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Preface

Preface

It is a pleasure to present Volume 3 of the book series Advances in Signal Processing.
This volume continues the series’ mission to showcase high-quality contributions that
reflect both the theoretical foundations and the rapidly expanding application landscape
of modern signal processing. Across its chapters, the reader will find a balanced blend of
wearable sensing and biomedical signal acquisition, mathematical and algorithmic
methods with relevance to data and signal models, and computational imaging for
detection and segmentation tasks—three directions that increasingly converge in today’s
interdisciplinary research and development.

Chapter 1 addresses a practical and demanding measurement scenario: capturing
physiological signals reliably in the environment of an MRI system. The chapter discusses
the realization of special-purpose wearable photoplethysmography (PPG) sensor
prototypes and the supporting hardware/software design choices needed for operation in
a weak magnetic field and shielded surroundings. Particular emphasis is placed on sensor
architecture, wireless communication strategies, sampling and storage modes, and
processing steps for extracting heart-rate—related information from PPG waveforms. By
connecting engineering constraints (electromagnetic compatibility, shielding, materials)
with signal acquisition and analysis requirements, this chapter offers a valuable reference
for researchers and practitioners working on biomedical instrumentation, wearable
monitoring, medical imaging environments, and robust physiological signal processing.

Chapter 2 moves to the methodological core of modern computational mathematics with
direct implications for modeling and inference problems. Algebraic matroids provide a
framework for understanding dependency structures among variables—an issue that
appears in many signal processing and data-driven applications, including system
identification, model discrimination, compressed sensing, and structured reconstruction
problems. The chapter motivates why scalable computation of algebraic matroids matters,
outlines background concepts (independence, bases, circuits), and explores algorithmic
strategies such as linearization and integerization alongside classical symbolic
approaches. Readers will gain insights into how dependency information can be extracted
without committing to specific parameter values, which is particularly useful when
systems are complex, partially observable, or prone to uncertainty. This chapter will be
especially useful for those interested in applied algebra, computational methods, model-
based data analysis, and advanced signal processing theory.

Chapter 3 demonstrates the role of signal processing in computational imaging and
environmental/biological monitoring. Using holotomography-based imaging as a starting
point, the chapter presents a workflow for detecting and segmenting amoebas in water
samples, with active contour techniques supporting accurate boundary extraction. The
emphasis on detection evaluation and segmentation performance connects algorithm
design with measurable outcomes—an increasingly important requirement for real-world
deployments. This contribution will interest readers working in image and video

XI
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processing, biomedical and microscopic imaging, pattern recognition, and automated
inspection systems, especially where reliable segmentation is a critical step.

Taken together, the three chapters illustrate how signal processing now spans hardware-
aware acquisition, mathematical structures for inference and identifiability, and data-
driven imaging pipelines. Accordingly, this volume should prove useful to a broad
audience: graduate students seeking well-motivated examples and methods; academic
researchers exploring cross-disciplinary directions; and engineers developing practical
systems in healthcare, sensing, imaging, and analytics. We hope that the ideas collected
here will not only inform current work but also inspire new collaborations across the
diverse communities that contribute to—and benefit from—advances in signal processing.

Dr. Sergey Y. Yurish

Editor
IFSA Publishing Barcelona, Spain
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Chapter 1. Wearable PPG Sensors Applicable for Measurement in a Weak Magnetic Field Environment
of an MRI Device

Chapter 1

Wearable PPG Sensors Applicable

for Measurement in a Weak Magnetic Field
Environment of an MRI Device

Jiri Pribil, Anna Pribilova and Ivan Frollo

1.1. Introduction

Magnetic resonance imaging (MRI) devices are widely used in modern clinical practice
for non-invasive imaging of different parts of a human body. The MRI method can be
useful also for creation of 3D human vocal tract models to examine dynamic changes in
the shape of the vocal folds [1]. Next, the MRI tomography is suitable in the area of
medical diagnostics — for classification and detection of Alzheimer’s disease and other
neurodegenerative disorders [2, 3]. The MRI tomographs are also often applied for
monitoring of therapy progress after vocal fold cancer surgery, for evaluation of human
knee cartilage [4], etc.

From the construction point of view, there exist two types of MRI scanners — the open-air
ones used mainly for scanning of peripheral parts of the human body (arm, leg, knee, etc.)
and the whole-body ones for widespread usage in MR imaging. MRI devices also differ
in the working magnetic field used: open-air types usually work with a weak field (up to
0.2 T) [5], the whole-body types work with stronger basic magnetic fields (at present up
to 11 T) [6]. Every MRI device consists of a gradient system to select x, y, and z slices of
a tested object/subject situated inside the scanning area together with a radio frequency
(RF) receiving/transmitting coil for generation of excitation pulses and catching an answer
in the form of a free induction decay (FID) signal [7, 8]. In the open-air MRI system,
planar gradient coils [9] are mostly used to minimize space requirements. The closed-bore
(also called whole-body) MRI devices typically use cylindrical gradient coils distributed
around the tube in which an examined person/object lies [10]. In both types of MRI
equipment, rapid switching of large currents flowing through metal conductors of the
gradient coils generates significant mechanical vibration and loud acoustic noises [8].

Jif{ Pibil
Institute of Measurement Science, Slovak Academy of Sciences, Bratislava, Slovakia
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Their intensity depends on the used type of a scan sequence and its parameters — sequence
type, repetition time, echo time, slice orientation, etc. [7] as well as the volume inserted
in the scanning area of the MRI device [11].

Due to electromagnetic compatibility and reduction of possible RF signal interference, the
whole-body MRI scanning equipment is typically located inside a solid metal cage (often
made from Cu plates). In the case of the open-air low field MRI device, this cage is made
from a steel plate with thickness of about 2 mm with symmetrically placed small holes to
eliminate electromagnetic field propagation to the surrounding space (a control room with
an operator console, etc.) [9]. Therefore, using direct cable connection between sensors
(measuring instruments) and evaluation/control unit (devices) located outside the
shielding cage is practically very difficult to realize. On the other hand, the mentioned
small holes in the steel plates practically enable wireless communication (via Wi-Fi or
Bluetooth — BT) between the active scanning area and the control room with an operation
console of the open-air MRI equipment. Investigations performed previously confirm the
possibility of the data transfer through the closed door of the shielding metal cage [12],
[13]. Therefore, the wireless communication based on BT connection is practically
realizable and wearable sensors accessed by a bi-directional BT module are fully usable
for this task. In addition, the performed analysis confirms that the BT communication
inside the shielding cage does not interfere with the signals of RF coils and has no visible
effect on the final quality of MR images [13]. On the other hand, the wearable sensors
placed in the MRI scanner must not contain any metal part from ferromagnetic materials,
to eliminate any interaction with a working magnetic field. It is important for preserving
maximum quality of MR images without any artifacts. Due to strong RF disturbance, all
parts of the sensor must be shielded by aluminium or brass boxes to prevent a damage of
internal electronic circuits [13].

The general disadvantage of the MR scanning process consists in a fact that examined
persons lying inside the running MRI scanner are exposed by noise and vibration causing
them stress and other physiological or psychological negative effects. The level and
impact on the scanned person depend on applied exposition time and intensity of vibration
and acoustic noise. Negative impact to an examined person is manifested mainly by heart
rate (HR) and arterial blood pressure (ABP) changes [14], which can be monitored during
the MR scanning process. The HR values and their changes can be detected and evaluated
from the signal sensed by an optical sensor working on a photoplethysmography (PPG)
principle, while the systolic or diastolic blood pressure values are usually measured by a
blood pressure monitor device (BPM) [15]. The PPG measurement uses an optical sensor
for non-invasive pickup of vital functions of the vascular system from the skin [16] by
detecting blood volume changes inside the tissue. Obtained PPG signals can be next used
to determine other specific parameters applicable in systems for medical assessment [17],
and/or utilized for biometric authentication [18]. At present, several cuffless techniques
based on estimation of ABP values directly from one or more-channel PPG waves sensed
simultaneously [19] are often applied. These methods use several time domain parameters,
energetic, and spectral features determined from the recorded PPG waveform(s). The ABP
values may be assessed with higher precision when are used — typical representatives of
these parameters are the pulse transmission time (PTT) and the pulse wave velocity
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(PWV) [20]. If PTT is used in addition to PPG, the estimated BP values are more accurate
[21, 22] because of linear relation between the PTT and ABP values [23, 24].

This chapter describes realization, testing and practical experiments with developed
special prototypes of wearable PPG sensors applicable for real-time sensing of one, two,
and/or thee-channel PPG waves with wireless data transfer to a control device — all in the
environment of the open-air low field MRI tomograph. Basic working principles and
realizations of the optical part of the PPG sensor are also discussed here. The chapter
continues with description of structures and basic functional parts of the developed
wearable sensors. Next, the communication and control strategy used for real-time data
transfer and PPG samples storage in a control device is discussed. Then the chapter
follows a detailed description of created control application for Windows platform — all
operating elements on the control panel are explained here. Description of the method
used for determination of different parameters from the sensed PPG wave(s) with respect
to unipolar representation of the PPG signal(s) is presented next. Last but not least, the
comparative measurements performed with the certified commercial pulse oximeter
(OXI) device and the clinical BPM device for evaluation of stability and precision of the
determined HR values was mentioned in this study.

1.2. A PPG Sensor: Principle, Structure, and Function

1.2.1. Basic Description of Wearable PPG Sensors

In general, an optical sensor working on a photoplethysmography principle can operate in
a transmittance or a reflectance mode [25]. The transmittance type of a sensor probe has
usually a form of a finger ring or an ear clip with a light source (one or more LED
elements) and a photo detector (PD) placed on opposite sides of the sensed human tissue
— see a principal example in Fig. 1.1a). For the reflectance sensor type holds that the PD
element measures the intensity of the light reflected from the skin and it is placed on the
same side of the skin surface as the light source transmitter — see principal examples in
Fig. 1.1b). This type an optical sensor is placed mainly on fingers or a wrist, typically
fixed by an elastic/textile ribbon or it is integrated as a part of different wearable devices
— fitness bracelets, smart watches, etc. In both cases, the signal from PD that is next
amplified and filtered represents a dynamic component — DC part of the
photoplethysmography signal [26]. The PPG signal consists of typical systolic and
diastolic peaks (an example in Fig. 1.1c). The systolic peak on the PPG wave directly
corresponds with a heart activity — it is derived from the R peak of the
electrocardiogram (ECG).

The wearable PPG sensor enabling the real-time, continual PPG signal measurement
consists principally of four basic functional parts:

- A microcontroller or DSP processor board with integrated A/D convertors, including
also a hardware SPI/I2C port, and an UART to USB interface;
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- A BT receiver/transmitter for serial bi-directional communication with control
device(s);

- One or more optical pulse PPG sensors working in a reflectance or transmittance mode
with fully integrated analogue interfaces;

- A power supply part as shown in a principal diagram of a three-channel PPG sensor
structure presented in Fig. 1.2.

Infra/Red
LED source %

Phot
detector ] 0 1 2 3 4 5
b) — Time[s]

a) b) ©)

Systolic peak  Diastolic peak
i n

Photo detector
& LED source

—sH

Fig. 1.1. Basic principle of PPG sensors working in: a) Transmittance; b) Reflectance modes;
c¢) Example of sensed PPG wave.

Optical pulse
sensors

No. 1, 2,3
with
analogue
interfaces
Bi-directional ,#7~====*% SESSEEESSSESISEESSSag

BT connection! BT commun ard w5V USB or
at 2.4 GHz n i et 99000000 i 3.7 VLi-Po
- ! ‘q Pl ! battery cell

1208

, Power
n  supply
I

Fig. 1.2. Principal structure diagram of a wearable three-channel PPG sensor.

The power supplying the whole sensor can be realized using the rechargeable
polymer-lithium-ion (Li-Po) cells with output voltage of 3.7 V, or by 5 V external power
banks via the USB port independence of used micro-controller board (using 3.3 Vor 5V
logic levels). The BT modules as well as the optical pulse sensors usually can work with
both voltage levels without any additional signal conversion requirements. The capacity
of the power supply device used finally depends first of all on the resulting DC current of
the whole sensor, the required time duration for continual measurement, the maximum
sampling frequency fs for sensing of PPG signal(s), and the maximum serial
communication rate for real-time data transfer to the control device. Processors working
at the voltage level of 3.3 V have typically the clock frequency of 8 MHz, so the maximum
fs =500 Hz and communication at the baud rate of 57600 bps could be achieved. In this
case, using of Li-Po batteries with capacity from 125 to 750 mAh is proper for normal
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experimental purpose. Microcontrollers and processors operating at the 5 V voltage level
work usually with fcrk = 16 MHz, so higher sampling frequency up to 1 kHz and higher
serial communication rate of 115200 bps could be reached. On the other hand, this type
of PPG sensor has also higher requirements on the capacity of the powering part. For
long-time experiments the power banks with capacity from 2000 to 5000 mAh are suitable
to guarantee safety and stable supplying for the whole-time duration of the measurement.

A relatively high sampling frequency of at least 500 Hz is necessary to perform the
analysis of morphological features of the individual PPG pulse waves [27] as well as to
determine PTT and PWV parameters with high precision. On the other hand,
commercially available PPG devices typically sample the PPG signal at low frequencies
(from 50 to 100 Hz) [25]. Lower sampling frequencies are also suitable for continual
long-term acquisition of the PPG signal, e.g., sampling at 128 Hz was used by [17] for
atrial fibrillation monitoring with the PPG sensor on a wrist.

The whole sensor can work in “Slave” or “Master” mode depending on the sensing and
data transmission strategy used. We are oriented to the control strategy when the PPG
sensor works as a “slave”, i.e. after initialization it waits for commands from the master
external device (notebook, desktop PC, etc.) via the BT communication. The service
program on a microcontroller board enables adjustment of the time delay 7int (internal
interrupt clock) to read the analog signal and make A/D conversion. It means analogue
signals from the optical PPG parts are sensed at the sampling frequency fs corresponding
to the chosen 7int value. Next, the data block size Nveas of 16-bit PPG signal samples are
set for transmission to the control device. Finally, the number of used channels — number
of optical pulse sensors to be read — must be adjusted and size of head communication
data buffers must be set. On the side of a control device, the application must control
acquisition of one or more-channel PPG signals, their processing, and data storage. This
application was mostly created for Windows platform working on standard PC desktop or
portable laptop devices. It is also possible to create an application under Android platform
for implementation on mobile devices (tablets and/or smartphones). Practically, the
control application performs two basic tasks:

1. Real-time monitoring and displaying of PPG signals picked up currently from one or
more optical PPG sensors;

2. Continuous PPG signal measurement with the selected sampling frequency fs in data
blocks of Nmeas samples.

Within the real-time PPG signal(s) measurement following operations can be also
performed:

- direct storing the received samples of the PPG signal to a file on the disk of the master
device without any next processing using the commands “Start” and “Stop” sent
manually by the user;

- storing the PPG signal samples to an internal memory buffer enabling to perform
post-processing operations as filtering and HR determination; in this way the modified
data can be stored off-line to the file(s) by the application user.
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Operating in the measurement mode denotes that the data block with chosen dimension
and structure of PPG signal samples from one or more optical pulse sensor(s) are
automatically transmitted to a control device in the frame of real-time operation. The
sensed PPG signal(s) are subsequently stored in a Wave format (with 16-bit quantization,
mono, PCM coding). These PPG wave records can be further processed and analyzed
off-line, for example in the Matlab program environment.

1.2.2. Description of Realized Wearable PPG Sensors

In the frame of our long-term research aim to apply PPG sensors in the measurement
inside the scanning low-field MRI tomograph, several special prototypes were developed.
The main motivation was to realize wearable PPG sensors representing a low-cost
solution, but fully operational for our experimental purpose. Five prototypes of PPG
sensors were subsequently realized within last five years — three one-channel prototypes,
one consisting of three optical pulse sensor parts, and one prototype enabling sensing of
a two-channel PPG signal in parallel (further called as “PPG-EP”, “PPG-PS1”,
“PPG-BLE”, “PPG-2Tp”, and “PPG-3p” — see details in Table 1). They next differ in the
type of optical parts (of the reflectance/transmittance design), type of BT communication
module, and used voltage level for power supply.

To eliminate the mentioned interaction with the magnetic field and prevent possible
disturbance in electromagnetic compatibility inside the running MRI equipment, the
processor board with the BT module as well as the optical sensor are covered in two
separate aluminium shielding boxes as documented by the photos in Fig. 1.3.

Fig. 1.3. Example of assembling and covering of: a) Optical Pulse sensor; b) Micro-controller
board with BT communication module (sensor’s body) with closed optical sensor part; ¢) Closed
body and optical part of the PPG sensor worn on a left hand without power supplying [13].

On the side of the micro-controller part, all sensors have been realized with the help of
the open-source development platform Arduino boards [28]) based on the 8-bit processor
ATmega328 by Atmel company with integrated eight 10-bit A/D converters. It means that
the sensed PPG signal has the theoretical maximum value given by the number of bits of
the A/D convertor and practically denoted by the used voltage level (5/3.3 V) of the power
supply. Following types of Arduino compatible boards were stepwise used:
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1. Arduino Uno ver. 3.0 board [29] or Nano ver. 3.0 board [30] based on the Atmel
processor ATmega328P with fcixk = 16 MHz (operating at 5V level) with an
integrated USB interface for serial programming and testing;

2. Arduino Pro Mini v. 2.0 board [31] also with the processor ATmega328 but without
the USB interface and running at fcrxk = 8 MHz and operating at 3.3 V level;

3. Adafruit Metro Mini 328 board (Arduino compatible) based on the processor
ATmega328P, including also hardware SPI and I2C ports, and an UART to USB
interface [32].

For wireless communication between the control device and the PPG sensor, two types of
BT modules working at 2.4 GHz were used:

- BT communication module HC-06 (Waveshare 4328 [33]) fully compatible with the
Arduino platform, working in BT 2.0 standard with the maximum baud rate of
115200 bps;

- BT module MLT-BTO05 by Techonics, Ltd. [34], working in BT4.1 BLE (low energy)
standard, supporting also the serial baud rate up to 115200 bps.

The PPG also sensors differ in the used optical pulse sensor parts. Following three types
of optical sensors with fully integrated analogue interfaces were applied in the developed
PPG sensors:

- the Pulse Sensor Amped (Adafruit 1093) by Adafruit Industries [35];
- the Crowtail-Pulse Sensor (ER-CT010712P) by Elecrow Company [36];
- the Gravity Heart Rate Sensor (SEN0203) by Zhiwei Robotics Corp. [37].

Due to a reflectance principle, the sensor’s photo detector and light source elements are
placed on the same side of the skin surface on fingers or a wrist fixed by an elastic/textile
ribbon. Next, two types of sensors working on the transmittance principle were applied in
the PPG sensor prototypes:

- the Easy Pulse sensor v 1.1 analogue module (ER-CDE10301E) by Embedded Lab, with
the optical sensor HRM-2511E by Kyoto Electronic Company [38],

- the Easy Pulse Mikro — a micro Bus compatible pulse sensor (designed by Embedded
Lab) including the PPG optical pulse sensor ER-CDE17527M by Kyoto Electronic
Company [39].

While the reflectance sensors have fully integrated analogue interface on the main board
together with LED source and photo detector elements (see photos of Adafruit 1093,
ER-CTO010712P, and SEN0203 sensors in Fig. 1.4a-c), the transmittance types have an
analogue interface located on a separate board and an optical part practically realized in
the form of a rubber finger ring — see an example of HW realization in Fig. 1.4d-e.
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With respect to expected long-term measurement experiments or for using multi-channel
PPG sensor realizations, the whole sensor was powered via the USB port by the 5 V power
bank THAZER (with 2200 mAh capacity), or by RealPower PB-4000 (4000 mAh). For
short-time experiments using 3.3 V level devices, the 3.7 V textile battery (rechargeable
Li-Po cell) with capacity of 125 mAh (for one-channel sensors) or with the capacity of
750 mAh (in the case of two-channels sensor) were applied, as documented by photos in
Fig. 1.5. Differences in the architecture, the basic components used, the electrical and
mechanical parameters of all developed PPG sensor prototypes are shown in Table 1.1.

Fig. 1.4. Example of HW realization of commercial heart pulse sensors: a) Front and back side
of the Pulse Sensor Amped [35]; b) Front side of Crowtail-Pulse Sensor [36]; c) Front side
of the Gravity Heart Rate Sensor [37]; d) Easy Pulse sensor v 1.1 analogue module [38];
e¢) Analogue board Easy Pulse Mikro connected with the ER-CDE17527M optical sensor [39].

¢)

Fig. 1.5. Example of realization, wearing and powering of developed PPG sensors: a) One-channel
protype with mounted a 3.7 V Li-Po battery cell; b) Two-channel protype using two reflectance
optical sensors; ¢) Three-channel protype consisting of one transmittance and two reflectance
optical sensors; both multi-channels realizations are supplied by a 5 V power bank [13].
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Table 1.1. Differences in architecture, basic components, mechanical and electrical parameters,
for all five developed PPG sensor prototypes.

Prototype name
Params.
PPG-EP PPG-PS1 PPG-BLE PPG-2Tp PPG-3p
No of channels 1 1 1 2 3
. 2x Adafruit
ng’sté‘;?;) HRM-2511E | Adafruit 1093 | Adafruit 1093 E}i-ggglo%gzp 1093 + ER-
CDE17527M
. 2x reflect. + 1x
Working mode Trans. Reflect. Reflect. 2x reflect. trans
Arduino board| Uno v.3.0 Nano v.3.0 |Pro Mini v. 2.0 [Metro Mini 328 Nano v.3.3
BT module HC-06 HC-06 MLT-BTO05 MLT-BTO05 HC-06
Voltage level 5V 5V 33V 33/5V 5V
Mean DC 60 26 14 20/31 38
current
Procs. foix 16 MHz 16 MHz 8§ MHz 8/16 MHz 16 MHz
Body
dimensions [105x70%80 mm| 80x20x10 mm | 40x25x15 mm | 46x25%12 mm | 80%x33%x30 mm
(LxWxH)
Body weight 445 g 55¢g 40g?h 45g " 180 g2

D without mounted a Li-Po battery cell
2 together with the analogue board EasyPulse Mikro

1.2.3. Description of the Control Application Based on Windows Platform

Originally, each of the PPG sensors developed sequentially had an own Windows
application for a control device. At present, one universal application called
PPGsensUniv.exe was built. It enables control of one, two, or three-channel PPG signal
acquisition, post-processing operation and PPG records storage for all of five realized
PPG sensor prototypes, and communication with different types of PPG sensors in three
functional modes:

1.

Off-line, i.e., without any BT communication — only stored PPG waves can be shown,
analyzed, and processed;

. Automatic, i.e., with automatic connection to a pre-defined type of a PPG sensor (by

initial setting of program parameters stored in *.INI files for each of sensor types) —
real-time PPG signal monitoring and/or continual measurement in data blocks
(including subsequent storing of received data to an external file);

Manual, beginning with the application start without BT connection, proceeding with

. lviallual,

a manually established connection to a chosen type of a PPG sensor and
communication parameters (serial channel type, baud rate, BT 2.0/BT 4.1 BLE
protocol, etc.) working in a similar way as in the automatic mode.

Within the manual function it is also possible to manually disconnect the currently chosen
PPG sensors and/or create a connection with another PPG sensor using different

9



Advances in Signal Processing. Book Series, Vol. 3

parameters. Due to the real-time requirement, only the following settings are possible:
Tt = {10, 8 5, 4, 2, and 1 ms} representing the sampling frequencies
fs = {100, 125, 250, 500, and 1000 Hz} in the data blocks of Nmeas = {1k, 4k, 16k, 32k,
and 64k} of 16-bit samples after A/D conversion.

An example of a screen copy of the main control window of the application PPGsensUniv
(version 1.03, actually connected with the three-channel PPG sensor PPG-3p) is shown in
Fig. 1.6. The main window can be divided into seven areas “A”-“G” in correspondence
with different control functions and operations:

1. Area “A” — place for displaying the sensed PPG signals together with their selected
signal thresholds for systolic peak detection and HR determination operations (see a
green dashed line); the threshold can be set automatically or manually by a slider tool
located on the right of the graphics area. Next, we can see the displayed sequence of
HR values determined per a heart pulse period from the selected PPG channel (drawn
at bottom, by a green solid line). This display area is also used as a graphical output
for function during the monitoring operation. In this case, the HR sequence is shown
after stopping this process (from the last 1k-sample data block).

2. Area “B” — field of PPG channel parameters enabling: inversion operation (buttons
Inv), signal amplification (buttons G), and absolute offset shift (buttons O) for each of
the channels separately.

3. Area “C” — upper part consisting of switches to select the active PPG channel for HR
determination and panel with the mean HR value for the whole PPG record; lower part
with switches for PPG signal filtering and automatic threshold calibration.

4. Area “D” —set of buttons for managing and manual controls of graphical output (zoom
in/out, redraw, clear and initialize the drawing area).

5. Area “E” — part for saving of the currently selected PPG signal(s) to an output file (in
binary or ASCII format) or loading a previously stored file with PPG signals. In the
right part, there are also placed panels with information about parameters of the
currently sensed or loaded PPG signals: number of channels, length of data in samples,
used sampling frequency.

6. Area “F” — the main part for managing and control of PPG signal monitoring, real-time
receiving of PPG signal samples to an internal memory, or direct storing to an output
file. Next, this area consists of buttons for starting/finishing (Monit/End) the
monitoring operation and one button (Read) for manual start of the automatic PPG
signal pickup. There are also info panels about the chosen number of samples to be
sensed (NVmeas), the time interrupt 7int in ms to take a PPG signal sample(s) together
with automatically adjusting of fs in Hz), and the pre-calculated time duration value in
seconds for the actual sensing operation.

7. Area “G” — the system setting and info part showing current status of connection with
a chosen type of PPG sensor (name of sensor, associated serial communication channel
and data transfer rate), pop-up selector for choice of PPG sensor, button for calling of
a dialog window to set other system parameters, and finally the exit button for closing
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the whole application (after closing all BT connections and open graphical/dialog
windows).

ﬁ Universal PPG Sensors & BT module Control Panelver. 103-07W7 N |
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Fig. 1.6. Screen copy of the control application PPGsensUniv — actually selected function
with a three-channel sensor PPG-3p.

The activated parameter setting window with shown listing during establishing of the BT
connection with the PPG sensor working at the standard 4.1 BLE — transmitted and
received AT commands for MLT-BT05 module can be seen in Fig. 1.7a. A simple
communication during connection creation using the BT 2.0 standard for HC-06 BT
module is shown in Fig. 1.7b. This window of communication parameters also enables
setting of an actual serial channel (associated with a paired BT device), a current serial
rate in bauds, a time duration for waiting response from the slave device, and the data
format for commands and data transfer (text in ASCII or binary in 16-bit words). For the
correct functionality with a chosen number of a serial channel, the BT pairing process
must be performed first in the Windows control panel setting (outside of this application)
— see an example in Fig. 1.8.

Communication | system | irectory | Setting of system parameters |
Serial Port Communication | system | Directory |
cors ™ ~]| Bauds[57600 ~| Tout [ms]| 7:’ Dformat [Binary ~ Serial Port
‘ coM5  ~| Bauds [115200 ~v| Tout [’ﬁﬂuﬁ’ﬂ Dformat [Binary v
Serial terminal
cmds: @| ) X| [aT v| +[cR&LF ¥ Serial terminal
Mode Recieved: Cmds: [@
Mode Recieved:
= @ AT+INQ: OK Send =
[Manuar <] s e T
+INQ: 10xB82583F 14922 -67
BT type £ +INQE =
2 Devices Found 1 BT type _I
BTBLE ~| 3¢| |+Connecting ox882583F 14922 -
“=1 | +Connected 0x882583F14922 BT 20
. | ProminiavasLe
COM9: 57600 Bd Clear COMS: 115200 Bd | - Clear
Default | Load save I <USART Apply | Exit Default |  Load Save <Connected> Apply | Exit
a) b)

Fig. 1.7. Screen copy of the dialog window for setting of system parameters currently displaying
a section of BT connection and communication for: a) module MLT-BTO05 with BT 4.1 BLE
protocol [13]; b) module HC06 running at BT2.0 standard.
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4 # > Control Panel > All Control Panel ltems > Devices and Printers >

A © Bluetooth Settings

Add a de
Q Options COMPorts  Hardware

This PC is using the COM (serial) ports listed below. To determine
whether you need a COM port, read the documentation that came
Adobe PDF with your Bluetooth device.

Port Direction  Name
com3 Incoming  PPG-3p

6 coms Outgoing  PPG-3p ‘Dev B

Add...

Fig. 1.8. Example of control panel in Windows 10 OS — the PPG3p sensor is associated
with the system serial channel COM4.

1.3. PPG Signal Properties, Processing, and Analysis

1.3.1. Basic Description of PPG Signal Properties and Processing

From the physical principle follows that a great part of the PPG signal is composed of a
direct current (DC) component corresponding to the whole blood volume of an examined
tissue. The superimposed alternating current (AC) component follows the beating of the
heart, so it carries also vital information including the heart rate. Its magnitude is much
smaller (typically about 2-3 % of the DC component), as can be seen in a principal
diagram in Fig. 1.9a.

X SIS SIS }\ /\/\/\/\/\/\/\/\/\/\f

FD-PPG
SD-PPG

— PPG_ [

DC component

—> Amplitude

o ) AR Y R I N S
Time 100 200 300 400 500 600 700 800 900 100C
—> N [samples]

a) b)

Fig. 1.9. Principal structure of a PPG signal: a) Superposition of AC and DC components,
b) 1k-sample example of PPG wave in three basic forms (raw PPG, FD-PPG, and SD-PPG).
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A crucial step in the PPG pulse wave analysis is calculation of signal derivatives that may
be used for determination of pulse wave features. The original pulse wave — (raw PPG),
its first derivative (FD-PPG) — called also as velocity photoplethysmogram, and its second
derivative (SD-PPG) — known as acceleration photoplethysmogram, are practically taken,
processed, and analyzed [26]. The mentioned systolic and diastolic peaks are present in
each cycle of the PPG wave (see the demonstration example of sensed PPG wave in
Fig. 1.1c). They must be detected and localized for the purpose of further analysis. While
the raw PPG signal is not suitable for local maxima determination, the FD-PPG and
particularly the SD-PPG waves are more informative due to more pronounced local
extrema as shows an example in Fig. 1.9b.

Generally, the picked-up PPG signal has an amplitude modulation with a partially linear
trend (LT), it usually contains a superimposed noise component, and sometimes it is
partially disturbed or degraded. Therefore, the sensed PPG signal must be pre-processed
prior to further practical use. In the frame of the de-trending operation, the LT is calculated
(usually by the mean square method) and applied within the LT removal procedure. Then,
the PPG signal must be smoothed to eliminate local artifacts caused by signal noise or
disturbance. In a lot of cases it seems to be sufficient to apply a moving average (MA)
filter with the window length wma = 2Nx+1. In this way we can obtain a clean PPG
waveform describing actual condition of the cardiovascular system of a tested person.
Three groups of PPG wave parameters are typically determined within the PPG
signal analysis:

1. Temporal and energetic parameters: amplitude, signal range, and signal modulation;
2. Heart rate values and their statistical properties (variance, etc.);

3. Heart pulse transmission parameters - pulse transmission time (PTT) and pulse wave
velocity (PWV).

1.3.2. Determination of PPG Wave Parameters

Most used algorithms work with a PPG wave in a relative bipolar presentation, such that
the PPG signal lies in the range of 1. As all the developed prototypes of PPG sensors
produce absolute signals in the range of <0+1024>, different approaches must be used or
adopted in this situation. Because the analogue interface of optical sensors performs
de-trending of the PPG signal during its cascade processing, this task cannot be solved in
this case. Smoothing of sensed PPG signals is carried out by the MA filter with the Nx
parameter chosen in dependence on the currently used sampling frequency. This operation
is applied only once when the whole data block is transferred to the memory of the main
control application. It means practically, that the PPG signal(s) continually displayed
within the monitoring mode is not any filtered.

Analysis of the PPG signal pre-processed in this way starts with localization of systolic
peaks Psys and heart pulse periods (7wxp). Our proposed method works in four steps:
1. Setting of the PPG signal threshold Lruresh;

2. Binary clipping of the input pulse wave;
13
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3. Localization of the systolic peaks Psys;

4. Determination of the heart pulse periods Twp.

The level threshold can be set either manually individually for each of the processed PPG
signals or adaptively — typically at one-third from the systolic pulse peak. During
processing of the PPG signal with the length of P samples, the clipping operation produces
a sequence cppg (i) of values 1/0 corresponding to the input signal samples above/below
the adjusted threshold level Lruresn as

N 1 y(i)ZLTRESH .
cPPG(l)—{O (1)< L 1<i<P (L.1)

The position of each of the systolic peaks Psys is basically determined as the middle of
every 7 interval. To localize Psys with higher accuracy it is necessary to pick up PPG
signals with higher sampling frequency fs. Therefore, the systolic peak position is finally
set as the local maximum found in the 7 interval — see an example in Fig. 1.10. The heart
pulse periods Twp are determined from this clipped sequence as the length of two adjacent
continual parts of ones (with 7 samples) and zeros (7p samples), i.e. Tup = T1+70.

1000 i
P25ys P3sys
T 1 e 11 I | I S
- - < T
<1
2600
V]
2 400
Tzoo The
o4 I A A Caatl A I
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
— N [samples]

Fig. 1.10. An example of Sk-sample part of one-channel PPG signal together with: clipping
sequence cppg, signed heart pulse period Twp, and lengths of T, Tp for the systolic pulse P3sys;
Lrures = 800.

Obtained systolic peak positions and lengths of heart pulse periods are subsequently used
for determination of other PPG wave features. To obtain temporal and energetic
parameters, the following operations and calculations are performed:

1. Finding of maximum and minimum levels of localized systolic peaks (Lspmax and
Lspvin) together with the whole signal offset level (Lors). These levels are needed for
calculation of the mean absolute systolic peak amplitude (SPampr), using the mean
signal offset value uLors as

SPamrL = (Lspmax + Lspmin)/2 — uLors; (1.2)

2. Then, the relative systolic peak ripple SPrpp in percentage of a PPG wave (see
demonstration example in Fig. 1.11) is calculated using the following formula
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SPripp = (Lspmax—Lspmin) /Lspuvax * 100; (1.3)

3. Finally, the relative signal range (PPGrance) in percentage can be determined from the
absolute systolic peak amplitude SPampL as

PPGrange = SPawmpL/ ADnres % 100, (1.4)

where the ADnres represents the numerical resolution of the currently used A/D converter.
In our case, for all analyzed PPG signals the ADnres value was equal to 1024, since
10-bit A/Ds were used for digitalization of the analogue signal from the optical sensor
(2'=1024).

1000 F+——Tm—— 13—

e :]SPAMPL wann
L PPG(Psys) |:

800

Y. o LspMAX

LSPyin

1 |Ripple

600 [
OFS

— PPG,, [

OO B 1 B B bl i i L I 3 L L T N L B
6000 6200 6400 6600 6800 7000 7200 7400 7600 7800 8000
—> N [samples]

Fig. 1.11. An example of 2-k sample part of a PPG signal with localized systolic peaks Psys
and their mean amplitude SPawmpr, determined Lspmax, Lspmin, and Lors levels used
for ripple calculation.

Using the sampling frequency fs in Hz and the heart pulse period Twp in samples, the heart
rate HR in min™' can be easily calculated as

HR =60 x f5/ Tp (1.5)

The heart pulse transmission parameters are determined from two PPG waves (PPGa,
PPGg) sensed in parallel. It is important to localize precisely the systolic peak positions
Psys in both PPG signals and to measure correctly differences between Psys in samples
(A Psysap) — see a demonstration example for a two channel PPG signal in Fig. 1.12.

For the applied sampling frequency fs expressed in Hz, the pulse transit time parameter
(PTT in ms) is calculated as

PTT= A Psys/fs (1.6)
When we know the distance between locations of the optical PPG sensors (Dx in m) and
the pulse transit time parameter (PTT in s), then the pulse wave velocity parameter (PWV

in m/s) [20] is calculated as follows

PWV =Dx/PTT (1.7)
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Fig. 1.12. An example of 2.5k-sample parts of two PPG waves sensed in parallel
(PPGa and PPGg) with denoted heart pulse periods 7rpaand determined time differences
between systolic pulses A Psysap.

The final accuracy of the determined PWV values depends partially also on the absolute
error of practical measurement of the distances Dx. The fist optical sensor is usually
mounted on a wrist, and the second one on finger(s), so the Dx distance can be easily
measured along the horizontal line as follows from the arrangement photo in Fig. 1.13.
More sophisticated method measures the Dx as a length of the path between the wrist and
the fingers along the blood arteries. This methodology follows from the fact that the blood
really flows in this way in a measured hand. The main disadvantage of this measurement
approach is its great individual-dependence. In addition, the distance Dx could be finally
measured with lower accuracy — practically comparable with the first easy way and will
not bring better results.

Second
optical PPG
sensor

0
First optical
PPG sensor |

Fig. 1.13. An example of arrangement for two-channel PPG signal acquisition by optical sensors
located on a wrist (W) and an index finger (/F) at a distance Dx measured
along the horizontal line.

The obtained PPG wave parameters are then statistically processed to get one final
representative value for direct numerical comparison. The histograms are useful to map
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and describe distribution of their values. When the probability distribution of the analyzed
parameter has non-Gaussian character, then using the mean or median values does not
provide a correct final result. In this case it is better to determine the value /Amax
corresponding to the maximum occurrence omax [%] in the histogram, however, omax
must be significant — in praxis is usually sufficient to use omax > 20 %. Otherwise, higher
differences between hmax and mean values are present (as shown by histograms in

Fig. 1.14), and better precision is practically achieved by calculation using the
median method.
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Fig. 1.14. Histograms demonstrating differences between calculated mean and Amax values
in dependence on maximum occurrence omax for: HR, systolic peak ripple, and relative signal
range parameters (from left to right).

1.4. Evaluation of Precision of Realized PPG Sensors

To evaluate the precision and stability of HR values determined from sensed PPG signals
(HRprpa), two types of comparative measurements of HR values (HRcwmp) were performed:

1. comparative measurement of HR values determined from PPG signals sensed by three

one-channel PPG sensors together with parallel measurement by a certified
OXI device;

2. comparison of the accuracy and stability of HR values determined from PPG signals
sensed by all five developed wearable PPG sensors — the HR values were measured in
parallel by a commercial BPM device used also in medical practice.

When the comparative HR measurement by a BPM device is applied, the HRcwmp
parameter represents one value HRppm obtained for the whole measuring interval with
duration 7pyr. In the case of using an oximeter which produces continual values of HR
during the whole measurement, the HRoxi is defined as the mean value. To enumerate the
overall estimation accuracy, the percentage relative differential parameter
HRpirr — relative to the mean value of HRppg sequence (uHRppg) — can be calculated as

HRpipr= (HRCMP —HRPPG) /,uHRPPG x 100 (1 8)
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The obtained accuracy is compared with other related works using the mean absolute error
(MAE) parameter calculated as a mean of a simple absolute difference
AHRoxi.spm = HRemp— HRpeg in min™. For mapping of correlations between the measured
HRcwmpe and the determined HRppg values, the scatter plots can be used. For this purpose,
the Pearson correlation coefficient R is calculated as

X2) =3 (Xt J) (4,18 for). (19)

n=l

where X represents the vector of measured HRs and Y is the vector of HR values
determined from PPG waves, u and ¢ denote the mean and the standard deviation of the
input vectors X and Y consisting of N elements.

The first stage of comparative measurements was realized in the conditions when the PPG
signal from the tested prototype of a PPG sensor was sensed on a little finger, and the
oximeter Berry BM1000C [40] used in parallel was worn on an index finger. This type of
an OXI device works in a transmittance mode and enables transfer and recording of a PPG
signal via BT connection to a control device. There are simultaneously calculated and
displayed arterial blood oxygen saturation (SpO,), perfusion index (PI), and HR values —
see an experimental arrangement photo in Fig. 1.15a (the tablet Lenovo M10 was used in
these measurements). In the second part of comparative measurements, the automatic
blood pressure monitor BP A150-30 AFIB by Microlife AG [41] was applied. To prevent
negative influence of an inflated pressure cuff of the BPM on a tested person’s blood
system, the PPG signal was picked up from an index finger of the opposite hand as
documented by the arrangement photo in Fig. 1.15b. The PPG signal recording as well as
the measurement by an oximeter always lasted with duration 7pur = 80 sec. The
evaluation of the HR precision was performed numerically (by the mean HRpirr values
per a PPG sensor prototype), and also graphically using the correlation scatter plots (see
graphs in Fig. 1.16) and Bland-Altman plots (see Fig. 1.17).

Fig. 1.15. Arrangements of comparative measurements: a) Parallel sensing of the PPG signal
by the PPG-BLE sensor and via the OXI with BT data transfer to a tablet (both placed on the same
hand); b) Parallel HR measurement by the BPM device (pressure cuff on the right arm) and PPG
signal sensing by the PPG-PS1 sensor worn on the opposite left hand.
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Fig. 1.16. Scatter plots of correlations between the values measured (HRoxi) and determined
from PPG signals (HRppg) together with the calculated R coefficient using: a) PPG-EP;
b) PPG-PS1; ¢) PPG-BLE sensors.
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Fig. 1.17. Resulting Bland-Altman plots of the HR determination accuracy from PPG waves
with parallel HR measurement by a BPM device for: a) PPG-2Tp; b) PPG-3p sensors.

1.5. Conclusions and Future Work

Wearable PPG sensor prototypes described in this study were developed especially for
measurement in the weak magnetic field environment. Before starting this development,
we had already tested commercial “fitness bracelets” and smart watches. These types of
devices work in the reflectance mode and produce HR parameter values that are not very
precise and are not designed for function in the conditions of the running MRI tomograph.
In addition, majority of these commercial devices are not able to send the PPG signal
samples to an external device (the HR values only). For our purpose we need to evaluate
fast and slow changes of the heart rate as well as changes in the width of systolic/diastolic
pulses to determine special PPG signal properties (for example the Oliva-roztocil index
which has been used as an approach to pain quantification [42]). The heart pulse
transmission parameters (PTT and PWV) seem to be sufficient for this task. These
parameters are successfully usable for stress detection, evaluation, and classification — for
mapping and monitoring of these objective clinical states observed in people who are
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exposed to negative factors for a short period of time — such as during scanning inside the
MRI device.

From experimental studies and practical measurements follows that the actual state of the
skin surface including a color, a temperature, and other factors have influence on the
quality and properties of the sensed PPG signals. Thus, PPG sensors are supplemented by
a contact thermometer to carry out the measurement of the skin temperature to map its
changes during an experiment. In addition, the precision of the determined PPG wave
features depends also on the actual position of the optical sensor and the contact pressure
exerted in the place of the sensor. To analyze this influence, force-sensitive resistors (FSR)
can be successfully used to measure the localized physical pressure.

For this reason, we plan in the near future to develop a new wearable PPG sensor including
also an integrated contact thermometer and an FSR element for contact pressure
measurement. Next, for different contact forces on a finger/wrist, we will realize a
measurement of PPG signals with the aim to collect a database of PPG wave records.
Then, we will analyze the determined PPG wave features to make practical
recommendation about setting the contact force which is important for long-time
measurement experiments inside the MRI device.

The insufficient precision of manual measurement of distances Dx can have negative
influence on the inaccuracy of PWV values. It could be improved by a semi-automatic
approach which is usually used for determination of distances from images.

Finally, we are fully aware that only a small group of tested subjects (typically up to
15 persons) participated in measurement experiments with our developed PPG sensors, so
the obtained results and conclusion from the performed observation cannot be generalized.
It was caused by several factors and problems. First of all, the open-air MRI device Esaote
Opera [9] directly usable for our experiments with PPG signal(s) recording is devised for
standard medical practice, and our institute does not hold a certificate for real patient
examination. Therefore, it can be used for non-clinical and non-medical research only.
We believe that we will be able to establish close cooperation with the nearest medical
centers in our country (in Bratislava), Austria (in Vienna), or Czech Republic (Brno,
Prague, etc.) to solve this limitation.
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Linearization and Integerization
for Computing Algebraic Matroids

David Ash

2.1. Introduction and Motivation

Algebraic matroids have recently emerged as a powerful tool for analyzing dependencies
in biological models, particularly in the context of systems described by differential
equations. This interest has been partly driven by emerging biological applications, where
complex physiological processes are often modeled mathematically. For example, the
BioModels website includes over 1000 manually curated models of such processes [7].
The models on that website often take the form of differential equations where the rate of
change of species concentrations takes the form of a mathematical function — often but
not always a polynomial — in species concentrations and parameters. In these models, the
“species” typically refer to concentrations of molecules such as metabolites, while the
“parameters” represent system-specific constants. Unlike species, parameters may lack
direct physical observability and can vary significantly across subjects, making them
harder to measure or infer. Because parameters are not always tied to directly measurable
physical quantities — and may vary between subjects — they are often difficult to infer with
confidence.

As these models may represent pathological conditions, it can be useful to determine — for
example for diagnosis and other applications — whether a given model is manifest in any
given subject. Some of the species concentrations may be easy to determine. Others may
not be. This raises a natural question: given constraints on what can be measured, how
can one design experiments to distinguish among possible models? Algebraic matroids
offer one possible framework for approaching this question. In the language of matroid
theory, a “basis” is a maximal subset of species that are algebraically independent — none
can be expressed as an algebraic function of the others. If the observed species form such
a basis (or a subset thereof), the system allows maximal flexibility, making it harder to
rule out a model. But if the observed species include a “circuit” — a minimally dependent
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set — then there may be enough structure to reject the model based on the observed
values [14].

Using this approach, it has been shown possible to compute algebraic matroids for a
number of models from the BioModels website. These include five different Wnt
signaling pathway models. Although Bayesian approaches can be used to determine
parameter values, the parameter values so determined are approximate, creating a risk of
incorrectly confirming or ruling out a model. Once computed, an algebraic matroid
provides parameter-free insights: it encodes the dependencies among species regardless
of the specific parameter values for a given subject [10].

Algebraic matroids also find application in signal processing. This has occurred through
the use of unit norm tight frames in signal processing. Such frames are used in signal
processing when there is a need for redundancy. This enables signal recovery even when
some coefficients are lost, but at the potential cost of signal uniqueness. Frames are also
used to improve the recovery of signals in such cases [18]. Unit norm tight frames are
used in signal processing for compressed sensing. Compressed sensing aims to reconstruct
a signal from a small number of measurements, often fewer than the ambient signal
dimension, by exploiting signal sparsity. This typically involves solving an
underdetermined system, often via optimization techniques [20]. Recent studies suggest
that unit-norm tight frames outperform earlier methods — such as Gaussian random
matrices — in compressed sensing tasks, particularly in terms of reconstruction stability
and mean-squared error [5].

The mathematical structure underlying these frame systems — and the relationships among
frame vectors — can be studied using tools from algebraic matroid theory, which capture
the algebraic dependencies among frame elements. In particular, the problem of
reconstructing a unit norm tight frame from a sparse collection of data turns out to be
closely related to the structure of a specific algebraic matroid. In particular the set of all
such unit norm tight frames for a given dimensionality has a closely related algebraic
matroid whose structure, if known, can help with reconstructing a specific unit norm tight
frame. However, the complete characterization of such matroids has so far been achieved
only for systems with small dimensionality, highlighting a gap in the literature around
scalable methods for computing algebraic matroids. This chapter contributes toward
addressing that gap by proposing new algorithmic techniques, with both theoretical and
empirical support, though challenges in full generality remain [3].

The Grobner basis algorithm is a standard symbolic approach for computing algebraic
matroids but its doubly exponential complexity makes it impractical for all but the
smallest matroids. Alternative algorithms have also been explored. For example, in
addition to the limited solution noted above for unit norm tight frames, specific algorithms
have been found for the Cayley-Menger algebraic matroid [12] and the algebraic rigidity
matroid [13]. Nevertheless, a general and tractable method for computing algebraic
matroids remains elusive. This chapter explores several strategies — such as linearization
and integerization — to address these limitations and offer new directions for tractable
matroid computation.
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2.2. Background

We begin with the definition of a matroid. A matroid generalizes the concept of linear
independence from linear algebra to a more abstract, combinatorial setting. While there
are multiple equivalent definitions, one common formulation presents a matroid as an
ordered pair (F,J) where F is a finite set and J is a collection of subsets of F, called the
independent sets, satisfying the following properties:

¢ Every subset of an independent set is independent;

eIf A, B are independent sets with |A| > |B|, then there exists x € A\ B such that
B U {x} is independent.

We will often talk about bases and circuits in the context of matroids. A basis is an
independent set in the context of a matroid that is also maximal: it is not the proper subset
of any other independent set. Likewise a circuit is a dependent (not independent) subset
that is also minimal — any proper subset of a matroid is independent.

We next define the notion of algebraic independence and an algebraic matroid. Consider
a tuple of variables X = (xq, Xy, ..., X,) and a tuple of parameters T = (¢ty,¢y,...,t,).
Suppose we are given a tuple of polynomials, none of them identically zero,
P = (pi,py -, ps) Where each p; is in Q[xq, Xy, ..., Xy; ty, ty, ..., t;], considered as a
ring of polynomials over the variables and parameters with rational coefficients. Consider
a subset Xy € X. Then we say that X is algebraically independent if for any tuple of

polynomials (q4, q3, ---,qs):
2i-1piq; € Q[Xoliff¥i_1piqi =0 2.1

For formal treatments of algebraic independence over fields, see also [19, 6], and the
matroid-theoretic development in [8]. Algebraic independence is often defined via field
extensions: a set of elements in an extension field is algebraically independent over a base
field if no nontrivial polynomial relation holds among them. In our case, the base field is
Q and the extension field is the ratio of Q[xq, Xy, ..., Xy; t1, t2, ..., t;-] and the ideal
generated by the polynomials in P.

The set X or, by extension, any finite set of polynomials in Q[X], may then be considered
to be an algebraic matroid. The bases of the matroid are the maximal algebraically
independent subsets of the given variables, and the set of circuits is simply the set of
algebraically dependent subsets that are minimal.

One classical approach to computing algebraic matroids relies on Grobner bases. The
tuple of polynomials P may be considered to generate an ideal. This tuple forms a Grobner
basis if the ideal generated by their leading monomials equals the ideal generated by the
leading monomials of all polynomials in the ideal. Here, a leading monomial is defined
with respect to a chosen monomial ordering (e.g. lexicographic or graded reverse lex
among others), a key component of Grobner basis theory discussed in more detail in [4].
A challenge with Grobner bases is that known algorithms for computing them are doubly
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exponential in the worst case. This has led to a bias against Grobner bases which may not
be entirely justified. Although intractable in the worst case, Grobner bases are sometimes
much more efficient in practice. Therefore we need to look at the particular area we are
applying Grobner bases to and determine the complexity of the Grobner basis algorithm
in that particular case. This may involve both theoretical and experimental results [1].
Grobner bases have in fact proven to be useful in computing algebraic matroids. This is,
in part, because Grobner bases help us to solve the ideal membership problem [9]. If the
ground set P has size at most 18, with polynomials of degree at most 4, Grobner bases are
a competitive approach. However computational tractability tails off considerably once
the ground set becomes larger, and alternative approaches such as linearization, proposed
by Rosen based on earlier work by Ingleton, and integerization, a technique proposed in
earlier work by the author, may offer a more tractable alternative [14].

Several examples of algebraic matroids are explored in [11]. One such algebraic matroid
is developed for the Schmitz et al. model considering interactions between f-catenin and
DC in the cytoplasm and nucleus [17]. This model consists of a set of differential
equations describing the dynamics of this biological system. One such differential
equation is the following:

C),(T = 811 XNT — 812Cxr (2.2)

Here Cxr denotes the concentration of §-catenin/TCF, X, denotes the concentration of
free nuclear f-catenin, and T denotes the concentration of TCF. This is one of 11 similar
differential equations in this model. To determine steady state for this model, one can set
the left hand side (rate of change) to zero, and the set of 11 polynomials on the right then
form the tuple of polynomials P for this model as described above. The algebraic matroid
for this model can then be computed. It turns out to have 19 bases and 45 circuits. This
was computed in [11] using Grobner bases because it is a relatively small model, but this
approach becomes increasingly impractical as model size and complexity grow.

2.3. Algorithmic Approaches to Algebraic Matroids

We now proceed to explore several different approaches to computing algebraic matroids
algorithmically. Since Grobner bases are quite key to several of our approaches, we will
start with a more rigorous definition of a Grobner basis. Every Grobner basis is specific
to a particular term order, so we start with term orders. Given X = (xq, x5, ..., X,,), the
set of terms T is defined to be all x; ®1x,¢ ... x,,°» where the e;’s are nonnegative integers.
Then a term order < on T is defined to be a total order on T satisfying the following
conditions [2]:

el <tforallt eT;

ot; <t,impliest;-s <t,-sforalls, t;,t, €T.

For any polynomial f € Q[X], we can then define the head term HT(f), the head
monomial HM(f), and the head coefficient HC(f) as follows:
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e HT(f) = max (T(f));
e HM(f) = max (M(f));
e HC(f) = the coefficient of HM(f).

Here T(f) denotes the set of terms in f and M(f) denotes the set of monomials in f,
where a monomial is a term multiplied by a coefficient. The maximum is then defined
over the total order < on T. For a set of polynomials P € Q[X], we can similarly define:

HT(P) = {HT(f):0 # f € P}

We can then define a Grébner basis to be any finite subset G S Q[X] with no zero
element such that for every s € HT(Id(G)) , there exists t € HT(G) with
t|s. Additionally, if I is an ideal of Q[X], then any Groébner basis G is said to be a
Grobner basis of [ if Id(G) = I [2].

The reason why Grobner bases are of interest is that they provide a way of solving the
ideal membership problem. We are sometimes interested in establishing whether a
polynomial f is in the ideal generated by G, Id(G). We say that f reduces to h modulo G,
and write f?h, if there exist t e T(f), s€T, and g € G with s-HT(g) = t,

satisfying:

s-g (2:3)

Here a is the coefficient of t in f. We can next define the %r relation to be the reflexive

transitive closure of the 2 relation. An equivalent definition of a Grébner basis is that for

all f €1d(G), f —+ 0. This essentially gives us an algorithm for determining ideal

membership, since once we compute the Grobner basis for a given ideal, we can apply the
definition of reduction to a polynomial to determine if the above condition holds, which
guarantees ideal membership [2].

Rosen [14] proposes the use of Grobner bases as a tool for computing algebraic matroids.
However the actual Macaulay2 code he provides for performing this computation does
not appear to use the gb function directly for computing Grobner bases [15]. Moreover in
[15] there is no pruning of the search — all possible bases of the matroid are explored
exhaustively — meaning it is not likely to scale to larger search spaces. This suggests
multiple different approaches for computing algebraic matroids, and what follows is
believed to be a new approach pruning the search more effectively.

Ingleton [8] provides us with the starting point for our computations. Following Ingleton,
we can define a set of derivations D; , D, , ..., D, on all polynomials in
Q[x1, %2, <o) Xp; b1, t9, ..., t] such that for q; , qu € Q[xq,xy, ..., Xp; t1, ta, oo\ tr]
and g € Q:

*Dit; = &;j;
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*D;(q; +q2) = D;q; + D;iqy;
*D;i(q192) = q2(D;q1) + q1(D;q2);
.Diq = 0

If Xo = {x;,xi,,.,%;} , then we can define a gradient vector
Vxi; = (D1%ij, DaXij ..., DrX; ) . Ingleton then provides a theorem that Xo will be
algebraically independent if Vx; , Vx;,, ..., Vx;, are linearly independent. However, there
is an important caveat. For Ingleton’s result to apply, each of the x; must be algebraic over
Q[tq, ty, ..., t]. How can we determine if this holds for a given x;? Consider the ideal
I = (p1,p2, .-, Ps) generated by all the polynomials in P. We can use a Grobner basis
calculation to eliminate x,, X3, ..., X,. If we are able to do so, then we have established
that x; is algebraic over Q[¢tq, ty, ..., t,]. If we can successfully do this for all x; then
Ingleton’s theorem applies. To achieve this we can use different term orders in computing
Grobner bases. Ingleton’s theorem also requires that each t; be an independent
transcendental over Q. Determining this can likewise be established by using specific term
orders in computing the Grobner basis. If, for example, we are able to eliminate all of x5,
X3, ..., X, then we know that all the ¢;’s are not independent transcendentals over Q, and
we will not be able to apply Ingleton’s theorem.

We can use the term order to determine whether any given ¢; is a transcendental. Consider
two terms u, v € T defined as follows:

— a d da e e er.
*U = Xq 1x2 2 . Xn ntl 1t2 2 tT T,

ov = x,N1x, /2 o x, ot 91,92t 97,
Then we define the term order by saying that u < v iff either the following holds:
?=1di+zzr:1ei_ej<Z1i1=1fi+zlr:1gi_9ja (2.4)
or ¢; < g; and the following holds:
Yic1ditXioiei—e = Xl fi+tXi=19i—9j (2.5)

This has the effect of making all terms involving only powers of ¢; the lowest ranked in
the term order. If t; were algebraic, then there must exist a polynomial in ¢; with only
rational coefficients in the ideal. The high term of such a polynomial is therefore ranked
below any terms involving other x; or t;. By the definition and properties of a Grobner
basis, if such a polynomial exists, the Grobner basis associated with this term order must
therefore include a polynomial of similar low rank under the term order — also with only
powers of t;. This gives us the way to determine if ¢; is transcendental: we compute the
Grobner basis using the above term order. If it includes a polynomial in just ¢; then t; is
algebraic and otherwise it is transcendental. We can call this the specific Grobner
basis algorithm.
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We can similarly define a term order to determine if all of the ¢;’s are independent
transcendentals. For the same u, v € T as defined above, we can define the term order by
saying that u < v iff either of the following conditions hold:

fe1di <Xi-1fis (2.6)
or:
Poidi = X fiand¥i_ e, <X 10 (2.7)

This has the effect of making all terms involving only powers of any of the t; the lowest

in term order. As before, the Grobner basis associated with this term order must include a
polynomial with only t; terms if the ideal itself includes such terms. Therefore, to

determine if all the t; are independently transcendental, we need only compute this
Grobner basis and determine whether it has only ¢; terms. We can call this the general
Grobner basis algorithm.

We next need to determine which of the x; terms is algebraic or transcendental. Once we
have determined that a given x; is transcendental, we can move it to the set of
transcendentals and then evaluate every other x; in terms of whether it is algebraic in the
growing set of transcendentals. This is explained below in the following algorithm:

e Step 1: Verify, using the general Grobner basis algorithm, that the ¢;’s are all
independently transcendental.

o Step I.1: If they are not, STOP because the ¢;’s are intended to be independent
parameters.

o Step 2: Set R, the set of transcendentals, to be {t4, t,, ..., t,-}. Set A, the set of algebraics,
to be {xq, x5, ..., X, }.

o Step 3: For each a € A, using the specific Grobner basis algorithm, determine whether
it is algebraic over Q[R].

e Step 4: If all a € A are algebraic over Q[R], STOP.

e Step 5: Pick one specific a € A such that a is algebraic over Q[R]. Set R to R U {a} and
set Ato A — {a}.

e Step 6: Go to Step 3.

We can now look at a specific example — namely the Schmitz model from [11] described
earlier. In this model, the following are the ODE’s — the steady state, as discussed earlier,
is determined by setting the LHS for all of these to zero, so the polynomials on the RHS
comprise the set P for this example:

.X’ = 60 - 61X + 62Xn - 65XYa + 66CXY;
oY, = —83Y, 4 6,V — 65XV, + (86 + 8,)Cxy — 815Ya + 616Y3;

29



Advances in Signal Processing. Book Series, Vol. 3

o X' = 81X — 8,Xn — 6XnVan + 8oCxyn — 611 XnT + 812Cxr;

* Yanl = 03Yy — 84Yan — 88XnYan + (69 + 810)Cxyn;

o Cxy' = 85XY, — (86 + 67)Cxy;

* Cxyn' = 6gXnYan — (89 + 810)Cxyns

oT" = =811 X0 T + 812Cxr;

o Cyr' = 811 XnT — 812Cxr;

.Xp, = 87Cxy — 813X);

hd Xpn, = 610Cxyn — 514Xpn;

oV = 815, — 816V

Here, applying the general Grobner basis algorithm will reveal that all §; for 0 < i < 16
are transcendentals, as we would expect. Of the remaining indeterminates, which
correspond to species, it turns out, apply the specific Grobner basis algorithm, that nine

are algebraic and two are transcendental, which we can take to be T and Y; using the term
order approach described above.

Let’s summarize where we find ourselves as we lead into the details of the linearization
approach originally developed in [8]. The polynomials in P include three different classes
of variables — when we introduced P there were just two such classes, but we need to
divide the x; into those which are independent transcendentals over Q[t, t, ..., t,] and
those which are algebraic. We therefore divide the x; into two groups: yy, ¥, ..., ¥, and
Zi, Zy, ..., Zg Where p+q = n and we are ultimately working over the field

QIY1, Y2 s Vpi 21, Z2, e Zg3 by, by, oo, ] Here:

e The t; are all independent transcendentals over Q;

e The z; are all independent transcendentals over Q[ty, t5, ..., t,-];

e The y; are all algebraic over Q[zy, z3, ..., Zg; ty, ta, .o, tr ]

The finite set F over which we define a matroid is then given by
F = {y1,Y2, -1 Yps 21, Z2, -, 2q}, Where the bases consist of maximal algebraically

independent subsets. To compute the matroid, we start with the gradient matrix M which
isann X g matrix M = (m;;) where:

*m;; = D]yl forl1<i< D

omij = DjZi—p fOI'p +1<i<n

Following [8], here D; is the unique derivation satisfying D;z; = §;; for 1 <i,j < q. We
are then tasked with computing the gradient matrix and note that the D;z; are clearly easy

to compute, but the D;y; may be more difficult to compute. To start with this computation,
it will help if we first compute D;p; for each polynomial p; € P. We then claim:
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Theorem 1: Each D;p; is a linear polynomial in D;y; for 1 < k < p.

Proof: Each polynomial p; is a sum of terms, each of which is a product of a rational and
some number of individual elements of {y,, y,, ..., Vpr 21, Z2y s Zqs b1y boy e t,-}, possibly
including repetitions. Applying the D; operator to each such term will lead to a sum of a
set of similar products. Each such product will include at most one D;y;.. Since the sum
of a set of linear combinations is itself a linear combination, we are done.

We can then define the coefficient matrix C; to be an s X p matrix C; = (cji) where
Gik = [Djyx]Djp; with the coefficient being taken over the field
Q[y1,¥2, ey Vpi 21, Z2,y s Zg3 by, by, ., tr] . We can similarly define the augmented
coefficient matrix A; to be an s X (p + 1) matrix A; = (a;) where a;; = ¢jy for
k < pand ¢jjp+1) = [1]1Djp;. We next claim:

Theorem 2: Any two coefficient matrices C,, and C, with 1 <m <n < p will be
identical, so C,,, = C,,.

Proof: If a specific term in p; is of the form y, q for some other term g, then application
of the D,, and D, operators will give us Dp,(yxq) = qDnYx + YxDmq and
Dp(ykq) = qDnYi + yiDnq. We note that [Dy, v ]qDpmyi = q and [Dyyi]lqDpyx =
q. So the coefficients are the same for these terms. By induction we can eventually show
that [DmyilykDmq = [DnYilyxDnq, implying [Dyyi] D (viq) = [DnyilDn(viq)-
Since we can do this for each such term, and the derivation operator is additive, the
result follows.

We note that this proof will not apply for the augmented matrices, as there will also be
terms of the form z,q. Now D,,(2,,9) = qDmzZm + ZmDmq = q + z,,Dyq but
D,(zmq) = qDnzy + 2;nDnq = zy,Dpq, so there is a q in the first derivation, but not
the second. This affects the coefficient of the constant term and hence the augmented
matrix, but not any of the coefficient matrices. We can therefore take C to be the common
coefficient matrix. As we proceed, we will be assuming that for each augmented
coefficient matrix Aj, rank(A]-) = rank(C) = p. If this were not the case, it would
contradict the assumption we are making that each y, is algebraic over
Q[z1, 23, .-, Zg; ty, ty, e, t,-]. Later we will offer some guidance as to how to proceed if
rank(C) < p. For the moment, we provide the following conjecture:

Conjecture 1: If rank(C) = p, then it follows that rank(A]-) =pforl1<j<gq.

Although this conjecture is offered without proof, it seems plausible to believe because if
it were not true, it would imply some additional relation holding amongst the elements of
V1, Y2 - Vpr 21, 22, oo, Zg; £y, g, -, 6} Which is unlikely to be a linear combination of
the p;. Even if untrue in general, it seems likely to be true in any situation likely to be
encountered in practice.
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Given that we are assuming that rank(C) = p, we can then take a linearly independent
set of p rows of C, which we can call C,, and then compute B = C,~*. This gives us a
p X p matrix and we also have a p X 1 matrix, B;, which includes precisely those
elements of the rightmost column of A; corresponding to the rows of C we selected in
defining Cy. Computing BB; then gives us a p X 1 matrix whose element in row i will be
D;y;. At this point we have the gradient matrix and can proceed with an algorithm for
computing the bases and circuits. Note here that each row of the gradient matrix
corresponds to either one of the y, or the z,. In the algorithm that follows, the potential
bases will consist of sets of numbers between 1 and n where the actual basis would be the
corresponding set of y,, and z,:

e Step 1: Set the potential basis set to {1}.

e Step 2: Determine if the potential basis set corresponds to a linearly independent set of
rows of M. If it does, take one of the following actions:

o If the potential basis set has g elements, record it as an actual basis, and all subsets
as linearly independent sets.

o If the potential basis set has fewer than q elements, augment it with an additional
element one greater than its largest element. Go back to Step 2.

e Step 3: Find the largest element of the potential basis set with the property that, if we
increment it and remove all larger elements, we could still add larger elements to
complete a basis with g elements and all elements at most n. If such an element exists,
increment it, remove all larger elements, and go back to Step 2.

e Step 4: If no element was identified in Step 3, STOP.

Using the set of linearly independent sets, including but not limited to bases identified
above, we can then compute the set of circuits as follows:

e Step 1: For each linearly independent set identified in the bases algorithm, if it has k
elements, list all supersets with exactly k + 1 elements as potential circuits.

e Step 2: For each potential circuit, list all subsets with exactly k elements. If all such
subsets are linearly independent, but the superset is not, record it as an actual circuit.

Although the linearization approach as described above works, it may be computationally
expensive due to the large number of computations required over fields of rational
functions over large numbers of variables. As our final proposal for an algorithm,
therefore, we will suggest an improvement called integerization. For the integerization
approach, we construct a function F:Q[yy, Y2, ) Ypi Z1, 22, s Zg5 t1, tpy s tr] & Q
mapping each element of {y,,y,, s Ypr Z1, Z2, s Zg5 b1, Ea, ..,ty} to a unique prime
number. For example, we might set F(y;) = 11, F(y,) = 13, and so on. We choose
prime numbers to reduce the likelihood that a multiple of one such number will match
another number. We then extend this mapping to the entire field as follows:
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*F(q) = qforq € Q;
eF(u+v) = F(w) + F(v);
e F(uv) = F(w)F(v).

We then perform all operations as indicated above but in the space of rational numbers,
not rational functions. We note that any combination of rows of the gradient matrix which
are linearly independent in the integerized space will still be linearly independent in the
original space, although the converse does not necessarily hold. Given that we know the
size of any given basis, once we have found a linearly independent set with that number
of elements, we know it must form a basis. However, if we find a set of linearly dependent
elements, before pruning our search in the above algorithm, we should first verify that the
set remains linearly independent even in the original space.

We next work through the Schmitz example we introduced earlier. In the following, the
variables algebraic over the smaller fields will be Cyy, Yan, Xn, Xpn, X, Xp, Yo, Cxyn,
Cxr. These correspond to the y; in our framework and will always be referred to in that
order,so y; = Cyy, Yy = Ygu,andsoon. Also z; = Y;, z, = T.We can then compute

one of the augmented coefficient matrices, A, which corresponds to Y;, as follows
(Fig. 2.1):

o 0 o7 0 -6 —06Y, 0 —d5X 0 0 0
s
dg + &7 Oy 0 0 —05Y, 0 Dot 0 0 Mg
e

. i

0 —0sXn 0gYan — 0 9 0 0 Jdg o2 0
onT

0 —04 — o 0 0 0 53 %ibdns ‘ol Yo

aSXu

—dg — &7 0 0 0 55Y; 0 85X 0 0 0

0 1’55X” ESSYm] 0 0 0 0 —(sg E 5‘]0 0 0

0 0 —onT 0 0 0 0 0 d12 0

0 0 o T 0 0 0 0 0 —d; 0

o7 0 0 0 0 —d13 0 0 0 0

0 0 0 —014 0 0 0 1o 0 0

| 0 0 0 0 0 0 e 0 0 —(3_15_

Fig. 2.1. Augmented coefficient matrix for Schmitz model.

Per our approach, we can then make the following integer assignments (Fig. 2.2):
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bo=43 & =47 66 =53 d3 =59 &y =61 05 =67 0=T71
&=73 &H=79 =89 d10 =11 d1=19 =13 Fd3=31
Ma=23 di5=41 6b6=37 Cxy=17 Yn=29 X,=97 Xp” =101
X=103 X, =107 Y; =109 Cyxy,=127 Cxr=131 Y; =113 T =283

Fig. 2.2. Integer assignments for Schmitz model.

After making these integer assignments, the augmented coefficient matrix can be reduced
to the following (Fig. 2.3):

Il

[ 71 0 55 0 730 0 6%1 0 0 0
44 61 0 0 -733 0 -7001 0 0 37
0 7663 —3921 0 47 0O 0 89 13 0
0 -7724 —2291 © 0 0 5 100 0 0
~144 0 0O 0 733 0 601 0 0 0
0 7663 2291 0O 0 0 0 -0 0 0
0 0 1577 0 0 0 0 0 13 0
0 0 1577 0 0 0 0 0 -13 0
73 0 0o 0 0 31 o 0o 0 o0
0 0 0 -23 0 0 0 1 0 0
[ 0 0 0 0 0 0o 4 0o 0 -37)

Fig. 2.3. Augmented coefficient matrix for Schmitz model after integerization.

Using these values, we can solve for the entries in the gradient matrix, and go on as above
to compute the matroid, which has 19 bases and 45 circuits.

2.4. Results and Conclusions

Complete empirical results are not yet available, but we have found some promising
preliminary results based on two models — namely the Schmitz model, which we used as
an example in Section 3, and the Lee model, also referenced in [11]. We compared our
integerization approach to the results obtained by using the code provided in [15]. The
initial results are quite promising (Fig. 2.4):

Model Integerization Classical
Schmitz 0.4 sec 0.8 sec
Lee 1.5 sec 20.0 sec

Fig. 2.4. Integerization vs classical approach.

As can be seen, when run on the quite simple Schmitz model, we already see a modest
improvement. When we move to the slightly more complex Lee model, however, the
improvement grows to over an order of magnitude. One would like to provide a more
extensive set of results, comparing results in various scenarios — using Grobner bases,
linearization, integerization, and possible variants of these approaches. Several factors
make a complete analysis challenging at this time. Despite the interest in algebraic
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matroids, it is not clear that anyone has, as yet, provided a complete analysis of a well
defined algorithm for doing so. The present work may be one of the first efforts to do so.
For example, [10] proposes linearization as an improvement upon Grobner bases for
computing algebraic matroids, but the details of the algorithms for either approach is
not included.

The code, provided as a supplement to [15], does work to compute algebraic matroids.
The approach in the actual code, however, seems to be to first compute rank, and then
loop through all possible subsets of the set of algebraic variables of the appropriate size
to determine which represent bases. This likely partially explains why the improvement
using the present approach is much greater for the Lee model than for the Schmitz model.
The present approach prunes the search. However with the Schmitz model each basis has
only two elements, meaning there is no actual pruning to be done. The fact that the present
approach still wins, even with the Schmitz model, indicates that pruning is not the only
advantage, and the integerization approach itself provides some advantage. However the
pruning of the search likely accounts for some of the additional advantage seen with the
Lee model.

In the previous section we assumed that rank(C) = p, and left aside what to do if
rank(C) < p. If rank(C) < p, then we can reduce C to row reduced echelon form. Indeed
this gives us a possible approach for dividing the x; into the y, and z;. We first compute
C over the x;.. If we find rank(C) < p, then we compute C in row reduced echelon form.
The columns without leading ones, of which there should be p — rank(C), correspond to
individual x;,. We propose that we treat the x; corresponding to columns with leading
ones as algebraic, and put them in the y; grouping, and treat the remaining X, as
independent transcendentals over Q[t, t, ..., t;-], putting them in the z, grouping. In
every example we have tried so far, this approach has worked, but we have not yet proven
its validity, so we must leave the following as a conjecture:

Conjecture 2: If rank(C) < p, we can express C in row reduced echelon form, E. We can
treat the columns of E with leading ones as corresponding to independent transcendentals
over Q[ty, ty, ..., t,], and the remaining columns as corresponding to algebraics.

Essentially Ingleton [8] gives us a way of determining algebraic independence by instead
looking at linear independence over the field extension
Q[Y1, Y2 o+ Vpi 21, Z2, s Zq; ty, ta, -, t] . The approach we are proposing essentially
allows us, in many but potentially not all cases, to reduce this further to looking at linear
independence over Q. As we discussed earlier, in some cases we do need to perform a
verification step to make sure this reduction has produced a valid result in our particular
case. A recent arXiv preprint by Rosen et.al. [16] looks at the intermediate question of
whether we can reduce the question to one of linear independence over Q[¢ty, ¢y, ..., t;]-
The conclusion of Rosen is that this is definitely not possible in all cases, but promisingly
appears to be possible in many cases, although Rosen has not fully characterized the
circumstances in which this may be possible. circuits.
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While the empirical comparisons presented here suggest clear advantages to linearization
and integerization, several questions remain open, both in terms of sharpening recent
results and extending the theoretical framework; these are taken up in the concluding
section on future work.

2.5. Future Work

The present chapter has introduced linearization and integerization as complementary
strategies for computing algebraic matroids more efficiently. Integerization, in particular,
enables one to identify isomorphic matroids over smaller fields, thereby reducing the
computational complexity in many instances. Linearization, while discussed by Rosen,
has not previously been developed into a complete algorithm to the best of the author’s
knowledge; here, it is formalized and then positioned as the foundation for integerization.
Together, these methods lay the groundwork for both more scalable algorithms and a more
rigorous theoretical framework than has been available in the literature to date.

While the early work of Rosen and his co-authors ([10, 11, 14, 15]) provided a pioneering
bridge between algebraic matroids and applied domains such as biology, much of the code
provided as a supplement has relied on brute-force enumeration based on Macaulay2
computations. This has left several theoretical and algorithmic questions only partially
addressed. In this respect, the present chapter clarifies the exact role of Grobner bases in
the computation of algebraic matroids and connects them explicitly to linearization and
integerization, offering a more systematic foundation for further research.

At the same time, the more recent contributions of Rosen, Sidman and Theran [16] may
provide a promising framework for removing more of the bottlenecks associated with
Grobner basis computations, provided the results can be sharpened and extended.
Integrating those insights with the linearization and integerization framework presented
here could yield hybrid approaches that improve both theoretical guarantees and practical
performance. This interplay between recent advances and the methods introduced in this
chapter points to a particularly fertile line of future investigation.

Finally, there remain deeper questions that reach beyond the immediate computational
challenges. Conjectures about the theoretical limits of linearization and integerization, and
even connections to foundational propositions such as Zorn’s Lemma for infinite
analogues, all suggest potential directions for a more abstract mathematical treatment.
Such explorations may be of less direct relevance to the signal processing audience of this
volume, but they are vital stepping stones toward a broader understanding of algebraic
matroids. In this way, the current chapter aims both to advance applied computation and
to signal new opportunities for more purely mathematical inquiry.
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3.1. Introduction

Holotomography is a technique that combines holography with tomography to create
cross-sectional images of an object [1]. It involves capturing multiple holograms from
different angles and using computer algorithms to reconstruct a three-dimensional image
of the object [2]. This allows for detailed analysis of the object's internal structure and can
be used to visualize objects that are transparent or otherwise difficult to image using other
methods [3]. In biology, holographic tomography has been used to study the internal
structure of cells and other biological samples, such as visualizing the three-dimensional
structure of cells and their organelles and tracking the movement of molecules within
cells. Overall, holographic tomography is a valuable tool for studying the internal
structure of objects and has a variety of applications in biology and other fields.

Amoebas are a type of single-celled organism that are found in a variety of aquatic
environments, including freshwater, marine, and soil. While most amoebas do not pose a
significant threat to humans, some types of amoebas can cause serious infections if they
enter the human body through the nose, mouth, or other openings. For example, the
amoeba Naegleria fowleri, which is commonly found in warm freshwater environments,
can cause a rare and often fatal brain infection called primary amebic meningoencephalitis
(PAM) if it is inhaled through the nose. In addition to the dangers posed to humans, some
types of amoebas can also be harmful to other aquatic organisms and can affect the overall
quality of the water. It is important to be aware of the potential risks associated with
amoebas and to take appropriate precautions to avoid exposure. Amoebas are a type of
eukaryotic organism that are traditionally classified under the Kingdom Protista. They are
characterized by their ability to change shape, a trait that is facilitated by their flexible cell
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walls. Some amoebas, such as Naegleria fowleri, are capable of entering the human body
through the nose and feeding on neurons, leading to destruction of brain tissue. This type
of amoeba is often referred to as the brain-eating amoeba, and it has a very high fatality
rate of 97 %. It is important to be aware of the potential risks posed by this type of
amoeba [4, 5].

Holotomography is a technique that combines holography with tomography (a method for
creating cross-sectional images of an object) to create detailed, three-dimensional images
of objects [2, 7]. It involves capturing multiple holograms of an object from different
angles and using computer algorithms to reconstruct a three-dimensional image of the
object's internal structure and properties [8]. Holographic tomography has a wide range
of applications, including the study of biological samples such as cells and
microorganisms [9, 10], as well as non-biological objects such as materials and
engineering structures [11]. One of the key advantages of holographic tomography is that
it is non-invasive and does not require the use of stains or chemical agents, making it a
safe and reliable method for studying objects in their natural state [5]. In this paper, we
will describe our use of holographic tomography to extract and segment amoebas
from liquids.

The study of amoebas, single-celled organisms that are found in a variety of aquatic
environments, is of great interest due to their diverse roles in ecosystems and their
potential impacts on human health [1]. To accurately and precisely study the behavior and
characteristics of amoebas, it is important to be able to extract and segment them from
liquids, such as water samples. In this study, we used holographic tomography, a
technique that involves capturing multiple holograms of an object from different angles
and using computer algorithms to reconstruct a three-dimensional image [12], to extract
and segment amoebas from liquids. By analyzing the three-dimensional images of the
amoebas, we were able to study their size, shape, and movement in detail [9]. Holographic
tomography is a non-invasive technique that does not require the use of stains or chemical
agents, making it a safe and reliable method for studying amoebas in their natural habitat
[12]. In this paper, we will describe our use of holographic tomography to extract and
segment amoebas from liquids and discuss the benefits of this approach.

Overall, the use of holotomography technique to extract and segment amoebas from
liquids allows for detailed, three-dimensional analysis of these organisms and can provide
valuable insights into their behavior and characteristics. By visualizing and tracking the
movement of amoebas in real-time, it is possible to study their interactions with their
environment and understand how they may be affected by different factors. Additionally,
the non-invasive nature of holographic tomography makes it a safe and reliable method
for studying amoebas in their natural habitat. In the following sections, we will present
our results and discuss the implications of our findings for the study of amoebas and their
role in ecosystems and human health.
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3.2. Materials and Methods

3.2.1. Experimental Setup

In our experimental setup, we harnessed the technique of holotomography to examine
water samples containing amoebas. We initiated the process with a sophisticated doubled
YAG laser, operating at a precise wavelength of 532 nm, characterized by an ultra-short
pulse width of 10 nanoseconds and an impressive pulse energy of 100 millijoules. This
powerful laser system played a pivotal role in capturing holograms of our water samples,
with a unique twist. Rather than employing a traditional single-angle holography
approach, we took a multi-angle approach. We recorded holograms at six specific angles:
0°, 30°, 60°,90°, 120°, and 150°. This multi-angle strategy was instrumental in enhancing
our holographic recordings by providing a comprehensive view of the amoebas within the
water samples. It significantly boosted both the resolution and contrast of our holographic
imagery. The key advantage of employing a pulsed laser in our setup lay in its ability to
eliminate motion blur. As we recorded the dynamic water droplets containing amoebas,
the pulsed laser's ultra-short duration ensured that even rapidly moving objects were
imaged with precision, guaranteeing accuracy in the representation of amoebas.
Subsequent to hologram acquisition, we took a post-processing approach. We
meticulously extracted the phase component for each recorded slice based on our previous
work [13-21]. The purpose of this phase extraction was to isolate the characteristic
features of the amoebas. To achieve this, we turned to active contour theory. This
advanced image segmentation technique proved highly effective in distinguishing the
amoebas from the background, substantially enhancing the interpretability of the
holographic data. Now, the heart of our approach lay in the application of
holotomography. This technique allowed us to reconstruct detailed three-dimensional
structural information and study the dynamic behaviors of the amoebas with an
exceptional degree of precision. Holotomography, with its capacity for volumetric
reconstruction, provided invaluable insights into the amoebas' morphology and their
interactions within their aquatic environment. Lenses in our setup were instrumental in
precisely directing and focusing the laser beam, ensuring optimal beam quality.
Furthermore, a beam splitter and six CCD cameras, each equipped with its own lens,
facilitated simultaneous hologram recording from multiple angles, enabling
comprehensive imaging of amoebas within water samples. In summary, our experimental
setup, which seamlessly integrated holotomography with a high-powered pulsed laser,
multi-angle holographic recording, and advanced image segmentation techniques, enabled
us to effectively extract and segment amoebas from water samples. This comprehensive
approach offered a profound understanding of amoeba behavior, their intricate
three-dimensional structure, and their interactions within their aquatic habitat, thus
advancing our scientific analysis in the field.

3.2.2. Detection Phase

Fig. 3.2 showcases inline holograms of water samples containing amoebas recorded at
various angles (0 degrees, 30 degrees, 60 degrees, 90 degrees, 120 degrees, and
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150 degrees) using our experimental setup. These holograms were instrumental in our
endeavor to detect the presence of amoebas through the phase component.
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Fig. 3.1. Holotomography Setup for the detection Amoebas from Liquids samples.
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Fig. 3.2. Recorded Inline Holograms of Water Samples Containing Amoebas.

To elaborate on the scientific aspect, the detection of amoebas relied on the variation in
the phase component caused by the refractive index differences between the amoebas and
their surrounding water medium. The extraction of the phase component for each recorded
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slice provided valuable data regarding these refractive index disparities, ultimately
enabling the identification and localization of amoebas within the holograms. This
phase-based detection approach not only offers high sensitivity but also allows for
label-free and non-destructive analysis, making it a powerful tool in the realm of
biological imaging and analysis.

The integration of holotomography with phase extraction techniques in our study
represents a cutting-edge approach to the detection of amoebas in water samples.
Holotomography provided us with the capability to acquire detailed three-dimensional
information about the specimens. This technique was instrumental in capturing inline
holograms from multiple angles, giving us a comprehensive view of the amoebas within
the samples. Concurrently, phase extraction served as the key to unveil the amoebas within
the holographic data.

Through phase extraction [15], we deciphered the specific phase changes induced by the
presence of amoebas in the laser light. These phase variations were intricately linked to
refractive index differences between the amoebas and the surrounding water medium. By
combining holotomography and phase extraction, we could localize amoebas with a high
degree of precision, leveraging the remarkable sensitivity of phase-based detection. The
resulting combination allowed us to not only observe the three-dimensional structure of
the amoebas but also accurately pinpoint their positions within the samples. This synergy
between holotomography and phase extraction represents a significant advancement in
biological imaging, providing a holistic approach for the detection, localization, and
detailed study of amoebas in their natural aquatic habitat.

In Fig. 3.3, we delve into the critical phase of detection in our holographic tomography
setup. This phase illustrates the results of our method applied to all the recorded slices at
different angles. The primary objective here is to showcase the effectiveness and
reliability of our proposed approach for detecting amoebas within liquid samples using
our system. To understand this process scientifically, consider the object of interest as a
small 3D structure situated at a distance "d" from the CCD camera. In our holographic
tomography setup, we employ the Fresnel approximation formula, a well-established
mathematical approach in optics. The core of this method involves utilizing an inverse
Fourier-transform formula, as expressed in Equation (3.1). This mathematical procedure
allows us to computationally reconstruct the holograms recorded at different angles,
thereby generating a comprehensive view of the object's three-dimensional characteristics.
In this case, it enables us to visualize and analyze the presence and location of amoebas
within the liquid samples with a high degree of accuracy, highlighting the robustness of
our detection method.
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where 3, ,[hEgw] is the Fourier transform operator. The intensity is calculated by
squaring the optical field, i.e., I(§,7) = |I'(§,1)|?, and the phase is calculated using
¢(x,y) = arctan (Im[['(¢,n)]Re[l'(&,7n)]. If x, y are discretized on a rectangular raster
of Ny, X N,, points (corresponding to the number of pixels in the CCD camera in the x and
y dimensions, respectively) with step sizes Ax, Ay, which are the pixel-to-pixel distances
on the CCD in the x and y directions, respectively.
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Fig. 3.3. Holographic Detection of Amoebas: Phase Analysis at Diverse Angles.

Fig. 3.4 provides a visual representation of the distribution of phase component peaks at
amoeba positions according to the proposed method. These peaks, crucial for identifying
amoeba presence, are recognized using our method and clearly highlighted in the figure
using the red color. This distribution map facilitates a comprehensive comparison of phase
values across various angles, underscoring the efficacy of our proposed technique for
reliable amoeba detection and segmentation in liquid samples. In a manner similar to its
application in our study [15, 19], Fig. 3.4 underscores the importance of parameter "L" as
a reliable indicator for amoeba detection within the liquid medium. It's worth noting that
in the case of amoebas, the average L value in our healthy water sample images stands at
130, while in water samples contain amoebas, it significantly rises to 427. Moreover, the
in-phase component peaks consistently fall within the [400, 450] range for amoebas,
highlighting their presence. Conversely, in images of healthy water samples with uniform
pixel intensity distribution, the in-phase component peaks remain confined to the
[110, 150] range.

Fig. 3.5a presents the 3D reconstruction of amoebas in liquids using our proposed setup.
The figure includes multiple views of the reconstructed 3D image, including top, bottom,
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front, and side views. This figure provides a detailed and comprehensive view of the 3D
structure of the amoebas and allows for the visualization of their internal features. this
figure helps to illustrate the capabilities of our proposed setup for 3D reconstruction of
sample of water. this figure helps to illustrate the capabilities and potential of our proposed
setup for 3D reconstruction. The Fig. 3.5b provides a detailed and comprehensive view of
the multiple projections of the volume from different angles and allows for the
visualization of the internal features and relationships within the volume.

Fig. 3.4. Phase component peaks at the amoeba position according to the proposed method.

After the initial contour has been optimized using the proposed active contour model, the
3D shape of the object can be reconstructed by numerically reconstructing the function
h(x,y) and computing the intensities / on multiple planes at various angles and at
distance d surrounding the test volume. This process involves using the discretized form
of the Fresnel diffraction formula and performing some coordinate transformations. The
resulting reconstructed intensities are then multiplied along each angular projection to
obtain a 3D reconstruction of the object Equation (3.2).

I=T1{L (3.2)
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a) b)

Fig. 3.5. 3D Reconstruction and Multiplication of Projections from Different Angles
for our Sample.

3.3. Results and Discussion

3.3.1. Detection Evaluation

To evaluate the performance of our proposed method for detecting and segmenting
amoebas in liquids using holotomography, we measured the accuracy of the method in
terms of its ability to correctly identify the position of the amoeba based on the value of
the ¢ parameter returned by our setup (Table 3.1). To compare the performance of our
method with other state-of-the-art methods, we also calculated the percentage of accuracy
for the Potential Field Segmentation (PFS), Edge Detection, Template Matching, and
Clustering methods in detecting the centers of the amoebas. The results of these
comparisons provide insight into the relative effectiveness of these different approaches
for detecting and segmenting amoebas in liquids. Potential Field Segmentation (PFS) is a
method used in image processing and computer vision to segment an image into different
regions or objects [23]. It works by creating a potential field for each pixel in the image,
with the strength of the field determined by the pixel's intensity or color. Pixels with
similar intensities are attracted to each other, causing them to cluster together and form a
segment. Edge detection is a method used to identify the boundaries of objects in an
image. It works by detecting sudden changes in pixel intensity or color, which typically
occur at the edges of objects. There are many different edge detection algorithms, each
with its own strengths and weaknesses [20]. Template matching is a method used to find
a template or pattern in an image [24]. It works by sliding the template over the image and
comparing the template to each subregion of the image. If the template and subregion
match, the method records the location of the match. Template matching can be used for
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object recognition, image registration, and many other applications. Clustering is a
method used to group data points into clusters based on their similarity. It is often used in
image processing and computer vision to segment an image into different regions or
objects. In image segmentation, the principle of clustering algorithms involves
partitioning an image into meaningful regions or objects based on similarities in pixel
values, colors, textures, or other visual features. Clustering algorithms such as K-Means,
DBSCAN, or hierarchical clustering can be applied to group pixels with similar
characteristics into distinct clusters, effectively segmenting the image into semantically
meaningful regions. This process aids in tasks like object detection, image recognition,
and computer vision by isolating and identifying objects or regions of interest within the
image [21, 22].

Table 3.1. Proposed method percentage in returning the parameter c inside the amoeba
and the average time compared the state of art.

Accuracy (%) Time average
Methods . Outside g
Inside Amoeba | Edge Amoeba Amoeba (seconds)
Edge detection o N 0
method [20] 80 % 19 % 1% 9.1007
Template
matching method 90,5 % 5,5% 4% 7.4689
[24]
Cl“Stglfgzgﬁeth"d 96 % 2% 2% 13.1247
Potential field o o
method [23] 95 % 0 5% 38.1643
Proposed method 98 % 2% 0% 1.4322

3.3.2. Segmentation Evaluation

Image segmentation techniques such as the Geodesic Active Contour (GAC) [25],
Localized Active Contour (LAC) [24], and Active Contour driven by Cuckoo Search
(ACCS) [28] have been widely used for their ability to extract objects of interest from
images. GAC is a fast method that can handle topological changes well but may struggle
with noisy or concave objects. On the other hand, LAC is more sensitive to local features
and less sensitive to global features than GAC but may be more prone to getting stuck in
local minima [27]. ACCS combines the principles of active contours with the Cuckoo
Search optimization algorithm, allowing it to more effectively escape local minima and
find the global minimum energy solution. However, ACCS may be slower due to the
added computational cost of the Cuckoo Search algorithm. Each of these methods has its
own strengths and limitations, and the appropriate method to use may depend on the
specific needs of the application.

In comparison (Table 3.2) to the Geodesic Active Contour (GAC) method, our method
showed improved sensitivity and specificity, as well as a lower average time for image
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processing. The Dice coefficient was similar between the two methods, but our method
had a slightly smaller Hausdorff distance. The Localized Active Contour (LAC) method
had similar sensitivity and specificity to our method, but a lower Dice coefficient and a
larger Hausdorff distance. The Active Contour driven by Cuckoo Search (ACCS) method
had the highest sensitivity and Dice coefficient, but the longest average processing time
and the largest Hausdorff distance. Overall, our method strikes a good balance between
accuracy and efficiency, making it a strong contender in image segmentation tasks.

Table 3.2. Sensitivity, Dice, Hausdorff distance, Specificity, and elapsed time rates obtained
from the optimal contour of the images of our sample reached by using the Geodesic Active
Contour (GAC), the Localized Active Contour (LAC), the Active Contour driven by Cuckoo
Search (ACCS), and the proposed method (Proposed).

Patients Method Sen i)sﬁx\;:);“i) Ha Spe Times (s)
Captured GAC 0.7083 +1.1 | 0.7539+6.2 | 3.2311+2.5 | 0.9645+0.6 12.8450 £1.2
image LAC 0.8905 +£2.5 | 0.9371+3.2 | 2.6478 +2.6 | 0.9772+2.1 11.2406 £1.9
at 0° ACCS 0.9391 £7.4 | 0.938449.0 | 2.7448 +5.2 | 0.9240+1.2 18.1200 £2.0
Proposed | 0.9798 £0.6 | 0.9876 +0.1 | 2.7902+0.1 0.9969+1.5 1.4321 +0.1
Captured GAC 0.6854 +0.0 | 0.7978 +4.3 | 4.3569 +6.1 | 0.9913 +4.5 | 12.8352 £1.0
image LAC 0.8152+5.4 | 0.92414+2.2 | 4.5010+2.0 | 0.9907 £2.8 | 11.2316=+1.1
at 30° ACCS 0.9243 +1.5 | 0.9685+0.8 | 3.6050 +2.5 | 0.9969 +1.1 | 18.1340+2.6
Proposed | 0.9849+0.3 | 0.9792+0.6 | 2.1597 +0.2 | 0.9987 +0.1 1.4401 +0.3
Captured GAC 0.6804 £5.3 | 0.8689£5.2 | 6.5823 +2.5 | 0.9702+0.3 | 12.7052+1.4
image LAC 0.6915+1.3 | 0.7917+4.2 | 5.7490 +3.5 | 0.8914+0.1 | 10.1016 £2.1
at 60° ACCS 0.9574 £2.8 | 0.9620 +4.1 | 3.8760 +5.1 | 0.9892+0.7 | 18.1340 +3.1
Proposed | 0.9978 £0.1 | 0.9898 £0.0 | 2.0194 £1.1 | 0.9987 +0.0 1.4301 £0.5
Captured GAC 0.5435+3.6 | 0.6842+0.2 | 4.5432+7.7 | 0.9976 1.7 | 12.9528 +8.7
image LAC 0.6951+2.2 | 0.7845+1.3 | 4.0214+3.7 | 0.9850 +4.6 9.8972 +8.0
at 90° ACCS 0.8785+3.5 | 0.9456+1.4 | 3.0145+2.3 | 0.9679+7.4 | 17.8972+5.4
Proposed | 0.9876 £0.1 | 0.9934 +0.5 | 2.0124 1.1 | 0.9899 +0.2 1.4401 1.0
Captured GAC 0.8267 £3.4 | 0.7382+£2.8 | 4.8558+£3.9 | 0.9804 £3.5 | 12.5467 +8.6
image LAC 0.8678 £2.0 | 0.8243 £0.0 | 6.5701 £1.2 | 0.9906 £0.5 | 10.1245 +2.8
at 120° ACCS 0.9242 +2.1 | 0.9780+0.2 | 3.6437 +1.1 | 0.9881+4.6 | 18.7682 +1.8
Proposed | 0.9896 £0.1 | 0.9964 +0.2 | 2.3559 +1.1 | 0.9967 +0.3 1.4330 +0.6
Captured GAC 0.7952 +5.4 | 0.8256+2.7 | 3.2310+2.0 | 0.9920+2.2 | 12.3899 +7.4
image LAC 0.8645+0.3 | 0.7981+0.7 | 3.2453 +0.0 | 0.9965+7.9 | 10.5313+0.9
at 150° ACCS 09145 +2.0 | 0.9680+3.3 | 2.8947+6.7 | 0.9988 £2.3 | 17.3692 £5.0
Proposed | 0.9956 +£0.8 | 0.9962+2.2 | 2.0420+0.1 | 0.9998 +1.7 1.4310 +4.6

The evolution of the initial contour detected by our system is performed using the
proposed active contour model, which is programmed using finite differences after the
energy function has been discretized and linearized. This allows us to track the evolution
of the contour as it moves towards the optimal solution for the given energy function
Eq. (3.3). The finite difference approach enables us to approximate the derivatives of the
energy function in a computationally efficient manner, and the linearization allows us to
solve for the update to the contour at each iteration using a set of linear equations. By
iteratively updating the contour according to the optimized solution, we are able to
accurately extract the object of interest from the image.
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Eij = aCyj+ Bl —my;|*> + vl — M |2, (3.3)

where o = =y =1 are fixed parameters. C;; is the initial contour detected by the proposed
method. m;; is the average of the input RM image I(x,y) inside the initial contour Ci;. M;;
is the average of the input RM image I(x,y) outside the initial contour C;jand

TP

TP+FN — 0= Tp+@— >

<1, Hy(G,S) = max {maxminlla — b||, maxmin||b — a||}
a€G beS beES a€aG

0<Sen =

3.4. Conclusion

In summary, our use of holographic tomography to extract and segment amoebas from
water samples has allowed us to visualize the three-dimensional structure and movement
of these organisms in detail, study their behavior and interactions with their environment.
The use of multiple CCD cameras to record holograms at different angles has improved
the resolution and contrast of the images, resulting in clearer and more detailed
visualization of the amoebas. The extraction of the maximum value from the in-phase
component of the scanned data allows for the reliable and precise localization of amoeba
positions. Concurrently, the application of active contour theory enables the meticulous
delineation and segmentation of amoebas from their surrounding environment. This
synergistic approach ensures a scientifically rigorous methodology for amoeba detection
and analysis. Simultaneously, 3D reconstruction of amoebas provides critical insights into
their structure and behavior, enhancing our understanding of their ecological roles and
potential impacts on human health. Overall, our results demonstrate the effectiveness of
holographic tomography as a powerful tool for studying the internal structure and
properties of biological samples and have important implications for understanding the
behavior and interactions of amoebas in aquatic environments. This knowledge is
instrumental in assessing water quality and safety for human consumption, contributing
to essential public health considerations.
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