in developing this new approach is, in
addition to providing accurate and reliable classification, to furnish uncertainty estimation
in the classification results.

7.2. Data Acquisition
At the paint shop in the Volvo cab plant in Umeå, fully automated robots and a group of
color technicians work together to make sure each cab exits with the best smooth, high
quality finish and perfect color available on the market. Before the cabs are shipped to the
main assembly lines, the paint shop in Umeå takes care of their paintings. Every cab from
the body shop goes through multiple stages in the paint shop, and a computerized tracking
system monitors every cab through each stage. The result is a classic finish that is
consistent, durable, and tough.
The color bank of the plant offers a wide range of colors to the customers. There are more
than 800 different colors to choose from. A mixed customized color can be provided as
well if necessary. Hundreds of cabs are painted at the paint shop every day [15]. Paint
pumps up automatically from a selected bucket and only the exact amount of paint needed
is used. There is an advanced system especially created to ensure this process is flawless.
The paint shop has been carefully structured and designed to take all environmental
aspects into account and one of its top priorities is a reduction of the amount of solvent
used. The first three layers are corrosion protectants, followed by a primer to ensure better
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adhesion and durability for the paint system, as well as ensuring the correct underlying
color. The next layer is either a base coat followed by a clear coat, or a pigmented topcoat
directly on top of the primer [15]. These later coats provide the final color. The final steps
in the paint shop are human visual inspection and touch to ensure there are no missed
spots, irregularities, bumps, scratches or uneven surfaces.
Acquisition of image data and annotation has been conducted through a pilot system
installed at the paint shop in the Volvo cab plant, described as follows.
7.2.1. Object
Three different surfaces are targeted:
1) A part of the luggage lid for the FH cabs. The size of this object is approximately
77 cm2 × 30 cm2 which represents about 48 % of the whole luggage lid;
2) A part of the luggage lid together with a small part of the area above it for the FM
Small cabs. The size of this object is approximately 25 cm2 × 30 cm2;
3) A part of the luggage lid together with a small part of the area above the luggage lid
for the FM Long cabs. The size of this object is approximately 62 cm2 × 30 cm2.
7.2.2. Camera and Screen Calibration
Fig. 7.1 displays the setup of our pilot system used in this work. The setup is composed
by a 55-inch Sony screen and two Fujinon HF16SA1 cameras. The dimensions of the
images taken from each of the two cameras are 2464 × 2052 with the sizes of around
5 megabits (Mb) each. The goal is to combine the images from both cameras to form one
big image with the size of 9.6 Mb and the dimensions of 4928 × 2056. The area of our
object has increased considerably by using this setup with two cameras. The Sony screen
has about 124 cm of width, 72 cm of height and 139 cm of diagonal. The screen's
resolution is 3840 × 2160 (4K display).

Fig. 7.1. Setup of the pilot system.
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The most important geometrical measurements for this setup are as follows.
- The angle of the screen is 4 degrees.
- The angle of the camera is 25 degrees.
- The distance from the center of the screen to the FH cab is 60 cm.
- The vertical distance from each of both cameras to the screen is 55 cm.
- The distance from each of both cameras to the FH cab is 65 cm.
The camera and the screen work in opposite direction. The closer the screen is positioned,
the bigger the reflection becomes and the further the camera is located the bigger the
image taken.
7.2.3. Sinusoidal Pattern
The idea is to project sinusoidal patterns onto a screen and observe the reflection of those
patterns through the specular surface under the test. The reflection of this patterns on the
surface is captured by the camera. Any variations of the surface lead to distortions of the
patterns as shown in Fig. 7.2.

Fig. 7.2. Outline of the deflectometry-based image acquisition process.

The sinusoidal pattern is generated in a mathematical software Matlab, version R2017b.
The function of this pattern is shown in the equation below.

𝐼

𝐵

𝐴 ∗ sin 2𝜋𝑓 𝑥

𝜃 ,

(7.1)

where 𝐴 is the amptitude, 𝐵 is the bias or offset, 𝑓 is the frequency and 𝜃 is the phase
[16]. The frequency 𝑓 controls the thickness of the strips while the phase 𝜃 shifts the
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pattern in 𝑥 or 𝑦 direction, by 𝜋/2 at each step. 𝐼 can be directed in the two-orthogonal
directions 𝑥 or 𝑦 of the screen.
Phase Measuring Deflectometry (PMD) is one of the techniques utilizing a reflected
sinusoidal pattern to obtain surface local slope, which can be further processed to calculate
surface 3D shape. Two setups based on PMD have been evaluated previously, monocular
PMD and stereo PMD [16, 17]. The monocular PMD based gradient fields and curvature
maps turned out to be efficient and accurate for a simple solution.
7.2.4. Defect Type
There are many different types of defects that can occur on painted vehicle bodies. The
most common defect types are dirt and crater, thereby the focus of this chapter is only on
these two defects. Dirt can be described as a small bump deposited in, on, or under the
painted surface, whereas crater looks like a circular low spot or bowl-shaped cavity on the
painted surface. It should be noted that dirt is more common than crater on the cabs. It is
almost impossible to distinguish dirt from crater just by observing the captured images,
therefore, human eyes and touch are still vital for this task.
7.2.5. Image Acquisition and Annotation
An image acquisition and annotation Graphical User Interface (GUI), displayed in
Fig. 7.3 below, was created and implemented in Matlab to facilitate image capturing and
image annotation parts.

Fig. 7.3. Image acquisition and annotation GUI.
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There are two sets of parameters as listed below, that need to be selected in advance.
1) Sinusoidal parameters:
a) Pattern: horizontal and vertical patterns are available;
b) Frequency: four different frequencies (8, 16, 32 and 64) are available;
c) Phase: the horizontal pattern can be shifted four times by 𝜋/2 at each step
(0, , 𝜋, ).
2) Camera parameters:
a) Exposure: the best measure for the exposure was found to be 25000.
Only horizontal sinusoidal pattern is used here which has four different frequencies
(8, 16, 32 and 64) with each frequency having four different phases (0, , 𝜋, ). So that
in total there are 16 channels for each object.
When a new object is detected in the system, sixteen images are automatically taken by
the image acquisition and annotation GUI. After the image capturing, the object's surface
is inspected manually with care and under good lighting conditions. The whole process is
accomplished in less than fifteen seconds per object.
7.2.6. Annotation
If there was a presence of any defect type on the surface, it was annotated by clicking on
the spot on the image where the defect was situated. It was important to click exactly on
the defect. The image was annotated as either dirt, crater or non-defect. Non-defect is a
type of the painted surface that is defect free. For all the defect-free objects, two patches
of non-defect were saved. By selecting one of the three options, the image coordinates
were saved in a text-file. The same procedure was repeated if there were more than one
defect on the given surface. All the text-files were saved in the annotated text-file database
directory. The text-files and the channels were linked by the object ID’s. Certain defects
were sometimes only visible for some particular frequencies or phases depending on its
size, type or location. A marked defect type on one channel was automatically marked on
all the remaining channels with exactly the same coordinates of the given object.
The next step after image annotation was the extraction of patches around the specific
defects on the annotated images. A function was written in Matlab to perform this
extraction. In this work eight different sizes are selected: 31 31, 51 51, 71 71,
91 91, 111 111, 131 131, 151 151 and 171 171. A patch contained exactly
one defect, or it was a defect-free patch. Examples of patches for dirt, crater and
non-defect in 91 91 sizes are shown in Fig. 7.4. There are 11175 objects in total. For
128 patches of different window sizes are extracted for each
each object, 16  8
annotated defect. If, for example, an object has three annotated defects (two dirts and one
crater), there will be stored in total 16  8  3
384 patches.
314

Chapter 7. Statistical Learning of Phase Measuring Deflectometry for Defect Detection and Classification
on Specular Cab Body Surfaces

Fig. 7.4. Examples of patches for crater (top row), dirt (middle row)
and non-defect (bottom row) in 91 91 sizes.

7.2.7. Dataset
The whole dataset consists of sixteen channels. Thus, sixteen different subsets of patches
can be created from those channels. The patches close to the edges of the images were
excluded from the whole dataset to withdraw the edge's effect. Each subset contains
18433 patches of eight different window sizes, which include 4234 patches of dirts,
372 patches of craters and 13827 defect-free patches. 1170 patches close to the edges were
removed from each subset. All the sixteen channels are described in Table 7.1 below.
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Table 7.1. Description of the channels. Each channel forms a subset of 18433 patches.
Channel
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

Channel’s name
8 0
8 𝜋/2
8 𝜋
8 3𝜋/2
16 0
16 𝜋/2
16 𝜋
16 3𝜋/2
32 0
32 𝜋/2
32 𝜋
32 3𝜋/2
64 0
64 𝜋/2
64 𝜋
64 3𝜋/2

Frequency
8
8
8
8
16
16
16
16
32
32
32
32
64
64
64
64

Phase
0
𝜋/2
𝜋
3𝜋/2
0
𝜋/2
𝜋
3𝜋/2
0
𝜋/2
𝜋
3𝜋/2
0
𝜋/2
𝜋
3𝜋/2

7.2.8. Response Variables
Two different classification problems were considered in this work:
1) Defect detection (binary classification problem): two classes were considered.
Craters and dirts were grouped into one class representing defects and labelled as 1’s.
The non-defects were put into the second class and labelled as 0’s. Thus, the response
variable takes value 0 or 1.
2) Defect classification (3-class classification problem): three different classes, crater,
dirt and non-defect, were considered for this problem which led to three values of the
response variable.

7.3. Feature Vectors
Six different types of features were used in this work, such as histogram of oriented
gradients, local binary pattern, 2D wavelet transform, features based on variabilities and
smoothing features based on P-splines and their effective degrees of freedom. The
following subsections present brief descriptions of these features.
7.3.1. HOG: Histogram of Oriented Gradients
HOG is a type of feature descriptor used in computer vision and image processing for the
purpose of object detection. HOG became widely used first in 2005 when [18] introduced
their work. The idea behind the HOG descriptor is that local object appearance and shape
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within an image can be explained by the distribution (histograms) of intensity gradients
[19]. Gradients of an image are useful because the magnitude of gradients is large around
edges and corners. There are five steps in computing the HOG descriptors which are
briefly discussed as follows:
1) Preprocessing. The sixteen channels shown in Table 7.1 were analyzed. Each patch
9
was divided into cells of 30 30 pixels. Each patch included then 3  3
non-overlapping cells in total;
2) Computation of the image's gradients. An image's gradient is a measure of the change
in pixel values along the 𝑥 and 𝑦 directions around each pixel. The horizontal and
vertical gradients were calculated by filtering the image with the two kernels (or
discrete derivative masks): horizontal

1 0 1 and vertical

1
0 .
1

At every pixel, the gradient has a magnitude and an orientation. The gradient orientation
gives you the normal to the edge (perpendicular to the edge), and the gradient magnitude
gives you the strength of the edge. The magnitude and orientation of the gradient vectors
∇𝑓 were computed as
Magnitude: ‖∇𝑓‖
Orientation: 𝜃

𝑓

𝑓 ,

arctan 𝑓 ′/𝑓 ′ ,

where 𝑓 ' and 𝑓 ′ are derivatives with respect to 𝑥 and 𝑦 directions correspondingly.
Histograms of the gradients for each cell. The next step after the calculation of the
gradients was to create a histogram of gradients over each cell. Each histogram contained
six bins with the orientations ranging between 0 and 𝜋. Hence each bin had a width of
𝜋/6 degrees. These types of histogram with the range between 0 to 𝜋 are called unsigned
gradients because a gradient and its negative are represented by the same numbers. Each
pixel within the cell gives a weighted vote for one of the six bins based on the values
found in the gradient computation. Nine histograms were created at the end. It has been
shown that the nine bins histogram gives better results than the 18 bins histograms (also
called signed gradients with angles between 0 2𝜋) for human detection.
Block normalization. Block normalization was the final step. The normalization
performed at block level reduces the effect of illumination and shadowing more than
performed at cell level. Each block was represented by one cell. Consequently, each patch
was represented by a total of nine non-overlapping blocks with the size of 30 30 pixels
each. Every block with one histogram divided into six bins, was concatenated to form a
feature vector of length 54. The normalization of this feature vector was performed by
dividing the feature vector with its magnitude, based on the L2-norm:

𝑓

‖ ‖

,
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where 𝑉 is the feature vector and 𝜖 is some small constant.
HOG feature vector. There were:
- Three positions for each block in the 𝑦 direction;
- Three positions for each block in the 𝑥 direction;
- Each block contained exactly one histogram with six bins.
54 . The
The length of the entire feature vector for each patch was then 3  3  6
dimensions of each subset fed to the classifiers were 1895 55 with the labels included.
The HOG features were extracted with the function HOG() from the package
OpenImageR in R.

7.3.2. LBP: Local Binary Pattern
The LBP operator was introduced as a gray scale invariant texture measure, derived from
a general definition of texture in a local neighborhood [20]. An image texture is a set of
metrics calculated in image processing designed to quantify the perceived texture of an
image. Image texture gives us information about the spatial arrangement of color or
intensities in an image or selected region of an image [21].
The LBP feature vector is computed as following:
a) For each pixel 𝑖 in the patch, the eight neighbors (left-top, left-middle, left-bottom,
right-top, etc.) are examined to see if their intensity is greater than that of 𝑖 . The
results from the eight neighbors are used to construct an eight-digit binary number
𝑝 𝑝 𝑝 … 𝑝 , where 𝑝
0 if the intensity of the 𝑖 th neighbor is less than to that
of 𝑖 and 1 otherwise. The LBP code is obtained by converting the eight-digit binary
number to decimal [22], as shown in Fig. 7.5.

Fig. 7.5. An example of LBP code calculation.

b) Compute a histogram of the frequency of each LBP code occurring. This histogram
is used to represent the texture of the patch and can be seen as a 256-dimensional
feature vector.
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c) The normalization of the histogram leads to the LBP feature vector.
d) A so-called uniform pattern [23] can be used to reduce the length of the LBP feature
vector and implement a simple rotation invariant descriptor. An LBP is called
uniform if the binary pattern contains at most two 0-1 or 1-0 transitions. For example,
0000010 (2 transitions) is a uniform pattern whereas 11001001 (4 transitions) is not
so. This histogram will then have 58 separate bins for every uniform pattern while
all non-uniform patterns will be assigned to one single bin. The length of the feature
vector is then reduced from 256 to 59.
The length of the entire feature vector obtained from the LBP operator was 7921. The
dimension of each subset was 1895 7922 with the labels included. The LBP feature
vector was extracted with the function lbp() from the package wvtool in R. The most
important properties of the LBP operator are its tolerance against illumination and image
rotation changes plus its computational simplicity [22].
7.3.3. 2D DWT: 2D Discrete Wavelet Transform
Since early 90's, wavelets have become popular in many different fields such as
astronomy, approximation theory, signal processing, numerical analysis, statistics,
mathematics among others [24]. The wavelet transform was developed as an alternative
to the short time Fourier transform to overcome problems related to its frequency and time
resolution properties. The main advantages of wavelet transform are to provide the
time-frequency representation and the possibility of multi-resolution analysis.
Nowadays, the usage of wavelets has increased in signal and image processing due to their
multi-resolution concept [25]. They have been used for feature extraction, denoising,
compression, face recognition, and image super-resolution. Discrete wavelet transform
(DWT) uses filter banks to perform the wavelet analysis, i.e., it decomposes the signal
into wavelet coefficients from which the original signal can be reconstructed again.
The 2D wavelet decomposition of an image is performed by applying one dimensional
DWT along the rows of the image first, and then, the results are decomposed along the
columns (see Fig. 7.6(a)). The wavelet coefficients are then constructed by taking the
tensor product of a horizontal 1D wavelet and a vertical 1D wavelet. This leads to four
types of 2D wavelets [26]:

Φ 𝑥, 𝑦
Ψ 𝑥, 𝑦

𝜙 𝑥 ∙𝜙

, Ψ 𝑥, 𝑦

𝜙 𝑥 ∙ 𝜓 𝑦 , Ψ 𝑥, 𝑦

𝜓 𝑥 ∙𝜙 𝑦 ,
𝜓 𝑥 ∙𝜓 𝑦 ,

where Φ is known as the father wavelet function and Ψ as the mother wavelet function.
The 2D wavelet family has then one father wavelet function and three mother wavelet
functions. The father wavelet function is good at representing the smooth and the mother
wavelet functions can capture the details (vertical, horizontal and diagonal details).
The decomposition of a 2D wavelet results in four sub-bands images as shown in
Fig. 7.6(a) and referred to as low-low (LL), low-high (LH), high-low (HL), and high-high
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(HH). LL1 is the approximation/smooth image at the first level. LH1, HL1 and HH1 capture
respectively the vertical, horizontal and diagonal details at the first level. The next level
of wavelet coefficients is obtained by decomposing further the sub-image LL1 alone.
Fig. 7.6 (b) shows the resulting two levels wavelet decomposition. Similarly, to obtain
further decomposition, the approximation image LL2 will be used. This process continues
repeatedly until some final scale is reached.

(a)

(b)
Fig. 7.6. (a) The first level in a multi-resolution pyramid decomposition of 2D DWT.
ℎ 𝑛 and 𝑔 𝑛 are respectively the high pass filter and lower pass filter;
(b) The decomposition result of two multi-resolution levels.

There are two main categories in the discrete wavelet family, orthogonal and
bi-orthogonal wavelets. The main difference is that the bi-orthogonal wavelets are
symmetric, not orthogonal and do not introduce phase shifts in the coefficients [26]. Three
types of orthogonal wavelets were used here:
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- Haar: The Haar wavelet is a square wave. It has compact support, i.e. it is zero outside
a finite interval. It is the only compact orthogonal wavelet which is symmetric and
unlike other wavelets it is not continuous [27].
- Daublets: These are the first type of continuous orthogonal wavelet with compact
support and are quite asymmetric.
- Symmlets: They also have compact support but are constructed to be as least
asymmetric as possible. Both Daublets and symmlets were discovered by Ingrid
Daubechies [28].
All the patches were resized from the size of 91 91 to the size of 88 88 to facilitate the
3 levels of
calculations. The decomposition of each patch of size 88 88 at 𝑘
10 sub-images including one approximation sub-image
resolution results in 3𝑘 1
LL3 and nine sub-images of details. The size of each of the four sub-images at the third
, i.e. 11 11 due to the down-sampling or decimation by a factor 2 which
level is
is performed after each pass through filters.
The function denoise.2d() from the package waveslim in R was used to perform
simple denoising of the patches for the 2D DWT. The chosen arguments in the denoising
function were the following:

 wf: The name of the wavelet filter to use in the decomposition. Haar for Haar
wavelet, la8 for Symmlets wavelet of length L = 8 and d4 for Daublets wavelet with
L = 4;
 j: The depth of decomposition j = 3 was used;
 method: The character string describing the threshold applied. Universal method
was applied;
 H: Hurst parameter to indicate spectral scaling. The white noise where H = 0.5 was
used;
 noise.dir: The number of directions nd to estimate background noise standard
deviation. The default nd = 3, which produces a unique estimate of the background
noise for each spatial direction, was used;
 rule: The hard thresholding rule was applied.
7.3.4. Smoothing Features and Variabilities
7.3.4.1. EDF Smoothing Features
The smoothing features based on effective degrees of freedom (EDF) have been
introduced in [14] where readers can find details. The EDF features capture the
irregularities in the reflected sinusoidal patterns caused by defects. Here smoothing pixel
values row-wise using penalized cubic regression splines is applied to reproduce the
projected sinusoidal patterns. The irregularities of the smoothed patters are then picked
up by the EDF of the fitted splines.
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Given an image patch of size 𝑚
semiparametric Gaussian model,

𝑦

𝑚, we model each row of the intensity values by a
𝑓 𝑡

𝜖 , 𝑖, 𝑗

1, … , 𝑚,

(7.2)

where 𝑦 denotes the value of the pixel 𝑖, 𝑗 in the patch, 𝑡
𝑗, 𝑓 is an unknown
smooth function, and 𝜖 ’s are white Gaussian noises with variance 𝜎 . There are several
alternatives for choosing univariate penalized regression spline to estimate 𝑓 𝑡 . Since
their performance were similar in the final results, we choose cubic regression splines here
due to their sufficient flexibility and efficiency. This spline can be written in the following
form [29],

∑

𝑓 𝑡

𝛼 𝜙 𝑡 ,

where 𝜙 𝑡 are known basis functions, 𝛼 are unknown coefficients to be estimated,
and 𝑏 is the number of basis functions used, which controls the degree of model
smoothness. In practice, for controlling model smoothness it is commonly used by adding
‘wiggliness’ penalty to the least squares fitting objective., while as keeping 𝑏 fixed at a
sufficiently large size to avoid over smoothing. Thus, we estimate 𝛼 by minimising the
following penalized regression objective

‖𝒚
where 𝒚𝒊

𝑦 ,…,𝑦

𝚽𝜶𝒊 ‖

,𝚽

𝜙 𝑡

𝜆

∗
∗

𝑓

𝑡 𝑑𝑡 ,

(7.3)

is the model matrix evaluating spline basis

𝛼 ,…,𝛼
, 𝜆 is a smoothing parameter that
functions at the observations, 𝜶𝒊
controls the balance between smoothness of the fitted curve 𝑓 and data fit, and 𝑦∗ and
𝑦 ∗ are the end knots of the cubic spline function. As shown in [38], the penalty term in
(7.3) can be represented as

∗

∗

𝑓

𝑡 𝑑𝑡

𝜶𝒊 𝑨𝜶𝒊 , where 𝑨 is the penalty matrix of

known components for the basis [29]. The value of the smoothing parameter 𝜆 can be
determined through a generalized cross validation score

𝐺𝐶𝑉
where 𝑺
𝚽 𝚽 𝚽
then its EDF.

𝜆𝚽

∑
𝑺

,

𝚽 is a model’s influence matrix, and 𝜂

𝑡𝑟 𝑺

is

It is reasonable to expect that the distortion of the pattern caused by defects results in some
irregularities in the obtained smooth functions. Larger values of 𝜂 indicate that the curves
are more irregular, i.e. the wigglier. Hence, the EDF 𝜂 can be treated as a highly plausible
feature, and the combination of m scaled EDFs, obtained from smoothing the image rowwise, forms our proposed feature vector,

𝜁
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The reason for applying the feature scaling is twofold, implying that it enables better
discrimination between classes in some cases and also reduces training time of
classification algorithms. For a fair comparison of the means of each class, three hundred
images were randomly selected within each class for the means calculations. The feature
vector means can be viewed as class centroids similar to those in k-means clustering,
serving as a prototype of each class. Note that a very distinct contrast between class means
supports the idea of extracting EDFs [14].
7.3.4.2. Smoothing Features Based on P-splines
Since the locations of the defects and their magnitudes on those annotated patches are not
known, smoothing the column means of the grey scale pixel values is suggested as an
alternative way for uncovering distortions in the sinusoidal pattern. We consider the same
model as in the previous subsection, model (7.2). But P-splines [30] are used here instead
due to flexibility and local support of the basis functions,

∑

𝑓 𝑡

𝛼 𝐵 𝑡 ,

where 𝐵 𝑡 are B-spline basis functions of the third order, 𝛼 are unknown coefficients
to be estimated, and b is the number of basis functions used. P-splines use B-spline basis
usually defined on evenly spaced knots, with a difference penalty applied to the
coefficients 𝛼 to control function smoothness. To estimate 𝛼 the penalized regression
fitting problem is minimized [29]

‖𝒚
where 𝒚

𝑦 ,…,𝑦

,𝑩

𝐵 𝑡

𝑩𝜶‖

𝜆𝑃,

(7.4)

is the model matrix evaluating B-splines at the

𝛼 , … , 𝛼 , and 𝜆 is a smoothing parameter that controls the
observations, 𝜶
smoothness of the fitted curve. P is the penalty applied to 𝜶
𝑃

∑

𝛼

𝑃

1 1
0
⎡0
1
1
⎢
0
1
⎢0
∙ ∙ ∙ ∙
⎢
⎣
∙ ∙ ∙ ∙

𝛼

𝜶 𝑃 𝑃 𝜶,

where

∙
∙

∙
∙ ⎤⎥
∙ ∙⎥
∙
⎥
⎦
∙

Thus, the penalized least squares estimator of 𝜶 is

𝜶

𝑩 𝑩

𝜆𝑃 𝑃

𝑩 𝒚

The smoothness selection, the choice of 𝜆 is made by a generalized cross validation score
as above. Again, the same number of the basis dimension, b, is applied here. The
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𝜶
𝛼 ,…,𝛼
coefficients carry all information about the smooth function, so the
estimated 𝜶 are employed as the representative features that express the changes in the
sinusoidal patterns.
7.3.4.3. Variabilities
When smoothing data on the column mean gray scale values, we might expect losing some
information on variability of the values by averaging them. So to keep that information,
we suggest to use column standard deviations, 𝑠 , of the pixel values as features, where

∑

𝑠

𝑦 is the value of pixel 𝑖, 𝑗 and 𝑦

𝑦

𝑦

,𝑗

1, … , 𝑚,

is the mean value of the 𝑗th column.

As different paint colors and various finishing paint processes on the cab surface are
known to affect the gray scale pixel values, the pixel values are standardized before
smoothing by subtracting the overall mean of the pixels of the patch and dividing by the
overall standard deviation.

7.4. Learning Defect Classifiers
Support vector machine (SVM) and probabilistic 𝑘 -NN were applied to solve the binary
classification problem of this work. Probabilistic 𝑘 -NN was applied for 3-class problem.
These classifiers are briefly described in the following subsections.
7.4.1. Support Vector Machine
7.4.1.1. MMC: Maximal Margin Classifier
One way of solving a two-class classification problem is to find a hyperplane that
separates the classes in a feature space. A hyperplane in d dimensions is a flat affine
subspace of dimension 𝑑 1 . The equation for a hyperplane is defined as the
following [31].

𝒙: 𝑓 𝒙

𝒙 𝜷

𝛽

0,

∑
where 𝜷 is a unit vector: ‖𝜷‖
𝛽
1. A hyperplane is a line in 𝑑
3 dimensions. In 𝑑
3, the hyperplane is a (𝑑
dimensions and it is a plane in 𝑑
dimensional flat subspace that can be hard to visualize.

(7.5)

2
1)

𝑥 ,…,𝑥
in 𝑑 -dimensional space for which Equation (7.5) holds,
For any point 𝒙
0 or 𝑓 𝒙
0, this point
this point lies on the hyperplane. Otherwise, i.e. when 𝑓 𝒙
lies then on one of the two sides of the hyperplane [32]. A classification rule induced by
𝑓 𝒙 is
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𝐺 𝒙

𝑠𝑖𝑔𝑛 𝑓 𝒙

In general, if the data can be perfectly separated with a hyperplane, then there will in fact
exist an infinite number of such hyperplanes. Finding the optimal separating hyperplane
also known as the maximal margin hyperplane is the problem to be solved. Suppose we
have n training observations 𝒙 , 𝒙 , … , 𝒙 ∈ ℝ
associated with labels
𝑙 , 𝑙 , … , 𝑙 ∈ 1, 1 . We are looking for the optimal hyperplane among all that makes
the biggest gap or margin between the two classes, 1 and 1 [32]. An example of a
maximal margin can be seen in Fig. 7.7. The optimal hyperplane is the solution to the
following optimization problem.

max 𝑀 ,
,𝜷

(7.6)

1, 𝑙 𝒙 𝜷 𝛽
𝑀, ∀ 𝑖
1, … , 𝑛., where M represents the width of
subject to ‖𝜷‖
the hyperplane margin and the optimization problem chooses 𝛽 and 𝜷 to maximize the
margin M. The constraints in the optimization problem (7.6) ensure that each observation
is on the correct side of the hyperplane and at least a distance M from the hyperplane. This
can be rephrased as a convex optimization problem (quadratic with linear inequality
constraints) [31]. We will come back to this in the next subsection.

Fig. 7.7. The blue and purple dots represent the two different classes perfectly separated
by the maximal margin shown as a black solid line. The distance from the solid line to either
of the dashed line indicates the margin [32].

7.4.1.2. SVC: Support Vector Classifier
The SVC is an extension of the MMC. Suppose that we are dealing with two classes that
overlap in feature space as seen in Fig. 7.8. In this case, the optimization problem in (7.6)
0, i.e. no maximal margin hyperplane exists in this case. One
has no solution with 𝑀
325

Advances in Signal Processing: Reviews. Book Series, Vol. 2

way to deal with the overlap problem is to allow for some points to be on both, the wrong
side of the margin and the wrong side of the hyperplane. Observations on the wrong side
of the hyperplane are misclassified by the SVC in order to have a better overall
classification. This optimization problem can be written as follows [31]

max 𝑀 ,

(7.7)

,𝜷,𝝃

subject to ‖𝜷‖

1, 𝑙 𝒙 𝜷

𝛽

𝑀 1

𝜉 ,𝜉

0, ∑

𝜉

𝐶, ∀ 𝑖

1, … , 𝑛,

1/‖𝜷‖ is the width of the margin; 𝝃
𝜉 , … , 𝜉 are the slack
where [32] 𝑀
variables that allow individual observations to be on the wrong side of the margin or the
hyperplane. These variables tell us where the ith observation is located relative to the
0, the ith observation is on the correct side
hyperplane and relative to the margin. If 𝜉
th
0, the i observation is on the wrong side of the margin. If 𝜉
0,
of the margin. If 𝜉
th
the i observation is on the wrong side of the hyperplane. C is a nonnegative cost tuning
parameter that bounds the sum of the slack variables. It determines the number and
0
severity of the violations to the margin and the hyperplane that we will tolerate. If 𝐶
𝜉
…
𝜉
0, the optimization problem becomes exactly the same as
then 𝜉
the maximal margin optimization in (7.7). If 𝐶 0, no more than C observations are on
the wrong side of the hyperplane. In practice, C is chosen via cross validation and controls
the bias-variance trade-off. A small C leads to narrow margins that are rarely violated and
this amounts to a classifier that is highly fit to the data which may have low bias but high
variance and vice-versa.

Fig. 7.8. Example with two classes (blue and red) that overlap in feature space. The hyperplane is
shown as a solid line and the margins are as dashed lines. Blue observations: five observations are
on the correct side of the margin, two observations are on the margin, two observations are
on the wrong side of the margin and one observation is on the wrong side of the hyperplane. Red
observations: five observations are on the correct side of the margin, one observation is
on the margin, one observation is on the wrong side of the margin and three observations are
on the wrong side of the hyperplane. The diamond-shaped blue and red points are
the support vectors.
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The observations that lie strictly on the correct side of the margin do not affect the SVC.
This is an attractive property for the SVC. The SVC is only influenced by the support
vectors which are the observations on the wrong side of their margins. The diamondshaped blue and red observations in Fig. 7.8 are the support vectors in that case. A large
value of the cost tuning parameter C will lead to many support vectors as the result of the
wide margins.
The constraints of the optimization problem in (7.8) can be rephrased as a convex
optimization problem (quadratic with linear inequality constraints). A quadratic
programming solution using Lagrange multipliers can be used to solve this optimization
problem. The Lagrange primal function is

‖𝜷‖

𝐿
𝐶∑

𝜉

∑

𝛼 𝑙 𝒙 𝜷

𝛽

1

∑

𝜉

𝑢𝜉

(7.8)

After minimizing the Lagrange primal function in (7.8) w.r.t. the parameters 𝜷, 𝛽 and 𝝃
and setting the respective derivatives to zero, we arrive at a Lagrange dual problem as
given below in (7.9) by substituting the parameters into the Lagrange primal function [12].

∑

𝐿

∑

𝛼

∑

𝛼 𝛼𝑙𝑙𝒙 𝒙 ,

(7.9)

The solution of (7.9) is expressed in terms of fitted Lagrange multipliers 𝛼

∑

𝜷

𝛼𝑙𝒙,

0 only for those observations i for which the second constraints in (7.8) are
with 𝛼
fulfilled (support vectors). Suppose that S is the collection of indices of these support
vectors, we have then
𝑓 𝒙

𝒙 𝜷

𝛽

𝛼𝑙𝒙 𝒙

𝛽

∈

7.4.1.3. SVM: Support Vector Machine
The SVM is an extension of the SVC that results from enlarging the feature space in a
specific way using basis expansions such as polynomials, splines or kernels. The idea is
to enlarge the feature space in order to adapt a non-linear boundary between the classes.
The procedure that solves this problem is almost identical to the previous one, the only
1, … , 𝑞. Briefly,
difference is that here we need to select the basis functions ℎ 𝒙 , 𝑗

ℎ 𝒙 ,ℎ 𝒙 ,…,ℎ 𝒙

we will fit the SVC using input features 𝒉 𝒙
𝑖
1, … , 𝑛, and produce the nonlinear function [31]

𝑓 𝒙

𝒉 𝒙 𝜷

𝛽

,

(7.10)

The classifier is 𝐺 𝒙
𝑠𝑖𝑔𝑛 𝑓 𝒙 as before. The optimization problem and its
solution are presented in a special way that only involves the input features via inner
products. The Lagrange dual in (7.8) has then the form [31]
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𝐿

∑

∑

𝛼

∑

𝛼 𝛼 𝑙 𝑙 〈𝒉 𝒙 , 𝒉 𝒙 〉 ,

(7.11)

∑

𝛼 𝑙 〈𝒉 𝒙 , 𝒉 𝒙 〉

(7.12)

and the solution function can be written as

𝑓 𝒙

𝒉 𝒙 𝜷

𝛽

𝛽

The expressions (7.11) and (7.12) involve h(x) only through inner products. This implies
that the computation of the inner products in the transformed space requires only
knowledge of the kernel function

〈𝒉 𝒙 , 𝒉 𝒙′ 〉

𝐾 𝒙, 𝒙

(7.13)

Replacing the kernel function (7.13) in (7.12) gives

∑

𝑓 𝒙

𝛼 𝑙 𝐾 𝒙, 𝒙

𝛽

The three popular choices of the kernel function are:
a) 𝑝th degree polynomial: 𝐾 𝒙, 𝒙
b) Radial basis: 𝐾 𝒙, 𝒙
c) Neural network: 𝐾 𝒙, 𝒙

exp

1
𝛾‖𝒙

〈𝒙, 𝒙 〉 ;
𝒙‖ ;

tanh 𝜅 〈𝒙, 𝒙 〉

𝜅 .

An example of the radial basis kernel is shown in Fig. 7.9 as a black solid line. The blue
line is the Bayes decision boundary. The SVC will certainly perform worse than the radial
basis kernel on these data because of the presence of the non-linear decision boundary.
For the SVM with more than two classes, the most popular approaches are so called
“one-versus-one” and “one-versus-all”.

Fig. 7.9. Example of a two-class classification problem using a radial basis kernel on simulated
5 and 𝛾
0.5 is shown as a black solid line and the Bayes
data. The radial basis kernel with 𝐶
decision boundary as a blue solid line. The radial basis kernel is close to the Bayes decision
boundary in this case.
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7.4.2. Probabilistic k-NN
The standard k-NN classifier is one of the most straightforward nonparametric methods
to classifying objects on the basis of the feature vectors which are considered as points
belonging to certain class, in the feature space ℝ . With the k-NN rule, class prediction is
performed by finding the k nearest (in some distance metric) points and assigning the most
frequent label. Despite its simplicity, the performance of k-NN shown on numerous
classification tasks signifies that it continues to be a competitive classification method in
machine learning and statistics [33, 34]. In order to assess the uncertainty in the assigned
class labels, probabilistic alternatives of the k-NN method have been studied (see [35-37]
among others). Here we use the one proposed by [38], which offers a straightforward and
yet theoretically neat k-NN classifier. The probabilistic 𝑘 -NN has shown good
classification performance and at the same time it allows employing uncertainty measures
associated with the assigned class labels, which other machine learning techniques are
lacking. We describe shortly this approach below and refer the details to [38].
Given a dataset 𝒙 , 𝑙 , 𝒙 , 𝑙 , … , 𝒙 , 𝑙 , where 𝑙 ∈ 𝐶 , … , 𝐶 is a class label
associated with the feature vector 𝒙 ∈ ℝ . In the case of our current study, we have three
3): 𝐶
defect-free, 𝐶
crater, and 𝐶
dirt. For a new feature vector
classes (𝐾
𝒙 ∈ ℝ , whose class label is unknown and to be predicted, denote the minimum Euclidean
distance in the feature space from 𝒙 to the data points of class 𝐶 by

𝐷 𝒙, 𝐶

:

min ‖𝒙

𝒙‖

Then the conditional probability density for class 𝐶 can be estimated by [30]

𝑓 𝒙

,

𝒙,

where 𝑛 is the number of data points in class 𝐶 , 𝑉 𝑟 is the volume of the ball in the
feature space ℝ with a centre at 𝒙 and a radius of r. Following posterior class
probabilities, we are able to assign proper probabilities to each class as follows [38]

𝑝

𝑓 𝐶 |𝒙

𝒙,
∑

𝒙,

,𝑘

1, … , 𝐾

Therefore, the class belonging probability vector for a new point with feature vector 𝒙 is
obtained as

𝒑 𝒙

𝑝 ,𝑝 ,…,𝑝

7.5. Performance Evaluation
The performance of a classifier can be summarized in a confusion matrix as the one shown
in Table 7.2 below.
The performance of a classifier can be evaluated with many different metrics. Different
fields have different preferences for specific metrics due to different goals. In this work,
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the metrics used are the misclassification error rate (MER), false positive rate (FPR) and
false negative rate (FNR). Some of the conventional evaluation metrics derived from the
quantities in Table 7.2 are presented in Table 7.3 below.
Table 7.2. Confusion matrix for a binary classifier.

True class

Non-defect (0)
Defect (1)

Predicted class
Non-defect (0)
Defect (1)
True Negative (TN) False positive (FP)
False Negative (FN) True positive (TP)

Total
n0 = TN+FP
n1 = FN+TP

Table 7.3. Evaluation metrics.
Name
True Negative Rate
False Positive Rate
False Negative Rate
True Positive Rate
Misclassification Error Rate

Acronym
TNR
FPR
FNR
TPR
MER

Expression
TN/ n0
FP/ n0 = 1-TNR
FN/ n1
TP/ n1 = 1-FNR
1-(TP+TN)/(n0+ n1)

Synonyms
Specificity
Type I error
Type II error
Sensitivity
1-Accuracy

We also used probability-based metrics introduced in [14] which are similar to the
conventional metrics such as:
Probability based misclassification error rate:
probMER

∑

𝑃𝑀

∑

𝑃𝐹𝑁

∑

𝑃𝐹𝑃 ,

Probability based false negative rate:
probFNR
Probability based false positive rate:
probMER

where 𝑃𝑀 is a probability of misclassification which can
𝑃𝑀
1 𝑃 𝑙
0|𝒙 if the patch has a defect and 𝑃𝑀
otherwise. The probability of false negative is defined for the patches
𝑃𝐹𝑁
1 𝑃 𝑙
1|𝒙 , while the probability of false positive is
patches without defects as 𝑃𝐹𝑃
𝑃 𝑙
1|𝒙 .

be found as
𝑃 𝑙
1|𝒙
with defects as
defined for the

Note that it is straigforward to extend these criteria to the multi-class classification tasks
by applying one-against-all principle.
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Moreover, the vectors of posterior probabilities allow the classification quality to be
judged at patch level, by using the uncertainty measure via Shannon entropy [30]:

𝐸 𝒙

𝑝 log 𝑝

𝑝 log 𝑝

⋯

𝑝 log 𝑝 ,

which provides us the uncertainty measure of classification for the whole dataset by its
average entropy

∑

𝐸

𝐸 𝒙

7.6. Results and Discussion
Here we present the results from the comparative analysis of the binary and 3-class
classification problems, using cross-validation. Five different seeds were used to
randomly split the collected data into five different training and test sets for SVM. 70 %
of the data were included into the training sets and 30 % into the test sets for every split.
Ten different seeds were used for probabilistic k-NN. All experiments were carried out in
R 3.4.4 environment (R Core Team, 2018). The R library e1071 [39] was used to train a
support vector machine, and knnx.dist() function of the R package FNN [40] to
calculate the Euclidean distances of one-nearest neighbors.
The following ten feature vectors were constructed for classifier training.
1) EDF feature vector:

𝜁

EDFj

𝜁 , ,…,𝜁

,

,𝑗

1,2, … ,16,

where 𝜁 , is the scaled EDF of the ith smooth of the patch pixel values for the jth channel.
2) HOG feature vector:
HOGj

𝛾 , ,…,𝛾

,

,

where 𝛾 , is the HOG coefficient for the corresponding jth channel, 𝑖

1, … , 54.

3) LBP-HOG feature vector:
LBP-HOGj

𝜑 , ,…,𝜑

,

,

where 𝜑 , is the LBP-HOG coefficient for the corresponding jth channel.
4) HOG and LBP-HOG feature vector:
HOG.LBP-HOGj = (HOGj, LBP-HOGj)T,
where HOGj and LBP-HOGj are respectively the HOG and LBP-HOG feature vectors
from above. The dimension of this vector is 108.
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5) Feature vector based on the HOG applied on the denoised patches from Haar wavelet:

𝜔 , ,…,𝜔

HOG-Haarj

,

,

where 𝜔 , is the HOG coefficient for the corresponding jth channel.
6) Feature vectors based on the HOG applied on the denoised patches from Daublets
wavelet:

𝜗 , ,…,𝜗

HOG-Daubletsj

,

The same idea as Haar wavelet in (e) was used here. 54 HOG coefficients were
extracted in this case as well.
7) Feature vectors based on the HOG applied on the denoised patches from Symmlets
wavelet:

𝛿 , ,…,𝛿

HOG-Symmletsj

,

Same concept as with Haar wavelets, 54 HOG coefficients extracted here.
8) Feature vectors based on column standard deviations:
col.stdj
where 𝑠

,

𝑠

,

,…,𝑠

,

,

is the kth column standard deviation of the pixel values for the jth channel.

9) Feature vectors based on P-splines and column standard deviations:
P-splines.col.stdj

𝛽 ,𝑠

,

where 𝛽 is a vector of the estimated spline coefficients, 𝑠 , is an m-dimensional
vector of the column standard deviations of the pixel values for the jth channel.
10) Feature vectors based on column standard deviations and HOG feature descriptors
jointly:
𝑠 , 𝐻𝑂𝐺
col.std.HOGj
7.6.1. Defect Detection Problem
We first present the results for defect detection, i.e. a binary task of classifying patches
into defect or non-defect. Figs. 7.10 and 7.11 illustrate examples of the columns means
by class of the channel “16-𝜋-90” for the HOG and EDF feature vectors for two classes,
respectively.
The performances of SVM and k-NN for binary classification problem using the
probability-based metrics, with the feature vectors based on HOG, LBP, DWT, smoothing
and variability are presented below in Tables 7.4 and 7.5.
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Note that the results on binary classification using conventional evaluation metrics are
similar and can be found in [14].

Fig. 7.10. HOG 2-class feature vector, column means by class, channel “16-𝜋-90”.

Fig. 7.11. EDF 2-class feature vector, column means by class, channel “16-𝜋-90”.
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Table 7.4. Performance results of the SVM classifier for the binary classification problem using
the probability-based metrics. The results are means of five runs (the standard errors are
in brackets with a scale 10 ).
Feature vector
EDF
HOG
LBP-HOG
HOG:LBP-HOG
HOG-Haar
HOG-Daublets
HOG-Symmlets
col.std
P-splines:col.std
col.std:HOG
EDF
HOG
LBP-HOG
HOG:LBP-HOG
HOG-Haar
HOG-Daublets
HOG-Symmlets
col.std
P-splines:col.std
col.std:HOG
EDF
HOG
LBP-HOG
HOG:LBP-HOG
HOG-Haar
HOG-Daublets
HOG-Symmlets
col.std
P-splines:col.std
col.std:HOG
EDF
HOG
LBP-HOG
HOG:LBP-HOG
HOG-Haar
HOG-Daublets
HOG-Symmlets
col.std
P-splines:col.std
col.std:HOG
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Entropy
probMER
Channel “8-𝜋-90”
0.0044(4.6)
0.0016(0.2)
0.165(3.7)
0.087(3.0)
0.52(2.3)
0.35(2.0)
0.17(4.7)
0.09(2.8)
0.15(4.0)
0.076(2.1)
0.13(3.2)
0.072(2.6)
0.14(5.5)
0.07(2.2)
0.254(3.1)
0.141(2.6)
0.21(3.7)
0.117(1.6)
0.184(1.5)
0.099(2.4)
Channel “16-𝜋-90”
0.010(1.1)
0.0043(0.5)
0.16(3.0)
0.08(3.0)
0.52(10.0)
0.35(7.7)
0.16(3.0)
0.087(3.0)
0.15(3.0)
0.08(3.2)
0.14(3.4)
0.08(1.6)
0.14(3.5)
0.08(2.0)
0.331(3.8)
0.197(1.2)
0.278(2.4)
0.162(0.7)
0.181(2.6)
0.101(1.2)
Channel “32-𝜋-90”
0.0073(0.8)
0.003(0.7)
0.19(4.0)
0.11(3.4)
0.49(40.0)
0.34(16.0)
0.20(6.4)
0.11(3.3)
0.21(3.0)
0.12(3.2)
0.19(3.8)
0.11(3.1)
0.19(1.4)
0.11(3.2)
0.373(4.7)
0.227(2.1)
0.333(3.5)
0.200(2.2)
0.221(2.2)
0.127(1.7)
Channel “64-𝜋-90”
0.0067(1.39) 0.0019(0.5)
0.29(6.0)
0.17(1.8)
0.53(10.0)
0.35(4.7)
0.3(5.0)
0.18(3.9)
0.32(6.2)
0.19(2.5)
0.28(2.03)
0.17(5.9)
0.30(5.0)
0.18(2.0)
0.441(2.7)
0.280(1.1)
0.420(5.4)
0.266(1.5)
0.305(3.4)
0.185(1.3)

probFPR

probFNR

0.0013(0.3)
0.059(2.4)
0.23(3.4)
0.06(1.9)
0.05(2.2)
0.048(1.6)
0.048(2.8)
0.095(1.9)
0.077(2.5)
0.065(1.9)

0.0027(1.1)
0.17(9.7)
0.70(15.0)
0.18(9.0)
0.15(1.0)
0.14(9.6)
0.14(10.0)
0.278(7.5)
0.234(9.2)
0.198(8.9)

0.0033(0.4)
0.06(2.4)
0.23(7.0)
0.058(2.3)
0.06(2.9)
0.05(2.3)
0.05(2.3)
0.131(2.2)
0.109(1.3)
0.066(2.2)

0.0073(1.5)
0.17(10.0)
0.70(10.0)
0.17(8.7)
0.16(0.01)
0.16(0.01)
0.15(8.9)
0.391(2.9)
0.322(4.1)
0.203(5.9)

0.002(0.4)
0.07(2.0)
0.21(36.0)
0.073(3.2)
0.08(3.7)
0.07(4.0)
0.07(3.8)
0.151(3.4)
0.133(2.7)
0.084(2.1)

0.0059(2.4)
0.21(10.0)
0.74(46.0)
0.22(12.0)
0.23(13.0)
0.22(13.0)
0.21(16.0)
0.451(9.77)
0.400(9.89)
0.254(3.7)

0.0023(0.6)
0.12(1.3)
0.23(9.4)
0.12(1.8)
0.13(1.4)
0.11(17.0)
0.12(1.8)
0.187(2.2)
0.178(2.1)
0.125(2.4)

0.001(0.6)
0.35(10.0)
0.73(10.0)
0.36(14.0)
0.39(8.7)
0.37(30.0)
0.35(12.0)
0.555(3.3)
0.527(2.5)
0.361(6.1)
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Table 7.5. Performance results of the k-NN classifier for the binary classification problem using
the probability-based metrics. The results are means of ten runs (the standard errors are
in brackets with a scale 10 ).
Feature vector

Entropy

probMER
Channel “8-𝜋-90”

EDF
HOG
LBP-HOG
HOG:LBP-HOG
HOG-Haar
HOG-Daublets
HOG-Symmlets
col.std
P-splines:col.std
col.std:HOG

1.4ꞏ10−6(1.7ꞏ10−3)
0.074(2.9)
0.27(3.3)
0.15(3.3)
0.06(2.0)
0.07(2.0)
0.07(1.6)
0.081(1.5)
0.035(1.4)
0.041(1.8)

1.7ꞏ10−7(2.3ꞏ10−4)
0.22(3.5)
0.37(3.9)
0.36(4.6)
0.21(3.7)
0.22(2.7)
0.22(3.8)
0.143(2.3)
0.144(1.9)
0.183(12.0)

EDF
HOG
LBP-HOG
HOG:LBP-HOG
HOG-Haar
HOG-Daublets
HOG-Symmlets
col.std
P-splines:col.std
col.std:HOG

1.9ꞏ10−5(3.4ꞏ10−2)
0.085(1.4)
0.26(2.6)
0.14(2.6)
0.08(2.1)
0.09(3.6)
0.09(3.1)
0.065(1.1)
0.041(1.5)
0.037(1.8)

6.4ꞏ10−6(1.6ꞏ10−2)
0.24(5.1)
0.35(2.4)
0.34(2.8)
0.23(4.0)
0.25(4.6)
0.24(2.4)
0.198(2.5)
0.194(5.2)
0.190(5.0)

EDF
HOG
LBP-HOG
HOG:LBP-HOG
HOG-Haar
HOG-Daublets
HOG-Symmlets
col.std
P-splines:col.std
col.std:HOG

9.3ꞏ10−6(1.4ꞏ10−2)
0.12(2.1)
0.27(1.9)
0.14(1.7)
0.11(1.8)
0.12(3.0)
0.12(3.3)
0.077(1.9)
0.063(2.3)
0.051(1.9)

2.1ꞏ10−6(4.1ꞏ10−3)
0.28(3.2)
0.37(3.0)
0.36(3.3)
0.26(3.4)
0.28(2.9)
0.28(3.9)
0.229(4.0)
0.239(3.5)
0.232(3.3)

probFPR

probFNR

2.2ꞏ10−7(3.2ꞏ10−4)
0.12(3.9)
0.26(3.2)
0.24(3.5)
0.10(4.2)
0.11(4.0)
0.11(5.0)
0.116(3.7)
0.055(2.4)
0.157(15.0)

3.4ꞏ10−8(8.2ꞏ10−5)
0.55(8.9)
0.70(9.6)
0.72(10.0)
0.52(8.6)
0.54(10.0)
0.53(10.0)
0.225(6.5)
0.406(8.1)
0.261(7.4)

7.1ꞏ10−6(2.1ꞏ10−2)
0.13(5.5)
0.24(2.9)
0.22(3.3)
0.12(4.3)
0.13(4.4)
0.13(2.9)
0.128(3.3)
0.083(4.9)
0.101(4.3)

4.5ꞏ10−6(7.9ꞏ10−3)
0.57(14.0)
0.69(7.0)
0.71(7.7)
0.56(7.8)
0.60(7.1)
0.58(10.0)
0.406(12.0)
0.521(13.0)
0.452(11.0)

2.3ꞏ10−6(5.5ꞏ10−3)
0.15(4.3)
0.25(3.6)
0.23(4.2)
0.15(2.5)
0.16(2.9)
0.16(4.4)
0.135(5.4)
0.119(4.4)
0.133(4.9)

1.5ꞏ10−6(2.4ꞏ10−3)
0.65(12.0)
0.72(8.0)
0.74(8.8)
0.62(10.0)
0.64(7.5)
0.64(8.7)
0.509(0.01)
0.596(11.0)
0.523(0.01)

2.7ꞏ10−10(7.9ꞏ10−7)
0.19(6.5)
0.26(4.0)
0.24(3.9)
0.18(3.8)
0.20(7.0)
0.21(5.6)
0.193(4.2)
0.180(5.5)
0.210(4.4)

2.4ꞏ10−9(5.1ꞏ10−6)
0.69(7.3)
0.71(12.0)
0.73(0.01)
0.67(8.6)
0.70(6.4)
0.70(7.0)
0.615(8.1)
0.660(11.0)
0.606(13.0)

Channel “16-𝜋-90”

Channel “32-𝜋-90”

Channel “64-𝜋-90”
EDF
HOG
LBP-HOG
HOG:LBP-HOG
HOG-Haar
HOG-Daublets
HOG-Symmlets
col.std
P-splines:col.std
col.std:HOG

1.0ꞏ10−8(2.2ꞏ10−5)
0.16(3.4)
0.29(3.6)
0.16(2.5)
0.15(2.9)
0.15(2.5)
0.16(3.0)
0.132(2.4)
0.089(2.2)
0.101(1.8)

8.2ꞏ10−10(1.8ꞏ10−6)
0.32(3.7)
0.37(3.0)
0.36(4.0)
0.31(2.3)
0.33(5.2)
0.33(4.2)
0.300(3.8)
0.301(4.4)
0.310(3.5)
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In comparison of the detection ability (binary classification problem), among those ten
different types of feature vectors, EDF outperformed all the others, no matter the choice
of classifier (SVM or k-NN) and images channels. Its probabilistic error rate and entropy
are almost zero, which suggest that the approach is very certain in decision making.
Between the two classifiers SVM and k-NN, the latter gave better performance. Therefore,
we choose k-NN together with the feature vectors EDF and HOG (next best performance
after EDF) to further investigate their abilities for not only detecting defects from
non-defects but also distinguishing defects between dirt and crater, i.e. the 3-class
classification problem, as follows.
7.6.2. Three-class Classification Problem
Here we present the results of our statistical learning approach for detecting the most
common types of defects such as dirt and crater. Figs. 7.12 and 7.13 display the columns
means by class of the channel “16-𝜋-90” for the HOG and EDF 3-class feature vectors,
respectively.
The performances of k-NN for 3-class classification problem, with the feature vectors
based on HOG and EDF are presented in Tables 7.6 (conventional metrics) and Table 7.7
(probability-based metrics).

Fig. 7.12. HOG 3-class feature vector, column means by class, channel ¨16-𝜋-90¨.

As we can see from Table 7.6, our probabilistic k-NN together with EDF demonstrated
that almost 100 % of defect detection and 0 % of false alarms are achieved. Equivalently,
nearly all patches with both crater and dirt were correctly classified, and no defect-free
patch was predicted as defective. Contrary to the EDF, the feature vector based on HOG
has much lower capability of defect detection, accounting for more than 10 % of false
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alarms and higher than 50 % of non-detections. The performance results of the HOG are
worsening for the datasets of patches that correspond to channels with larger values of the
frequency parameter, whereas the EDF performs equally well for all presented datasets.
Consistently, Table 7.7 tells us that the probabilistic k-NN classifier using the feature
vector of EDF produce very certain classified labels.

Fig. 7.13. EDF 3-class feature vector, column means by class, channel ¨16-𝜋-90¨.
Table 7.6. Performance results of the k-NN classifier for 3-class classification problem using
the conventional metrics. The results are means of ten runs (the standard errors are in brackets).
Feature vector
EDF
HOG
EDF
HOG
EDF
HOG
EDF
HOG

MER
FPR
Channel “8-𝜋-90”
0(0)
0(0)
0.24(0.005)
0.11(0.005)
Channel “16-𝜋-90”
0(0)
0(0)
0.25(0.003)
0.12(0.004)
Channel “32-𝜋-90”
0(0)
0(0)
0.28(0.005)
0.15(0.005)
Channel “64-𝜋-90”
0(0)
0(0)
0.32(0.005)
0.18(0.005)

FNR
0(0)
0.54(0.011)
0(0)
0.58(0.008)
0(0)
0.65(0.012)
0(0)
0.67(0.01)
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Table 7.7. Performance results of the k-NN classifier for 3-class classification problem using
the probability-based metrics. The results are means of ten runs (the standard errors are
in brackets with a scale 10 ).
Feature
vector

Entropy

probMER

EDF
HOG

1.5ꞏ10−6(1.6ꞏ10-3)
0.078(3.2)

1.9ꞏ10−7(2.1ꞏ10−4)
0.24(5.0)

EDF
HOG

2.2ꞏ10−5(3.7ꞏ10−2)
0.089(1.2)

9.5 ꞏ10−6(2.5ꞏ10−2)
0.25(2.5)

EDF
HOG

1.3ꞏ10−5(1.6ꞏ10−2)
0.12(3.2)

2.7ꞏ10−6(4.3ꞏ10−3)
0.29(3.9)

EDF
HOG

2.5 10−8(3.1ꞏ10−5)
0.17(2.3)

2.1ꞏ10−9(2.6ꞏ10−6)
0.33(4.2)

probFPR

probFNR

2.2ꞏ10−7(2.8ꞏ10−4)
0.12(5.0)

1.1ꞏ10−7(2.3ꞏ10−4)
0.61(12.0)

Channel “8-𝜋-90”
Channel “16-𝜋-90”
1.3ꞏ10−6(2.6ꞏ10−3)
0.13(2.9)

3.4ꞏ10−5(9.9ꞏ10−2)
0.64(7.9)

Channel “32-𝜋-90”
2.9ꞏ10−6(5.9ꞏ10−3)
0.15(4.7)

1.9ꞏ10−6(3.9ꞏ10−3)
0.69(7.6)

Channel “64-𝜋-90”
6.2ꞏ10−10(1.9ꞏ10−6)
0.19(4.7)

6.3ꞏ10−9(9.1ꞏ10−6)
0.73(7.5)

7.7. Real-time Visualization
An essential step in industrial practice is to make prediction on the new coming images of
cabs, based on the trained statistical learning models. The defective regions for every cab’s
object are revealed through a real-time visualization GUI. The system is also able to tell
the nature of the defects with properly estimated uncertainty.
Fig. 7.14 shows an example of how real-time prediction results for FH cabs are presented.
What follows is a step by step description of the real-time visualization process that we
built at the paint shop:
a) Sixteen images are automatically taken for each cab that passes through our system;
b) Only the image taken with the channel “16-00” is selected for further analysis;
c) A non-overlapping moving window of size 51×51 divides the selected image into
4158 patches. The edges are excluded subsequently;
d) Features are extracted from each one of those patches;
e) For every patch, the probabilistic classifier predicts the estimated probabilities of
each class. The decision threshold is set to 85 %, a value above that threshold
indicates defected patches while a value below indicates defect-free patches. The
cross-entropy is also computed to evaluate the quality of our model;
f) The existing Volvo standard is applied for all the cabs with more than two defects.
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Fig. 7.14. Example of how real-time prediction results for FH cabs are presented. Top left: FH
cab’s image of the left side. Top right: Luggage lid for FH cab. Bottom left: Probability heat
map. Bottom right: Entropy heat map.

7.8. Conclusions
Two types of problems, namely defect detection (binary problem) and defect classification
(three-class problem) on the painted surface of the cab luggage lid, have been considered.
The images from three different types of surfaces were collected. Rather than taking the
natural images of the surface, the sinusoidal patterns were sent onto a
55-inch Sony screen and the reflections of those patterns on the surface were captured by
two Fujinon cameras. Any variations of the surface due to defect, e.g., dirt or crater,
resulted in the pattern distortion. In order to help with differentiating between the patches
with and without defect, the gray scale pixel values of the obtained raw patches were
transformed into a set of features. Together with extraction of the valuable information
for the purpose of classification, the transformation reduces the dimensionality of the input
data. Ten types of features were analyzed in this work, such as histogram of oriented
gradients, local binary pattern, 2D wavelet transform, features based on variabilities and
smoothing features based on P-splines and EDF. The derived features were converted into
a vector for further use in a learning defect classifier.
Four channels were used for the data analysis. These channels have the same phase and
correspond to channels 3, 7, 11, and 15 in Table 7.1. The selection of the phase 𝜋 was
random since it was previously known that the misclassification error rate was not affected
by the phase, in contrast to the frequency which could have an impact on the performance
results. The selected patch's window size was 91 91 due to its signal strength which
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increases the defect visibility. The selected size facilitated also the comparison with the
previous results.
The preliminary analysis has been carried out to compare the performances of different
classifiers such as neural networks, probabilistic k-nearest neighbors, support vector
machine and random forest. Regardless of the feature vector chosen, SVM revealed itself
to be the best classifier in terms of prediction accuracy, whereas the probabilistic k-NN
came out as the fastest one in those previous studies. These two classifiers, SVM and
probabilistic k-NN, were then selected for the analysis presented in this work.
From the overall results, it is evident that the EDF smoothing features achieve better
classification performance with near zero misclassification error rate, both for defect
detection and defect classification problems, in comparison with the other considered
features used in k-NN and/or SVM. Besides, k -NN classifier is much faster than most
commonly used classification algorithms for surface defect detection, such as SVM,
random forest and neural networks, since those having computational expensive
training phases.
In addition, the probability-based performance evaluation metrics have been proposed as
alternatives to the conventional metrics. When an image is classified as containing a defect
or non-defect, there is always a risk for erroneous classification. The usage of the
probability-based metrics allows for uncertainty estimation of the predictive performance
of a classifier.
It was time-consuming and expensive to collect the data and many challenges emerged
during this process. Hundreds of data were thrown away due to unavailable information
caused by some reported bugs from the image acquisition and annotation GUI. According
to the size of the mouse click error from the operators, some defects could be hidden.
Sometimes when the click error was big, some patches (often with smaller window sizes)
did not even include these defects. The click error tended to be bigger when dealing with
smaller defects because it was easier to miss them. The defect’s hiding could as well be
triggered by their micro meter size or by darker colours. Another vital and previously
known issue was to separate craters from dirts during annotation. Touching the surface
was still crucial to tell if it is a bump or a hole.
The developed real-time pilot system for defect detection and classification is currently
running at Umeå Volvo plant and the results look promising despite the limited time for
cab inspection. Developing such type of system is a complex process, where various areas
of expertise have to be involved.
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8.1. Introduction
Change detection is an important activity in many engineering processes from industry –
for condition monitoring, medicine – for diagnosis and health monitoring, remote sensing
– for land and surface monitoring. A common point of all these processes is the type of
data input, i.e. the set of recorded signals organized in mono or multidimensional arrays.
The standard choice is the 2D arrays, interpreted as images obtained at different time
moments and, possible, from different states of the process and measuring conditions.
Change detection is used in fault detection, process diagnosis and predictive maintenance.
There are mainly two approaches, based on parity equations and signal processing
paradigm as, e.g. in [1-3], including machine learning [4] and artificial intelligence [5].
Both approaches use models based on equations. The first one is a process model and the
second one is a model of the processed signals, directly from the analyzed process or
residuals from other processing structures. This work uses the second approach, i.e. based
on signal processing paradigm.
Change detection based on signal processing is a dynamic research domain and is based
mainly on signal processing statistical techniques, as in [6-8]. New trends and results are
obtained with advanced signal processing techniques and combinations of classic
methods, i.e. time-frequency transforms, multi-scale transforms, information fusion, as
well as artificial intelligence techniques.
Seven categories for change detection are commonly used, as: Direct Comparison (DC);
Classification-based Methods (CM); Object-Oriented Method (OOM); Model Methods

Dorel Aiordăchioaie
‘Dunarea de Jos’ University of Galati, Romania
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(MM); Time-Series Analysis (TSA); Visual Analysis (VA); and Hybrid Method (HM), as
described in [9-10].
Change detection methods based on image processing could be classified into two classes,
namely, bi-temporal change detection and temporal trajectory analysis. The former makes
a comparison at two-time instants. The latter considers an analysis on a quasi-continuous
time scale by defining/computing the trajectories or curves from temporal image data. It
is applied for the cases when a high temporal resolution is available. An important
application of temporal trajectory analysis is real-time detection, such as video image
sequences analysis [11].
An important framework of change detection in image processing is represented by the
maximum likelihood method, part of a more general area, named change detection based
on statistical signal processing.
A change detection algorithm must identify the changed regions from one image to
another one. The regions could be at the level of the pixel or at the level of more wide
areas. More theoretical details and considerations could be found in [12-14]. In [15], an
example of Change Vector Analysis (CVA) is presented, working on landsat images. In
[16] an adaptive change detection technique via a significance test is proposed for remote
sensing images. In [17] advanced techniques for change detection is used based on image
fusing paradigm and using synthetic images to improve the accuracy of the change
detection algorithm. In [18] a review of change detection methods is considered in the
field of remote sensing.
Another point of view related to the classification of Change Detection Techniques (CDT)
generates two categories: supervised and unsupervised. The former needs a set of images
for training, for input, and a set of labels, for output.
The unsupervised CDT uses the set of the images at the input only and has some
advantages related to the robustness to the external perturbations. The most used
unsupervised methods are CVA (Change Vector Analysis); Principal Component
Analysis (PCA); Object-Level Change Detection (OLCD); Multivariate Alteration
Detection (MAD). Finally, [19] provides a nice introduction in change detection methods
and [20] promotes a survey of change detection methods in Synthetic Aperture Radar
(SAR) Images.
Vibration and acoustic emissions are common effects of the incipient and advanced faults
in machinery and intensively used as sources of signals, as it is described, e.g., in [21-22].
This work considers the problem of change detection of faults in bearings, based on the
vibration measurements and advanced signal processing techniques. A special attention is
paid to feature generation and selection from time-frequency images.
Fig. 8.1 presents the main common processing blocks in the processing chain for CD
objectives. Raw data coming from measurements are pre-processed by filtering and
pre-processing, especially for source separation and stationarity analysis as, e.g. [23-26].
After applying the time-frequency transform, the associated images are pre-processed in
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terms of scaling and registration. Image registration is necessary for pixel-based methods
and not mandatory for feature-based methods. The trend is to develop change detection
algorithms which integrate image registration and change detection. The efficiency and
effectiveness of these methods must be assessed based on the results obtained by post
classification and their accuracy. Finally, the diagnosis is made with the help of
classification.

Fig. 8.1. The main processing blocks in change detection and diagnosis, based on TF images.

The chapter promotes two well-known signals transforms, Time-Frequency (TF) and
Cosine Transform (CT), in extracting and processing of the main specific features, for
change detection problem.
The level of research in this field, i.e. fault detection in bearings, is well
covered by [27-29].
The representation of the transform’s coefficients is an image, which will be addressed as
Time-Frequency Image (TFI). As a data structure is a 2D array. Such image contains a
huge information, and it offers solutions to problems from various fields where
non-stationary signals are involved. As an example, in the case of bearings,
[30-33] use TFIs.
This chapter promotes methods of feature design, under the hypothesis that the TF images
are easy to compute, i.e. a high capacity of processing data is available. The next section
considers the basic aspects of signal processing with data transforms, i.e. time-frequency
and cosine transforms. From variously available time-frequency transforms (TFT), the
Choi-Williams (CWT) transform is used, based on its good mathematical properties and
fast algorithms of computation. Cosine Transform (CT) is also used based on his power
to concentrate the information in its coefficients.
Section 8.3 presents three methods for feature design. The first one uses statistical
parameters of the analyzed objects contained in the processed images with physical
meaning, e.g. mean and variance. The second method considers virtual parameters,
obtained from a transformed time-frequency image, with the help of contours. The third
method selects the coefficients of the Cosine Transform (CT), in a similar approach as in
image compression.
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Selection of one method for feature vector depends on data sources and performance of
the change detection criteria. Physical data are described and discussed in Section 8.4, in
fact real signals recorded from mechanical vibration of faults in bearings of the
rotating machines.
The results of the experiments based on computer simulation using real data records are
presented in Section 8.5. Finally, the conclusion section presents a synthesis of the main
results in a qualitative way and some future steps to consider.

8.2. Data Transforms
8.2.1. Time-frequency Transform
Time-frequency transforms are advanced processing techniques for data processing, and
especially for data coming from non-stationary signals, as audio and speech signals [34],
mechanical vibrations or some biological signals [35]. Three main methods are currently
used for time-frequency representation and analysis: (i) Short-Time Fourier Transform
(STFT); (ii) Wavelet Transform (WT); (iii) Cohen class.
The STFT of a signal 𝑥 𝑡 ∈ 𝐿 𝑹 considers a window w(t), as

𝑆𝑇𝐹𝑇

∞
𝑥
∞

𝑡, 𝑓

𝜏 𝑤 𝜏

𝑡 𝑒

𝑑𝜏

(8.1)

The squared modulus is called spectrogram, as

𝑆

|𝑆𝑇𝐹𝑇

𝑡, 𝑓

𝑡, 𝑓 | ,

(8.2)

and constitutes a signal energy distribution in the time-frequency plane. The spectrogram
constitutes one of the widely used methods for the analysis of non-stationary signals. In
some cases it is unsuitable for the compromise needed for time and frequency resolutions,
i.e. it is not possible to simultaneously have good time and frequency resolutions.
Consequently, especially considering the proximity and evolution of the signal
components in time and in frequency, the user must choose the characteristics of the
analysis window depending on the signal structure. The transform is linear and depends
on the chosen window, w(t). Details on how to choose the parameters of the observation
window, as length and shape, and the discrete-time version, are presented e.g. in [36-38].
The Wavelet Transform (WT) was promoted to solve the time-frequency resolution
problem of Fourier-type methods. A concept called ”multi-resolution” or “multi-scale” is
promoted. In the case of continuous time wavelet transform, a basis of translated and
dilated functions called wavelets are used as

𝜓
The wavelet transform is then
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𝑊𝑇

𝑡, 𝑎

𝑥 𝜏

√

𝜓∗

𝑑𝜏

(8.4)

The Cohen class method is the set of all bilinear representations covariant under time and
frequency translations, and described by the equation

𝐶 𝑡, 𝑓

𝐾 𝑡 , 𝑡 ; 𝑡, 𝑓 𝑥 𝑡 𝑥 ∗ 𝑡 𝑑𝑡 𝑑𝑡

𝑇𝐹𝑇 𝑥 𝑡, 𝑓

𝑥∗ 𝑣

𝑘 𝑡, 𝑓; 𝑣, 𝜏 𝑥 𝑣

𝑑𝑣𝑑𝜏,

(8.5)

with

𝑘 𝑡, 𝑓; 𝑣, 𝜏

𝐾 𝑣

,𝑣

; 𝑡, 𝑓 ,

(8.6)

and where the kernel 𝑘 𝑡, 𝑓; 𝑣, 𝜏 has some special properties, as discussed in [24-25]. By
an equivalent parameterization, the equation (8.5) becomes

𝐶 𝑡, 𝑓

𝜑

𝑡

𝑣, 𝑓

𝑣 ⋅ 𝑊 𝑢, 𝑣 𝑑𝑣𝑑𝜏,

(8.7)

with

𝜑

𝑡, 𝜏

𝐾 𝑡, 0; 0, 𝜏 ,

(8.8)

and

𝑊 𝑡, 𝑓

𝑥 𝑡

𝑥 𝑡

𝑒

𝑑𝜏

(8.9)

The function Wx(t, f) is called the Wigner-Ville distribution (WVD), [23], being one of
the most important members of the Cohen’s class method). It may be the only distribution
with real values that satisfies the properties necessary for the classical applications of
signal processing. It is also the only distribution to provide perfect localization for impulse
signals and signals with a linearly modulated frequency [23].
In this work, the Choi-Williams Distribution (CWD) [39] is used, where the kernel
function is

𝜑 𝜃, 𝜏

𝑒𝑥𝑝

𝜃𝜏 /𝜎

(8.10)

This distribution function adopts exponential kernel to suppress the cross-terms that result
from the components that differ in both time and frequency centers.
The discrete WVD is defined by

𝑊 𝑛, 𝑚

∑

𝑥 𝑘𝑇 ⋅ 𝑥 ∗ 𝑛

𝑘 𝑇 𝑒𝑥𝑝

⋅ ⋅

(8.11)

It is easy to verify that W(n, m) is a periodic function of period 2N in both time and
frequency [39]. In the range 0 𝑛 2𝑁 1, 0 𝑚 2𝑁 1 , representing one
complete period, the WVD needs only be calculated over the range 0 𝑛 𝑁 1,
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0 𝑚 𝑁 1, having an area of one quarter that of the complete period. To obtain an
aliasing-free discrete WVD, the maximum frequency does not exceed 1/2T and the time
length of the signal must be less than NT / 2, which means
𝑊 𝑡, 𝑓

0 𝑓𝑜𝑟

𝑓

0,

𝑓

𝑊 𝑡, 𝑓

0 𝑓𝑜𝑟

𝑡

0,

𝑡

,

(8.12)
(8.13)

These conditions can almost be satisfied simultaneously. For more details specialized
literature is available, e.g. [39]. The coefficients of the time-frequency transform define
an image, which will be called a time-frequency image. The CWD is used here with a
rectangular window and unit variance.
8.2.2. Cosine Transform (CT)
Image compression is very used in many applications, mainly for storage and
transmission. A well-known theory, standards and examples as well, are available. Some
examples are presented in [40-42]. For transmission applications, a compression ratio or
capacity gain are used to estimate the gain after compression in strong correlation with
the accepted distortion at the end user site. The most used transforms are Fourier,
Karhunen-Loeve [43], Haar-Hadamard and Walsh-Hadamard [44], and Cosine [45].
Discrete Cosine Transform (DCT) is used in this chapter. For change detection context,
only the selection and extraction of the main coefficients are the mandatory steps. The
reconstructed image with the selected coefficients is not important. Some processing
techniques used in image compression could be used also here, i.e. a zigzag trajectory in
the reading of the DCT coefficients and extraction of a limited number based on their
values and imposed error of detection or classification. The raw image could be also
divided into blocks of interest, preferably of the same size.
An important improvement of the change detection performances is to consider the
spectrum distribution over the frequency axis, and to define frequency bands for analysis,
as low, medium and high frequency bands.
The matrix A of the transformation is defined by

∑

𝐴 𝑢, 𝑣
𝐶 𝑘

∑

𝐶 𝑖 𝐶 𝑗 ⋅ 𝑐𝑜𝑠

,

𝑘

1,

𝑘

√

0
0

;

𝑢, 𝑣

𝑐𝑜𝑠
0, . . . , 𝑛

,

1,

(8.14)

and it is used as

𝑩∗

𝑨 ⋅𝑩⋅ 𝑨

(8.15)

The size of the output array, B*, is the same as the input array, B. Fortunately, many of
the transform’s coefficients, i.e. the elements of B*, are close to zero and can be ignored.
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8.3. Description of the Feature Selection Methods
8.3.1. Preliminary
Change detection is assimilated as a binary hypothesis detection problem. The structure
of the method is presented in Fig. 8.2. For each record of N samples coming from the
observed process, a sliding non-overlapping window of length n<<N is considered. Data
are processed and evaluates a detection criterion and, after comparing with a threshold, ,
a decision is taken, i.e. D0 for no change and D1 for a change. The threshold depends on
the prior information about data, the monitored process, and the imposed performance of
the detection criteria based on custom probabilities.

Fig. 8.2. The basic structure of the data processing for change detection.

Each window of observation is considered as a data frame and, by transformation, it
generates a time-frequency image (TFI). These operations are made inside of the block
for computation of the detection criteria. There are two aspects of the analysis activity:
(i) quantitative, based on the change of the energy/information contain in TFI, from one
frame to another one. A change in the energy/information is a first sign of difference
between current and previous content of the frames. Thus, change detection might be
implemented; (ii) qualitative, based on the content of each TFI at the level of
patterns/shapes and based on the evolution of these when the frames are changing. This
aspect is the main contribution to the base knowledge for diagnosis.
The analysis of the TFIs considers the main components, i.e. the components with the
highest amplitudes. In the simplest case, only one component is considered. A more
complex method takes a predefined number of peaks and builds a 2D object, in order to
describe the behavior or the state of the analyzed process.
A change in the working regime or the appearance of faults in bearings will be reflected
by a change in the position of the spectral components in the time-frequency image. In the
case of the object, the shape will change. A change in the working regime, e.g. a change
in the rotation speed, is reflected by a movement of the spectral components on the
frequency axis. Various faults could generate also some extra components.
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The parameters of the selected components, e.g. the coordinates on X and Y directions, the
amplitude, the frequency bandwidth, the energy, etc. are the elements of the feature vector
associated with a frame i as

𝒇 ⋯

𝑭

𝒇

⋯𝒇

,𝒇 ∈ ℝ

,𝑗

1, 𝑝, 𝑖

1,2, …,

(8.16)

where p is the number of the peaks/components and n is the number of the parameters.
Scaling to [0,1] is considered for all column vectors, fj, by dividing it to the maximum
value of the considered vector.
To reduce the number of the features, an average of the parameters could be computed
and considered as

𝑭

...

𝐸𝑭

𝐸𝒇

...

...

𝜇

...

𝝁

(8.17)

Some supplementary parameters based on various statistic moments of various orders or
extra knowledge could be also used, by adding them to the feature vector, if necessary.
If  is the threshold vector, computed from the a priori probabilities of hypotheses and
desired a posteriori probability of the decisions, the decision criterion is based on the
general rule
IF

𝝁

𝜸

𝐶𝐷

THEN

TRUE),

(8.18)

with CD being a binary variable associated to the decision process. In the next sections,
when the results of the experiments are presented, the point change detection is estimated
by using the CUSUM criterion, a classic sequential technique based on cumulative
sum [46-47].
8.3.2. Feature Design by Physical Parameters
In the beginning, only one component is considered, i.e. the component with the highest
amplitude, which could be enough for change detection. If diagnosis is imposed, features
from more components must be considered and properly processed.
In the simplest case, two parameters are selected, the coordinates x and y, which could be
enough for change detection but not for diagnosis purposes, in general. This is the price
for simplicity.
A finite number of frames is considered, nw. The base feature vector is

𝑥
𝑦 ,𝑖

𝑭

1,2, . . . , 𝑛 ,

(8.19)

with its mean defined as

𝑭
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An augmented feature vector could consider the variance (or standard deviation) of the
coordinates related to the component of the same frame or on number of previous
frames as

𝑦

𝑥

𝑭

𝜎

𝜎

,𝑖

1,2, . . . , 𝑛 ,

(8.21)

and

𝜇

𝑭

𝜎

,𝑖

1,2, . . . , 𝑛

(8.22)

8.3.3. Feature Design by Synthetic Parameters
The method considers the content of the image by selecting a pre-defined number of
peaks/components, e.g. up to 3...5, depending on the content and complexity of the image.
A new image is obtained and defined in terms of contours, defined by the above peaks,
which will be called transformed image (TI) or contour-based image (CBI).
In order to extract the right information from the transformed images, the following
parameters could be considered in defining the necessary features for change detection
and classifications:
i)

The number of contours, Nc, as a measure of the complexity;

ii)

The area of the polygons, Ac, generated by the above contours, as a measure of the
spreading in the plane;

iii) The variance of the above areas, var(Ac), as a measure of the complexity or
differences among components of the main image;
iv) The average of the area of the polygons, E{Ac};
v)

The mean of the squared values of areas, E{A2c};

vi) The entropy of transformed images, RH (TI);
and the list could continue. Most of the previous parameters do not have physical meaning,
they are synthetic (virtual) parameters.
For each frame i, a vector of features could be defined by using the above variables, as

𝑭

𝑁

∑𝐴

𝑣𝑎𝑟 𝐴𝑐

𝐴

𝐴

𝑅𝐻 , 𝑖

1,2, …

(8.23)

If M is the number of classes from the pattern space, the effect of the selected features is
estimated by a general discriminant or dissimilarity matrix D with elements

𝐷 𝑘, 𝑗

∑

∑

𝑭

𝑭

, 𝑘, 𝑗

1, 𝑀

(8.24)

The number of the selected features depends on the image complexity and on the
performance of the detector and classifier used in the process of CD. High similarity
images or poor performance classifiers need high quality virtual parameters. More
considerations are available in [48-49].
351

Advances in Signal Processing: Reviews. Book Series, Vol. 2

8.3.4. Feature Design by Transformed Parameters
The structure of the method is based on data compression paradigm, and it is presented in
Fig. 8.3. Data of the observation window are processed to obtain a time-frequency image
and afterward a cosine transform is applied. The matrix of the discrete CT coefficients is
considered the basic matrix of the features and it is processed in order to select the relevant
features for detection. The new parameters are called transformed parameters, being the
output of an auxiliary transform.

Fig. 8.3. Feature processing by transformed parameters.

Let be the matrix I, of size n×n, a time-frequency image of the current window. The main
steps for features selection are:
1). If A is the matrix of DCT, compute the compression transform:

𝑩

𝑨⋅𝑰⋅𝑨

(8.25)

2). Select and extract the important coefficients (features). The method of zigzag scanning
is considered, beginning with the DC coefficient. In the image compression context, the
decision is made under a constraint of image reconstruction I*, which should be like the
original image I, from a measure represented here by the criterion J as

𝑩 → 𝑩∗ ,

𝑐𝑎𝑟𝑑 𝑩∗

𝑐𝑎𝑟𝑑 𝑩

\

𝐽 𝑰

𝑰∗

𝑚𝑖𝑛

(8.26)

This means that the number of the selected coefficients of B should generate a
reconstructed image, I*, within the constraint of minimum value of the error criterion J.
In the context of time-frequency images and signals representing vibrations, the size of
the feature’s array B* is selected to maximize the rate of change detection and/or
recognition rate of the classifier for diagnosis purposes.
3). Compute the change detection criterion based on the first m coefficients of B, which
defines an array B* = B(1:m) with a reduced size as
IF

𝑚𝑎𝑥 𝑩∗ ⁄|𝑚𝑖𝑛 𝑩∗ |

𝛾

THEN

𝐶𝐷

TRUE ,

(8.27)

where  is a threshold depending on data and imposed performances for detection. This
rule was elaborated to explore the specific properties of the coefficients associated with
normal, free of faults, and abnormal states, i.e. states with faults. More details are
available in [50].
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8.4. Data Description and Analysis
8.4.1. Data Description
Data were considered for the case of faults in bearings, available from [51], which are also
well explained and analyzed in [52], and briefly described in Table 8.1. The number inside
of the round parenthesis indicates the name of the file from the original source of data
vibrations, i.e. [51].
Table 8.1. Data Test Set.

Fault
size

Faults (with files)
F2

F0

F1

Free

Inner Race

Ball

-

-

d0 (f_97)
0.000"
(case #0)
0.007"

-

0.014"

-

0.021"

-

0.028"

-

d1 (f_105)
(case #1)
d6 (f_169)
(case #2)
d9 (f_209)
(case #3)
d14 (f_3001)
(case #4)

06HH

F3
Outer Race
03HH

12HH

-

-

-

d2 (f_118)
d3 (f_130)
d4 (f_144) d5 (f_156)
(case #5)
(case #9)
d7 (f_185)
d8 (f_197)
(case #6)
(case #10)
d10 (f_222) d11 (f_234)
d12 (f_246) d13 (f_258)
(case #7)
(case #11)
d15 (f_3005)
(case #8)

Three types of faults are available: F1 (Inner race fault), F2 (Ball fault), and F3 (Outer
race fault). The case F0 means no faults. In the case of the fault F3, there are three
sub-cases, depending to the fault position relative to the load zone: ‘centered’ (fault in the
6.00 o’clock position), ‘orthogonal’ (3.00 o’clock) and ‘opposite’ (12.00 o’clock) [52].
Vibration data from four sizes of the faults are available. The data set has the advantage
of consistency, by considering faults from the incipient/small size (0.007") to a larger one
(0.028"). The sampling rate is 12,000 Hz, the motor load is 0 hp, and all data are from
drive end bearing (DE). The type of bearing is 6205.
In the case of the bearings, the spectrum of the vibrations includes low-frequency
components, and the time analysis should consider this. The testing data are generated by
an electrical machine with a speed of 1700 rot/min, which means 1700/60 s = 28.33 [rot/s]
(Hz). The corresponding number of samples for one period is

𝑛

/
/

.
,

,
.

≅ 424,

(8.28)

which imposes a minimum value of n = 400 samples for the sliding window.
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For tests based on computer simulation and for an increased readability of the processed
variables, new names for some working variables were considered. All names beginning
with “d” indicate a vector with 5,000 samples from the raw file. Thus, the variable d0
contains the first 5,000 elements of the raw file named “f_97”, and d1 has 5,000 samples
from the record file “f_105” for the fault F1.
Incipient faults are considered, i.e. faults size of 0.007”. Data are not scaled. The
Choi-Williams distribution (CWD) was used with a weighting window of Kaiser type and
length 99. The associated images are scaled.
For a window time length of 0.2 [s], which means n = 2,400 [sample] at a frequency
sampling of 12 [kHz], the images of Figs. 8.3-8.6 were obtained, within the cases F0
(f_97), F1(f_105), F2(f_118) and F3(f_130). On the left side of the figures, the power
spectral density (PSD) is represented. On the bottom of each figure, the evolution over
time is shown.

Fig. 8.3. Time-frequency image for the case free of faults, F0 (No faults, file #97).

Fig. 8.4. Time-frequency image for the case F1 (Inner race, file #105).
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Fig. 8.5. Time-frequency image for the case F2 (Ball fault, file #118).

Fig. 8.6. Time-frequency image for the case F3 (Outer race fault, file #130).

8.4.2. Data Analysis
From a primary analysis of these images, the first remark is related to the fact that, in the
case without faults, the recorded data have the highest components, around 1 [kHz], and,
in the cases with various sizes of faults, the power spectrum is spreading up to 4 [kHz].
Another remark is the possibility to define specific patterns, for each of the
considered fault.
In order to simplify the end-user equipment, a small length of the observation window is
desired. The length of the data frame is imposed by the time-frequency patterns, in the
sense that the TFI must contain enough information for detection and diagnosis purposes.
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The requirements of change detection must be considered as well, which needs short data
processing windows. In the testing stage, three values for the length of the frames were
considered, 400, 1,000 and 2,000 [sample]. A length less than 400 samples does not
describe properly the faults in time-frequency (TF) plane. If the length is greater of
2,000 samples the complexity and the cost of the CDD equipment will be raised.
For computer-based simulations and tests, a simple data structure is considered by taking
a data matrix D composed of 15 columns of 10,000 elements as

𝑫

𝑫

𝑫

...

𝑫

𝒅𝟎
𝒅𝟏

𝒅𝟎
𝒅𝟐

...
...

𝒅𝟎
𝒅1𝟒

𝒅𝟎
𝒅1𝟓

,

(8.29)

The first 5,000 elements of each column are from the fault free vector, i.e. d0. Each
column defines a test case. A set of four classes of patterns are considered as: #C0 – no
faults, defined by d0; #C1 –Inner race fault, defined by {d1, d6, d9, d14}; #C2 – Ball
fault, defined by {d2, d7, d10, d15}; #C3-outer race fault defined by {d3, d8, d11}. The
change point is 5,000.
Considering a data window of length n = 400, the number of the windows is nw = 25. The
next two figures, Figs. 8.7 and 8.8, present examples of images (frame #8) for each
considered class:
- in Fig. 8.7, the classes #C0(d0), #C1(d9), #C2(d10), #C3(d11) on the left side and
#C1(d1, d6, d9, d14) on the right side;
- in Fig. 8.8, the class #C2(d2, d7, d10, d15) on the left side and #C3(d3, d8, d11, d12)
on the right side.
At the level of the frames, the changes occur in the frame #13. This is a transition frame.
The frames from 1 to 12 are without faults and the frames from 14 to 25 are with changes.

Fig. 8.7. Time-frequency images of the classes #C0(d0), #C1(d9), #C2(d10), and #C3(d11)
(left side); #C1(d1, d6, d9, d14) (right side).
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Fig. 8.8. Time-frequency images of the classes #C2(d2, d7, d10, d15), and #C3(d3, d8, d11, d12).

By considering a data window of length n = 1,000, the number of the frames is nw = 10.
The Figs. 8.9 and 8.10 present examples of such images (frame #8) for each of the
considered class:
- in Fig. 8.9, the classes #C0(d0), #C1(d9), #C2(d10), #C3(d11) on the left side and
#C1(d1, d6, d9, d14) on the right side;
- in Fig. 8.10, the class #C2(d2, d7, d10, d15) on the left side and #C3(d3, d8, d11, d12)
on the right side.
At the level of the frames, the changes occur between the frames #5 and #6. The frames
from 1 to 5 are without faults and the frames from 6 to 10 are with changes.

Fig. 8.9. Time-frequency images of the classes #C0(d0), #C1(d9), #C2(d10), and #C3(d11)
(left side); #C1(d1, d6, d9, d14) (right side).

Faults in bearings generate complex patterns in time-frequency images. Short length
windows have parts/fragments only of the specific pattern and thus could generate
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difficulties in finding the right descriptors for representation, detection of changes and
further for classification. Long term records reveal some stationary patterns in the
analyzed images and thus the simplification and the success of the classification processes.

Fig. 8.10. Time-frequency images of the classes #C2 (left) and #C3 (right).

Working with non-overlapping frames could generate systematic errors in the estimation
process; however, these are not relevant in the context of high values of the sampling
frequency. If it is necessary, partial overlapping windows could be considered for an
improvement of the detection accuracy.

8.5. Results of the Experiments
8.5.1. Results from Feature Design with Physical Parameters
This section presents the evolution of the selected features to discriminate between normal
and abnormal conditions. The selected features are the mean and the variance of the
coordinates, x and y, of the component with the maximum amplitude from the considered
TFI. During the first half length of the data test, i.e. corresponding to free faults conditions,
both features are constant. A transition is made in the second half of the data test, where
the features vary significantly.
The performances of the change detection depend on the window’s length. The best results
are obtained for the shortest length, i.e. n = 400.
In Fig. 8.11, in the red color, the averages of the features on x and on y directions are
represented. Pairs of figures are promoted by representing the evolution of the features
and, in the pair figure, the decision made. Thus, for case #1 the pair of the Figs. 8.11 and
8.12; for case #2, the pair of the Figs. 8.13 and 8.14; case #3, in Fig. 8.15, the feature
evolution only.
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Fig. 8.11. The average of the coordinates of the spectral components, case #1, D1 = [d0 d1].

Fig. 8.12 presents the data test in the test case #1 and the decision, in red. A low level of
the decision variable means no change, and a high level indicates a change. The decision
is made at the level of frames, in this case, frame #13, where the point of change is between
5,201 and 5,600. The point of the change detection can be considered at the middle of the
detected interval, which means 5,401, but also the beginning of the frame, i.e. 5,201. In
this work, the estimated point of the change is the beginning of the frame.

Fig. 8.12. Example of change detection, case #1, D1 = [d0 d1].

Fig. 8.13. The coordinates of the spectral components, case #2, D2 = [d0 d2].

Fig. 8.14. Example of change detection, case #2, D2 = [d0 d2].
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Fig. 8.15. The coordinates of the spectral components, case #3, D3 = [d0 d3].

8.5.2. Results from Feature Design with Virtual Parameters
Fig. 8.16 presents a pair of images, the original (on blue background) and transformed
(white background), for class #0. Some details from the transformed image (contourbased) of the class #3 are presented in Fig. 8.17, for two values of the number of contours
(nc = 1, and 2). As the number of contours is rising, the shape is becoming more complex.
In order to extract the right information as features from the transformed images, some
elements or virtual parameters should be considered based on the information provided
by contours. As in [48], the virtual parameters are based on the number and size of the
contours, mixed with the values of some statistical moments and of other
entropy-based variable.
8.5.3. Results from Feature Design with Transformed Parameters
The third method for feature design looks on Cosine Transform (CT), and it is inspired by
image compression application field. The following steps are considered:
(a). Visualization of the transforming results, concerning the evolution of the DCT
coefficients;
(b). Selection of the number of important features, e.g. m = 10…15, the non-zero
coefficients;
(c). Modelling and parameter estimation, in order to represent the behavior/evolution
of the selected features. Practically, by considering some general properties of
DCT, the DC and CA coefficients could be represented separately;
(d). Computation of the change criterion, in order to detect the change among running
states.
The analysis of the DCT coefficients reveals two sets of values. In one set, of size
100 elements, the values are greater of zero. The second set contains values close to zero.
Also, the DCT coefficients are localized around the origin (0,0). These observations allow
reducing the size of the DCT matrix, from size of 100×100 to 10×10.
The sample sets of these coefficients are presented in the next figures, in two
representations, i.e. 2D and 1D modes. Fig. 8.18 presents the DCT results for class #0
(d0), and class #1 (d9); Fig. 8.19 presents the DCT results for class #2 (d10) and
class #3 (d11).
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Fig. 8.16. Original and transformed image, class #0.

Fig. 8.17. Details of contours based images, class #3.

Fig. 8.18. DCT results for #C0(d0), and #C1(d9); n = 400.
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Fig. 8.19. DCT results for #C2(d10), and #C3(d11); n = 400.

If px represents the vector of the selected DCT coefficients, of size 1×100, the prototype
vectors are computed for each class, as average of the vectors which belong to the class

𝑷0
𝑷2

𝐸 𝒑𝟎 , 𝑷1

𝐸 𝒑𝟏, 𝒑𝟔, 𝒑𝟗, 𝒑𝟏𝟒 ,

𝐸 𝒑𝟐, 𝒑𝟕, 𝒑𝟏𝟎, 𝒑𝟏𝟓 , 𝑷3

𝐸 𝒑𝟑, 𝒑𝟖, 𝒑𝟏𝟏

(8.30)

From Fig. 8.20, where the prototype vectors are offered, a fault means the apparition of
the negative coefficients with a higher amplitude than the positive one. Variation of the
frame’s length does not change significantly the structure of the DCT coefficients [50].

Fig. 8.20. The prototype vectors of classes associated with faults; n = 400.
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A change detection criterion could be considered by selecting the first 5 to 10 coefficients
from the DCT vectors. For the case of normal conditions, the main components are
positive. When a change occurs, at least one coefficient is higher and negative, excepting
the first one. More results are available in [50].
Better results are obtained with data frames of lengths 1,000 and 2,000 samples.
From the change point detection point of view, the estimation results are biased. For the
case of incipient faults bearings, the results are considered more than acceptable.

8.6. Conclusions
The objective of the chapter was to present some solutions to the problem of feature
selection for change detection purposes, with application to change detection of (incipient)
faults in bearings. The features are extracted from time-frequency images or designed with
auxiliary transforms. Static loads are considered, processes under stationary regimes, i.e.
the constant speed of rotating machinery. The particularity of the low size faults
(incipient) over big size faults (dangerous) is on the available signals, with low amplitude
and small signal-to-noise ratios.
The rationale of time-frequency transforms is based on the fact that the associated images
are rich in information related to the working regimes of the bearings. It is the task of the
operator to select and process the right features to describe the states of the bearings, and
thus to solve the change detection problem.
Data coming from vibration signals were considered. Raw data are explored in frames,
with a length imposed by a trade-off between the accuracy of the change detection, which
requires small lengths, and performance of the diagnosis, which needs longer lengths.
Each frame is processed by a suitable time-frequency transform, in order to generate a
time-frequency image. This is the input for the change detection method developed in
this work.
Three methods of features design were considered.
The first one looks on the main components from the time-frequency image and use its
physical parameters. The features design is made by selecting the main component(s), and
next by estimating its coordinates on X and Y axes. These are the features used in the
detection and diagnosis process. An example is presented for the case of one component,
which have the maximum amplitude in the frequency axis. A change is detected if its
features change in mean or variance.
The second method uses virtual parameters extracted from a transformed image based on
contours. The number of contours depends on the image complexity and on the
classification performance. The feature vector is defined by considering several
parameters, which properly describes the contour-based images, as the number of the
closed curves, the aria and their variance.
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The third method uses a data compression paradigm, by selecting and processing the
features obtained from the cosine transform. The features are selected by the size and
positions of the coefficients in the matrix of DCT. Zigzag scanning is used, and the first
100 elements are extracted. The analysis of the features reveals that change detection is
possible by evaluating the signs of the first five to ten coefficients. For normal conditions,
all important values are positive. A change is reflected in the different signs for at least
one coefficient from the considered set. Based on these features, classifiers based on
minimum distance could be considered.
The proposed and implemented solutions have potential on other processes, where
measured or estimated signals are available, e.g. in medicine.
An important aspect is to explore the full length of the available data and to observe the
changes in time-frequency patterns and on the performance of the detector. The right
feature design method depends on data and on the performance of the detector. An
optimization procedure is then necessary in order to optimize the processing chain
composed of data sources, features, and detector, by using an advanced processing system
as described in [53].
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Chapter 9

Information Entropy for Image Segmentation
and Registration
Lei Wang, Qian Chang and Hao Chen1

9.1. Information Entropy
In image processing, information entropy [1, 2] is an important measure to assess the
statistical characteristics among pixel intensities in global or local regions. It is
constructed based on different probability distributions to detect various structural
textures depicted on images [3]. These probability distributions are generally derived from
the statistical relationship among pixel intensities (e.g., frequency of occurrence or
intensity histogram). This makes information entropy independent of a certain imaging
modality and suitable for different image segmentation and registration applications. In
addition, the entropy is defined leveraging different information estimation schemes, and
able to characterize the potential correlation between two images or two regions within a
given image. These definitions determine, to some extent, the inherent properties of image
entropy and the performances of segmentation and registration methods. The definitions
of the entropy and the probability distributions are given in detail in the following.
9.1.1. Definition of Entropy
Entropy is a measure of the uncertainty of a random variable in information theory. It
generally refers to the Shannon entropy [4], which is widely used in image processing to
assess the amount of information contained in a random variable. Let X be a discrete
random variable with possible values V   x1 , x2 ,, xn  , and its probability mass function

p  x   P  X  x ,x V , then the information size of the value x is defined as:
h  x   log

1
  log p  x  ,
p  x

(9.1)
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where h  x  is used to estimate the information containing in the variable value x . log  
denotes the logarithm function, which is usually to the base a constant such as 2, natural
constant, or 10. Unless stated otherwise, we use the logarithm to base 2, and then the
entropy will be measured in bits. Based on the above equation, the whole entropy of the
random variable X can be given by

H  X    p  x  h  x    p  x  log p  x  ,
xV

(9.2)

xV

where the probability p  x  generally satisfies the formulations of (1)



xV

p  x   1 and

(2) 0  p  x   1 . The entropy assesses the average uncertainty in the random variable X
and is a functional of the probabilities of different variable values. It has several important
properties as follows: (1) it is non-negative, i.e., H  X   0 , due to the constraint of

0  p  x   1 ; (2) it takes values in a relatively small range, as illustrated in Fig. 9.1; (3) it
gets the maximum value when the variable has the same probability for each possible
value, i.e., p  x1   p  x2  ,,  p  xn  .

Fig. 9.1. Illustration of the formula of  p log p .

9.1.2. Relative Entropy and Mutual Information
Based on the above definition, we extend the entropy to a pair of random variables  X , Y  .
Suppose that the variables X and Y have the probability mass functions of p  x  and

p  y  , respectively, and their joint probability is p  x, y  , the statistical relationship
between two variables can be measured by the relative entropy [2] and mutual information
[1]. They are defined as:
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 p  x 
R  X , Y    p  x  log 
 ,
 p y 

(9.3)

 p  x, y  
,
I  X , Y     p  x, y  log 
 p  x  p  y  
x X yY



(9.4)

The relative entropy (also termed cross entropy or Kullback-Leibler measure) is a measure
of the distance between two probability distributions, and generally employed in image
segmentation to estimate the differences between the results obtained by a given method
and the ground truths (or manual annotations). This entropy is asymmetric and nonnegative, and takes the maximum value when p  x   p  y  . Mutual information attempts
to assess the amount of information that one random variable contains about another
random variable, or the dependence between the two variables. This dependence makes
the mutual information very suitable for aligning images with varying modalities, and
have the following properties:
(1) I  X , Y   I Y , X  ;
(2) I  X , X   H  X  ;
(3) I  X , Y   H  X  and I  X , Y   H Y  ;
(4) I  X , Y   0 ;
(5) I  X , Y   0 if and only if variables X and Y are independent each other.
9.1.3. Different Entropy
The information entropy defined by C. Shannon [5] was very popular and widely used in
a variety of image processing tasks. The entropy, however, has some limitations and may
be incompetent to accurately assess the statistical characteristics of pixel intensities in
certain cases where an image has very weak contrast or severe motion artefacts. To
overcome the limitations, different types of information entropy have been proposed in
past few decades leveraging various image estimation strategies. Several commonly used
information entropy will be presented in details in the following:
(a) Renyi entropy
Similar to the Shannon entropy, Renyi entropy [6] is also widely used in image
segmentation and registration, and defined as:
Ra  X  

1

a 
log   p  x   ,
1 a
 xX


(9.5)
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where the parameter 0  a  1 is used to adapt the sensitivity of the probability p  x  .
This entropy is additive, i.e., Ra  X , Y   Ra  X   Ra Y  , and has different characteristics
by assigning different values for the parameter a .
(b) Kapur entropy
Kapur entropy [7] utilizes two parameters to improve the sensitivity of the probability
distribution and is defined as:
  p  x a
1
K a ,b  X  
log  xX
  p  x b
ba
 xX


,



(9.6)

where the parameters a and b are used to adapt the sensitivity of p  x  , similar to the
counterpart in the Renyi entropy. These two parameters satisfy the constraints of a  b ,
a  0 and b  0 .
(c) Tsallis entropy
Unlike the Renyi and Kapur entropy, Tsallis entropy [8] is not based on the logarithmic
function and defined as:
Ta  X  

k 
a 
1  p  x  ,

a  1  xX


(9.7)

where the parameter k is a constant and usually set to 1 in image processing. The entropy
has the property of Ta  X , Y   Ta  X   Ta Y   1  a  Ta  X  Ta Y  and the relationship
between the Tsallis and Renyi entropy is given by

Ra  X  

1
log 1  1  a  Ta  X  
1 a

(9.8)

(d) Havrda-Charvat entropy
Similar to the Tsallis entropy, Havrda-Charvat entropy [9, 10] is also not based on the
logarithmic function. It uses a single parameter a to adapt the sensitivity of the
probability distribution p  x  and can be given by:
HCa  X  
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(e) Arimoto entropy
The entropy [11] can be given by
1


a  
a a 
1   p  x 
Aa  X  
a  1   xX
 



(9.10)

This entropy is symmetric and not less than zero.
(f) Exponential entropy
Exponential entropy [12, 13] uses the exponential function to measure the amount of
information and avoid undefined values in the case of p  x   0 for the entropy based on
the logarithmic function. The entropy can be given by
E  X    p  x  e

1 p  x  

(9.11)

x X

The exponential definition can largely speed up the calculation of information entropy, as
compared with the logarithmic definitions This definition is able to reduce the
computational cost of certain image processing methods in some degrees when they are
derived from the exponential entropy. Fig. 9.2 illustrates the differences of information
size between the exponential entropy and the Shannon entropy.

Fig. 9.2. The differences of information size between the exponential entropy
and the Shannon entropy.

9.1.4. Different Probability Distributions
In information entropy, the probability distribution p  x  plays an important role and
determines the properties of the entropy to some extent. Therefore, it is necessary and
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advisable to construct a proper probability distribution function to quantify the statistical
relationship among different values of a random variable. There are various probability
distributions in image processing, which are often used to calculate the information
entropy based on the Shannon definition and given as follows.
(a) Probability based on gray level histogram
The probability [14] is widely used in image segmentation and defined based on the gray
level histogram (frequencies), as shown in Fig. 9.3. Let f1 , f 2 ,, f k represent the gray
level histogram of a given two-dimensional grayscale image with a size of N  N , the
probability pi can be expressed as

fi
,
N2

(9.12)

 N2,

(9.13)

fi  fi  1,

(9.14)

pi 
k

f
i 1

i

where the parameter k is the number of gray levels in the histogram. This probability can
be computed based not only on global image regions, but also on the local neighborhood
of a given pixel, leading to two different probability versions, (i.e., the global and local
probabilities). With the local probability, the Shannon entropy is large as the number of
the gray levels in the local region (i.e., k ) increases. The larger entropy means the larger
intensity changes in local regions, suggesting that some edge information may be
contained in the regions.

Fig. 9.3. An example of a given image (left) and its intensity histogram (right).

(b) Probability based on spatially-weighted gray level histogram
The above probability based on gray level histogram is simple and useful, but it ignores a
wide variety of subtle image textures among adjacent pixels in local regions (e.g., space
information). To preserve the texture information, a variant of the gray level histogram
based probability [15] is developed and defined as:
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pi 

fi

,

(9.15)

fi  fi  i ,

(9.16)

 j 1 f j
k

where i is a Gaussian weighting function about the distance between pixel i and the
center of a given local region. The spatially-weighted probability takes the intensities and
space coordinates of pixels into account, making the Shannon entropy able to capture
certain inherent texture information, as shown in Fig. 9.4. The texture information is very
helpful for image segmentation and registration.

Fig. 9.4. Illustration of four medical images (the first row) and their local Shannon entropy maps
(the second row) based on the probability derived from spatially-weighted gray level
histogram [15].

(c) Probability based on local gray summation
The probability [16] is defined as
pi 

Ii

 j 1 I j
n

,

(9.17)

where Ii denotes the intensity of the pixel i in a given local region, which has a total of
n pixels. With the probability, the Shannon entropy is small when the intensity
differences among pixels in a local region is large. In addition, it is independent of pixel
positions and thus rotation invariant. To highlight intensity differences, four neighboring
pixels or 3×3 neighborhood may be suitable for the entropy. Fig. 9.5 illustrates examples
of the feature map obtained by the Shannon entropy based on the local gray summation
probability.
375

Advances in Signal Processing: Reviews. Book Series, Vol. 2

Fig. 9.5. An example of a given grayscale image (left) and its entropy map (right) obtained by the
Shannon entropy based on the local gray summation probability.

(d) Probability based on local gray contrast
The local gray contrast based probability [17] is defined as
pi 

ci 



ci
n
j 1

cj

Ii  m
Ii  m

,

(9.18)

,

(9.19)

where m is either the average or median of gray levels in a local region, ci is the intensity
contrast of the pixel i , relative to m . Based on the formulation, pi satisfies the formula
of

 p  1 and 0  p  1 . The probability causes that the Shannon entropy tends to
i

i

i

highlight some feature points, as displayed in Fig. 9.6.

Fig. 9.6. An example of a given image and its Shannon entropy maps based on the local gray
average and median contrast probabilities, respectively.
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(e) Probability based on local gray residual
There are two different definitions for the local gray residual probability [18, 19], which
are given, respectively, by:

pi 

pi 

mod  I i , m 
m



,

mod Ii2  m2 , m
m

(9.20)

,

(9.21)

where mod   is the modulus operator, which plays a critical role in identifying small
intensity variations in local regions. These two probabilities do not satisfy the formula of
i pi  1 and thus are not true probabilities. They can be regarded as normalized intensity
factors in image processing. The Shannon entropy based on these two probabilities is
termed as local edge entropy and local inhomogeneity entropy, respectively, both of which
are large for local edge regions, as displayed in Fig. 9.7.

Fig. 9.7. The differences between local edge entropy (the middle column) and local
inhomogeneity entropy (the right column) on two given images (the left column) [19].

9.1.5. Summary
Information entropy, especially the Shannon entropy, is widely used in a large number of
image processing applications, and its properties are mainly determined by the definitions
of the entropy and the probability distribution, as mentioned above. Between the two types
of definitions, the probability distribution has been studied extensively in image
segmentation and registration because it can detect subtle information differences (e.g.,
intensities or coordinates) among different pixels in global or local regions. Therefore, the
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heart of the entropy based image processing is to construct a proper probability
distribution to highlight the intensity and position differences within or across images.

9.2. Entropy Based Image Segmentation
Image segmentation [20, 21] is a fundamental process to partition an image into several
disjoint regions, each of which corresponds to an individual object or a part of an object.
The process can capture the morphological changes of some tissues or lesions depicted on
images, and thus plays an important role in aidding the detection and diagnosis of various
diseases. To accurately extract regions of interest in images, a large number of
segmentation methods have been developed by combining pixel intensities and various
image features for different applications. In this section, we focus on a type of
segmentation methods, which mainly employ information entropy to discriminate regions
of interest from irrelevant image background. These entropy based segmentation methods
will be simply summarized as follows.
9.2.1. Segmentation Based on Entropy Features
Information entropy has very different characteristics when it is computed based on
different probability distributions (e.g., local gray contrast or residual probability). These
probability distributions are constructed using various intensity estimation strategies in a
local region. When the intensity differences among adjacent pixels in local regions are
highlighted, these probability distributions could make the entropy able to effectively
detect / enhance certain structural features such as linear structures, image edges, and
object boundaries. This is primarily attributed to the relatively large intensity changes in
the neighborhood of these structures. Therefore, this information entropy is widely used
as a kind of important features to highlight various image edges associated with regions
of interest and provide a valuable complement to pixel intensities in image segmentation.
For example, Zhang et al. [22] developed a region based active contour model by
introducing a local entropy factor and a linear speed function to reduce the influence of
false edge problems. Mylona et al. [23] introduced a unique segmentation framework for
the unsupervised parameterization of a region based active contour [24] and utilized the
orientation entropy to automatically adjust the involved contour parameters. Zhang et al.
[25] constructed an improved geometric active contour model, which used a signed
pressure force function based on local Shannon entropy to attract initial contour curves
towards object boundaries. He et al. [26] used local image entropy as a weighted function
to improve the region-scalable fitting contour model for segmentation purposes. Wang et
al. [18] developed an active contour model by defining an edge entropy descriptor to
reduce the impact of intensity inhomogeneity, and then further introduced a local
inhomogeneity entropy descriptor [19] to overcome the disadvantages of the edge entropy
in segmentation. Mirkamali et al. [27] proposed a depth-wise segmentation method to
extract target objects from three-dimensional images, where image entropy was used to
characterize object boundaries. Sun et al. [28] combined color and entropy information of
an image to construct a content adaptive measure, which was used to exclude undesirable
feature points. These segmentation methods employed different image estimation
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schemes to discriminate between regions of interest and their surrounding background,
and all of them took advantage of local image entropy to detect a variety of features
associated with target objects. Hence, it is of great importance to construct a proper feature
factor or weighting function based on the information entropy in image segmentation. The
factor or function can effectively highlight the image differences between the object
regions and irrelevant background, and reduce the impact of weak contrast and/or severe
intensity inhomogeneity. On the other hand, the design of the feature entropy and local
probability distribution is also crucial and able to aid the exclusion of certain background
surrounding target objects.

9.2.2. Segmentation Based on Maximum Entropy
Unlike the segmentation methods mentioned above, the kind of methods attempt to
optimize a cost function constructed by image entropy [29, 30]. The cost function is
mainly used to assess the information differences between two images or regions within
an image. This leads to two types of segmentation methods: the threshold based methods
and cross entropy based methods.
The threshold based methods use a given threshold to discriminate the foreground from
the background in an image. The threshold is generally obtained by maximizing the sum
of the foreground and background entropy, and given by:
t

S  H F  H B   pif log  pif  
i 1

pif 

pib 





pi
t

p
j 1 j

j   t 1

i   t 1

,

pi
k

k

pj



pib log  pib  ,

(9.22)
(9.23)

,

(9.24)

where the parameters t and k denote a given threshold and the number of intensity
histogram, H F and H B are the foreground and background entropy, respectively, and
their sum is S . Maximizing the entropy S with respect to t can find an optimal threshold
to make the foreground and background separate. This is mainly due to the fact that the
larger the entropy is, the smoother the intensity distribution within a local region is, and
thus the closer pixel intensities are to a constant in this region. Based on the observation,
a large number of segmentation methods have been developed in the past few decades.
For example, Ajlan et al. [31] introduced a segmentation method by maximizing image
entropy based on Gamma distribution. Yin et al. [32] proposed an unsupervised
segmentation method to detect blood vessels from retinal fundus images using curvature
evaluation and entropy filtering techniques. Abutaleb et al. [33] thresholded the gray level
values of an image based on information entropy to identify the different homogeneous
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components of the image. Qi et al. [34] proposed a multi-level threshold method by
maximizing an exponential entropy for segmentation purposes. Oswal et al. [35]
introduced an entropy based thresholding approach for automatically extracting cell nuclei
from histological images. Khattak et al. [36] performed a comparison of different
threshold segmentation methods based on three types of information entropy, including
the Shannon, Renyi, and Tsallis entropy, respectively. Lang et al. [37] combined a hybrid
whale optimization algorithm and Kapur entropy to perform the segmentation of color
images. This kind of segmentation methods is relatively simple and has limited
performance for images with varying noise and contrast.
The cross entropy based methods attempt to segment an image by minimizing the cross
entropy between the original image and its approximately segmented version, or the
segmentation result and its ground truth (or manual annotation). The cross entropy can be
given by:
 p  x 
R  P, Q    p  x  log 
 ,
x X
 q  x 

(9.25)

where P and Q are the probability distributions for two different images, and they take
the values of p  x  and q  x  , respectively, for the pixel x . X denotes a kind of pixel
characteristics (e.g., pixel intensity or image gradient). The entropy can obtain an optimal
value when p  x  is equal to q  x  . According to the characteristics, many segmentation
methods have been proposed. For example, Song et al. [38] proposed an active contour
method by minimizing the cross entropy of the original image and its approximately
segmented version, which assumed that the image to be segmented is piece-wise smooth
and the intensities of each segmented regions are approximately close to a constant. Wang
et al. [39] presented a boundary and entropy driven adversarial learning framework to
accurately segment the optic disc and cup from retinal fundus images, where information
entropy was calculated based on the boundary prediction map to suppress high uncertainty
segmentation on ambiguous boundary regions. Zhao et al. [40] developed a region mutual
information loss to model the dependencies among adjacent pixels, which was maximized
for semantic segmentation. Zhang et al. [41] presented an entropy based evaluation
measure to estimate the uniformity of pixel intensities within a local region, and used the
measure to compare the performances of different segmentation methods. Ronneberger et
al. [42] used the binary cross entropy loss function with weighting scheme to train the
classical U-Net network for segmenting cell border from biomedical images. These
methods can effectively assess the information differences between two images and
achieve promising segmentation performance, as compared with the threshold based
methods.

9.3. Entropy Based Image Registration
The objective of entropy based registration is to align two images under consideration
leveraging a predefined similarity measure derived from information entropy. There are a
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wide variety of entropy based measures [43, 44], which are widely used in image
registration and able to determine the final registration accuracy. They are either based on
mutual information measures or on feature entropy descriptors, leading to two different
types of registration methods, i.e., mutual information based registration and feature
entropy based registration.
9.3.1. Mutual Information Based Registration
This type of registration methods typically use the mutual information (MI) as a similarity
measure to quantify the amount of the information shared between two images. The MI is
often formed by the Shannon entropy and the gray level histogram based probability
distribution. This makes it inherently independent of imaging modalities and very popular
in various registration tasks to establish the space correspondence between two images.
Despite a relatively high popularity, the MI may suffer from limited registration accuracy
because it merely takes pixel intensities into account and ignores a large number of other
valuable image information (e.g., spatial position or intensity gradient). Additionally, it
uses the same weights for both pixel intensities and their probabilities in the calculation
of the Shannon entropy, and hence cannot highlight some key object features within
regions of interest, as illustrated in Eq. (9.4). To improve the registration accuracy, many
methods have been proposed by constructing different variants of the MI. Studholme et
al. [45] proposed a normalized mutual information (NMI) metric to tackle the problem
caused by varying overlap regions. Tomazevic et al. [46] defined a multi-feature mutual
information (MMI) measure, which combined pixel intensities, spatial information, and
intensity gradients for deformable image registration. Rivaz et al. [47] presented a
contextual conditioned mutual information (CoCoMI) measure to align ultrasound (US)
and magnetic resonance (MR) images in the free form deformation (FFD) framework. Liu
et al. [48] developed a deformable registration method by incorporating the predefined
structural features into the mutual information measure. Gong et al. [49] introduced a
nonrigid registration method by defining a correlation ratio based mutual information to
align MR images and transrectal ultrasound images. These methods generally achieve
reasonable accuracy for both mono- and multi-modal image registration by incorporating
different texture feature (especially local features) into mutual information. The feature
incorporation is able to provide some local textures for each pixel and ensure that global
and local texture information can be considered simultaneously in mutual information.
Hence, the design of different local features and their combination strategies for the
mutual information plays a crucial role in this kind of registration methods and
still remains an active area of research.
9.3.2. Feature Entropy Based Registration
Although mutual information based methods are widely used for various registration
applications and have promising performances in terms of accuracy and robustness, they
are relatively time-consuming and tend to ignore a large number of texture features
associated with regions of interest (e.g., pathological tissues or anatomic structures). The
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drawback may limit their application in clinical practice. To effectively detect these local
textures and reduce registration time, feature entropy based methods have been developed,
which directly align feature maps obtained by a predefined entropy descriptor using some
existing similarity measures such as the sum of squared differences (SSD) and cross
correlation (CC). For example, Wachinger et al. [15] proposed a spatially-weighted patch
entropy to obtain the structural representations of multi-modal images and employed the
SSD measure to quantify the information differences between these structural
representations for registration purposes. Cun et al. [50] developed a stochastic second
order entropy descriptor to overcome the shortcomings of structural representation in
multi-modal medical registration. Zhang et al. [51] introduced a two-stage nonrigid
registration method on the basis of joint structural information and local entropy to align
multi-modal medical images. These registration methods may have limited performance
since they merely employ a small number of entropy features and a simple similarity
measure to align images, and ignore other image information. Additionally, the entropy
features are potentially incompetent to effectively preserve small texture characteristics
among adjacent pixels in a local region.

9.4. Conclusions
This chapter summarizes different information entropy and the probability distributions,
which are widely applied in image segmentation and registration applications. The
entropy has different properties based on different definitions of the information size and
the probability distribution. This makes it able to detect various image features and assess
the information differences between global or local image regions. The detection of these
features and its integration with other information (e.g., pixel intensities) is the focus of
image segmentation and registration research, and largely determine the final
performances of entropy based segmentation and registration methods.
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10.1. Context
With the unprecedented aging of the population in the world, dementia and
neurodegenerative disorders have become a major societal concern, imposing an
important burden on modern societies. Alzheimer’s disease (AD) is the most common
form of dementia [1]; it affects 11 % of the world population aged over 65 [2] and its
incidence increases exponentially with age, and doubles every 5 years after the age of 65
[3, 4]. The number of individuals with AD is expected to reach 115 million in 2050 [5].
AD is a chronic neurodegenerative disorder, characterized by irreversible brain damages,
associated with memory impairments and a wide range of cognitive dysfunctions. The
evolution of AD frequently follows five stages. AD dementia is proceeded by the
asymptomatic “preclinical” stage, characterized by the absence of overt symptoms [6],
but the brain lesions of AD exist. At this stage, the concept of Subjective Cognitive
Impairment (SCI) has been proposed recently, defined by a self-experienced persistent
decline in cognitive capacity in comparison with a previously normal status [7]. These
subjective complaints are considered as elderly at-risk for AD [8, 9]. Then, in “prodromal”
(Mild Cognitive Impairment, MCI) stage, patients exhibit measurable memory
impairments, but maintain their functional capacities [9, 10]; 6 to 25 % of MCI patients
later develop AD. In the “Mild AD” stage, cognitive deficits are more marked, such as
memory and learning impairments. These deficits become more severe in the “moderate”
stage, and in the final “severe” stage of the disease, almost all cognitive and motor
functions are significantly deteriorated and patients lose autonomy in daily life activities,
Nesma Houmani
Electronics and Physics Department, Telecom SudParis, Institut Polytechnique de Paris, Evry, France
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becoming completely dependent on caregivers. The average duration of survival of AD
patients is 5-8 years after clinical diagnosis [11].
Growing evidence shows that AD is clinically characterized by a pathological
accumulation of amyloid-beta (Aβ) and hyperphosphorylated tau peptides that alter
excitatory and inhibitory synaptic transmission [12-14]. In particular, at the early stage,
AD affects limbic regions related to episodic memory, which leads to a relative inability
to retain new information. In addition, a disruption of fronto-hippocampal connections
has been observed from the early stage of AD, in parallel with hippocampal atrophy, and
it has been reported that it may contribute to the initial memory impairment in AD patients
[15]. Over time, AD spreads to other brain regions [16] and affects other cognitive
functions, such as executive functions, attention, visuospatial and language abilities.
No medication exists for curing this pathology, and many therapeutics trials failed.
Therefore, the early detection of AD becomes an important issue for the scientific and
medical community. Even if the available treatments cannot stop or reverse the disease
progression, early therapeutic interventions may delay its evolution. Moreover, AD
diagnosis at the early stage can help the patient and his caregivers to anticipate the future.
According to the most recent guidelines [17, 18], AD can be diagnosed in preclinical and
prodromal stages, before the manifestation of any cognitive and behavioral symptoms.
This could be possible based on pathophysiological markers, revealed by cerebrospinal
fluid (CSF) and positron emission tomography (PET) biomarkers of Aβ42 and tau in the
brain. Although these clinical methodologies are relevant for AD assessment, these
guidelines underline the need to extend research to non-invasive and inexpensive
instrumental techniques that can be deployed in clinical environment and used for large
scale assessment over time of a great number of individuals.

10.2. Electroencephalography (EEG)
Recent advances in functional neuroimaging techniques have greatly enhanced clinical
research and practice to assess brain neural networks involved in normal brain functions
as well as neurological disorders. Functional Magnetic Resonance Image (fMRI) has
considerably developed during past decades and is now commonly used for brain
connectivity analysis. In the meantime, numerous studies demonstrated that
electroencephalography (EEG) associated with appropriate signal processing methods can
also bring valuable information on normal and impaired brain networks [19].
EEG is a non-invasive, relatively inexpensive, and potentially mobile technology. It is
characterized by a high temporal resolution (about milliseconds), which is crucial for the
analysis of fast dynamics in the cortex over very short duration and at different frequency
ranges (1-4 Hz, delta; 4-8 Hz, theta; 8-12, alpha; 12-30 Hz, beta; and >30 Hz, gamma).
Each frequency band conveys a specific physiological information on brain
functional activity.
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EEG has been exploited successfully to investigate AD-related alterations in the brain
dynamics using spontaneous resting-state EEG (rsEEG) [20, 21] and/or event-related
responses [22, 23]. The rsEEG with eyes-closed represents a simple acquisition procedure
and has three main interests. First, it may be carried out rapidly in clinical setting. Second,
the recording at rest does not require auditory or visual stimuli that could induce fatigue
commonly observed during task performance. Third, EEG signals can be recorded in
relatively comparable experimental conditions on healthy subjects and patients suffering
from neuropathological disorders.
Nevertheless, diagnosing AD with EEG signals at the early stage remains a challenge.
This is mainly due to the complex nature of EEG signals, which must be modeled as
nonstationary, nonlinear and multidimensional time series. Moreover, EEG signal is
known to have a low Signal-to-Noise Ratio (SNR), since it is strongly affected by different
sources of noise, be they biological (e.g. ocular and neuromuscular activities) or
electronic.

10.3. State-of-the-art
EEG was largely investigated as a tool for AD diagnosis, by comparing EEG recordings
of AD patients to those of control subjects (healthy subjects) [24-28]. Several studies have
highlighted that one of the major effects of AD is the reduction in complexity of the EEG
signal compared to that of healthy subjects. However, it is not always easy to detect such
effects because of the large inter-variability between AD patients and symptoms of AD
are often dismissed as normal consequence of aging.
Several methods have been used to assess the complexity of EEG signals [29-31]. The
fractal dimension was exploited as a potential discriminative feature for AD diagnosis
[31-34]. The correlation dimension and the first positive Lyapunov exponent were
frequently used [30, 35-39]. The correlation dimension (D2) quantifies the number of
independent variables that are necessary to describe the dynamics of the system. The
Lyapunov exponent (L1) reflects the divergence of trajectories starting at nearby initial
states. It has been found that EEG signals from AD patients display lower values of such
measures (lower complexity) than signals from age-matched normal subjects in almost all
EEG channels. However, it has been reported in the literature that these two measures are
computationally expensive because of the reconstruction of a phase space trajectory.
Alternative methods more appropriate for sparse data were also suggested to quantify
signal complexity, inherited from information theory. In this setting, the complexity of a
signal relies to its unpredictability: irregular signals are more complex than regular ones
since they are more unpredictable. Several measures were thus proposed; most of them
exploit the concept of entropy: sample entropy [40], Tsallis entropy [41], approximate
entropy [42, 43], multi-scale entropy [44], and Lempel-Ziv complexity [45].
In parallel to the computation of EEG complexity, other studies focused on the analysis
of the abnormalities of the functional connectivity across brain regions, since AD can be
viewed as a disconnection syndrome. A large variety of measures has been proposed to
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quantify linear and nonlinear relationship between EEG channels: correlation coefficient
[46], coherence [46-48], Granger causality [46-49], phase synchrony [46, 50, 51], state
space based synchrony [46, 50, 52], stochastic event synchrony [46, 51, 48], and mutual
information [53].
The majority of these studies reported decreased rsEEG synchrony in MCI and AD
patients compared to healthy subjects. However, conflicting results exist in the literature
mainly due to methodological differences and the use of different sparse databases. Some
studies reported decreased spectral coherence in posterior alpha and beta in AD patients
comparatively to age-matched control subjects. This phenomenon was also observed in
temporo-parieto-occipital brain region [54-57] and in fronto-central region in other works
[58-60]. Conversely, other studies provided less straightforward findings at low frequency
bands [56, 57, 67, 68]. Some studies reported a decrease of coherence in AD at central
electrodes in the theta band [57, 67]. A previous study [53] showed that mutual
information is lower for AD than in healthy subjects, especially in frontal and
antero-temporal regions. Moreover, there was a decrease in information transmission
between corresponding inter-hemispheric electrodes and between distant electrodes in the
right hemisphere.
Other studies reported a reduction of the synchronization likelihood across all electrode
pairs at beta in AD patients compared with MCI and control subjects [61-64], and a
reduction of alpha synchronization between frontal and parietal regions in AD and MCI
patients compared with control subjects [65, 66].
All the above-mentioned measures share in particular two main drawbacks. First, these
measures did not consider the EEG signal as a multidimensional time series. Indeed, the
prevailing paradigms extract information from EEG signals by averaging them over
channels. The EEG being a multidimensional signal provided by a number of electrodes,
it is of high potential interest to exploit its spatio-temporal nature, through signal
processing techniques, which can take into account inter-channel relations.
Secondly, such measures were computed on the whole EEG time series without
addressing the problem of their non-stationarity. Nevertheless, it is a known fact that most
physiological signals, such as EEG are non-stationary. Some studies reported that EEG
time series are quasi-stationary and described as a piecewise stationary process, i.e. EEG
data can be segmented into stationary segments (epochs), with different probabilistic
characteristics, separated by abrupt transitions [69, 70]. Other studies [71-73] identified
quasi-stationary states in EEG, called “microstates”. These states are supposed to reflect
coherent neural activities. Also, in [74], the author suggested that perception is based on
sequences of stationary patterns demarcated by discontinuities. In some studies, when the
non-stationarity of EEG signals has been considered to extract EEG features, the authors
proposed to segment the signal into a given number of epochs of the same size fixed
empirically.
The purpose of this chapter book is to review an entropy measure, termed “epoch-based
entropy” (EpEn), already introduced and published in [75-77]. This entropy measure relies
on a refined characterization of the local statistical properties of the EEG signal using a
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Hidden Markov Model (HMM), which takes into account the non-stationarity and
multi-dimensionality of the EEG time series.
The present study addresses the problem of AD detection based on the analysis of a
database containing EEG time series acquired in real clinical conditions at Charles-Foix
Hospital in France. This database contains EEG data from patients with subjective
cognitive impairment (SCI), AD patients and mild cognitive impairment patients (MCI).
The objective of the study is to extend our previous results and demonstrate the
effectiveness of the epoch-based entropy measure for AD detection. Four alternative
functional connectivity measures are also used as ground truth to assess the effectiveness
of our approach: phase synchrony, granger causality, coherence and mutual information.
We will show that the proposed statistical measure allows a better characterization of the
underlying neuronal dynamics in the context of AD detection, since it relies on the refined
statistical modeling of EEG signal considering its spatio-temporal nature.

10.4. EEG Database Description
The present study was conducted on a database containing EEG signals of 72 subjects
recorded in real clinical conditions between 2009 and 2013 at Charles-Foix Hospital
(Ivry-sur-Seine, France). Subjects who complained of memory impairment were referred
to the outpatient memory clinic of the hospital to undergo a battery of clinical and
neuropsychological tests for brain disorders.
Each subject was given a diagnosis at the memory clinic based on the clinical assessment,
brain imaging, psychometric findings, interviews and neuropsychological tests, conducted
by a multidisciplinary medical staff, according to the standard diagnostic criteria:
DSM-IV, NINDS, Jessen criteria for SCI, Mc Keith criteria for Lewy body dementia
[7, 8, 78]. Patients with epilepsy were excluded from the cohort, and it is worth noticing
that EEG was not exploited to establish the diagnosis of patients in this cohort.
The local ethical committee of the Sorbonne Université approved this retrospective study.
The database reflects what medical practitioners are facing in reality, as opposed to
databases used in the literature [38, 46-51, 76, 79] that are prone to experimental
constraints that do not match the reality on the ground.
The study population includes EEG recordings of 22 SCI subjects, 28 probable AD
patients and 22 MCI patients. Table 10.1 reports information about demographic and
clinical characteristics of the patients.
EEG data were recorded with a Deltamed digital EEG acquisition system from 30 scalp
derivations (electrodes or channels) placed over the whole head according to the
10-20 international system. Thirteen electrodes from Fp1, Fp2, F7, F3, Fz, F4, F8, FT7,
FC3, FCz, FC4, FT8, T3, C3, Cz, C4, T4, TP7, CP3, CPz, CP4, TP8, T5, P3, Pz, P4, T6,
O1, Oz, and O2 were considered as displayed in Fig. 10.1.
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Table 10.1. Clinical characteristics of the cohort. AD: Alzheimer’s disease; MCI: mild cognitive
impairment; SCI: subjective cognitive impairment; MMSE: mini mental state examination;
BZD: benzodiazepine.

Age (mean ± SD)
Female (%)
MMSE (mean ± SD)
BZD use (%)
Antidepressant use (%)
Neuroleptic use (%)
Hypnotic use (%)

SCI
(n = 22)
68.9 ± 10.3
81,8 %
28.3 ± 1.6
4 (18.2 %)
2 (9 %)
0
5 (22.7 %)

MCI
(n = 22)
76.6 ± 10.2
77,2 %
23.3 ± 6.4
2 (9 %)
3 (13.6 %)
2 (3.8 %)
4 (18.1 %)

AD
(n = 28)
80.8 ± 10.5
67,8 %
18.3 ± 6.1
8 (28.6 %)
12 (42.8 %)
5 (17.8 %)
7 (25 %)

Fig. 10.1. Placement of the 30 electrodes used for EEG signal recordings (marked in red).

EEG data were obtained in resting-state conditions (rsEEG), while subjects were sitting
relaxed, with their eyes closed. All data were digitalized in a continuous recording mode
for a minimum of 20 minutes using a sampling rate of 256 Hz.
The rsEEG recordings were pre-processed off-line on Matlab. For each subject,
continuous epochs of 20 seconds, free from artefacts (ocular, muscular, instrumental),
were preliminary selected manually. Then, EEG signals were band-pass filtered with a
third-order digital Butterworth filter in four conventional frequency bands: delta (1-4 Hz),
theta (4-8 Hz), alpha (8-12 Hz), and beta (12-30 Hz).
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10.5. EEG Functional Connectivity Measures
Since AD is hypothesized to induce disconnections between brain regions, several studies
of the literature investigated functional connectivity for AD diagnosis through different
measures [46-53]. We include in this study four frequently used measures, which rely on
different theoretical concepts: coherence, phase synchrony, mutual information and
Granger causality. All these measures are presented in details in the sequel. We will see
that the three first measures quantify the spatial interdependence between the electrodes
while the last one measures the temporal causality between pairs of electrodes.
Additionally to these commonly used measures, we include the recently proposed
epoch-based entropy measure (EpEn) [75-77], which estimates the functional connectivity
in terms of the information content by means of statistical modeling of EEG signals. This
will allow a better estimation of the spatio-temporal characteristics of EEG time series.
Contrary to the other measures, EpEn is computed both locally at the time scale of a
quasi-stationary epoch and spatially by estimating the inter-channel connectivity.
10.5.1. Coherence
The coherence measure captures the linear component of the functional coupling of the
paired EEG oscillations x and y as a function of a frequency f [46-48]. In order to compute
the magnitude square coherence, the signals x and y are subdivided in M segments of equal
length L, then the coherence function is computed by averaging over those segments. The
magnitude square coherence 𝑐 𝑓 is calculated as:

𝑐 𝑓

|〈

∗

|〈

〉||〈

〉|

,

〉|

(10.1)

where 𝑋 𝑓 and 𝑌 𝑓 are the Fourier transforms of x and y respectively; 𝑌 ∗ is the
complex conjugate of Y; |Y| is the magnitude of Y, and 〈𝑋 𝑓 〉 stands for the average of
𝑋 𝑓 computed over the M segments, likewise 〈𝑌 𝑓 〉 and〈𝑋 𝑓 𝑌 ∗ 𝑓 〉.
10.5.2. Phase Synchrony
The general principle of phase synchrony is to detect the existence of phase locking
between two oscillatory signals. Phase synchrony refers to the interdependence between
instantaneous phases 𝜙 and 𝜙 of two signals x and y [46, 50, 51]. The instantaneous
phase 𝜙 of a signal x is defined as:

𝜙 𝑡

𝑎𝑟𝑔 𝑥 𝑡

𝑖𝑥 𝑡 ,

(10.2)

where 𝑥 is the Hilbert transform of x.
The phase synchrony index 𝛾 for two instantaneous phases 𝜙 and 𝜙 is computed as:

𝛾

〈𝑒

〉,

(10.3)
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where 〈. 〉 denotes average over time.
Phase synchrony range is between 0 and 1: for uncorrelated signals, 𝛾 is close to 0,
whereas it tends to 1 for strong phase synchronization.
10.5.3. Mutual Information
Mutual information is derived from Shannon’s information theory to estimate the
information gained from observations of one random variable X on another Y:

𝐼 𝑋, 𝑌

𝐻 𝑋

𝐻 𝑌

𝐻 𝑋, 𝑌 ,

(10.4)

where 𝐻 𝑋 and 𝐻 𝑌 is the Shannon entropy of X and Y respectively, and 𝐻 𝑋, 𝑌 is the
joint entropy of X and Y. It is always positive, and it vanishes when X and Y are statistically
independent.
Applied to EEG signals, mutual information quantifies dynamical coupling or information
transmission between electrode pairs [53]. As reported in [46], computing mutual
information by quantizing the signals from the resulting histograms generally leads to
unreliable estimation of the measure. Therefore, we compute it in time–frequency domain
using the normalized spectrograms as follows:
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where the summation in the denominator is carried out over the time window k and
frequency range f. The normalized spectrograms can be managed as probability
distributions. Accordingly, the mutual information of the normalized spectrograms is
defined as:
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where the normalized cross time–frequency distribution of x and y is computed as follows:
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10.5.4. Granger Causality
Granger causality is based on the general concept that the prediction of a given time series
could be improved by considering the information of past values of another time series.
In this setting, the latter time series is said to have a causal influence on the former one
[46-49]. Ganger causality suggests that a variable X causes another variable Y, if the past
of X contains information that help predict the future of Y, over and above the information
already in the past of Y itself.
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This measure requires the estimation of vector autoregregressive (VAR) models, in which
the value of a variable 𝑋 𝑡 in time domain is modeled as a linear weighted sum of its
own past and of the past of another variable 𝑌 𝑡 :

𝑌 𝑡

𝑌 𝑡

∑

𝑎 𝑌

∑

𝑎 𝑌

∑

𝜀 𝑡 ,
𝑏 𝑋

(10.8)

𝜀 𝑡 ,

(10.9)

where 𝜀 𝑡 and 𝜀 𝑡 are the prediction errors, 𝑎 and 𝑏 are the coefficients (gain
factors) of the model, and p is the maximum number of lagged observations included in
the autoregressive model (𝑝 ≪ 𝑇 .
The linear influence from 𝑋 𝑡 to 𝑌 𝑡 can be calculated as the log ratio between the
variance of the residual errors:

𝐺𝐶

→

𝑙𝑜𝑔

(10.10)

Finally, Granger causality is given by the ratio of the variance of the prediction-error terms
for the reduced (when omitting the signal of the potential cause) and full regressions
(when including the signal of the potential cause).
10.5.5. Epoch-based Entropy
The entropy of a random variable depends on its probability density value [80].
Epoch-based entropy measure (EpEn) relies on the fundamental assumption that the EEG
signal is piecewise stationary, i.e. can be viewed as being stationary at the time scale
of an epoch.
In this context, Hidden Markov Models (HMM) are good techniques for estimating the
information content in piecewise stationary signals: they can segment the EEG signals
into stationary epochs, and at the same time perform a local estimation of the probability
density on each epoch. The use of HMM is also motivated by the fact that HMM’s
structure is adapted for modeling “hidden” neural dynamics underlying the observed
EEG signals.
As in our previous works [75-77], EEG signals are modeled by a continuous left-to-right
HMM (see Fig. 10.2) that allows transitions from each state to itself and to its immediate
right-hand neighbors only. The states of the HMM correspond to the stationary parts of
the EEG signal, and the transitions of the HMM correspond to the abrupt variations in the
signal [84, 85]. EEG signal of one subject is thus considered as a succession of epochs,
obtained by segmenting such a signal with the Viterbi algorithm using the associated
subject’s HMM [84, 85]. Each epoch 𝑆 corresponds to a state of the HMM and contains
a given number of observations (sample points). For each epoch, the probability density
function is modeled by a mixture of M Gaussian functions, considering a diagonal
covariance matrix for each multivariate Gaussian.
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Fig. 10.2. Epoch-based entropy computation of a univariate EEG signal [76].

Then, each observation 𝑧 in a given epoch 𝑆 is considered as a realization 𝑍 of a random
variable 𝑍 that follows a given observation probability distribution 𝑃 𝑧 modeled by the
Gaussian mixture. Consequently, each stationary epoch of the signal is associated to a
random variable, and the entropy 𝐻 ∗ 𝑍 of the epoch 𝑆 is that of an ensemble of
realizations of 𝑍 :

𝐻∗ 𝑍

∑

∈

𝑃 𝑧 . 𝑙𝑜𝑔 𝑃 𝑧

(10.11)

By averaging the entropy over the N epochs of the EEG signal of the subject, we obtain
an entropy-based value 𝐸𝑝𝐸𝑛 𝑍 of the signal:

𝐸𝑝𝐸𝑛 𝑍

∑

𝐻∗ 𝑍

(10.12)

Note that the EEG sampling period (typically 4 ms in the case of the current study) is
small with respect to the epoch length (typically 57 ms). Thus, although 𝑍 is a discrete
variable, we can take advantage of the continuous emission probability law estimated on
each epoch by the HMM.
The use of HMM is further motivated by the multi-channel EEG analysis, since EEG data
are often correlated time series from multiple electrodes on the scalp: HMM can manage
multidimensional signals by applying multivariate probability density functions on such
signals. Hence, they are appropriate for modeling the inter-relations between EEG time
series recorded from multiple electrodes. In this case, for each subject, an HMM is trained
on a set of D EEG signals captured from D electrodes (see Fig. 10.3).
At time t, a hidden state emits a D-dimensional observation vector. By applying the
Viterbi algorithm, N epochs are generated for each EEG signal and the entropy 𝐻 ∗ 𝑍 of
each epoch 𝑆 is computed considering the probability density estimated by the HMM on
the observations of the D epochs 𝑆 .
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Fig. 10.3. Illustration of multi-channel (D = 3) EEG signal modeling with HMM [76].

Although all N epochs are matched between EEG channels, it is worth noticing that the
model does not constrain these epochs to be of equal length for all channels. Finally, by
averaging the entropy over all the N epochs, an epoch-based entropy value (EpEn)
associated to the multi-channel EEG of the considered subject is computed.
10.5.6. Illustration of EpEn Functioning
In this section, we illustrate the functioning of EpEn for measuring the information content
of multivariate piecewise stationary EEG signals. To this end, we compute EpEn value of
four signals displayed in Fig. 10.4, considering them first separately in a univariate
analysis, then as pairs of signals for a multivariate analysis.

Fig. 10.4. Examples of four signals of different complexities.
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Visually, these signals exhibit different complexities reflected by their EpEn values
reported in Table 10.2. In fact, higher EpEn value is associated with high “irregular” or
“complex” signals.
Table 10.2. EpEn values computed on the four signals when considered separately.
Signals
EpEn

a
8.79

b
8.56

c
7.89

d
6.38

Then, considering four pairs of signals ([a-a], [a-b], [a-c] and [a-d]), EpEn measure detects
the inter-channel statistical dependencies, as reported in Table 10.3. The proposed EpEn
measure reflects both intra-channel complexity (complexity over time) and the
inter-channel complexity (spatial complexity, or heterogeneity between all the signals).
When computing the EpEn value on identical signals [a-a], there is no inter-channel
difference and thus the combined distribution becomes more regular. This leads to a
reduction of the EpEn value to when the signal is considered alone (from 8.79 in
Table 10.2 to 7.51 in Table 10.3). Nevertheless, the combined entropy is still nonzero
since it considers intra-channel disorder.
Table 10.3. Epoch-based entropy computed on pairs of signals.
Signals
EpEn

a-a
7.51

a-b
7.38

a-c
7.81

a-d
8.70

When computing entropy on two signals of different complexities, for example on the
most complex signal (a) with a signal of lower complexity (c or d), the entropy increases
as well as the difference increases between signals (inter-channels) and also over time for
each signal (intra-channel).
The statistical estimation of entropy with HMM allows to quantify the information content
of multivariate EEG signals at two levels simultaneously: at the time level, EpEn
quantifies the information content or the disorder on piecewise stationary epochs of EEG
signals over time; and at the spatial level, EpEn quantifies the functional connectivity in
terms of the heterogeneity of piecewise stationary epochs between multi-channel
EEG signals.

10.6. Experimental Study and Results
In this work, we investigate the reliability of EpEn measure for the discrimination of AD
patients from SCI and MCI patients. We confront this statistical measure to coherence,
phase synchrony, mutual information and Granger causality in terms of classification
accuracy using SVM classifier. This comparison of the five measures will allow a better
understanding on the mechanisms of EpEn in the framework of AD detection.
398

Chapter 10. EEG Signal Analysis with a Statistical Entropy-based Measure for Alzheimer’s Disease
Detection

10.6.1. Study Design
This study is carried out on a real life database containing EEG recordings of 22 SCI
subjects, 28 AD patients and 22 MCI patients. For each person, we compute all the EEG
measures on the four frequency bands (delta, theta, alpha and beta) considering different
brain regions defined arbitrarily, using sets of channels located in regions susceptible to
be sensitive to changes due to AD.
We defined seven regions of interest: prefrontal (Fp1, Fp2), occipital (O1, O2), frontal
(F7, F3, Fz, F4, F8), temporal (T6, T4, F8, T5, T3, F7), central (FCz, C3, CPz, C4),
occipito-prefrontal (Fp1, Fp2, O1, O2) and parieto-occipital (T6, P4, Pz, P3, T5, O1, O2).
To distinguish automatically between each pair of classes, i.e. AD vs. SCI and AD vs.
MCI, a linear single-feature SVM classifier was first used with a leave-one-out procedure,
and the threshold that gave the best correct classification rate was selected. The
performance was assessed for each brain region and each frequency band. Then, in order
to improve the performance, we estimated the classification performance per frequency
band using a linear SVM combining two brain regions.
In order to compute for each person the four classical EEG features (coherence, phase
synchrony, mutual information and Granger causality), we first calculated such measures
between all pairs of electrodes belonging to the considered brain region. Then, we
averaged over all those signal pairs to obtain a functional connectivity measure per region.
By contrast, EpEn computes in one single step the information content conveyed by
coupling different EEG signals of a given region, by means of the statistical modeling of
the multidimensional EEG signal. Note that the optimal values of the hyper parameters
needed for a reliable estimation of the EpEn measure, such as number of Gaussians and
epochs (states of the HMM), were fixed based on our experimental findings in previous
works [75-77].
10.6.2. Discriminating AD Patients from SCI Subjects
Table 10.4 presents the correct classification rate for the five measures per brain region
and frequency band. We report the configurations that led to the best classification
performance in terms of accuracy.
To obtain an EpEn value for each subject, per brain region and frequency band, the HMM
was trained on a set of EEG signals captured by the electrodes of the considered brain
region, as explained in Section 10.5.5. The other measures were computed for each
person, per brain region and frequency band, by averaging all the connectivity values
computed between pairs of electrodes of the considered region. Note that Granger
causality measure is computed on the complete EEG time series in the time domain.
Results show that the five EEG features are not reliable to discriminate AD patients from
SCI subjects, when computed per brain region and per frequency band. Coherence and
EpEn are those giving the best accuracy value of 70 % but with an unbalanced
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performance in terms of sensitivity (percentage of AD well classified) and specificity
(percentage of SCI well classified).
Besides, Table 10.4 highlights different brain regions of interest and frequency bands
when discriminating AD from SCI, dependent on the functional connectivity measure
under consideration. This finding reflects in part the disparity of the conclusions in the
literature on the brain regions and frequency bands that could be considered in the
framework of AD.
Table 10.4. Best classification performance (in %) when discriminating AD from SCI
with each EEG feature.
AD vs. SCI

Coherence

Brain region
Frequency band
Accuracy
Sensitivity (AD)
Specificity (SCI)

Parieto-occipital
Delta
70 %
59.1 %
78.6 %

Phase
synchrony
Prefrontal
Alpha
66 %
68.2 %
64.3 %

Granger
causality
Frontal
/
66 %
41 %
85.7 %

Mutual
information
Temporal
Alpha
68 %
89.3 %
40.9 %

EpEn
Occipital
Theta
70 %
59.1 %
78.6 %

For a refined comparative analysis, Fig. 10.5 shows the boxplots of the five features
considering the brain regions and the frequency band that gave the best accuracy value to
distinguish AD patients from SCI. Fig. 10.5a and Fig. 10.5e show that AD patients have
lower values of coherence and EpEn than control subjects, respectively, in low frequency
bands. AD induces a decreased coherence on delta band in parieto-occipital regions
(Mann-Whitney p 1.42 10 , and a decreased information content conveyed by the
multidimensional EEG time series on theta band in the occipital region (Mann-Whitney
p 5.22 10 .

Fig. 10.5. Box plots of the five EEG features when discriminating AD patients from SCI subjects
with: (a) Coherence; (b) Phase synchrony; (c) Granger causality; (d) Mutual information; and
(e) EpEn measure, computed on the region and the frequency band reported in Table 10.4.

400

Chapter 10. EEG Signal Analysis with a Statistical Entropy-based Measure for Alzheimer’s Disease
Detection

Table 10.5 shows the classification performance when discriminating AD from SCI with
each measure, considering the functional connectivity values of two brain regions as input
to the linear SVM classifier. We performed experiments on different combinations of
brain regions and reported in Table 10.5 only those leading to the best accuracy value.
Results clearly show that, except for coherence measure, the performance are improved
for all measures when combining different brain regions. However, we observe that for
the four widely used measures, an unbalanced specificity and sensitivity values remains.
The improvement of performance is significant with EpEn measure. A correct
classification rate of 98 % is reached with a specificity of 100 % and a sensitivity of
95.5 %. This result shows the reliability of the used feature to detect AD, even the control
subjects of this database are not healthy subjects since they have some memory
complaints.
Also, we observe that this good discrimination of AD from SCI is obtained with different
combinations of brain regions (temporal & parieto-occipital, frontal & occipital, central
& occipital, central & prefrontal). This finding suggests that EpEn is less sensitive to brain
regions changes, and thus is more stable and reliable comparatively to the other measures.
In addition, the selected frequency band and brain regions with EpEn are in accordance
with some results reported in the literature [54-57, 67] and clinical knowledge [81-83]: on
the one hand, AD detection has been shown on theta band; on the other hand, temporoparieto-occipital regions are the first affected regions in the early stage of AD.
Table 10.5. Best classification performance (in %) when discriminating AD from SCI
with each EEG feature, considering a combination of two brain regions.
AD vs. SCI
Brain
regions
Frequency
band
Accuracy
Sensitivity
Specificity

Coherence

Phase
synchrony

Granger
causality

Mutual
information

EpEn

Parietooccipital

Central &
Occipitoprefrontal

Frontal &
Temporal
Frontal &
Occipital

Temporal &
Occipitoprefrontal

Temporal & Parietooccipital
Frontal & Occipital
Central & Occipital
Central & Prefrontal

Delta

Theta

/

Alpha

Theta

70 %
59.1 %
78.6 %

72 %
63.6 %
78.6 %

74 %
54.5 %
89.3 %

70 %
89.3 %
45.5 %

98 %
95.5 %
100 %

Another interesting finding emerge with EpEn: the central region is informative for AD
detection considering long-range dynamics with distant regions, i.e. the extreme posterior
(occipital) or the extreme anterior (prefrontal) regions. Actually, we notice that the
discrimination between AD and SCI with EpEn relies on the quantification of the
long-range information transmission among regions of the brain, as displayed in Fig. 10.6.
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(a)

(b)

(c)

(d)

Fig. 10.6. The electrodes that belong to the regions leading to the best discrimination between
AD and SCI with EpEn in theta band: (a) Central & prefrontal; (b) Central & occipital;
(c) Temporal & parieto-occipital; (d) Frontal & occipital regions.

In order to go deeper in our understanding, Fig. 10.7 shows the distribution of EpEn values
in theta band for the two populations (AD and SCI) considering the two combinations of
two regions among those reported in Table 10.5 (frontal & occipital regions, central &
occipital regions). A linear separation between the two populations appears clearly in both
cases; this result highlights the discrimination efficiency of EpEn measure.

(a)

(b)

Fig. 10.7. The distribution of EpEn values of AD patients and SCI subjects computed on theta
band considering: (a) Frontal & occipital regions, and (b) Central & occipital regions.
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10.6.3. Discriminating AD Patients from MCI Patients
Table 10.6 shows the performance of the linear SVM classifier when discriminating AD
patients from MCI patients, with a leave-one-out procedure. We report the best
classification performance obtained for each EEG feature.
Table 10.6. Best classification performance (in %) when discriminating AD from MCI
with each EEG feature.
AD vs. MCI

Coherence

Brain region

Central

Frequency band
Accuracy
Sensitivity (AD)
Specificity (MCI)

Delta
66 %
60.7 %
72.7 %

Phase
synchrony
Parietooccipital
Delta
60 %
75 %
40.9 %

Granger
causality

Mutual
Information

EpEn

Occipital

Temporal

Occipital

/
54 %
100 %
0%

Beta
70 %
57.1 %
86.4 %

Theta
70 %
64.3 %
77.3 %

Mutual information and EpEn measures are those giving the best accuracy of 70 % when
discriminating AD patients from MCI patients. However, EpEn offers a better balance
between sensitivity (percentage of AD well classified) and specificity (percentage of MCI
well classified).
When comparing the obtained results with EpEn in Table 10.6 (AD vs. MCI) to those
reported in Table 10.4 (AD vs. SCI), we notice that the occipital region and theta band are
selected in both cases. This means that computing EpEn in the occipital region on theta
band allows discriminating AD from the two first stages of the disease, i.e. SCI and MCI.
This behavior is not observed for the other measures.
We display in Fig. 10.8 the boxplots for each EEG features considering the brain regions
and the frequency band that gave the best accuracy value to distinguish AD patients from
MCI. Fig. 10.8b and Fig. 10.8e show that AD patients have lower values of phase
synchrony and EpEn than MCI subjects, respectively. Moreover, it appears clearly that
the EpEn values of AD patients are significantly lower than those of MCI patients (Mann
Whitney p 1.22 10 . This result is coherent with those reported in the literature
[61-64]: AD induces a reduction of synchronization and information transmission in AD
compared with MCI.
Table 10.7 reports the classification performance for each measure, when combining two
brain regions. We carried out experiments on different combinations of brain regions per
frequency band and reported only those leading to the best accuracy value.
EpEn measure outperforms significantly all the other functional connectivity measures:
an accuracy of 100 % is reached in the theta band when considering occipital and
frontal regions.

403

Advances in Signal Processing: Reviews. Book Series, Vol. 2

Fig. 10.8. Box plots of the five EEG features when discriminating AD patients from MCI patients
with: (a) Coherence; (b) Phase synchrony; (c) Granger causality; (d) Mutual information; and
(e) EpEn measure, computed on the region and the frequency band reported in Table 10.6.
Table 10.7. Best classification performance (in %) when discriminating AD from MCI with each
EEG feature, considering a combination of two brain regions.
AD vs. MCI
Brain regions
Frequency band
Accuracy
Sensitivity (AD)
Specificity (MCI)

Coherence
Occipital
Parietooccipital
Alpha
68 %
60.7 %
77.3 %

Phase
synchrony
Frontal &
Temporal
Delta
64 %
85.7 %
36.4 %

Granger
causality
Temporal
& Parietooccipital
/
58 %
60.7 %
54.6 %

Mutual
information
Occipitoprefrontal
&Temporal
Alpha
74 %
96.4 %
45.5 %

EpEn
Occipital
& Frontal
Theta
100 %
100 %
100 %

Compared to the previous results obtained in Table 10.5 (AD vs. SCI), we notice that
EpEn is the best feature for AD detection (versus SCI or MCI) when computed on theta
band in the Occipital and Frontal regions.
Fig. 10.9 displays the distribution of EpEn values in theta band for AD and MCI patients
considering the combinations of the occipital and frontal regions. We clearly observe a
linear separation between the two populations, which indicates the discrimination
efficiency of EpEn measure.
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Fig. 10.9. The distribution of EpEn values of AD and MCI patients computed on theta band
considering the frontal and occipital regions.

10.6.4. Discriminating SCI Subjects from MCI Patients
To go deeper in our analysis, we carried out additional experiments to discriminate SCI
subjects from MCI patients considering only EpEn measure, since it outperforms the other
measures for AD detection.
As shown in Table 10.8, a classification accuracy of 77.3 % is obtained with a specificity
of 77.3 % and a sensitivity of 77.3 %, considering all frequency bands and the combination
of EpEn values computed on the occipital region and the occipito-parietal region. A
polynomial SVM of order two was used for this two-class classification using eight
features as input to the SVM. This result proves the difficulty to differentiate these two
populations, which are both at the first stage of the disease.
Table 10.8. Best classification performance (in %) when discriminating SCI from MCI
with EpEn measure.
SCI vs. MCI
Brain regions
Frequency band
Accuracy
Sensitivity (MCI)
Specificity (SCI)

EpEn
Occipital & Parieto-occipital
Delta - Theta - Alpha - Beta
77.3 %
77.3 %
77.3 %

Interestingly, we observe that the selected brain region to distinguish MCI from SCI
subjects with EpEn is localized in the posterior brain area, i.e. in the parietal and the
occipital regions. This result is in contrast with the obtained results on AD patients (AD
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vs. SCI or AD vs. MCI), where long-range connectivity is taken into account to
detect the disease.

10.7. Discussion and Conclusion
The utility of rsEEG in Alzheimer’s disease (AD) research has been demonstrated over
several decades in numerous studies. The major EEG changes that have been reported in
AD are the reduction of EEG complexity and the perturbations of EEG functional
connectivity. Several EEG markers have been employed successfully to investigate these
two AD-related alterations, based on sophisticated signal processing techniques.
However, three main drawbacks emerge from the research works in the state-of-the-art.
First, complexity and functional connectivity were commonly quantified separately.
Second, the majority of the extracted EEG markers did not consider the EEG signal as a
multidimensional time series. Third, such measures were computed on the whole EEG
time series without addressing the problem of their non-stationarity, even it is well known
that most physiological signals, such as EEG are non-stationary.
The purpose of the present study was to review a recently proposed entropy-based
functional connectivity measure, called epoch-based entropy, and to investigate its
potential application to the detection of AD based on multi-channel EEG signals. This
entropy measure is computed on piecewise stationary epochs using a HMM, which
performs local density estimation at the epoch level. The use of HMM is motivated by the
fact that its structure is suitable for modeling neural dynamics underlying the observed
EEG signals. In addition, HMM can manage multidimensional signals by applying
multivariate probability density functions on the signals.
The originality of this statistical measure lies on the fact that it estimates the information
content or the disorder in EEG signals on piecewise stationary epochs over time; and at
the spatial level, by quantifying the functional connectivity in terms of the heterogeneity
of piecewise stationary epochs between multi-channel EEG signals. This will allow a
better estimation of the spatio-temporal characteristics of EEG signals merged into a
single figure.
By comparing epoch-based entropy to four alternative functional connectivity measures,
namely coherence, phase synchrony, Granger causality and mutual information, we
showed that the statistical measure is by far a more reliable feature for AD detection, on
our experimental data. We obtained a high accuracy for the classification of AD vs. SCI
(98 % accuracy, 100 % specificity, 95.5 % sensitivity). Then, by comparing AD and MCI,
we reached an accuracy of 100 %. In both cases, a common finding was observed:
computing the epoch-based entropy on theta in frontal and occipital regions allows a good
discrimination between AD and its early stages (SCI and MCI).
In conclusion, our study demonstrates the effectiveness of the statistical modeling of EEG
with HMM for analyzing the dynamics of neural activity in patients with AD. However,
by comparing SCI and MCI patients, we obtained an accuracy of 77.3 % due to the
406

Chapter 10. EEG Signal Analysis with a Statistical Entropy-based Measure for Alzheimer’s Disease
Detection

similarities between SCI patients and MCI patients. Indeed, a proportion of SCI patients
are actually at an early stage of MCI [86].
Further experiments should be conducted on additional patients to assess the
generalization of our method to clinical usage. Furthermore, in this work, entropy was
computed on EEG time series locally at the epoch level, and then averaged over all the
epochs. It could be interesting to keep the entropy values per epoch in order to characterize
more finely how the EEG signal fluctuates over time.
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Artefacts Detection in EEG Signals
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11.1. Introduction
Electroencephalography (EEG) is a non-invasive and widely available biomedical
modality that is used to measure brain activity in order to diagnose different neurological
pathologies and plan treatment. Neurologists trained in EEG are able to determine the
correct medical diagnostics by identifying visually different waveforms, known as spikes,
sharp waves, or the mix of both.
The standardized international 10-20 system is generally used to record EEG activity. This
system has 21 electrodes located symmetrically on the surface of the scalp. These
positions are computed as percentages of standard distances, the resulting records are
comparable between different patients. EEG electrode positions are determined as
follows: the reference points are the nasion, which is the delve at the top of the nose, at
the level of the eyes; and the inion, which is the bony lump at the base of the skull on the
midline at the back of the head. From these points and once the central point (Cz) is
localized, the skull perimeters are measured in the transverse and median planes.
Electrode locations are determined by dividing these perimeters into 10 % and 20 %
intervals, see Fig. 11.1. Additionally, the EEG measurement provides temporal and spatial
information about the synchronous firing of many neurons inside the brain with a
dominant frequency according to the brain rhythms [1]. The EEG measurement can use a
unipolar montage configuration, where the potential of each electrode is compared either
to a neutral electrode or to the average of all electrodes; or bipolar montage configuration,
where the potential difference between a pair of electrodes spatially close is measured.
An artefact in EEG signals is defined as an electrical potential that is not originated in the
brain. The two basic artefact types are physiological and non-physiological. A
physiological artefact is generated from the electrical activity associated with the patient's
body normal functioning, e.g., eye movement and blinking, normal and fast breathing,
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chewing, bruxism, swallowing, tongue movement, skin potentials, body tremor, cardiac
activity, muscle activity, sweat glands, pulse in the tissues, and artificial cardiac
pacemaker. A non-physiological artefact is generated by electromagnetic fields outside
the body, such as bad signal recording, line frequency (50/60 Hz), misplaced or
malfunctioning electrodes, medical equipment, cell phones, lights, and the environmental
movement.

Fig. 11.1. Standard 10-20 system montage. Location and nomenclature of the electrodes:
temporal lobe (T), parietal lobe (P), occipital lobe (O), and frontal lobe (F). The odd number
corresponds to the left hemisphere and the even number to the right hemisphere.

Noises are as important as artefacts. Acquiring EEG signal properly means mainly
measuring biosignals with safety, high signal to noise ratio (SNR) and no data loss. The
system electronics include circuitry and printed circuit board design, filtering stages,
electronic amplifier’s noise control, correct signal conversion, data storing, contact
resistance skin-electrodes, and background noise. See [2-4] for more details.
Significant sources of fluctuating electric potential, proper to the human body, cannot be
simply ruled out. They must be filtered out during the EEG measurement. Three examples
are the face muscle contractions caused by blinking, the chest motion due to respiration,
and the electrocardiogram [5].
Due to the large variability and dynamics of EEG signals, diverse artefacts are common
during the acquisition such as sampling errors, noises, unusually small or large values,
individual cases that violate the nominal relationship between specific variables, and
missing data values. It is very important to know the origins, characteristics, sources, and
influence of these anomalies on the data, in order to improve analysis. The goal of this
chapter is to review and evaluate some classical methods used to detect different types of
EEG artefacts in clinical applications. We review supervised detection methods with a
variety of features, including mainly temporal-domain curve fitting, multiple signal
frequency-domain, empirical wavelet transforms, t-location-scale statistical modeling,
and multivariate analysis with independent vector analysis. Multivariate analysis is widely
used to remove artefacts. We show the potential of this approach, using the Hampel filter
to correct different types of artefacts. In addition, the chapter provides a complete stateof-the-art along with a recommended bibliography.
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11.2. Artefacts
The artefacts caused by involuntary body movements are frequent. They are generated by
electrical muscular activity, which can be measured through electromyographic signals
(EMG). Muscle contraction, bruxism chewing, swallowing, and tongue movement that
include the face, the jaw, and the neck, are examples of EMG. Usually, these types of
artefacts occur when the patient is stressed, anxious with difficulties to relax or stay still.
To control involuntary movements and correct them, electrodes are placed so that
simultaneous reference signals are acquired and correlated with EEG recordings.
Involuntary movement can also be controlled using neuromuscular-blocking drugs [6].
For illustration see Figs. 11.2 and 11.3.

Fig. 11.2. Bruxism artefact example. The figure shows that all the channels are affected starting
at 5 seconds abruptly, especially visible between 10 and 20 seconds, and 40 and 45 seconds.

Fig. 11.3. Arm movements artefact example. The figure shows a train of low-amplitude spikes
in all channels starting at 5 seconds, and occasionally high amplitude spikes,
as between 5 and 25 sec.
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However, depending on the EEG application, muscular artefacts might be highly desired.
This is the case in brain-computer interface (BCI) approaches where motor EEG signal
imagery is analyzed [7].
Eye movement artefacts, called electrooculogram (EOG), are generated when the eye
potential changes between the cornea and the retina. While electroretinogram (ERG)
artefacts occur as a response of the eyes-retinal cell to photic stimulation. In general, these
artefacts are present in the frontal electrodes such as Fp1, Fp2, F3, F4, and F7, implying
many high and low frequencies, depending on their duration and amplitude [6, 8]. ERG
artefacts can be corrected by blocking the light source to the eye. Ocular movement can
be cancelled by placing a reference electrode over the nose and using a common-mode
rejection ratio from a differential amplifier [5].
The artefacts produced by the movement of the tongue are called Glossokinetic potential
(GKP). These artefacts make the electric field around the mouth and the jaw change as
the tongue behaves like a dipole. GKP is best detected in the ramifications located near
the mouth, such as the lips, the infraorbital leads, and the Fp1 and Fp2 electrodes. To
understand this phenomenon, some tests can be made in order to detect possible artefacts.
For example, comparing the not-talk with repeating words that cause significant
movement of the tongue, such as saying the expressions “lalala” or “tom thumb”. In
children or infants, this artefact is manifested when chewing, sucking, crying, swallowing,
or hiccup [6]. See Figs. 11.4 and 11.5 for some examples.

Fig. 11.4. “lalala” artefact example. The figure shows that all channels are affected starting
at 5 seconds, especially from 6 to 15 sec and 30 to 35 sec.

Electrocardiogram (ECG or EKG) artefacts are produced by heart electrical activity.
Usually, they have a spike or sharp waveform and can be confused by non-expert with
epileptiform activity. The heart rate of the ECG can be recorded by placing two EEG
electrodes in any non-cephalic part of the body. The ECG heart rate variability (HRV) can
be recorded by placing two EEG electrodes in any non-cephalic part of the body. Due to
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their high waveform amplitude, it is possible to distinguish ECG artefacts from natural
EEG signals. The voltage of such artefacts is also reduced by using a bipolar instead of a
unipolar montage with OA1 and OA2 ear reference electrodes.

Fig. 11.5. Swallowing artefact example. The figure shows high spikes present between 10-sec
and 25-sec on almost all channels.

Power supply (50 or 60 Hz) artefacts are caused by electrical and/or mechanical devices
such as the stretcher, ventilation, intravenous infusion devices, sequential compression
devices, ECG monitors, dialysis machines, fluorescent lights, heating/cooling, lighting,
and rugs. Note that, the 50/60 Hz interference may produce an imprecise reference that
can be confused with muscular artefacts or fast brain activity.
This same artefact may be caused by EEG wires in contact with the ground or with
electrical wires from other devices, including the power cord from the EEG instrument
itself. It can also be caused by poor electrode contact, inadequate preparation of the skin,
faulty wiring, or faulty ground making. This artefact leads to high impedance, which can
be amplified and detected in one or more channels [9]. In the presence of 50/60 Hz
artefacts, and where the impedance of the electrodes is less than 5 KΩ, the plug of each
electrical device should be disconnected one at a time while checking the EEG signal
improvement. This simple cyclical action permits identifying the source to be removed.
At last, a notch filter with a cut-off frequency equal to 50/60 Hz can be used. It must be
taken into account that the cerebral signals within this range would also be attenuated.
This hinders the detection of epileptiform spikes that have a low amplitude frequency
similar to the cut-off frequency [10].
Interruptions between electrodes and the skin can be source of artefacts due to inadequate
contact, lack of conductive gel, broken or damaged wires. These are easily distinguished
due to the abrupt change in the electrode impedance that creates unexpected potential.
Such electrode "pop" may appear in EEG signals as focal spikes or sharp waves with
characteristic morphology waveforms having a very steep ascent and a deep fall
resembling the shape of the direct current (DC) calibration signal [6]. The movement of
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the electrodes can also break their balance that can be identified through the movement
magnitude. However, the restoration of the equilibrium point may require a long time,
with the possibility of compensation using a low-pass filter with a small cut-off frequency
that does not affect the EEG signal [5].
In addition, physical environment factors, such as wires and human movement, can also
generate artefacts when they interfere with the magnetic fields. The wires act as antennas
and collect different signals by induction, such as power supplies or switching equipment.
Human movements near magnetic fields (close to the patient) generate capacitive or
electrostatic charges. A controlled environment is required to avoid this type of artefacts.
See Figs. 11.6 and 11.7 for some examples.

Fig. 11.6. Example of cell phone artefact. The figure shows an effect
on all channels from 0 to 20 sec.

Fig. 11.7. Example of light artefacts. The figure shows that spike waveforms are exhibited
in almost all channels, especially between 5 and 25 sec.
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11.3. Database
For this study, we created a database of EEG signals from two healthy subjects at the
Foundation for the Fight against Pediatric Neurological Disease (FLENI) hospital, Buenos
Aires. Each signal has 20 unipolar channels with a sampling frequency of 200 Hz, and
duration of 1 minute. The location and nomenclature of the electrodes were placed
according to the International 10-20 system (Fig. 11.1). Physiological artefacts such as
arm and legs movements, swallowing, bruxism, and movement of the tongue with the
expression "lalala", were created. While cell phone and light interferences were
introduced as non-physiological artefacts. Artefacts were measured successively, with a
resting epoch with closed eyes as a control signal after each measurement. Signals
measured from the two subjects with 20 channels were partitioned into 1-second segments
for subsequent analysis. This resulted in a large dataset with a variety of situations suitable
for analysis.

11.4. Artefacts Removal Methods
It is very important that the actions taken to cancel artefacts do not cause new artefacts or
loss of neurological valuable information. Therefore, adequate algorithms depend on the
intended application. Visual inspection is often required in order to guarantee good
signals. This section presents briefly the most common methods used for artefacts
cancellation.
Let X   NxM the EEG matrix, where M is the number of channels measured
simultaneously. X columns are naturally correlated as electric brain sources are projected
on different channels. Assuming, reasonably, that all brain signals arrive at the electrodes
instantaneously at the same time, N represents the time-instants of observations

x(n)  [ x1 , x2 ,, xm ,, xM ]T ,

(11.1)

We define W K as a moving window so that

X K  WK X ,

(11.2)

where K is the positive integer representing the width of the window. Selecting the width
is as crucial as the time interval of epochs and segments to capture the phenomenon under
study. Typically, in EEG signal processing, the width of 1 or 2 seconds is recommended
to guarantee stability, especially with low sampling frequencies [5].
11.4.1. Time-domain Analysis
Empirically, artefacts are determined by using an amplitude threshold. Thus, any signalsegment that crosses the threshold is considered an artefact. Since this is an insufficient
condition, some criteria related to the data are usually added. A typical criterion is to
combine the threshold with the boundary conditions of the algorithm [11]. For example,
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a signal-segment is considered an artefact when the instantaneous amplitude exceeds six
times the average amplitude of the recording over the preceding 10 seconds [5].
Usually, the electrical signals generated by the muscular activity have steeper slopes than
the average EEG signal. Therefore, the first and second-order derivatives can be used to
measure EEG signal mobility [8]. The methodology of differential registration is used in
order to improve spatial resolution. The idea is to analyze the signal amplification and
digitization systems independently for each electrode with CMOS technology [12].
The time-resolution can be improved by the feed-forward displacements of an order of
10 ms, on the selected time segment. This is used for applications where an analyzing fast
signal change is required, such as detecting epileptic seizures [5].
In previous work [13], we found that EEG signals can be analytically represented by using
a quadratic linear-parabolic model:

y  a sin( x   )  b( x  10)2  c .

(11.3)

In this work, we make use of this model in order to differentiate EEG resting states signals
from artefacts. The underlying hypothesis is that parameters a , b and c are
characteristics of these two classes. Here we estimated a , b and c using the leastsquares method [14]. Table 11.1 shows the resulting coefficients for different types of
signals. One notices that a threshold approach can be used in order to detect artefacts.
Figure11.8 illustrates the detection based on this model.
Table 11.1. Estimated quadratic linear-parabolic coefficients and their associated 95%
confidence bounds (CB). These results show that it is possible to use a threshold
to distinguish between a resting signal and an artefact.
Artefact
Resting
Bruxism
Arms
movements
Legs
movements
lalala
Swallowing
Cell phone
Lights

Value
-7.536
-9.787

a coefficient
95 % CB
[-7.933, -7.140]
[-11.91, -7.659]

b coefficient
Value
95 % CB
0.778
[0.777, 0.778]
0.936
[0.935, 0.936]

Value
-91.910
-99.64

c coefficient
95 % CB
[-92.24, -91.58]
[-101.3, -97.99]

-9.193

[-11.27, -7.118]

0.939

[0.939, 0.940]

-112.4

[-114, -110.80]

-9.052

[-10.73, -7.377]

0.929

[0.928, 0.929]

-116.3

[-117.50, -115]

-10.630
-7.616
-11.130
-13.400

[-13.89, -7.373]
[-9.898, -5.333]
[-14.42, -7.837]
[-15.18, -11.63]

0.920
1.010
0.994
1.047

[0.919, 0.920]
[1.010, 1.010]
[0.994, 0.995]
[1.046, 1.047]

-13.61
-168.6
-151.1
-183.5

[-16.08, -11.14]
[-170.30, -167]
[-153.50, -148.70]
[-184.70, -182.20]

This time-domain experimentation with the quadratic linear-parabolic model brings a
different approach to artefact detection in EEG signals, as compared to existing
techniques. The confidence intervals estimated for the coefficients (eq.11.3) provide a
good discrimination between resting and artefact signals. This simple model can be
implemented easily in real-time.
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Fig. 11.8. Examples of fitting the quadratic linear-parabolic
model to different artefact signals.

11.4.2. Frequency-domain analysis
Fast Fourier transform (FFT) is the principal linear time-invariant (LTI) method to use
2

with the signal power spectrum density (PSD), PSD  x( f ) . This is easily achieved by
calculating the discrete Fourier transform (DFT) from the correlation function [15]. For
example, PSD shows irregular patterns on the higher harmonics of the frequency spectrum
for artefacts [8]. PSD can also be used to decompose the EEG signal into different brain
rhythms, following current medical practices. It is well known that a large time-interval
for the frequency transformation gives a better frequency-resolution [11].
In general, LTI filters are used to reduce EMG and line interference artefacts [16, 17].
Notch and band-pass filters are two classical filters. A notch adaptive digital filter allows
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all frequencies to pass except for interference noise [18]. While a band-pass filter is used
to filter the low frequencies caused by the muscular activity and the high frequencies
generated by medical instrument interferences [5]. This allows attenuating a specific range
of frequencies to extract the EEG signal in the purest possible form. The main filtering
disadvantage is when an interesting neurological phenomenon occurs, and artefacts are
overlapping or in the same frequency band.
11.4.2.1. Singular Value Decomposition (SVD)
SVD is a linear algebra operation that reduces a given matrix to the product of three
matrices. Thus, the EEG matrix X   NxM can be decomposed as the product of three
matrices X T  USV T , where U  MxN is an orthonormal matrix obtained from matrix
V   NxN , which contains the eigenvectors. S   MxN is the diagonal matrix related to the
actual covariance matrix of the data set. The diagonal elements are the singular values
representing the variance of the principal components ordered by order of magnitude. The
classical expression is given by


X v  v


X v    I v
 
 X   I v  0

(11.3)

where  are the square roots of the eigenvalue associated with the variance eigenvector
The eigenvectors have the same order as the eigenvalues and should be normalized
and scaled by their respective singular values given by the square root of the eigenvalues,
to become the principal components with decreasing order of magnitude. Note that, S
and V depend on the source.
11.4.2.2. Multiple Signal Classification (MUSIC)
MUSIC is based on the Pisarenko harmonic decomposition method used to estimate the
spectrum of the noise subspace, not the signal subspace. The idea is based on the
assumption that after eigenvalue decomposition using SVD for example, the signal and
noise subspaces are orthogonal, with a small noise spectrum at frequencies where a signal
is present [15]. MUSIC narrowband estimator from the PSD is given by

PSD( ) 

1
M



k  p 1

FFT Vk  / k
2

,

(11.4)

where M is related to the dimension of the eigenvector, p is the dimension of the signal
subspace. Note that, 1  signal subspace  p , and p  1  noise subspace  M . k is the
422

Chapter 11. Artefacts Detection in EEG Signals

eigenvalue of the kth eigenvector, Vk is the kth eigenvector estimated from the
correlation matrix of the input signal, which is ordered from the highest to the lowest
power, see SVD for more details. Note that the denominator term k is the summation of
the scaled power spectra of noise subspace components. If the number of narrowband
processes is known, then the dimensions of the signal subspace can be estimated as twice
the number of present sinusoids or narrowband processes. If it is unknown, the signal
subspace can be determined using the size of the eigenvalues. The idea is based on the
fact that the noise components have about the same energy with a flat slope, and the signal
components decrease in energy as they are ordered by the energy level. Using a scree plot,
it is possible to find the number of components where the eigenvalue plot switches from
a downslope to a relatively flat slope.
Fig. 11.9 shows the MUSIC performance to detect the different artefacts in EEG signals
through the narrowband estimator from its PSD. The resting signal (black color) and legs
movements artefacts (gray color) have the same PSD, therefore it is difficult to distinguish
them. To the contrary, comparing the resting signal (black color) with the other artefacts,
one can clearly see the possibility of distinguishing them using a threshold. Note that, the
arm movements artefact (yellow color) and cell phone artefact (yellow color) have similar
PSD. However, they are very different from the resting signal. Another interesting
threshold is between the resting signal (black color) and the light artefact (magenta color),
which has a larger amplitude with respect to the control signal. In physiological artefacts,
it is also interesting to note that the resting state has the greatest amplitude with respect to
the artefacts. This interesting result is useful in brain-computer interfaces (BCI) and
neuron mirror studies with mu rhythm suppression [19]. The mean value and the
confidence bounds show in Table 11.2 corroborate these results.

Fig. 11.9. Examples of artefacts using MUSIC narrowband estimator from the PSD. A threshold
can be used to differentiate between resting signal and artefact signals.
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Table 11.2. Values associated with 95 % confidence bounds (CB) from the MUSIC narrowband
estimator from Fig. 11.9. All values are multiplied by e-05.
Artefact
Resting
Bruxism
Arms movements
Legs movements
lalala
Swallowing
Cell phone
Lights

Value
5.619
4.292
5.121
5.617
5.401
3.804
5.178
11.167

MUSIC PSD
95 % CB
[5.436, 5.803]
[4.245, 4.339]
[5.048, 5.195]
[5.472, 5.763]
[5.343, 5.459]
[3.745, 3.862]
[5.062, 5.29]
[10.804, 11.530]

11.4.3. Wavelet-domain Analysis
Many applications rely on the detection and recognition of waveform patterns from the
background noise signal. Such waveforms, with spike or wave shapes, are typical in EEG
signals. They manifest randomly in a short period of time, and due to their fast transient
change, the Fourier analysis does not allow their detection. Therefore, mother wavelet
with specific waveform can be used to help detecting such patterns, while determining the
exact time at which they occur.
Wavelets used as filter banks analysis are very appropriate for denoising and filtering EEG
signals. Typically, the low scales that are related to the high frequencies identify the
additive noise. Thus, the signal can be filtered by removing the low-scale components.
The next section introduces the 2D empirical Littlewood-Paley wavelet transform as a
tool for artefacts detection in EEG signals. The method is based on detecting the Fourier
boundaries with an empirical number of filters.
11.4.3.1. 2D Empirical Littlewood-Paley Wavelet Transform
The idea of the empirical wavelet transform (EWT) is to build a family of wavelets
adapted to the signal of interest across two steps: 1) Detecting the Fourier supports and
building the corresponding wavelet, 2) Filtering the input signal with the obtained filter
bank to extract the different components [20].
The 2D empirical Littlewood-Paley transform ( ) is widely used to filter images with 2D
wavelets defined in the Fourier domain on annuli supports, centered around the origin.
The inner and outer radius of these supports are fixed upon a dyadic decomposition of the
Fourier plane [20]. The wavelets come from the iteration of filters with scaling, with the
scale being the inverse of the frequency. Thus, wavelets are obtained from a single
prototype mother wavelet by rescaling and shifting. The idea is to use the EEG signal with
its rows and columns like a 2D signal as if it was an image [21]. In order to detect the
radius of each annuli, the Fourier plane is considered as a polar representation FP    since
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finding such boundaries is equivalent to working with the frequency modulus  . To
avoid discontinuities in the output components, the spectrum FP    is averaged with
respect to each angle  , see equation (11.5) where N is the number of discrete angles.

The set of the spectral radius    n 

n  0,, N

, with  0  0 and  N   , is obtained by

estimating the Fourier boundaries on FP    .
The following 2D empirical Littlewood-Paley wavelet transform algorithm [20] is used:
1. Input: EEG signal f ( x)  x(n), number of filters N .
2. Compute the pseudo-polar FFT, FP  f   ,   and take the average with respect to
the angle  :

FP    

1
N

N 1

 F  f   ,   ,
i 0

P

i

(11.5)

3. Perform the detection of the Fourier boundaries on FP    to get  and build the



corresponding filter bank   1  X  ,  n  X n 1

N 1

 according to


1
if   1     1

   1

F2 1     cos   
  1    1    if 1    1    1    1 ,
1 

  2  2

0
otherwise
(11.6)
if n  N  1:
n
n 1

1
if 1        1    

cos     1    1     n 1   if 1     n 1    1     n 1

  2  2 n 1

F2   N 1     
,
n
n
 sin     1    1     n  
if 1        1    

 2  2 n



0
otherwise


(11.7)
if n  N  1:
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N 1
1
if 1      


   1
N 1 
N 1
N 1
F2  N 1     sin
 2   2 N 1    1       if 1        1     ,


0
otherwise

(11.8)
4. Filter f by using equations (11.9) and (11.10)



 0, x   F  F  f   F     ,

W f  n, x   F2* F2  f   F2   n   ,
Wf

*
2

2

2

1

(11.9)
(11.10)

where F2 is the 2D Fourier transform and F2* its inverse.
5. Output:  and W f  x , n  .
Figure 11.10 illustrates the 2D empirical Littlewood-Paley wavelet transform
reconstruction of a signal by using this algorithm. Through visual inspection, we note that
the resting signal has all the components while the other signals are outliers or artefacts.

Fig. 11.10. Signal reconstruction using 2D empirical Littlewood-Paley wavelet transform. The
error-values are defined as the difference between resting signal and each artefact signal.
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Fig. 11.11. Concentric boundaries from the 2D empirical Littlewood-Paley wavelet transform.
Table 11.3. Mean and bounds of boundaries from 2D empirical Littlewood-Paley wavelet
transform.
Artefact
Resting
Bruxism
Arms movements
Legs movements
lalala
Swallowing
Cell phone
Lights

Boundaries
Value
95 % BC
1.924
[0.662, 2.822]
1.810
[0.552, 2.810]
2.169
[0.154, 2.810]
1.679
[0.294, 2.810]
1.983
[0.576, 2.785]
1.781
[0.576, 2.773]
1.740
[0.564, 2.785]
1.936
[0.589, 2.736]

We propose to use the boundaries of this 2D empirical Littlewood-Paley wavelet
transform in order to detect the artefacts in EEG signals. The boundaries estimated using
the algorithm introduced above allows us to define a threshold that detects artefacts.
Figure 11.11 illustrates the polar representation for the 2D empirical Littlewood-Paley
wavelet transform. We can observe the concentric boundary variations. But the visual
inspection is complex due to the dynamics and variability of the EEG signals. Table 11.3
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shows the mean value, and the confidence bounds of each signal. We can derive a
threshold to detect artefacts.
11.4.4. Statistical Modeling
Creating an appropriate parametric statistical model to represent EEG signals can be very
useful to capture the characteristics of the underlying physical process. When feasible,
this is often done by fitting a statistical distribution to data histograms. In previous works,
we found that the t-location-scale distribution is powerful for modeling EEG signals
[22-24]. Fitting this distribution was performed by estimating its three parameters, namely
location, scale, and shape, using maximum likelihood estimators. In this section, we use
this distribution in order to characterize and detect artefacts.
11.4.4.1. The t-location-scale Distribution
The t-location-scale distribution is a statistical model that belongs to the location-scale
family formed by translation and rescaling of the Student’s t-distribution. Its probability
density function (PDF) is given by
2
 1 
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 2  
   
f  x |  ,  ,  


  
     

2


  1 


 2 

,

(11.11)

where      is the location parameter,   0 is the scale parameter,   0 is the
shape parameter, and (.) is the Gamma function. Figure 11.12 shows the fit of the
distribution to our EEG data histograms. This shows a good fit and makes it possible to
correctly characterize different artefacts the distribution parameters.
From Table 11.4, one notices that it is possible to discriminate artefacts from a resting
signal. The scale and shape parameters can be used in a straightforward manner to
discriminate between artefacts and non-artefacts. While values of the location parameter
associated with a muscular artefact and resting signal are close. Nevertheless,
discrimination is still possible.
11.4.5. Multivariate Analysis
The principle of multivariate analysis is to consider the relationship between multiple
variables. Precisely, this analysis operates on all data or measurements but treats them as
a single entity.
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Fig. 11.12. Fits of the t-location-scale distribution to histograms of data for different artefacts.
Table 11.4. Mean values associated with 95 % confidence bounds (CB) from the t-location-scale
parameters. These results show that it is possible to use intervals to differentiate between normal
(resting) signals and artefacts.
Artefact
Resting
Bruxism
Arm
movements
Legs
movements
lalala
Swallowing
Cell phone
Lights

Location parameter
Value
95 % CB

Scale parameter
Value
95 % CB

Shape parameter
Value
95 % CB

-3.243
-3.580

[-3.258, -3.229]
[-3.631, -3.529]

9.763
14.257

[9.749, 9.777]
[14.199, 14.316]

6.598
2.197

[6.553, 6.644]
[2.179, 2.215]

-3.205

[-3.257, -3.153]

13.351

[13.293,13.410]

2.349

[2.328, 2.370]

-3.220

[-3.266, -3.174]

12.444

[12.396, 12.493]

2.958

[2.929, 2.987]

-3.747
-2.789
-4.513
-4.203

[-3.819,-3.676]
[-2.837, -2.740]
[-4.565, -4.462]
[-4.250, -4.155]

17.309
14.123
1.677
3.733

[17.219, 17.400]
[14.069, 14.177]
[1.666, 1.689]
[3.674, 3.793]

1.653
2.069
1.677
3.733

[1.639, 1.666]
[2.054, 2.084]
[1.666, 1.689]
[3.674, 3.793]
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A classic example is the covariance matrix that incorporates variance related to the
individual variables, and the covariance between variables. In essence, the multivariate
data transformations search for a dimensional reduction. Three multivariate techniques
used for this purpose are principal component analysis (PCA), independent component
analysis (ICA), and independent vector analysis (IVA), all based on blind source
separation (BSS). These techniques will be presented below in the context of EEG
processing.
11.4.5.1. Blind Source Separation (BSS)
BSS assumes that the source signals reach the electrodes at the same time t
instantaneously, equation (11.1) can be reformulated as

x(n)  H s(n)  v(n),

(11.12)

where x(n) is the EEG matrix, H is the mixing matrix, s(n) is the matrix of the sources,
and v(n) is the noise. The separation is carried out by means of the matrix W , which uses
only the information about x(n) to reconstruct the original source signals as:

y(n)  W x(n)

(11.13)

In BBS, the goal is to estimate the unmixing matrix W by using the singular value
decomposition method (SVD) such that Y  WX best approximates the independent
sources S , where y(n)   y1 (n),, yM (n) and x(n)   x1 (n),, xM (n) , therefore
S  Y  WX , see Fig. 11.13.
T

T

Fig. 11.13. Illustration of mixing information from brain sources s(n) to create an EEG channel

x(n). Multivariate analysis methods aim at finding the brain sources that generated
the EEG signals (source [29]).
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During the BSS process, the method separates EEG signals into components of the EEG
signals. Components attributed to artefacts are identified and discarded. The signal is then
reconstructed based only on the remaining components. This method does not require
having the reference of artefacts. BBS is typically used to correct EOG, EMG, and ECG
signals [25-27].
11.4.5.2. Principal Component Analysis (PCA)
In PCA the idea is to transform the original data into a new smaller dimension dataset
without loss of information. This transformation between a dataset of correlated variables
into a new dataset of decorrelate variables is called principal components because it
includes the most significant information from the original data. PCA uses the
eigenvectors of the covariance matrix from the original data set in order to transform the
data into another coordinate system, estimating the input projection data with their higher
variability. Once this is done, the data set components are extracted by the eigenvectors
data projection, see the previous two sections for more details. In the PCA algorithm, three
recommendations have to be considered: i) data must be centered by removing the mean
values  x  x  . , ii) data must be rotated in order to decorrelate it, iii) the data must be
normalized according to its variance before the transformation. The normalization process
removes variables with very small values. For example, if 1  2 , the information
energy will be mostly concentrated in the dominant matrix X 1  1 u1v1 associated with
the first singular values. This will be higher with respect to the other values; therefore,
many values could be removed. According to [28], PCA cannot completely separate eyemovement artefacts, EMG, and ECG artefacts from the EEG signal, especially when they
have comparable amplitudes. PCA also does not necessarily decompose similar EEG
features into the same components when applied to different segments. Additionally, PCA
is not consistent with respect to the interference suppression from overlapping brain
activity [30]. One solution is to use the artefact subspace reconstruction (ASR) approach.
The idea is to learn from a clean calibration statistical data model in order to attenuate the
EEG artefacts by decomposing it in small segments and comparing them to calibration
data in the PCA component subspaces [31]. A recent interesting study was done in
simultaneous EEG-fMRI data, where the helium-pump artefacts given by the mechanical
vibrations in the MRI system were removed using the EEG-segment-based principal
component analysis in the gamma band [32].
11.4.5.3. Independent Component Analysis (ICA)
In PCA, the data decorrelation is not sufficient to produce independence between the
variables at least when the variables have non-Gaussian distributions [15]. Thus, the ICA
goal is to transform the original data into statistically independent variables, which will
be the most significant variables. The assumption is that the original variables are
independent and non-Gaussian. The signals are assumed to be linear combinations of
these original variables, with negligible propagation delay.
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As such, the EEG signals are considered as combinations of the underlying neural sources
with added artefacts. Signals from multiple sources S are assumed to arrive simultaneously
at electrodes X see Fig. 11.8. The number of sources is usually greater than the number of
electrodes. Each electrode consists of a mixture of all sources, which are assumed
independent. Therefore, applying ICA to EEG signals is a way for estimating the sources.
The goal is not to reduce the number of signals, but to produce signals that are more
meaningful. The typical model that relates the sources with the measurements is given by
x  As ,

(11.14)

where x vector of EEG signals, s are the sources, and A is the mixing matrix. This
assumes that the measured signal vector x , is related to the underlying source signals
vector s by a linear transformation. The objective is to determine the unknown mixing
matrix. Assuming that the mixing matrix is square, the independent components can be
obtained through matrix inversion

s  A1 x,

(11.15)

Since the size of x is supposed to be higher than s , inversion cannot be done
immediately. PCA is usually applied first to reduce the number of components to be equal
to the considered number of sources. Then the ICA algorithm is applied. While assuming
sources to be independent and non-Gaussian, this method does not require their
distribution to be known [15]. The following standard ICA algorithm is used:
ICA algorithm
1. Center the original data by removing the mean values  x  x  . Note that, the signals
are assumed to be correlated.
2. Apply a whitening process by rotating the data in order to decorrelate them until the
non-Gaussianity of the transformed data set is maximized. This process helps to trace
variance information. After whitening, the components must be scaled in order to have
unit variance  2  1.
3. Estimate the data Gaussianity. The estimation builds on the result of the central limit
theorem that states that the distribution of a set of k random variables that are
independent and identically distributed with mean  and variance 0   2  1,
converges to a Gaussian distribution as k grows, regardless of the distribution of the
independent variables. The kurtosis measurement is used to quantify the lack of data
Gaussianity. Kurtosis is the fourth order cumulant defined as
2
kurt ( x )  E  x 4   3  E  x 2  , where E is the expectation operator. Kurtosis may
compress the data using a nonlinear function to restrain outliers before taking the fourth
power [15]. Note that, for real data that have zero mean, the variance E x2   2 ,

 

therefore kurt ( x)  mean( x )  3. Depending on the shape of the distribution, there are
three types of denominations. If kurt  0 one speaks about non-Gaussian distribution,
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if kurt  0 that data has sub-Gaussian distribution with shape broad and flat, and if
kurt  0 data has super-Gaussian distribution with shape spiky.
4. Estimate eigenvalues of x.
5. Apply JADE algorithm for a real-valued signal [33] to find the unmixing matrix A1
with the number of independent components.
EEG signals have the assumption that the volume conduction is linear and instantaneous
and the underlying brain signals are mixed together with their artefacts. Thus, the eye and
muscular activity sources, line noise, and cardiac signal usually are not separated from the
EEG sources activity. Therefore, ICA assumes that there exists an effective number of
statistically independent signals that contribute to the scalp activity and that are not
known. But it is possible to find them and discriminate between the artefacts when the
signal is reconstructed using the unmixing signal, see equation (11.14) and equation
(11.15). ICA was adopted as a strong algorithm used within the EEGLAB toolbox for
eliminating multiple artefacts [34] and continues to evolve with the help of the scientific
community as will be exposed by using the independent vector analysis approach in the
next subsection.
11.4.5.4. Independent vector analysis (IVA)
IVA is an extension from the univariate source signals formulation to multivariate source
signals formulation [35]. We use the algorithm proposed in [36], where the idea is to
minimize the BSS mutual information through the sources to achieve independent vector
analysis with second-order statistical information across datasets by assuming that the
source component vector distributions are multivariate Gaussians. Precisely, this type of
assumption has been considered in EEG signals [21, 37]. In [36], the proposed approach
has the particularity of relying on a cost function equivalent to a particular multiset
canonical correlation analysis (MCCA). Thus, the IVA cost function minimization by
using a decoupled gradient-based optimization scheme permits us to find the set of
nonorthogonal unmixing matrices.
Let us consider the multivariate formulation based on the classical BBS approach
problem, see equation (11.12), for data observations from K datasets each formed from
linear mixtures of N independent sources

X [ K ]  A[ K ] s[ K ] ,

1 k  K,

(11.16)

T

where s[ K ]   s1[ k ] , , s[Nk ]  is the zero-mean source vector, and A
[K ]

mixing matrix A

[K ]

is the invertible

, see equation (11.14). They are unknown real-valued quantities to be
T

estimated. The n-th source component vector sn   sn[1] , , sn[ K ]  is independent of all
other source component vectors within the dataset and exactly dependent on at most one
source in each of the other datasets. Therefore, their joint distribution for all the
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independent sources is given by p  s1 ,, sN  



N
n 1

p( sn ). The BBS approach

[K ]
[K ] [K ]
solution is given by y  W x , where the goal is to find K unmixing matrices

W [ K ] and source vector estimates for each dataset y[ K ] , see equation (11.13).
The identification of the independent source component vectors is achieved by
minimizing the mutual information among the source component vectors

 H  y    log det W   C
N

IIVA 

K

[k ]

1

N

n 1



k 1

 K
 K
[k ]
[k ]
    H  y N   I  y N     log det W   C1 ,
 k 1
n 1  k 1
N

(11.17)

T

where y N   yn[1] , , yn[ K ]  is the n-th source component vector estimation sn , and

C1 denotes the constant term H  x[1] , , x[ K ]  . The equation (11.17) shows that
minimizing the cost function simultaneously minimizes the entropy of all components and
maximizes the mutual information within each source component vector.
The zero-mean and real-valued multivariate Gaussian distribution is useful to solve the
joint BSS approach problem using second-order statistics and is given by

p  yn |  n  

1

 2 

K
2

det   n 

1
2

 1

exp   ynT  n 1 yn  ,
 2


(11.18)

where K is the source component vector dimension and  is the covariance matrix.
Substituting in the equation (11.17) the expression H  y  

K
1
K
log  2 e   k 1 k  ,


2

where k is the k -th eigenvalue of the covariance matrix . Then, the cost function for
the multivariate Gaussian distribution is given by

IIVA MG 

NK log  2 e  1
K
 N
 K
 log   k 1 k ,n    log det W [ k ]   C1 , (11.18)
2
2
 n 1
 k 1

where k ,n is the k -th eigenvalue of the covariance matrix associated with the n-th
source component vector. The cost function from equation (11.18) indicates that the
product of the source component vector covariance eigenvalues should be minimized.
Under the constraint that the sum of the eigenvalues is fixed, then the minimal cost is met
when each covariance matrix is as ill-conditioned as possible. Thus, the eigenvalues are
maximally spread apart. See [36] for a general description of this multivariate Gaussian
formulation.
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In order to check the potentiality of the independent vector analysis (IVA), we use the
bruxism signal that has artefacts in all channels, see Fig. 11.2. For illustration, the resulting
demixing matrices W [ K ] are illustrated in Fig. 11.14, and the signal reconstruction is
shown in Fig. 11.15. Note that, this process can help to remove artefacts from the signal,
as it can be seen in the difference between Fig. 11.2 and Fig. 11.15. However, it is
important to make a visual inspection with the expert physician.

Fig. 11.14. Example of unmixing matrices obtained using IVA for Bruxism signals.

Fig. 11.15. Example of reconstructed Bruxism signals using IVA.

11.4.6. Data-mining Domain
Data mining is usually defined as the use of automated procedures to extract useful
information and insight from large datasets such as the EEG signal [38]. In practice, the
EEG data contains various types of anomalous measurements, which are typical during
the signal acquisition. These anomalous measurements can complicate the analysis
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because of the prevalence of artefacts, outliers, missing or incomplete data, and other more
subtle phenomena such as misalignments. Results that are essential to the medical
diagnosis might be invalidated due to these phenomena. We propose the Hampel filter to
correct artefacts in EEG signals. This is a non-linear filter for data cleaning that searches
outliers or abnormal local data in a temporal sequence, making it interesting for looking
for abnormalities in EEG signals. The motivation of using this filter is related to a previous
no published work [39] where a descriptive statistical analysis and visual inspection were
used to study the performance of the Hampel filter. This filter has been used in the
literature to study physiological signals, as in [40, 41] for removing artefacts in deep brain
stimulation (DBS), and in [42] for compensating motion artefacts in ECG signals.
11.4.6.1. Hampel Filter
Let K in the equation (11.1) be the positive tuning integer flexible parameter from the
window half-width W K . The standard median filter mk using the moving data window
for each channel sequence  X k  is given by

mk  median  xk  K ,, xk ,, xk  K  ,

(11.19)

The main advantage of the median is its extreme resistance to local outliers or impulsive
noise. While its main disadvantage is the possible introduction of significant distortions.
The Hampel filter H K belongs to the class of decision-based filters [38] that detect
outliers based on the median and the MAD scale estimator. It is based on the movingwindow implementation of the Hampel identifier [43]. The filter response is given by

 x x  mk  t S k
yk   k k
,
mk xk  mk  t S k

(11.20)

where mk is the median value from the moving data window and Sk is the MAD scale
estimate, defined by





S k  1.4826 median j K , K  xk  j  mk .

(11.21)

The factor S allows the MAD scale estimator of the standard deviation of Gaussian data
to be unbiased. Precisely, EEG signals have been shown to follow a generalized Gaussian
distribution [37]. Consequently, the Hampel filter is a good candidate to cancel outliers
and artefacts in EEG. Note that if the threshold parameter t  0 , the standard median filter
corresponds to y K |t  0  mk . This allows using the Hampel filter as a generalization of the
median filter, with t as an additional tuning parameter. Note that the MAD scale estimator
is sensitive to implosion. If more than 50 % of the data values are the same, the MAD
scale estimate is zero, independently of the other values and the parameter t. Thus, data
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must implosion-free in order to obtain a correct characterization of the signal. Then, for
an implosion-free sequence  xk  , the Hampel filter reduces to an identity filter for some
sufficiently large but finite value of t restricted to the range 0  t  T , where T is the
threshold value. Thus,

t

max k xk  mk
min k Sk

(11.22)

We refer the reader to [43, 38, 44] for a comprehensive treatment of the mathematical
properties of the Hampel filter.
In order to evaluate this filter, we run experiments on short epochs from each artefact
signals. These epochs were annotated by a neurologist to indicate the location of the
artefact in the signal. Figure 11.16 shows the results. We can notice that for physiological
artefacts, when the variability of the EEG signal to that of the artefact, the Hampel filter
corrections are close to the original signal. However, with high peaks, the filter brings
over-corrections. We, therefore, recommend choosing a correct moving window in order
to not lose relevant information. Inversely, for non-physiological artefacts, the high peaks
are the principal outliers to correct making the Hampel filter useful for this type of outliers.
However, visual inspection remains essential to avoid losing relevant information.

11.5. Conclusions
In this chapter, we reviewed some classical signal processing methods for detecting and
removing artefacts in EEG signals. The goal was to use a supervised analysis to estimate
a threshold capable of discriminating between normal EEG and artefact signals.
Experiments were conducted using a signal database created specifically for this purpose.
A resting-state signal was used as a control signal for comparing with artefact signals of
different types. First, a time-domain analysis was used to detect artefacts with a linearparabolic model-fitting method. Results showed that the parabolic waveform is interesting
in analyzing EEG signals with a convex waveform. Second, the MUSIC algorithm was
used to conduct frequency-domain analysis using a narrowband estimator from the power
spectrum density of the signal. Results showed interesting discrimination between normal
signals and artefacts, but with a high computational cost. The third review was with
wavelet-domain analysis, where we evaluated the 2D empirical Littlewood-Paley wavelet
transform across its boundaries. Using boundaries as features turned out to be useful to
differentiate between normal and artefact signals. Finally, the study of the statistical
parameters of the t-location-scale distribution showed a good fit with EEG data. Using
these parameters as features were shown to be useful for detecting artefacts in EEG
signals. In conclusion, the study of all these methods showed the feasibility of detecting
artefacts in EEG signals, with good performance. This makes possible the design a multiclass or multi-label detection-classification [45] with unbalanced data [46], which is
would be very useful during the acquisition of EEG signals.
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Fig. 11.16. Examples of artefact epochs extracted from one EEG channel. The blue line is
the original signal, and the red line is the signal with the outliers removed using
the Hampel filter.

For artefacts removal, we evaluated the IVA algorithm from the multivariate analysis
domain and the Hampel filter as a data-mining technique. These have proven to be
effective techniques to remove outliers and artefacts. Such methods can be implemented
in combination with the detection methods described above to achieve automatic detection
and filtering processes. However, it is important to conduct such an analysis under the
supervision of expert neurologists in order to not lose essential medical information.
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Chapter 12

BeE-nose – An In-hive Multi-gas-sensor
Extension to the IndusBee 4.0 System
for Hive Air Quality Monitoring and Varroa
Infestation Level Estimation
Andreas König1

12.1. Introduction
The impact of insects, wild bees, and honey bees in particular, on our ecosystem and our
agricultural production system is a well-known fact and found its place in public
awareness. Documentaries like ‘More than Honey’ of M. Imhoof et al. or the book of
Tautz [5] etc. contributed to communicate lucid to the public. The dependence of food
production on pollination is so significant, that in the recent pandemic the systemic role
of hive keepers was honored by assuring their roaming privilege without the restrictions
applicable to most of the population.
However, the happy and easy days of bee keeping unfortunately seem to be past, as
numerous threats from pesticides to parasites, threaten these essential contributors to our
ecosystem. For instance, to name just a few, chalk brood, tracheal and varroa mites,
viruses, colony collapse disorder (CCD), nosema, the small hive beetle (SHB), or phorid
flies, have arrived or are currently approaching and spreading. The varroa destructor
(VD) in the case of honey bees, is a major issue for bee keeping and the observed
increasing number of colony collapses are largely attributed to this parasite. Without
numerous effective initiatives and counter measures, one consequence is the need for
manual pollination, as already exercised in Asia, or the intentions to automate the natural
pollination service by bee-like drones. A most recent patenting activity to be observed
was by Walmart (cf. [20]) on a bee-like pollination robot. Numerous similar activities can
be found in the web on different realization scales. In case of pesticides, neonicotinoides
and others cause heavy losses to bee populations trying to exercise pollination on the so
treated plant cultivation. The weakened bee populations are easy prey for illnesses and
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parasites then, including also wax moths, like the Galleria Mellonella, increasingly
aggravating the necessary attention and time of hive keepers as well as requiring more
and more elaborate skills.
Traditionally, hive tending works on a scheduled and post mortem basis with numerous
opening and inspection of the hives, which is invasive, disturbing for the bees and
weakening their capabilities to resist the above named increasing challenges. The surging
advance in sensor & actuator integration technology, MEMS [7], in particular, ,Machine
Learning, and general automation, e.g., Industry 4.0, which also opens the door to the
conception of bee-like robots or drones (cf. [20]), allows to introduce capable yet
affordable hive instrumentation solutions to closely monitor and manage an increasing
number of hives and conduct less invasive event-driven tending of bees with minimized
hive openings, helping the hive keeper to do the right thing at the right time. Thus, digital
bee keeping moves from scheduled and post mortem to predictive and event-driven
operation, thus reducing effort, cost, and risk. Major bee research institutions, e.g., in
Germany Hohenheim, Veitshöchheim etc. [28-30] have dealt with related issues and goals
employing in numerous cases rather costly and lab-size equipment.
The ongoing vivid advance in sensor, actuator, electronics, (RF) communications, and
packaging/integration technology (cf. [20]) provides a remarkable richness in sensory
diversity and capability as well as an unprecedented leverage for well performing, yet
cheap and disappearing application systems, that seem to make Berkeley’s Smart-Dust
vision getting reality. The driving force of both in-line as well as mobile sensory and
analytic devices, step by step rivaling the performance of bulky and expensive desktop
analytic equipment, provides also for bee keeping numerous promising opportunities. For
instance, the concurrently developing field of handheld food and drug scanners as well as
Point-of-Care (PoC) devices is an excellent example and bears numerous relationships to
be exploited for bee hive condition monitoring and hive keeper assistance systems, e.g.,
honey quality assessment tool as an extension of established hygrometers. Miniaturized
visual, IR, or hyperspectral sensors and cameras, MEMS microphones and vibration
sensors, ultrasonic transducers, e.g., capacitive-micromachined-ultrasonic-transducers
(CMUTS), and last not least integrated gas sensors and gas sensor systems offer powerful
monitoring options at low cost. From major research institutes to a vivid maker scene, an
increasing amount of projects and initiatives of hive instrumentation and bee monitoring
can be found., e.g., in [13-15] and in the reference list of [20] Even in the maker scene
and those institutions, that base on off-the-shelf electronic components and systems, an
on-going miniaturization of the measurement systems for hive monitoring and integration
of those inside of the hives, e.g., in the comb, can be observed. Though these solutions
still differ substantially in size and occupation of the comb, the trend to have a small and
potentially cheap instrumentation, leaving the majority of the comb for the bees, can be
observed. The motivation to carry this on to dedicated monolithical sensor and
measurement systems is also one motivation of the IndusBee 4.0 project.
A most remarkable research work in that direction was announced by Intel in cooperation
with the Australian CSIRO (Commonwealth Scientific and Industrial Research
Organization) already in 2015 [7] and carried on for several years. An RFID-chip with
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sensing and additional capabilities, e.g., power generation by harvesting from vibration,
was employed in a system based on Intel Edison to study details of bee behavior. For that
purpose, the chips or tags, which amount to a third of the average worker bees weight,
were mounted as backpack on bees. A large number of bees, in the order of 10.000 and
more have been tagged and data, e.g., on flight pattern and foraging behavior, collected
[8, 9]. Data is read from bees returning to the hives by base stations at the flight hole or in
the hive. This, and related work [10] is intriguing, shows the potential of moving from
off-the-shelf packaging solutions to dedicated monolithic and MEMS solutions, and offers
interesting baseline for further hive monitoring and hive keeper assistance system. This
will be briefly revisited in Section 12.3.
Additionally, there is a striking similarity to the field of Industry 4.0, where the condition
of technical systems, mainly for production, is monitored to predict maintenance
requirement and optimize up-time and reliability of these systems. Concepts of so called
Self-X-Systems and Machine Learning/AI are combined to achieve the aspired level of
(self)-awareness and adaptation capability. This surging development of Technical
Cognition Systems, comprised of integrated sensors, electronics, RF, energy harvesting,
and Machine Learning/AI, offers a leverage and an answer for many issues met in bee
keeping. This kindled the IndusBee 4.0 project, employing experience from prior Industry
4.0 related work and experience in sensory system micro technological integration. Two
major lines of activities can be observed and are pursued in IndusBee 4.0, i.e., Bee Hive
Monitoring by sensors, embedded systems and custom software, and Hive Keeper
Assistance Systems by discrete appliances for a group of hives in an apiary.
In this contribution, we will in general report on the status of the IndusBee 4.0 hive
monitoring system and put a focus of its extension on introducing contemporary integrated
gas sensing to the monitoring palette. This can naturally serve for hive air quality
monitoring, but more interesting is the potential of extracting hints on colony health
condition. In particular, the estimation and prediction of varroa infestation level [2, 36]
based on direct or indirect indicators is one possible objective of the gas analysis. In
contrast to existing approaches, in IndusBee 4.0 hive integration of the measurement
systems are pursued, as this avoid a couple of real-world problems, e.g., due to dew point,
in more discrete and hive external devices. Several conventional as well as
(semi)-automated methods for varroa screening [20] have been pursued in prior work and
will be revisited to provide and estimated Ground Truth for the actual infestation level
assumed to be found in gas sensing measurement.
The main part of the chapter is structured in a surveying second section on integrated gas
sensors, chips, and application systems. Here, also the issue of general hive air analysis
will be addressed and a selection for the first IndusBee 4.0 prototypes will be motivated.
The third section will summarize the status of the IndusBee 4.0 hive monitoring system
with the current gas sensing unit. The fourth section will describe the in-field application
and data acquisition, including the estimation of the varroa infestation level Ground Truth
by conventional methods. The fifth section will describe the evaluation methods
employed, present the experiments, and discuss the first results. The concluding section
will summarize the approach, present and discuss the intermediate results from the
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running bee season, as well as give an outlook on the next steps in gas sensing or
BeE-Nose advance and general aspired extensions to the IndusBee 4.0 activity.

12.2. Integrated Gas Sensors and Sensing Systems
In addition to the extremely common acquisition of temperature and moisture at various
locations in the hives, and the hive weight by various versions of scales, the hive air has
also been in the focus of monitoring activities for a long time, e.g., [15, 14, 41]. In
particular, the monitoring of CO2 concentration has been part of numerous hive condition
monitoring systems for many years. The advance of sensor technology allows both to get
more apt and more versatile gas sensors of diminishing size ready for application to bee
colony monitoring. The monitoring of CO2 concentration has been a topic of interest by
itself, trying to understand, in how far bees are also able to regulate not only temperature
and moisture but also CO2 concentration in the hive.
The gradual loss of that ability, or deviation from normal regulation ability and
concentration values, of course in the context of other sensory registrations, basically also
provides a principal indicator to the hive health condition and emerging issues. This very
basic idea kindles the interest in more profound analysis of hive air and composites for
possible alerting indicators, direct or indirect in nature. However, this is a rather intricate
and demanding problem requiring advanced gas analysis laboratory equipment for the
examination of hive air and possible pathological changes in this gas composition, that
are possibly correlated with problematic hive conditions.
In this context, another field of research becomes increasingly interesting. For a long time,
bees have not only been highly esteemed for their pollination services and delivery of
honey, wax, pollen, or royal jelly, but also the hive air has achieved the reputation to be
healthy for persons with respiration system issues. Consequently, inhalation systems
attached to a hive have been conceived, that allow human patients to inhale hive air.
Naturally, this heuristic approach triggered scientific curiosity and review including
thorough analysis of hive air with regard to its composition and ingredients that could
indeed have the attributed positive health aspect. Such investigations use state-of-the-art
analysis equipment that extracts hive air for external measurement. One such activity can
be found at TU Dresden, faculty of chemistry, Prof. Speer, who is active in hive air
analysis, which is described in a very intriguing way in an on-line available document
[11]. As this work is very promising from the point of view of the IndusBee 4.0 activity
to clarify possible direct indicators of hive issues with parasites or illnesses, a contact was
established in the first quarter of 2020 This personal communication delivered, that until
that time instant, only the absolute composition of the hive air was in the focus of interest,
not the relative variations or deviations due to possible hive infestation by a parasite, e.g.,
varroa destructor, or other illness, e.g., foul brood. A bit sobering was to learn of the
opinion, that even with full-fledged macroscopic analytic equipment, the possible finding
of such abnormality indicators could potentially be hard without further cues or context.
This implies, that the aspired use of affordable and small scale gas sensors, with reduced
analytical capability compared to lab equipment, would make it even less probable to find
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the useful and stable (direct) indicators. The creation of a database from hive air analysis
complemented by concurrent varroa infestation level monitoring of the analyzed hive was
considered as a point to be pursued in future activities. While this definitely most
interesting and superior database is not yet available, in the IndusBee 4.0 project, the
more moderate, but rather easy to implement approach of using integrated gas sensors or
gas sensor systems for hive air monitoring, while proceeding with concurrent
conventional varroa screening for the regarded hive(s), is pursued. The approach bases on
the somewhat heuristic hope, that the sensitivity and selectivity of today’s available
integrated gas sensors will be able to detect a direct or indirect indication of the pest of
interest, e.g., the varroa infestation level. Possible cues could origin from understanding
the parasites metabolism, e.g., the varroa excretions and their effect on hive air for
appropriate selection of suiting sensor sensitivity. Indirect indications could also be
unusual or abnormal patterns in CO2 concentrations, as well as unusual or abnormal
volatile organic compound (VOC) concentrations and regulation deficiencies. This is also
a general air quality monitoring issue and very able and convenient sensor have become
available, e.g., the Sensirion SGP30 [21], that been selected first in 2017 for the IndusBee
4.0 project.
Gas sensing and the achievement of affordable small scale gas sensors and possibly
hand-held devices has been an issue of interest and amazing progress for more than three
decades by now. Applications deal with the detection of fires and related smoke,
hazardous gases detection like carbon monoxide, hydrogen, or methane, as well as
ethanol, oxygen or carbon dioxide detection and quantity or concentration measurement.
From fire detectors, to alcohol level estimators to food scanners, food sniffers [32] in
particular, applications have been pursued and E-nose-systems based on available sensors
been achieved. Two concepts have found particular attention and interest, these are so
called metal-oxide-gas-sensors (MOX) and gas sensitive field effect transistors,
GASFETs, which bear similarity to the ISFETs employed in chemical analysis of liquids.
One very interesting gas sensor MEMS/microelectronics implementation and system was
achieved by former MICRONAS, Freiburg, e.g., [22], which was of major interest for the
IndusBee 4.0 realization and activities, but unfortunately has stopped being available any
more. More activities seem to be pursued, but not immediately applicable to the bee
monitoring task.
Due to their simplicity, potential low-cost realization, and MEMS/microelectronics
integration potential, MOX sensors have found widespread use and in this work [35] and
related work [2], variants of those have been regarded. Oxide layers, like, e.g., SnO2, ZnO2
or WO2, serve as sensory layers. MOX sensors require active heating for their operation,
so a heater and a temperature sensor are commonly integrated in MEMS solution. In
particular, it is of great interest, that the selectivity and sensitivity of this class of sensors
can be effectively influenced by temperature modulation [12], i.e., by imposing transient
or cyclic thermal modulation on the sensor via the heater by the power electronics. Though
this gives interesting leverage and has raised also the term of virtual gas sensor array, it
also makes the conception of required sensor electronics more challenging and more space
consuming in discrete solutions.
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A major provider of MOX gas sensors is Figaro [23] and a collection of those discrete
sensors with various sensitivities have been used in [2] in an intriguing work on varroa
infestation detection by a hive-external gas sensor unit based on a selection of Figaro
sensors. From the rich portfolio of Figaro, the CDM7160 CO2 sensor and the TGS8100
MEMS air quality sensor are in particular interesting for the work pursued in
IndusBee 4.0 work.
Renesas ZMOD4410 for indoor air quality and ZMOD4510 for outdoor air quality
monitoring gas sensor and AQI generation [24] provide eCO2 and TVOC detection and
are also interesting candidates for the work aspired in our research. The Sensirion SGP30
[21] offers similar feature of eCO2 and TVOC detection and, thus, has been selected as
first candidate for inclusion in the modular BeE-Nose module of our IndusBee 4.0
activity. Another very interesting sensor is the Bosch Sensortec BME680 [25] that
includes also temperature, moisture, and pressure sensing along with the gas sensor unit.
In contrast to SGP30, the software for AQI generation is not open source, which is not a
mandatory requirement for the sought after indicators of varroa infestation level.
However, one big advantage is the possible heater control, e.g., for cyclic modulation, that
allows with some restrictions to realize concepts, e.g., described in [12] and other work
on virtual gas sensor arrays, in a highly integrated embodiment, contrasting realizations
with Figaro sensors. The SGP30 multi-pixel gas sensor unfortunately does not allow this
influence on the sensor for the standard user/customer. The BME680 has also been
included in our BeE-Nose module.
Another interesting MEMS gas sensor in common use in related projects is the SGX
Sensortech MiCS-6814 [26] for carbon monoxide, ammonia and other gases related to
agricultural/industrial odors, the MiCS 4515 [27] for carbon monoxide, nitrogen dioxide,
ammonia and others, or the MiCS 5914 for ammonia and other gases detection. However,
these MEMS sensor contain sensing and heater elements only in their packages and
require substantial external electronics. Nevertheless, the MiCS-6814 with its agricultural
odors background seems to be an interesting complement to the BeE-Nose module. Also,
there are MEMS gas sensors CCS801 [29] and the CCS811 [28] with integrated
electronics and heater control for thermal cycling provided by AMS for eCO2 and TVOC
detection, the latter not unsimilar to the already mentioned SGP30 of Sensirion or the
BME680 of Bosch Sensortec. Further, there is a very interesting German sensor
manufacturer, the Umweltsensortechnik GmbH (UST) [30], in Geschwenda, Thuringia.
They provide a range of gas sensor and the two most interesting ones are the Triplesensor,
which features three different gas-sensitive MOX-layers for reducible, easily oxidizable
and heavily oxidizable gases. The packaged sensor for VOC detection comprises sensory
and heater elements, external electronics are required for operation, e.g., a USB Kit and
proprietary software, which makes integration into the BeE-Nose module a trifle harder.
In addition to this very interesting sensor, UST provides a VOC/CO2 sensor module [31],
that employs a photo acoustical principle for the detection of CO2, i.e., provides a real
CO2 sensor and not a eCO2 one as in many other air quality sensors. Further, the photo
acoustical evaluation requires a MEMS microphone, which could also serve for acoustical
hive monitoring. Ignoring the substantial price of that unit, it was considered for inclusion
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in the BeE-Nose research and promising negotiations with UST had been initiated, but
unfortunately did not come to a conclusion before this year’s lock-down.
Though there are other integrated gas sensors worth to be included in this brief survey, for
the purpose and constraint of the first BeE-Nose the presented ones comprise the most
interesting selection. There have been numerous other recent activities creating compact
and application-specific e-nose systems. This section will conclude with a brief rehearsal
of representative implementations with closest relation to the aspired bee hive air
monitoring.
Activities of integrated gas sensor systems with specific electronics and evaluation
methods/ software can be found in tasks from food inspection to medical applications. A
particular food scanner is provided by the commercial Food-Sniffer [32], a handheld
device to probe the freshness of food, e.g., meat based on the gaseous emissions.
Unfortunately, the underlying sensor technology has not been disclosed, even on request.
So, linking the functionality to one or several of the sensors summarized above is
unfortunately not possible. Another intriguing food application is given in [34]. In
intelligent food packaging, a monitoring system is included in the package that monitors
food quality parameters, like temperature or emitted gases. For the latter purpose, the
BME680 and MQ series gas sensors [42]. The latter ones come with rich selection of
different gas sensitivities, not dissimilar to the Figaro palette, but they also deliver only
the sensor and heater arrangement in the package and require substantial external
electronics.
For air quality analysis, a system with four sensors, the BME680, the SGP30, the CCS811,
and the iAQ-Core also from AMS, has been developed and most recently been presented
[1]. A neural network has been specifically conceived for the information processing in
this activity, which from the point of sensing and neglecting the iAQ-Core incorporates a
subset of the one in [4, 5]. Another air quality system is presented in [3] based on the
BME680 and the MG-811 CO2 sensor [33].
A very interesting work, pursuing a modular approach as seems to be necessary for our
BeE-Nose due to possible unknown indicators, has been conceived for breath analysis in
the embodiment of a modular handheld device [4, 5], employing most of the sensors
summarized above but the ones from UST. Purely analog sensors, requiring additional
sensing and actuation electronics, and digital complete sensors or sensor systems are
combined in this intriguing approach in a dedicated and very compact embodiment.
Several of these sensors allow temperature modulation, which gives an even richer
sensitivity and selectivity offering of that system.
Clearly, our BeE-Nose comes closest to this last application system, but substantially
differs in the application, recognition goal, and long term measurement requirements. An
open issue, not so feverishly discussed in related papers is the application-specific finding
of thermal modulation or cycling parameter. Similar to the finding and computation of
meaningful features, also the finding of these parameters is an issue of design automation,
which we have pursued in prior work to IndusBee 4.0 for quite some time now [16-19].
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12.3. IndusBee 4.0 In-hive Monitoring System
The IndusBee 4.0 in-hive monitoring system resembles in many details the organization
and structure of other smart monitoring systems, e.g., from smart food or medical
packages to Industry 4.0 applications. Fig. 12.1 shows the block diagram of the current
IndusBee 4.0 apiary monitoring system and its relation with emerging hive keeper
assistance systems.

Fig. 12.1. Block diagram of IndusBee 4.0 apiary monitoring system and interfacing to emerging
hive keeper assistance systems.

The BeE-Nose described in this chapter, is a module of the SmartComb [20], that goes
the same way as, e.g., the work reported in [4, 5]. In the first embodiment, only the
Sensirion SGP30 and the Bosch Sensortec BME680 are incorporated. Further extensions,
e.g., from the UST palette, such as Triplesensor and the CO2/VOC-module, are pursued.
In the first in-hive realization, standard or off-the-shelf components and break-out boards
have been used for simplicity. The work reported in [4, 5] clearly shows the next step of
integration, but there are even more efficient yet affordable System-in-Package (SiP)
integration options, which will be pursued in the wake of this work, when the indicators
and corresponding sensors for the varroa infestation level estimation have been
determined from the first-cut prototypes. These can lead to extremely small and cost
effective solutions, so that more than one comb per hive could be instrumented and give
spatially distributed information on the hive status. In any case, even current BeE-Nose is
small enough not to obstruct the bees use of the comb, which can be seen in some related
approaches, and it is keeping the gas sensor system, in contrast to, e.g., [2], close to the
origin of the aspired measurand and in very stable environmental conditions regulated by
the bees themselves.
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For long term measurement campaigns, e.g. for several weeks or for the whole bee season,
the current node power budget will not allow to rely only on local energy storage. Thus,
the SmartComb has been extended with a local LiPo-accu and charger that supports
autonomous operation for several hours. Each hive in addition is connected in a
distributional hierarchy to a wired 5 V supply of the apiary, currently fed from the power
grid. In the frequent required hive inspections, SmartCombs can be detached and
removed from the hive without interrupting and reengaging operation, only measurements
collected in that time could be surprising and have to be eliminated from analysis as
outliers by taking the context of the inspection time into account. The chosen Raspberry
Pi Zero W is not efficient with regard to its power consumption, but it allows a very
flexible approach, easy standard communication, transfer of existing solutions from other
Linux computers, and its size allows the aspired first in-hive implementation. More power
efficient cores and overall electronics could be considered after a stable system design has
been explored, e.g., the suitable indicators and sensors for varroa infestation level and
related tasks have been identified.

Fig. 12.2. Concept of IndusBee 4.0 queen localization assistance system: a) Based on magnetic
marker tracking, b) Use of RFID-chip as tag or marker.

From Fig. 12.1, it becomes obvious, that multi-sensor evaluation, e.g., fusing information
from acoustical readings of the MEMS microphone and gas sensor readings can also be
considered and pursued to get more reliable cues on possible issues of the bee colony.
In Fig. 12.2, another frequent issue for hive keepers is picked up. Assuring the presence
of the queen and, in particular, being aware of the queen’s location are common
requirements, e.g., to avoid accidental bruising or dislocation from the hive of the queen.
The desire for such a localization functionality in the community is confirmed in many
newsgroups or logs. The current practice is, to give the queen a color tag, both as age
identification as well as spotting aid. A similar localization issue is met in numerous
technical and medical problems, e.g., in wireless sensor networks (WSN), general indoor
localization, or smart pill tracking. Magnetic methods have been investigated and
employed in large number, in particular in environments, where wireless communication
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works not robust enough for localization [37]. Several magnetic localization and tracking
systems, e.g., from Matesy (cf. [37]), use spatially arranged sensors and a magnetic
markers, e.g., as part of a smart pill, which is localized and pursued. Adapting this
approach to localizing and tracking the queen in a hive seems to be attractive as magnetic
markers with significant materials improvement become very small, while still observably
strong. Magnetic XYZ-sensors in hive lid and bottom and a tiny magnetic marker, possible
also colored, attached to the queen, as suggested in Fig. 12.2 (a), could allow the adoption
of this concept. In addition to possible marker weight issues, several studies, e.g., [38, 39],
have shown, that bees display a sensitivity to electro-magnetic fields and seem to be
disturbed or degraded in performance by immanent magnetic influence or
electro-magnetic fields. Loss of orientation or regularity in comb building are reported.
Both the named marker tracking as well as the method employed in [37] with magnetic
beacons have to be revisited with regard to this issue. Another alternative for localization
links to the intriguing work Intel and CSIRO [7] are doing.
Tagging the queen with one of the employed RFID-chips, as suggested in Fig. 12.2(b),
could be employed similar to localization in WSN by several base or readout stations in
or at the hive, where the radio signal itself and its attenuation (Received-Signal-StrengthIndicator (RSSI)) and following triangulation or comparable methods can serve as
baseline for localization. The longevity of the queen of several years compared to just
4-6 weeks of a worker bee, will also require the investigation of possible side effects and
compatibility with queen and hive health [39]. But nevertheless, localization seems to be
a promising, so far not visited, and practically relevant additional research topic for
IndusBee 4.0.
Four SmartComb measurement stations given in Figs. 12.3 and 12.4 have been setup
from 2019 until present and insertion in selected fully developed hives has started in
May 2020 before the expected onset of significant varroa infestation. The first prototypes
from 2019 have only been equipped with SGP30 gas sensor and applied for basic tests at
hive [35]. By now four prototypes, extended to both SGP30 and BME680 inclusion, are
available and insertion in bee hives for long term measurement and evaluation has started.
Details of the SmartComb application, planned experiments, and intermediate results
will be described in the following section.
The IndusBee 4.0 activity also tries to exploit synergy between the digital bee keeping
activities and Industry 4.0 activities, e.g., intelligent condition monitoring based on
advanced machine learning (ML) and artificial intelligence (AI) methods, including
artificial neural networks (ANN) of various modeling and complexity levels. The creation
of a varroa infestation level detector or estimator practically is a process of a virtual sensor
creation, similar to e.g., [37], based on ANN and ML methods. Additionally, the
robustness of sensors and sensor systems, as requested in current white papers for
Industry 4.0 and related initiatives, requires self-x-properties, i.e., self-monitoring, –
trimming, or -repairing/-healing. Both reuse of Industry 4.0 techniques for bee keeping as
well as options for advancing self-x-sensor systems in an application context free of
industrial confidentiality requirements are offered by the pursued IndusBee 4.0 activity.

452

Chapter 12. BeE-nose – An In-hive Multi-gas-sensor Extension to the IndusBee 4.0 System for Hive Air
Quality Monitoring and Varroa Infestation Level Estimation

Fig. 12.3. IndusBee 4.0 autonomous data logging system of SmartComb with current gas sensor
or BeE-Nose unit and power extension before completion and insertion into comb frame
with opened lid. One DHT22 sensor is temporarily attached, as the SGP30 needs a humidity value,
which at first-hand has been provided by the DHT22. Connection to second DHT22, both scales
and the external power have to be complemented for this otherwise fully functional module.

Fig. 12.4. Completed autonomous SmartComb prototype no. 3 with current BeE-Nose module
and fresh support ready for hive insertion.

12.4. In-field Application and Data Acquisition
For the IndusBee 4.0 activities an apiary of eight hives has been set-up in a rural location
close to a house and the power grid. Currently, four of the hives are subject to the digital
approach, while the other four are kept analog. In the group for the digital approach, two
hives have been allowed to swarm and for the two remaining ones swarming has been
prevented. The first hive instrumented with the current BeE-Nose is shown in Fig 12.5.
The SmartComb is placed in the second super close to the hive center, to be allocated as
close as possible to the geometrical hive center, commonly also the center of activity and
breeding. No other instrumentation, e.g., scales, has been applied to this particular hive,
which has been prevented from swarming. Fig. 12.6 shows the partially extracted
SmartComb prototype no. 4 with current BeE-Nose module, which is active in the hive
for more than one month by now. Obviously, the instrumentation part consumes only a
negligible part of the comb and, along with the choice of materials, is as little intrusive for
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the bees as possible with this level of simple integration technology. Possible
incompatibility due to the operation of the processor, communication, and sensor
electronics and need for shielding or spatial separation should be checked in concurrent
investigation before a more widespread use of such systems. On the hive left, a cable can
be seen entering the super, which serves for supplying the apiary 5 V power to all hives
and SmartCombs to keep them going for weeks or months. This power comes straight
from the grid via a power supply in the case of the lab apiary, but it could also come from
solar harvesting and backup storage. The same cable also connects to the hive scale in the
foot, if installed.

Fig. 12.5. First hive instrumented with SmartComb prototype no.4 with current BeE-Nose
module. No other instrumentation, e.g., scales, is currently attached here. For this hive,
swarming was prevented.

The SmartComb is delivering an extended data set compared to prior versions [20] and
currently extracts data at very short, possibly redundant intervals of about two seconds.
Fig. 12.7 shows an excerpt of a campaign running this June. The time stamp of the
registration along with temperature and relative humidity values of the upper and lower
DHT 22 are complemented by the eCO2 and VOC readings of the SGP30, followed by
the two scale entries, void, as no scales are currently connected to this hive, followed by
the hive sound classification result and the two raw data values also offered from SGP30
[21]. Then, the output is complemented by the BME680 data on temperature, relative
humidity, pressure, and the gas sensor resistance at a fixed heater-induced temperature of
T = 400° C. The BME680 nearly offers the data of a weather station, if complemented by
a simple external light sensor. As the Bosch software for the BME680, including
AiQ-index calculation and calibration issues, is unfortunately kept proprietary, currently
only the straight resistance value is recorded for the investigations.
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Fig. 12.6. SmartComb prototype no.4 with current BeE-Nose module temporarily extracted
from its place in the hive, as practiced for the weekly check-ups in the swarm season.
The instrumentation part consumes only a negligible part of the comb and is as little intrusive
for the bees as possible.

Fig. 12.7. Excerpt of the SmartComb prototype no. 4 with current BeE-Nose module data
from a campaign running in June 2020. As no scales are connected, these fields are void, here.

Additionally, the BME680 allows temperature modulated or cycled operation, i.e., the
sensor can be heated to a sequence of temperatures and measurements can be conducted
on reaching these temperature levels. This effectively gives a set of values like a sensor
array, cf. e.g., [12], with fortunate information for pattern recognition in general. The
degrees of freedom, e.g., number and levels of temperature steps, require knowledge of
the measurand, which can be made available for known target gas, but might be hard to
define for the yet unknown indicators of varroa infestation level or other bee diseases.
Nevertheless provisions of extending the footprint by temperature modulation has been
provided and data is acquired for a first-cut setting of number and levels of temperature
steps (8 levels, from 50° C to 400° C in equidistant steps of 50° C). Further, the acoustic
data, which might also contain cues for the varroa infestation level estimation, is both
classified to assess the hive state [20], and optionally recorded for both future analysis on
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cues after knowing the varroa infestation level ground truth as well as refining acoustic
hive state classification in general.
To provide the required ground truth with regard to current varroa infestation level
conventional or advanced methods of analysis are required. A brief summary can be found
in [20]. Complementing the automation options described in [20], a non-destructive
method similar to flight hole bee inspection for ‘on-board’ varroa was recently suggested
based on an instrumented bee escape in [35]. The flotation method, for instance, was used
in [2, 36] to provide required ground truth for the following evaluation and
estimation steps.
The destructive nature of the flotation method, however, let us prefer in the work
presented here the traditional slider or varroa board human-based analysis. The hive of
Fig. 12.5 under investigation, was made subject to frequent varroa inspections for about
two days duration each. The expectation of this approach to be detailed in the following
section is, that the varroa countings and the corresponding varroa population in the hive
increase in June and July and in proportion to this increase changes in the gas
measurements, possibly also acoustic patterns, can be found to be employed for the design
of a varroa infestation level estimator (VILE).

12.5. Experiments and Results
The SmartComb with the BeE-Nose extension (see Figs. 12.4 and 12.6) has been inserted
in the hive shown in Fig. 12.5 in mid of May 2020. An earlier insertion would have been
favorable, but circumstances due to unexpected lock-down did unfortunately not allow
this. Continuous measurements with the system started in the last week of May and were
accompanied by frequent conventional varroa counting or inspections of the
varroa board.
Table 12.1 shows the results of the first sequence of inspection of the varroa board. The
varroa board has been inserted in the hive currently in intervals of one week for the
recommended two days. To prevent result falsification due to varroa removal by ants or
other insects, openings between varroa board and hive were sealed or at least minimized
and the recommended oiled tissue was used on the varroa board. The third column takes
the achieved count from the second column, divided by the days of hive insertion, i.e., 2,
and factorized by the rule-of-thumb value 300 to estimate varroa population in the hive.
As becomes clear from Table 12.1, the varroa infestation level for the regarded hive is on
a level that is fortunate for the colony, however, not so fortunate for the objectives of this
work. It also implies, that the late insertion has not been harmful for this hive. The
monitoring will be extended into July and August until treatment becomes mandatory
from the varroa count and the corresponding estimated VILE. With an onset of varroa
number increase, which seems to announce itself with the last value from June 29th, the
pollings will be increased, e.g., up to three inspections per week, which practically implies
the insertion of a fresh varroa board, when the current one is extracted for counting.
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Table 12.1. Varroa infestation level ground truth determined by traditional counting of varroa
on slider after hive insertion for two days. To prevent result falsification due to varroa removal
by ants or other insects, oiled tissue was used on the varroa board.
Date of extraction
from hive
28.05.2020
08.06.2020
14.06.2020
21.06.2020
29.06.2020

Counting
result
0
2
0

Estimate of varroa
infestation level
0
300
0

1
4

150
600

Fig. 12.8. Display of sensory registrations of the SmartComb prototype no.4 with current
BeE-Nose module data from May 27 to June 29 2020, concurrent to the counting values
of Table 12.1.

Reasons for the lag in the varroa development could be, that this hive was weakened due
to a case of massive bee mortality on all the apiary, killing about 30 % of all populations,
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which judging from the observable symptoms, was due to poisoning, probably pesticide
application at the end of May to early June. Breeding activity recently increased, which
will also boost the varroa population.
In Fig. 12.8, the collected and concatenated measurements roughly overlapping in
acquisition time from May 27 to June 29 with the discrete values from varroa board
monitoring are given for the SmartComb sensors. A couple of extreme peaks or outliers
can be observed. They are due to for instance to three (re)starts of the system due to
technical issues, which implies a reinitialization of the SGP30 and the underlying
algorithm for eCO2 and VOC calculation from the raw data. The last restart is indicated
in Fig. 12.8. Related data could be removed from the database without distortion of
meaning. Other peaks, going to very high values in contrast to the previous ones going to
zero, are due to hive opening with smoker application for the mandatory weekly swarm
prevention check-ups. The peak related to the check of Wednesday, Jun 17, 09:51, has
been indicated in Fig. 12.8. Left of it, the peak of Wednesday, Jun 10, 09:56, can be seen.
There is one more less pronounced from Friday, June 26, 08:22, where swarm checks at
the end of the swarm season have been done more superficially without taking the hive
completely apart and checking all the combs for concealed swarm cells and with less
smoke. Clearly, the check-up/opening times per hive should be noted and due to their
expected influence on the measurement data be blocked or removed from the data analysis
and ensuing VILE activity.

Fig. 12.9. Enhancement of sensory registrations of the SmartComb prototype no.4 with current
BeE-Nose module data from May 27 to June 29 2020 with the BME680 resistance output
complemented by the repetition of the SGP30 raw data and in red ink the varroa counting
and estimates values of Table 12.1.

Fig. 12.9 gives the BME680 resistance output for the campaign in Fig. 12.8,
complemented by the repetition of the SGP30 raw data and in red ink the varroa counting
and corresponding model-based estimates of hive infestation level values of Table 12.1.
There seems to be an effect on the BME680 with a trend to reduce its resistance towards
the end of the campaign. However, whether this correlates with the announcing increase
of the varroa population in Table 12.1, cannot be taken from the currently existing data
without indulging in speculations. Data of the next two months is expected to provide the
needed information, in particular, by extending the BME680 use to thermal modulation
and virtual gas sensor array operation [12]. Further, after finding the aspired dependency,
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to create a generic VILE and apply multiple instances, issues of gas sensor calibration
have to be revisited.
In Fig. 12.10, the pursued information processing is outlined, that follows the standard
idea of creating a virtual sensor for the aspired VILE as, e.g., employed in [37] for the
localization task or in [40] for driver tiredness detection in vehicles. Radial-BasisFunction (RBF) and Support-Vector-Regression (SVM-R) networks as well as popular
deep-learning--neural networks according to previous experience are the methods in the
focus. In particular, for the RBF and SVM-R approach, the explicit computation of
features will be helpful and we intend to reuse experience from prior work in gas sensing
and automated design of intelligent sensor systems for that purpose [16-19]. In the first
steps, measurement data from the regarded hive and BeE-Nose with SGP30 and BME680
will be employed together with the ground truth from varroa board based counting to
achieve a mapping. This will serve to create estimates from live hive data. It is intended
to continue varroa board based counting, so both the live VILE performance can be
assessed and more extensive data analysis and improved VILE training can be carried out.

Fig. 12.10. Concept of creating a virtual sensor for the aspired VILE from SmartComb
measurement data and varroa board counting.

Additionally, the raw data of the SGP30 as well as acoustic information from MEMS
microphone readings and derived features are candidates to be included in the aspired
VILE unit training. Further, available context information of the acquired data, e.g.,
in-hive temperature, outdoor temperature, time of day, or humidity readings might be
useful in the learning process. The need for treatment, e.g., by formic acid, could at
first-hand be derived from the achieved VILE index and the standards for thresholds on
the varroa board counting procedure results.

12.6. Conclusions and Future Work
This chapter briefly summarized the important role of bees in our ecosystem and food
chain, and the increasing amount of issues and detrimental influences that have to be
mastered to keep bee colonies in a state to fulfil this role. The increasing burden for hive
keepers is counteracted by numerous initiatives and projects, e.g., employing sensors,
electronics, integration technologies and smart systems for bee hive condition monitoring.
The IndusBee 4.0 project is one of those activities, with a focus to minimize hive opening
and resulting colony disturbance by both in-hive sensor systems and intelligent hive
monitoring complemented by the introduction of hive keeper assistance systems, e.g., for
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automated varroa counting or queen localization, as outlined in Fig. 12.1. The key
motivation comes from exploiting synergy from Industry 4.0 related activities and leading
edge integration technologies for MEMS sensor and electronics and the bee keeping
challenges and activities. The focus of this chapter was on the current extension and first
application of the in-hive measuring system SmartComb to hive air analysis and related
gas sensing, denoted as BeE-Nose. Results on hive air quality, e.g., in hive CO2 levels,
conform well to existing investigations, e.g., in [41].
In the first effort for VILE, a heuristic bottom-up approach was chosen, employing
low-cost or at least affordable gas sensors, already in use in related indoor/outdoor air
quality and gas sensing applications, with the hypothesis, that sufficiently robust indirect
or direct indicators on the actual varroa infestation level can be found. A similar approach
[2, 36] has been pursued with encouraging results with a set of Figaro ‘analog’ gas sensors,
so that the chosen heuristic approach, possibly by extension with additional sensors from
UST or other provider seems not to be too unrealistic. Nevertheless, a top-down approach
based on the hive air analysis research, e.g., of Speer et al. [11] and cues from parasites
metabolism, e.g., varroa excretions, could lead to more general and robust results, that in
an ensuing step could then be melted down into an affordable integrated sensor system.
For both bottom-up or top-down approach, major effort invested in the infrastructure and
apiary will be needed and is reusable.
Unfortunately, the outlined work beyond air quality and regulation on VILE is still in the
flux and only intermediate results for a single hive can be reported here, due to shortage
and delayed or failed delivery of electronics and sensors as well as the unexpected
lock-down in 2020. More conclusive results on the viability of the chosen bottom-up
approach and the current sensor palette can be expected not before August or September.
In immediate future work, the data acquisition will be continued and additional three hives
will be instrumented to investigate, e.g., generalization of results between hives. Result
dependent, the BeE-Nose will be extended on availability with additional gas sensors for
the next bee season.
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1
1-D complex analytic signal, 21, 26, 27, 34
conjugate, 26
1-D complex delta distribution, 26
1-D Gabor’s analytic signal. see 1-D
complex analytic signal

2
2-D Cauchy separable signal, 29
complex polar representation, 45
quaternion polar representation, 48
total and partial Hilbert transforms, 29
2-D complex analytic signals, 27
conjugate relations, 28
frequency domain definition, 34
local amplitudes, 44
local phase functions, 44
polar representation, 44
polar representation for separable
signals, 44
signal-domain definition, 28
single-quadrant spectrum, 27
2-D complex delta distribution, 27
2-D Hilbert transform
partial, 28
total, 28
2-D hypercomplex delta distribution, 38
2-D quaternion analytic signal, 21, 38
amplitude, 46
frequency-domain definition, 42
phase functions, 47
polar representation, 45
signal-domain definition, 39
single-quadrant spectrum, 38

3
3-D complex analytic signals
conjugate relations, 32

frequency-domain definition, 34
local amplitudes, 49
local phase functions, 49
polar representation, 48
signal-domain definition, 31
single-octant spectrum, 32
3-D complex delta distribution, 31
3-D hypercomplex delta distribution, 39
3-D octonion analytic signals, 39
frequency-domain definition, 42
local amplitude, 50
local phase functions, 51
polar representation, 50
signal-domain definition, 40
single-octant spectrum, 39

A
active
contour, 378
contour model, 376
AdaBoost, 290
Adaptive
cosine/coherent estimate, 234
matched subspace detector, 234
scheme, 247
additional filter, 63
ADHD, 269
advanced processing techniques, 344
AIC, 172
algorithm
Bresler and Macovski, 166
dimension reduction, 220
Downhill Simplex, 185
efficient, 168
Finite Step, 181
Gauss-Newton, Genetic, 214
Nandi and Kundu, 168
Newton-Raphson, 169
Alzheimer’s disease
AD, 385, 390, 404
amplitude tracking system, 65
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Analytic signals with single-octant spectra.
see 3-D complex analytic signals
Analytic signals with single-quadrant
spectra. see 2-D complex analytic signals
and Cosine Transform (CT), 343
aperiodicities, 152
approximate least squares estimators, 180
Arimoto entropy, 371
symmetric, 371
artefact in EEG signals, 411
asymptotic
confidence intervals, 167
distribution, 168
efficiency, 216
normality, 153
properties, 161
results, 161
variance-covariance matrix, 179
variances, 167
Automatic inspection, 307
AWGN
additive white Gaussian noise, 56

B
background noise, 67
background-to-noise ratio, 251, 259
bandwidth, 63
Beamforming, 131
bearings, 343, 351, 355, 361
BeE-Nose, 448, 451, 454, 457
BEP, 83
BER
bit error rate, 57
BIC, 173
binary cross entropy, 378
Biomedical Signals
ECG, 267, 272-277, 279, 280, 290, 293
EEG, 266-268, 270-279, 281, 282, 290,
293, 294, 297
EOG, 266-268, 270-274, 289, 290
PSG, 266-268, 270-273, 293
biosignals, 412
Boltzmann's Entropy, 282, 283, 286
bound
Cramer-Rao lower, 179
bounded variation, 170
BPSK
binary phase shift keying, 56
brain-computer interface, 414
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breath analysis, 447
Bruxism signals, 433

C
Cayley-Dickson algebra
of octonions. see Octonions
of quaternions. see Quaternions
Cayley-Dickson construction, 35
CC, 380
change detection, 341-344, 346-350, 354,
356, 357, 361, 362
channel impulse response, 61
Chaotic Features, 279, 285
chirp
like model, 155
model, 152
rate, 155
chirplet, 154
Choi-Williams (CWT) transform, 343
Choi-Williams distribution (CWD) , 345,
352
classification processes, 356
Classifier
maximal margin classifier (MMC), 322
probabilistic k-NN, 327
support vector classifier (SVC), 323
support vector machine (SVM), 325
CoCoMI, 379
Cohen class, 344, 345
Coherence, 388, 389, 391, 396-399, 402,
404
combination strategies, 379
Complex and quaternion polar
representation, relations, 47
Complex harmonic signal, 21
Complexity, 387, 396, 404
component
deterministic, 150
stochastic, 150
computer simulation, 344, 352
computer-based simulations, 354
condition monitoring, 341
Conjugate Symmetry, 134
consistency, 153
constant, 378
Conventional evaluation metrics, 328
convergence, 166
rate of, 179
Convolutional Neural Networks, 291

Index

correlation ratio, 379
Cosine Transform (CT), 343, 346, 358
cost function, 377
Cramer-Rao lower bounds, 179
credible intervals, 174
cross entropy, 369
based methods, 377
cross validation technique, 172
cross-terms, 197
cubic phase signal, 224
CUSUM criterion, 348
Cyclostationarity, 127

D
data, 149
circular, 187
compression, 151
finger print, 213
matrix, 173
SAR, 213
speech, 156
symmetric texture, 156
vector, 187
data transforms, 343
Databases
CAP, 271, 272, 274
MIT-BIH, 272, 273
SHHS, 273, 274
Sleep EDF, 270, 271, 274, 293, 297
Vincent, 272
Data-mining domain, 433
decision statistics, 65
Defect
classification, 314
detection, 314
Defect types
crater, 311
dirt, 311
Dementia, 385, 389
Dempster–Shafer Theory, 294
dependence, 369, 378
detection
criteria, 344, 347
criterion, 347, 350, 361
performances, 256
problem, 343, 347, 361
diagnosis, 341, 343, 347, 348, 350, 353, 361
Different Entropy, 369
digital camera, 254

Dirac impulse function, 61
Discrete Cosine Transform (DCT), 346
distribution
approximate, 172
asymptotic, 168
conditional, 187
exact, 171
heavy-tailed, 185
light tailed, 189
normal, 187
stationary, 168
t, 189
von Misses, 187
DoA Estimation, 116, 128, 143
downhill simplex algorithm, 185
DS-SSMA, 55
dynamic surface, 235

E
edge entropy, 376
EEG, 385-399, 401, 402, 404, 405
matrix, 428
eigen vector, 159
eigenvalue, 159
eigenvector, 420
Electrocardiogram (ECG), 414
Electroencephalography (EEG) , 386, 411
electromyographic signals (EMG), 413
electrooculogram, 414
electroretinogram, 414
elementary chirp model, 204
Embedded Selection, 287, 288
endmembers, 233, 234, 236, 239
Entropy, 367, 387-389, 391-396, 404, 405
uncertainty, 367
EpEn, 388, 391, 393, 395-403
Epilepsy, 266, 269, 271
epileptiform spikes, 415
equations
linear, 159
polynomial, 159
Prony's, 159
error
probability, 56
sum of squares, 165
estimates, 189
Bayes, 174
initial, 191
estimation, 152
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Bayes, 174
frequency, 186
parameter, 152
procedure, 190
sequential, 168
estimators, 155
approximate least squares, 216
Bayes, 187
efficient, 168
initial, 168
L_1 norm, 184
least absolute deviation, 184
least squares, 165
periodogram, 163
quasi maximum likelihood, 224
robust, 184
sequential, 168
super efficient, 169
weighted least squares, 170
Euler’s
angles, 47
formula, 21
Exponential entropy, 371, 378
exponential function, 371

F
false alarm probability, 234, 236, 240, 242,
243, 246, 251
Fano scheme, 37
Fast Fourier transform, 419
algorithm, 34
fault detection, 341, 343
faults
conditions, 356
in bearings, 342, 344, 347, 351, 361
Feature
Distance-based, 284, 286, 293-295, 297,
298
Extraction, 275, 276, 286, 292-294, 297,
298
Selection, 274, 286-289, 292, 298
Statistical, 275, 285, 294
Feature Design, 343, 348-350, 356, 358,
362
feature entropy
based, 380
entropy descriptors, 379
feature
evolution, 356
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generation, 342
maps, 380
Selection, 341, 347
feature vector, 344, 348, 349, 361
2D wavelet decomposition, 317
column standard deviations, 322
effective degrees of freedom (EDF), 319
HOG, 314
LBP, 316
P-splines, 321
FFD, 379
Finite Step Algorithm, 181
first-order statistics, 235
fluctuating surface, 235
Fourier frequencies, 180
Fractal dimension, 387
Frequency-domain analysis, 419
Frobenius norm, 82
function
conditional posterior density, 174
criterion, 170
cubic phase, 224
distribution, 189
joint posterior density, 187
non-linear, 191
periodic, 151
periodogram, 180
periodogram type, 212
probability density, 185
quadratic, 197
weight, 170
Functional connectivity, 387, 389, 391,
396-399, 401, 404
fundamental
chirp rate, 156
frequency, 156
Fuzzy Entropy, 282-284, 286

G
Gamma distribution, 377
gas sensors, 442-444, 446
MOX, 446
virtual array, 445
Gaussian
environment, 236, 248
noise, 85, 236, 247
random variable, 70
weighting, 373
Gauss-Newton, 176

Index

generalized receiver, 63, 71
Genetic algorithm, 214
geometric active contour model, 376
Gibbs sampling technique, 187
global
maximum, 180
minimum, 177
Glossokinetic potential, 414
GLRT-based approach, 235
Gold sequences, 78
Granger causality, 388, 391-393, 396-399,
401, 402, 404
Gray coded, 68
gray level histogram, 372
frequencies, 372

H
Hampel Filter, 434
Harmonic
chirp model, 156
Havrda-Charvat entropy, 370
Hidden Markov Model, 389
Hilbert operator, 25, 26
1st–order partial, 26
2nd–order partial, 26
3rd – order partial, 26
Hilbert transformation, 152
Hilbert-Huang Transform, 278, 279, 285
hive air analysis, 443, 444, 458
Hjorth Parameter, 275, 276, 285
HMM, 389, 393-397, 404
honey bees, 441
Hurst Exponent, 281, 286
Hybrid Selection, 287, 289
Hypercomplex (Cayley-Dickson) Fourier
spectrum. see n-D hypercomplex Fourier
transform
Hypercomplex signal, 35
hypothesis, 64

I
i.i.d., 163
identity matrix, 88
Image
acquisition, 311
annotation, 312
edges, 376
processing, 157, 342, 367

Segmentation, 376
Incipient faults, 352
independent, 379
Independent
component analysis, 429
vector analysis, 431
information criterion
Akaike, 172
Bayesian, 173
Kundu, 173
information entropy, 367
probability distributions, 367
random variable, 367
information theoretic criteria, 172
intensity
changes, 376
differences, 376
inhomogeneity, 376
interval
confidence, 167, 174
IQML, 166
iterative
algorithm, 168
Ikarm, Abed-Meraim and Hua, 186
procedure, 166
iterative quadratic maximum likelihood,
166

J
Jeffrey’s prior, 174
joint probability, 368

K
Kapur entropy, 370, 378
KNN, 290, 293-296, 298
Kronecker product, 57
Kurtosis, 275, 285, 294

L
Laplace
approximation, 174
density function, 189
distribution, 189
linear
mixture model, 233
unmixing, 233
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Littlewood-Paley transform, 422
local edge entropy, 375
local gray constrast
average or median, 374
residual, 375
summation, 373
local
inhomogeneity entropy, 375, 376
maxima, 164
minima, 176
logarithm function, 368
low-contrast object, 250
Lyapunov exponent, 387

M
Machine Learning, 442, 443
MAI
multiple access inteference, 98
multiple access interference, 56
Markov Chain Monte Carlo, 174
matrix, 159
asymptotic variance-covariance, 179
diagonal, 188
identity, 176
positive definite, 195
projection, 166
Maximum Entropy, 377
maximum-likelihood (ML) estimates, 248
McDonald function, 69
MCI, 385, 388-390, 396, 397, 401-404
MCMC, 174
mean squared errors, 212
MEMS, 442, 443, 445, 458
microphones, 442, 446, 457
method
cross validation, 172
Downhill-Simplex, 216
estimation, 163
Gauss-Newton, 176
high order ambiguity function, 210
iterative, 185
least squares, 170
Markov Chain Monte Carlo, 174
maximum likelihood, 197
model selection, 163
Newton-Raphson, 169
Pincus, 191
Prony's, 159
robust, 184
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sequential, 168, 193
simulated annealing, 214
WLSEs, 170
Mild cognitive impairment, 385
MIMO
multiple-input multiple-output, 89
MIMO Detection, 117, 136
MIMO-NOMA, 119
mixed pixel, 233, 236
MMI, 379
model
chirp, 152
chirp-like, 155
complex, 153
complex exponential, 153
cubic phase signal, 224
elementary chirp, 204
exponential, 159
harmonic chirp, 156
non-linear, 153
non-linear regression, 165
random amplitude chirp, 154
random amplitude sinusoidal, 154
real valued, 153
sinusoidal, 152
statistical, 150
monitoring, 442-444
apiary, 448
hive air quality, 443
hive condition, 442, 444
in-hive, 448, 457
Monte Carlo
importance sampling, 177
techniques, 236, 243
morphological changes, 376
multiple access, 55
interference, 67
Multiple signal classification, 420
Multivariate analysis, 426
mutual information, 368
properties, 369
Mutual information, 392, 398, 399, 401,
402

N
Naïve Bayes Classifier, 290
Nakagami-m, 87
n-D Cayley-Dickson analytic signal, 38
frequency-domain definition, 41

Index

signal-domain definition, 38
n-D Cayley-Dickson Fourier transform
inverse, 41
n-D complex analytic signal, 21
frequency-domain definition, 33
signal-domain definition, 25, 27
spectrum, 33
n-D complex analytic signals, 23
n-D complex delta distribution, 25, 27
Fourier transform of, 33
separability property, 33
n-D complex Fourier transform
inverse, 33
n-D complex signal, 22
conjugate, 22
imaginary part, 22
norm, 22
real part, 22
n-D complex signals with single-orthant
spectra. see n-D complex analytic signals
n-D delta distribution
separability, 27
n-D Fourier transform
convolution-to-multiplication property,
33
n-D hypercomplex Cayley-Dickson delta
distribution, 38
n-D hypercomplex Fourier transform, 41
inverse, 41
right-side definition, 41
n-D hypercomplex signal, 37
conjugate, 37
imaginary part, 37
norm, 37
real part, 37
n-D identity operator, 25
n-D octonion signal, 37
n-D orthant, 23, 24
labelling, 23
n-D quaternion signal, 37
n-D single-orthant operator, 25
n-D single-orthant spectrum, 24
neural networks, 450, 457
neuromuscular-blocking drug, 413
Newton-Raphson, 176
Neyman-Pearson detector, 234
NMI, 379
noise
additive, 150
complex valued, 154
Gaussian, 181

multiplicative, 154
random, 150
real valued, 155
Non-circularity, 114
non-linear, 153
non-negative, 368
nonrigid registration, 380
non-stationary, 156
Normalized Line Length, 281, 286
normalizing factor, 239

O
Octonion Fourier transform, 21, 43
relation with 3-D FT, 43
right-side definition, 42
Octonions
definition, 36
multiplication rules, 36, 37, 43
polar representation, 50
OFT. see Octonion Fourier transform
one-lag background correlation coefficient,
251
orthogonal basis vectors, 236, 237, 247
orthogonal subspace, 233, 251
outliers, 184

P
PAM, 82
Pei's formula, 42
Petrosian Fractal Dimension, 281, 285
Phase
Measuring Deflectometry, 311
synchrony, 388, 389, 391, 396-398, 401,
402, 404
Physical Parameters, 348, 356
physiological artefact, 411
piece-wise smooth, 378
Pilot system, 309
pixel fill factor, 237, 240-246
plot
ECG, 149
periodogram, 164
Poincaré Plot, 280, 285
pollination, 441
polynomial phase model, 153
position differences, 376
power spectral density (PSD), 61, 352, 277,
285
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predictive maintenance, 341
preliminary filter, 63
Principal component analysis, 429
prior
conjugate, 187
Jeffrey's, 174
non-informative, 187
Probability-based metrics, 328
product high order ambiguity function
method, 210
projection matrix, 166
Prony’s Equation, 159
properties, 153
asymptotic, 161
statistical, 167
theoretical, 156

Q
QAM, 82
QFT. see Quaternion Fourier Transform
QPSK
quadrature phase shift keying, 56
quadratic linear-parabolic model, 418
quasi maximum likelihood estimators, 224
Quaternion Fourier transform, 21, 41, 42
relation with 2-D FT. see Pei's formula
Quaternions
definition, 35
multiplication rules, 36
properties, 36
queen localization, 449

R
random amplitude
chirp model, 154
polynomial phase signal, 200
sinusoidal model, 154
random variables, 154
circular, 187
complex valued, 195
error, 174
i.i.d. normal, 163
real valued, 194
Rayleigh
flat fading channel, 66
fading, 56
receiver operating characteristic, 234
Reconstruction
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from 2-D complex polar components, 45
from 2-D quaternion polar components,
48
regression, 153
relative entropy, 368
Renyi entropy, 369
additive, 370
results
asymptotic, 161
Mangulis, 161
number theoretic, 161
Rician factor, 56
Rician fading, 86
robust, 184

S
sample, 163
biases, 202
finite, 184
large, 185
random, 177
size, 164
variances, 180
Sample Entropy, 283, 286
SCI, 385, 389, 390, 396-404
second order statistics, 235
secondary data sets, 247
selected features, 349, 356, 358
selection, 342, 346, 350, 361
Self-X-Systems, 443
sensitivity of detector, 239, 250
SEP, 83
separable regression technique, 205
sequential
LAD estimators, 193
LSEs, 193
PEs, 193
testing of hypothesis, 193
Shannon, 82
Entropy, 329, 367, 282, 286, 294
Short-Time Fourier Transform (STFT), 277,
344
signal
chirp, 153
cubic phase, 224
ECG, 149
musical, 170
non-stationary, 156
periodic, 150

Index

polynomial phase, 156
sinusoidal, 186
speech, 156
signal
energy, 66
processing, 341-345
processing paradigm, 341
processing statistical techniques, 341
signals
non-homogeneous, 213
similarity measure, 378
simulated annealing, 214
Single-octant
octonion spectrum, 42
operator, 25
spectrum, 32, 39
Single-quadrant
operator, 25
quaternion spectrum, 41
spectrum, 27
Singular value decomposition, 420
sinusoidal
model, 152
pattern, 310, 312
Skewness, 275, 285, 294
Sleep
AASM, 267, 273
Ability, 264
Opportunity, 264
R&K, 267, 271-274, 295, 296, 298
REM, 267-269, 271-273, 296, 297
Stages, 266-270, 272-275, 278, 279, 282,
284, 285, 288-290, 292-298
small floating objects, 254
SmartComb, 448, 452, 458
SNR, 85, 233
Space-quadrant, 23
spatial position, 379
spatially-weighted, 372
spatial-temporal patches, 247
spectral bands, 236, 237
Specular cab body surface, 308
spread spectrum, 55
SSD, 380
stationary
autoregressive process, moving average
process, 179
distribution, 168
errors, 181
linear process, 163
white, 198

stationary process
Gaussian, 154
statistical
hypothesis test, 234
learning, 308
relationship, 372
STBC, 82
structured background power, 235, 243
Subjective cognitive impairment, 385
subpixel target, 233, 234, 237
SVM, 290, 293, 294, 295, 296, 298, 396,
397, 399, 401, 403
swarm season check-up, 453
Synthetic Parameters, 349

T
Technical Cognition Systems, 443
technique
cross validation, 172
demodulation, 186
dimension reduction, 223
Gibbs sampling, 187
importance sampling, 184
model selection, 172
random walk MCMC, 188
separable regression, 205
test
likelihood ratio, 171
of significance, 171
statistics, 188
testing data, 351
testing of hypothesis, 188
texture feature, 379
threshold, 377
based methods, 377
vector, 348
Time-domain analysis, 417
Time-Frequency (TF), 343
image (TFI), 341-343, 346, 347, 350,
352, 353, 355, 361
time-frequency
patterns, 353, 362
transform, 341-344, 346, 361
transformed
images, 349, 358
parameters, 350
time-frequency image, 343
Tsallis entropy, 370
logarithmic function, 370
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Tsallis and Renyi, 370
Tsallis Entropy, 282, 283, 286

U
UCHT
unified complex Hadamard Transform,
56
uncertainty, 378
unstructured background clutter, 235

V
variables
chi-square, 174
random, 154
variants, 379
varroa, 441, 443
counting, 454
destructor, 441
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direct indicator, 443, 458
indirect indicator, 443, 458
infestation level, 443
inspection, 454
vibration, 342, 344, 351, 361
virtual parameters, 343, 349, 358, 361
volatile organic compound, 445
Volvo Group Trucks Operations, 308, 338
von Misses distribution, 187

W
wavelet transform (WT), 278, 285, 422, 344
Wavelet-domain analysis, 422
weak contrast, 369, 377
whale optimization algorithm, 378
Wigner-Ville distribution (WVD), 278, 345
wireless communications
signal properties, 113
Wrapper-based Selection, 288, 289

