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Abstract: Elman neural network is a recurrent neural network. Compared with traditional neural networks, an 
Elman neural network has additional inputs from the hidden layer, which form a new layer called the context 
layer. The standard back-propagation algorithm used in Elman neural networks is called back-propagation 
algorithm. Elman neural networks can be applied to solve prediction problems of discrete-time sequences. In the 
present paper, for a modified Elman neural network with a periodic input, we present sufficient conditions for the 
existence of a periodic output by using Mawhin’s continuation theorem of the coincidence degree theory. 
Examples are given of Elman neural networks satisfying these sufficient conditions. Periodic solutions are found 
for particular choices of the weights, self-feedback factor and periodic inputs. Further on, sufficient conditions are 
presented for the global asymptotic stability of a periodic output. The periodic outputs corresponding to the 
solutions previously found are shown to be globally asymptotically stable for any continuous transfer functions 
of the output layer. 
 
Keywords: Elman neural network, Hidden layer, Context layer, Periodic input and output, Mawhin’s continuation 
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1. Introduction 

 
Artificial neural networks are computational 

paradigms which implement simplified models of 
their biological counterparts, biological neural 
networks. Biological neural networks are the local 
assemblages of neurons and their dendritic 
connections that form the human brain. Neural 
networks process information in a similar way the 
human brain does. The network is composed of a large 
number of highly interconnected processing elements 
(neurons) working in parallel to solve a specific 
problem. Neural networks learn by example. 

An important application of neural networks is 
pattern recognition. Pattern recognition can be 
implemented by using a feed-forward neural network 

that has been trained accordingly. During training, the 
network is trained to associate outputs with input 
patterns. When the network is used, it identifies the 
input pattern and tries to output the associated output 
pattern. The power of neural networks comes to life 
when a pattern that has no output associated with it, is 
given as an input. In this case, the network gives the 
output that corresponds to a taught input pattern that is 
least different from the given pattern.  

Elman neural network [1] is a kind of recurrent 
neural networks. Compared with traditional neural 
networks, an Elman neural network has additional 
inputs from the hidden layer, which form a new layer 
called the context layer. So the standard back-
propagation algorithm used in Elman neural networks 
is called Elman back-propagation algorithm. Below 
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we give a brief overview of the literature on 
applications of Elman neural networks.  

In [2], an overview of the structure and learning 
algorithm of the Elman neural network is presented. A 
modified Elman network is proposed by adding new 
adjustable weights that connect the context nodes with 
output nodes. Convergence speeds of the two network 
structures are compared. Theoretical analysis and 
simulation results show that the improved neural 
network-based identification method has the 
advantage of identifying both linear and nonlinear 
dynamic systems.  

In [3], an overview of the structure of the Elman 
neural network and its modified form is presented. By 
comparing with the discrete PID (Proportional, 
Integral, and Derivative) control algorithm, their 
dynamic characteristics are fully discussed using the 
z-transform function. It is concluded that the modified 
Elman network has better dynamic properties.  

With the rapid development of internet, the 
security of internet becomes a vital problem. In order 
to prevent hacks from intruding internet systems, 
intrusion detection becomes one of the “hottest” 
subjects. Intrusion detection systems detect and 
prohibit abnormal actions. By building profiles of 
authorized computer users, the neural network can be 
trained to classify the incoming computer traffic into 
authorized traffic or not authorized traffic. A hybrid 
RBF/Elman neural network model that can be 
employed for both anomaly detection and misuse 
detection, is presented in [4]. The intrusion detection 
systems using the hybrid neural network can detect 
temporally dispersed and collaborative attacks 
effectively because of its memory of past events. The 
RBF (radial basis function) network is employed as a 
real-time pattern classification and the Elman network 
is employed to restore the memory of past events.  

Elman neural networks can be applied to solve 
prediction problems of discrete-time sequences [5-8]. 
In [6], a novel prediction algorithm based on an 
improved Elman neural network ensemble for quality 
prediction is proposed, thus achieving the quality 
control of designed products at the product design 
stage. First, the Elman neural network parameters are 
optimized using the grasshopper optimization method, 
and then the weighted average method is improved to 
combine the outputs of the individual neural networks, 
where the weights are determined by the training 
errors. Simulations are conducted to compare the 
proposed method with other neural network methods 
and evaluate its performance. The results  
demonstrate that the proposed algorithm for quality 
prediction achieves better accuracy than other neural-
network methods.  

Two improved Elman network models, output-
input feedback and output-hidden feedback, are 
proposed in [7] based on the modified Elman network. 
A recurrent back-propagation control network model 
is developed by using the output-input feedback 
Elman network as a passageway of the error back-
propagation. The stability of the improved Elman and 
recurrent back-propagation control networks is 

analyzed. Adaptive learning rates are given in the form 
of discrete-type Lyapunov stability theory, which can 
guarantee the convergence of the improved Elman and 
recurrent back-propagation control networks. The 
speed of the ultrasonic motor is identified using the 
modified Elman network, output-input feedback and 
output-hidden feedback Elman networks, respectively, 
and some useful comparable results are presented. 
Numerical results show that the recurrent back-
propagation controller is effective for various kinds of 
reference speeds of the ultrasonic motor and the 
proposed scheme is fairly robust against random 
disturbance to the control variable.  

In [8], an Output-Hidden Feedback Elman 
Adaptive Boosting-Bootstrap Aggregating algorithm 
is proposed under a comprehensive diagnosis 
framework. First, the original signal is decomposed, 
denoised and reconstructed by Ensemble Empirical 
Mode Decomposition. Then, an output-hidden 
feedback Elman neural network is designed by 
increasing a feedback from the output layer to the 
hidden layer based on Elman neural network. This 
improves the memory function for dynamic data of 
rolling bearings. Furthermore, for achieving 
diagnostic accuracy and algorithm stability, Output- 
Hidden Feedback Elman AdaBoost-Bagging 
algorithm is developed as a strong learner through the 
dual integration of AdaBoost algorithm and Bagging 
algorithm. Experimental results show that the 
proposed algorithm not only has a good diagnostic 
performance on different stages of rolling-bearing 
faults, but also achieves higher generalization ability 
and stability. This multi-stage fault-diagnosis 
framework provides a novel tool and an effective 
solution for rolling-bearing fault diagnosis. 

The Elman neural network is one of the most 
widely used and most effective neural-network models 
in artificial neural networks and has powerful 
processing ability for nonlinear decisions [9-10]. The 
paper [9] proposes a method of seam-tracking 
monitoring during high-power fiber laser welding. A 
visual sensor system is employed to capture the 
infrared images of molten pools and the surroundings 
in the laser welding process. A weld-seam position 
variable is extracted by the image difference and 
centroid algorithms. The state and measurement 
equations for weld seam position are established based 
on an eigenvector derived from the weld-seam 
position variable. A Sage-Husa adaptive Kalman 
filter, as an estimator of the noise statistical 
characteristics, is applied in order to enhance the 
filtering precision. By embedding an Elman neural 
network into the adaptive Kalman filter, an error 
estimator is used to compensate for the filtering errors. 
The results of the welding experiments have 
demonstrated the effectiveness of the proposed 
method to improve the accuracy of weld detection. 

The paper [11] presents an improved Elman neural 
network-based algorithm for optimal wind-energy 
control with maximum power point tracking. An 
online training improved Elman neural-network 
controller using back-propagation learning algorithm 
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with modified particle swarm optimization is designed 
to allow the pitch adjustment for power regulation. 
The node connecting weights of the improved Elman 
neural network are trained online by back-propagation 
methodology. Modified particle swarm optimization is 
adopted to adjust the learning rates in the back-
propagation process to improve the learning 
capability. The performance of the proposed Elman 
neural network with modified particle swarm 
optimization is verified by many experimental results. 

The Elman neural network can be considered as a 
special kind of feed-forward neural network with 
additional memory neurons and local feedback. 
Because of its better learning efficiency, 
approximation ability, and memory ability than other 
neural networks, the Elman neural network can not 
only be used in time series prediction, but also in 
system identification and prediction [12-13, 8, 14].  

In [12], the weights, thresholds and numbers of 
hidden-layer neurons of Elman networks are 
optimized by a genetic algorithm. It improves training 
speed and generalization ability of Elman neural 
networks to get the optimal algorithm model. 

According to the requirement of real-time 
monitoring of the conversion rate of vinyl chloride in 
the production process of polyvinyl-chloride 
polymerization and the nonlinearity of the industrial 
data, in [13] an Elman neural network with strong 
nonlinear performance is chosen to build the soft-
sensor model. So the whale optimization algorithm is 
adopted to optimize the Elman neural network, to 
avoid it falling into a local optimum. At the same time, 
to solve the problem that the position of the search 
agent is randomly distributed in the initialization 
process of the whale optimization algorithm, and to 
introduce the idea of chaos, a chaos whale 
optimization algorithm based on the idea of chaos is 
proposed to improve the diversity of all search agents 
and egocentricity of agent search by utilizing the 
chaotic features. 

In [14], a data-driven prediction method 
combining condition-monitoring data and Elman 
neural network is proposed. This method finds the 
remaining useful life of ultrasonic motor by predicting 
the tendency of motor-performance degradation index. 
First, the improved particle optimization algorithm is 
employed to enhance the prediction accuracy of Elman 
neural network. Principal component analysis is used 
to extract the motor-degradation index from condition-
monitoring data. Then Elman neural network 
prediction model is established to predict the variation 
trend of the degradation index, and the motor failure 
threshold is applied to evaluate the value of motor 
remaining useful life. Finally, the proposed model is 
used to perform the prediction test on three PMR60 
ultrasonic motors and compare with three benchmark 
models. Experimental results indicate that the 
proposed method is a new effective method  
for estimating the remaining useful life of  
ultrasonic motor.  

In order to improve the load-forecast precision and 
availability of power system, a method based on 

Elman neural network and MATLAB is presented in 
[15] to create a load-forecast model. Using actual load 
data to train the model, the emulation results show that 
the model has fast convergence speed and high 
forecasting precision, which can meet the needs of 
running and scheduling in power system, and using 
neural network tool-box in MATLAB to program can 
make the worker free of elaborate program and make 
the working efficiency improved effectively. An 
example shows that the method is feasible  
and effective. 

In [16], an Elman neural network with a weather 
component is proposed for the power-load forecasting. 
Elman neural network can meet nonlinear recognition 
and process prediction of the dynamic system, and 
make power system have the ability to adapt to time-
varying characteristics in mechanism. It is proved by 
simulation results that this model has a good 
performance in increasing forecasting accuracy 
because of its inherent dynamic behaviour and 
memory behaviour. The forecasting ability of Elman 
neural network is better than of back-propagation 
neural-network dynamic system, and has better 
adaptability to dynamic forecasting and prediction 
problem in mechanisms.  

In [17], a novel modified Elman neural network- 
controlled permanent-magnet synchronous generator 
(PMSG) system, which is directly driven by a 
permanent-magnet synchronous motor (PMSM) based 
on wind turbine emulator, is proposed to control the 
output of rectifier (AC/DC power converter) and 
inverter (DC/AC power converter). First, a closed-
loop PMSM drive control based on wind-turbine 
emulator is designed to generate power for the PMSG 
system according to different wind speeds. Then, the 
rotor speed of the PMSG, the voltage, and current of 
the power converter are detected simultaneously to 
yield better power output of the converter. Since the 
PMSG system is a nonlinear and time-varying system, 
two sets of online trained modified Elman neural-
network controllers are developed for the tracking 
controllers of DC bus power and AC power to improve 
output performance of rectifier and inverter.  

Because of the chaotic nature and intrinsic 
complexity of wind speed, it is difficult to describe the 
moving tendency of wind speed and accurately 
forecast it. In [18], a novel EMD–ENN approach, a 
hybrid of empirical mode decomposition (EMD) and 
Elman neural network (ENN), is proposed to forecast 
wind speed. First, the original wind-speed datasets are 
decomposed into a collection of intrinsic mode 
functions and a residue by EMD, yielding relatively 
stationary sub-series that can be readily modeled by 
neural networks. Second, both intrinsic mode function 
components and residue are applied to establish the 
corresponding ENN models. Then, each sub-series is 
predicted using the corresponding ENN. Finally, the 
prediction values of the original wind- speed datasets 
are calculated by the sum of the forecasting values of 
every sub-series. Moreover, in the ENN modeling 
process, the neuron number of the input layer is 
determined by a partial autocorrelation function. Four 
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prediction cases of wind speed are used to test the 
performance of the proposed hybrid approach. 
Compared with the persistent model, back-
propagation neural network, and ENN, the simulation 
results show that the proposed EMD–ENN model 
consistently has the minimum statistical error of the 
mean absolute error, mean square error, and mean 
absolute percentage error. Thus, it is concluded  
that the proposed approach is suitable for  
wind-speed prediction.  

The wind-speed forecasting plays an important 
role in the planning, controlling and monitoring of the 
intelligent wind power systems. Since the wind- speed 
signal is stochastic and intermittent, it is difficult to 
achieve their satisfactory prediction. In [19], a novel 
hybrid deep-learning wind-speed prediction model, 
which combines the empirical wavelet transformation 
and two kinds of recurrent neural network, is 
proposed. In the proposed new model, the empirical 
wavelet transformation is adopted to decompose the 
raw wind-speed data into several sub-layers. The long 
short term memory neural network, a deep-learning 
algorithm-based method, is utilized to predict the low-
frequency wind-speed sub-layers. An Elman neural 
network, a mainstream recurrent neural network, is 
built to predict the high-frequency sub-layers. In the 
executed forecasting experiments, eleven different 
forecasting models are included to validate the real 
prediction performance of the proposed model. The 
experimental results indicate that the proposed model 
has satisfactory performance in the high-precision 
wind-speed prediction. 

The paper [20] presents an in-flight initial 
alignment method for the guided projectiles, obtained 
after launching, and utilizing the characteristic of the 
inertial device of a strapdown inertial navigation 
system. This method uses an Elman neural network 
algorithm, optimized by genetic algorithm in the initial 
alignment calculation. The algorithm is discussed in 
details and applied to the initial alignment process of 
the proposed guided projectile. Simulation results 
show the advantages of the optimized Elman neural 
network algorithm for the initial alignment problem of 
the strapdown inertial navigation system. It can not 
only obtain the same high-precision alignment as the 
traditional Kalman filter but also improve the real-time 
performance of the system. 

The existence of periodic solutions is a classical 
problem of the qualitative theory of differential and 
difference equations. Numerous papers have been 
devoted to the existence of periodic solutions to 
different kinds of neural networks with continuous and 
discrete time. 

In our recent paper [21], for a modified Elman 
neural network with a periodic input, we obtained 
sufficient conditions for the existence of a periodic 
output by using Mawhin’s continuation theorem of the 
coincidence degree theory [22]. In our contribution 
[23], examples were given of Elman neural networks 
satisfying these sufficient conditions. Periodic 
solutions were found for particular choices of the 
weights, self-feedback factors and periodic inputs.  

The present paper is an extension of the 
contribution [23]. Sufficient conditions are obtained 
for the global asymptotic stability of a periodic output. 
The periodic outputs corresponding to the periodic 
solutions previously found are shown to be globally 
asymptotically stable solutions in the case of 
continuous transfer functions of the output layer.  

 
 

2. Existence of Periodic Solutions 
 

We consider a modified Elman network with r 
nodes in the input layer, 𝑛 nodes in the hidden and 
context layers, respectively, and 𝑚 nodes in the output 
layer which adds a self-feedback factor 𝛼, 0 𝛼 1, 
in the context nodes, based on the traditional Elman 
neural network [7-8]. Its mathematical model is  

 

 
(1) 

 

 
(2) 

 

 

(3) 

 
for 𝑘 ∈ ℕ. Here 𝑢 is the input, 𝑥 is the output of the 
hidden layer, 𝑥  is the output of the context layer, and 
𝑦 is the output of the output layer. The weights 𝑎 , 𝑏 , 
and 𝑐  respectively of the context nodes, input nodes, 
and hidden nodes are the entries of 𝑛 𝑛-, 𝑛 𝑟-, and 
𝑚 𝑛-dimensional matrices, respectively; 𝑓  are the 
transfer functions of the hidden layer often taken as 
sigmoid functions, 𝑔  are the transfer functions of the 
output layer and are often taken as linear functions.  

Clearly, for a given input 𝑢 𝑘 , 𝑘 ∈ 0 ∪ ℕ, and 
initial values 𝑥 0 , 𝑥 0  we can find the output 
𝑦 𝑘 , 𝑘 ∈ ℕ, from system (1)-(3). 

Now suppose that the input 𝑢 𝑘  is 𝑁-periodic for 
some 𝑁 ∈ ℕ, that is, 𝑢 𝑘 𝑁 𝑢 𝑘 , 𝑘 ∈ 0 ∪ ℕ. 
We are looking for an 𝑁-periodic output 𝑦 𝑘 , 𝑘 ∈ ℕ. 
This means that for a suitable choice of the initial 
values 𝑥 0 , 𝑥 0  the output 𝑦 𝑘  is 𝑁-periodic. For 
this purpose, it suffices that the output 𝑥 𝑘  of the 
hidden layer is 𝑁-periodic. 

We make the following assumptions: 
A1 There exist positive constants 𝐿 , 𝑖 1, 𝑛,  

such that  
 

|𝑓 𝑥 𝑓 𝑥 | 𝐿 |𝑥 𝑥 | 
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A2 The following inequality holds:  
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In order to formulate our last assumption, we 
introduce the 𝑛 𝑛-matrix  

 

𝒜 𝛿
𝐿

1 𝛼
𝑎 , 𝑖, 𝑗 1, 𝑛 , 

 
where 𝛿  is the Kronecker delta, and assume that 

A3 The matrix 𝒜 is an M-matrix. 
Assumption A3 implies that the matrix 𝒜 is 

nonsingular and its inverse has only nonnegative 
entries [24, 25]. 

The main result of [21] is the following theorem. 
 

Theorem 1. Suppose that assumptions A1-A3 
hold. Then the system of equations (1), (2) has at least 
one 𝑁-periodic solution 𝑥 𝑘 . 

 
Theorem 1 is proved using Mawhin's continuation 

theorem of coincidence degree theory [22].  
 

 
3. Examples  
 

Consider a modified Elman neural network with 
𝑟 2, 𝑛 3 and 𝑚 4 (see Fig. 1).  

 
 

 
 

Fig. 1. An Elman neural network with 𝑟 2, 𝑛 3 and 𝑚 4. 
 

 

Suppose that 𝛼 , the transfer functions 𝑓 𝑥 , 

𝑖 1,3, of the hidden layer all equal the sigmoid 

function 𝑓 𝑥  , 𝑢 , 𝑢  are arbitrary 𝑁-

periodic functions for some positive integer 𝑁, say, 
 

𝑢 𝑘 𝑘
𝑘
𝑁

𝑁, 𝑢 𝑘 𝑘 1
𝑘
𝑁

𝑁, 

 
𝑘 ∈ 0 ∪ ℕ, where 𝜈  is the greatest integer in the 
real number 𝜈, that is, 
 

𝑢 0 0, 𝑢 1 1, … , 𝑢 𝑁 1 𝑁 1, 
𝑢 𝑁 0,  𝑢 𝑁 1 1, … , 𝑢 2𝑁 1  

𝑁 1, 𝑢 2𝑁 0, 𝑢 2𝑁 1 1, … ;
 

𝑢 0 1, 𝑢 1 2, … , 𝑢 𝑁 1 𝑁, 
𝑢 𝑁 1,  𝑢 𝑁 1 2, … , 𝑢 2𝑁 1  

𝑁, 𝑢 2𝑁 1, 𝑢 2𝑁 1 2, …
 

a) Further on, let us assume, for the sake of 
simplicity, that the weights 𝑎 , 𝑖, 𝑗 1,3, of the 

context nodes all equal , the transfer functions 𝑔 ,  

𝑖 1,4, the weights 𝑏 , 𝑖 1,3, 𝑗 1,2, of the input 
nodes, and 𝑐 , 𝑖 1,4, 𝑗 1,3, of the hidden nodes 
are arbitrary.  

Then, assumption A1 is satisfied with 𝐿 ,  

𝑖 1,3, assumption A2 is also satisfied since 
 

1
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, 𝑖 1,3 

 
Finally, the matrix 
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is an M-matrix with inverse  
 

𝒜
2 1 1
1 2 1
1 1 2

 

 
Since all assumptions of Theorem 1 are satisfied, 

the modified Elman neural network under 
consideration has an 𝑁-periodic output 𝑦 𝑘 , 𝑘 ∈ ℕ. 

Let us assume that, moreover, 𝑏 , 𝑖 1,3,  

𝑗 1,2, and 𝑁 3. Then, the system of equations (1), 
(2) takes the form  
 

(4) 

 

 
(5) 

 
𝑘 ∈ ℕ, 𝑖 1,3, 

where 
 

𝑢 𝑘
1, 𝑘 ≡ 1 mod 3 ,
2, 𝑘 ≡ 2 mod 3 ,
0, 𝑘 ≡ 0 mod 3  

𝑢 𝑘
2, 𝑘 ≡ 1 mod 3 ,
3, 𝑘 ≡ 2 mod 3 ,
1, 𝑘 ≡ 0 mod 3  

 

 
It suffices to find the initial values 𝑥 0 , 𝑥 0 , 

𝑖 1,3, so that 
  

(6) 
 

Equations (4), (5) imply that  
 

𝑥 𝑘 𝑥 𝑘 𝑥 𝑘 , 𝑘 ∈ ℕ, 
 

and 
 

𝑥 𝑘 𝑥 𝑘 𝑥 𝑘 , 𝑘 2,3, … 

 
Thus, in order to satisfy equations (6), the initial 

conditions must be chosen so that  
 

𝑥 0 𝑥 0 𝑥 0  
 

and  
 

𝑥 0 𝑥 0 𝑥 0  

 
System (4), (5) reduces to 

 

(7) 

(8) 

 
We have found that the initial values 𝑥 0 , 𝑥 0  

satisfying (6) are (approximately)  
 

𝑥 0 1.9634, 𝑥 0 0.9810 
 
The first 4 values of the 3-periodic solution of 

system (7), (8) are presented in Table 1. 
 
 

Table 1. A 3-periodic solution of system (7), (8). 
 

 
 
 

b) Next, let us assume that 𝑎 , 𝑎 𝑎  

, 𝑎 𝑎 𝑎 , 𝑎 𝑎 , 𝑎 , 

the transfer functions 𝑔 , 𝑖 1,4, the weights 𝑏 , 
 𝑖 1,3, 𝑗 1,2, of the input nodes and 𝑐 , 
 𝑖  1,4, 𝑗 1,3, of the hidden nodes are  
still arbitrary.  

Then, assumption A1 is still satisfied with  
𝐿 , 𝑖 1,3, assumption A2 is also satisfied since  

 

 
 

Finally, the matrix 
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8
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16
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16

  
7
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32
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32
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15
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⎟
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is an M-matrix with inverse  
 

𝒜
1.3536229 0.1951023 0.0967449
0.0983574 1.1577144 0.0451476
0.0467601 0.0257986 1.070644

 

 
Since all assumptions of Theorem 1 are satisfied, 

the modified Elman neural network under 
consideration has an 𝑁-periodic output 𝑦 𝑘 , 𝑘 ∈ ℕ.  

Let us assume that, moreover, 𝑏 ,  

𝑏  𝑏 , 𝑏 𝑏 , 𝑏 , and 𝑁 3. 

Then, the system of equations (1), (2) takes the form  

𝑥𝑖 𝑘 𝑓
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27
32

 

3

𝑗 1
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𝑥 𝑘
1
2

𝑥 𝑘 1 𝑥 𝑘 1 , 𝑘 ∈ ℕ, 𝑖

1,3,  

𝑥 𝑘 𝑓
1
2

𝑥 𝑘
1
4

𝑥 𝑘
1
8

𝑥 𝑘
1
3

𝑥 𝑘 𝑓
1
8

𝑥 𝑘
1
4

𝑥 𝑘
1

16
𝑥 𝑘

1
4

𝑥 𝑘 𝑓
1

16
𝑥 𝑘

1
32

𝑥 𝑘
1
8

𝑥 𝑘
1
8 ⎭

⎪
⎬

⎪
⎫

𝑘 ≡ 1  mod 3 , 

𝑥 𝑘 𝑓
1
2

𝑥 𝑘
1
4

𝑥 𝑘
1
8

𝑥 𝑘
7
6

𝑥 𝑘 𝑓
1
8

𝑥 𝑘
1
4

𝑥 𝑘
1

16
𝑥 𝑘

5
6

𝑥 𝑘 𝑓
1

16
𝑥 𝑘

1
32

𝑥 𝑘
1
8

𝑥 𝑘
7
8 ⎭

⎪
⎬

⎪
⎫

𝑘 ≡ 2  mod 3 , 
 

𝑥 𝑘 𝑓
1
2

𝑥 𝑘
1
4

𝑥 𝑘
1
8

𝑥 𝑘 2

𝑥 𝑘 𝑓
1
8

𝑥 𝑘
1
4

𝑥 𝑘
1

16
𝑥 𝑘

17
12

𝑥 𝑘 𝑓
1

16
𝑥 𝑘

1
32

𝑥 𝑘
1
8

𝑥 𝑘
1
2 ⎭

⎪
⎬

⎪
⎫

𝑘 ≡ 0  mod 3  
 

It suffices to find the initial values 𝑥 0 , 𝑥 0 ,  
so that 
 

𝑥 3 𝑥 0 , 𝑥 3 𝑥 0  
 

We have found that, approximately,  
 

𝑥 0 1.8403, 𝑥 0 1.614,  
𝑥 0 1.3689, 𝑥 0 0.9705, 

𝑥 0 0.89425, 𝑥 0 0.77054 
 
(see Table 2 for the first 4 values of the 3-periodic 
solution of the above system). 

 
 

Table 2. A 3-periodic solution in Case b). 
 

 
 
 

The initial values in Cases a) and b) have been 
found using MATLAB, after numerous experiments 
with different sets of possible initial values. 

 
 

4. Global Asymptotic Stability of Periodic 
Solutions 
 
For 𝑥 𝑥 , 𝑥 , … , 𝑥  we denote  

|𝑥| ≔ |𝑥 | 

 
For convenience, we write equation (3) in the form 
 

𝑦 𝑘 𝑔 𝑥 𝑘 , 𝑘 ∈ 0 ∪ ℕ, 
 

where the function 𝑔: ℝ → ℝ  is defined by 
 

𝑔 𝑥 𝑔 𝑥 , … , 𝑔 𝑥  
 

and 
 

𝑔 𝑥 mixcg
n

j
jiji ,1 , 

1












 

 
An 𝑁-periodic solution 𝑦 𝑘 𝑔 𝑥 𝑘  of the 

system (1)-(3) is said to be globally asymptotically 
stable if for any other solution 𝑦 𝑘 𝑔 𝑥 𝑘  of 
system (1)-(3) we have  

 

lim
→

|𝑦 𝑘 𝑦 𝑘 | 0 

 
Theorem 2. Suppose that assumptions A1, A2 

hold. If the functions 𝑔 , 𝑖 1, 𝑚, are continuous, then 
any 𝑁-periodic solution 𝑦 𝑘  of system (1)-(3) is 
globally asymptotically stable. 

 
Proof. Since 𝑥 𝑘  is 𝑁-periodic, the set  
 

𝑥 𝑘 , 𝑘 ∈ 0 ∪ ℕ  

 
contains at most 𝑁 distinct points 

 
𝑥 0 , 𝑥 1 , … , 𝑥 𝑁 1  

 
Let 𝐾 ⊂ ℝ  be a compact set containing these 

points together with their open 𝛿-neighbourhoods for 
some 𝛿 0. The function 𝑔 is uniformly continuous 
on the compact set 𝐾, thus for any 𝜀 0 there exists 
𝛿 ∈ 0, 𝛿  such that 𝑔 𝑥 𝑔 𝑥 𝑘 𝜀 when 
|𝑥 𝑥 𝑘 | 𝛿  for some 𝑘 ∈ 0,1, … , 𝑁 1 . Thus, 
for the 𝑁-periodic solution 𝑦 𝑘 𝑔 𝑥 𝑘  of system 
(1)-(3) and any other solution 𝑦 𝑘  𝑔 𝑥 𝑘  of 
system (1)-(3), it suffices to show that  

 

 (9) 
 
Let us denote  
 

𝑞 ≔ max
,

𝛼 𝐿 𝑎  

 
From assumption A2, it follows that 𝑞 ∈ 0,1 . 

lim
𝑘→∞

|𝑥 𝑘 𝑥 𝑘 | 0 
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From equation (1) and assumption A1, we find  
 

|𝑥 𝑘 𝑥 𝑘 | 𝐿 𝑎  𝑥 𝑘 𝑥 𝑘  

 
Summing up these inequalities for 𝑖 1, 𝑛,  

we deduce  
 

|𝑥 𝑘 𝑥 𝑘 | 𝐿 𝑎  𝑥 𝑘 𝑥 𝑘  

𝐿 𝑎 𝑥 𝑘 𝑥 𝑘  

 
Adding together the last inequality and 
 

𝛼|𝑥 𝑘 𝑥 𝑘 | 𝛼 𝑥 𝑘 𝑥 𝑘 , 

 
we obtain  

 
|𝑥 𝑘 𝑥 𝑘 | 𝛼|𝑥 𝑘 𝑥 𝑘 |  

𝛼 𝐿 𝑎 𝑥 𝑘 𝑥 𝑘  

𝑞|𝑥 𝑘 𝑥 𝑘 |  
𝑞 |𝑥 𝑘 1 𝑥 𝑘 1 |  
𝛼|𝑥 𝑘 1 𝑥 𝑘 1 |  

 
for 𝑘 ∈ ℕ. These inequalities imply 

 
|𝑥 𝑘 𝑥 𝑘 | 𝛼|𝑥 𝑘 𝑥 𝑘 |  
𝑞 |𝑥 0 𝑥 0 | 𝛼|𝑥 0 𝑥 0 |  

 
for 𝑘 ∈ ℕ, hence  

 

lim
→

|𝑥 𝑘 𝑥 𝑘 | 𝛼|𝑥 𝑘 𝑥 𝑘 | 0 

 
In particular, the last equality implies (9), and 

Theorem 2 is proved.  □ 
 
Theorem 2 shows that the 3-periodic solutions 

obtained in Section 3 are globally asymptotically 
stable solutions of system (1), (2). If the transfer 
functions of the output layer are continuous, then the 
respective periodic outputs 𝑦 𝑘  are globally 
asymptotically stable. 
 
 
7. Conclusions 
 

We found periodic solutions of modified Elman 
neural networks satisfying the respective sufficient 
conditions. If the transfer functions of the output layer 
are continuous, the respective periodic outputs are 
globally asymptotically stable. In our subsequent 
paper [26], we considered similar problems for output-

hidden feedback Elman neural networks. The model 
considered can be applied to the services quality of 
experience prediction.  
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