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Abstract: Full Poincaré beams have been recently applied in polarimetry for determining the Mueller matrix of 
homogeneus samples. Such matrix can be obtained from the measured Stokes parameters at four selected points 
across the transverse section of a full Poincaré beam before and after the sample. Since the transverse section of 
a full Poincaré beam contains all the possible states of polarization, the possibility of changing the input 
polarization state on selecting different points could be exploited to get a better accuracy in the determination of 
the Mueller matrix. To this aim, a polarization state analyzer with a CCD camera can be used to obtain maps of 
the Stokes parameters across the transverse section of input and output beams. The analysis of the obtained 
polarization maps can lead to the determination of the Mueller matrix with reduced uncertainties. Several 
simulations are presented and compared to show the feasibility of this proposal. 
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1. Introduction 

 

The analysis of the changes in polarization pattern 
of a non-uniformly polarized beam (see Ref. [1] and 
references therein) has been proposed for Mueller 
matrix polarimetry [2-15]. Full Poincaré beams 
(FPBs) are a class of non-uniformly totally polarized 
beams that present all possible states of totally 
polarized light across their transverse section [16]. 
This feature can be exploited in polarimetric 
applications, where such kind of beams can be used as 
a parallel polarization state generator (PSG). It has 
been shown that a particular type of FPB can be easily 
synthesized by focusing a linearly polarized beam onto 
a plane parallel slab of uniaxial crystal with its optic 

axis perpendicular to the slab [17, 18]. For this 
particular FPB, all possible states of polarization can 
be found within a semicircle across the beam 
transverse section, with a given radius rM, whose value 
depends on the thickness of the slab and the refractive 
indexes of the crystal at the working wavelength. By 
measuring the Stokes parameters at four different 
points of the transverse section of a FPB before and 
after a homogeneous sample, the Mueller matrix of the 
sample can be determined [19, 20]. 

Here, we propose the use of a CCD camera instead 
of a point-like detector to measure the Stokes 
parameters in the whole section of the FPB. Then, 
many sets of four pixels can be used to obtain the 
Mueller matrix of the sample. Simulations of the 
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measurement process show the potential improvement 
that could be achieved by averaging the results on a 
large number of combinations of measurement points. 

In the following section, the method to simulate the 
polarimetric measurement process using a FPB and a 
CCD camera will be outlined. Then, the analysis of the 
errors due to the inaccuracy of the intensity 
measurement of the CCD camera will be studied and 
the results of the simulations will be presented in 
Section 3. Finally, the main conclusions of this work 
will be presented in Section 4. 

 
 

2. Simulation of a Polarimetric 
Measurement with a FPB and a CCD 
Camera 
 

Stokes vector at a given point in the transverse 
section of a light beam, , can be obtained by 
measuring the light intensity in such a point after a 
linear polarizer (P) with its transmission axis oriented 
at four different angles, namely, 0°, 45°, 90°, 135° 
(denoted as I0, I45, I90, I135, respectively); and after the 
combination of a quarter wave plate (QWP) and the 
linear polarizer oriented at 45°, 135° (denoted by 
IQWP,45 and IQWP,135) [2, 3]. This system constitutes a 
polarization state analyzer (PSA). By recording the 
intensity with a camera, a map of the Stokes 
parameters can be obtained. If the same light beam 
passes through a given sample, represented by a 4×4 
Mueller matrix, , the state of polarization changes 
depending on the sample characteristics as 

 	 = 	, (1) 
 

where 	 is the Stokes vector of the output beam. 
By measuring the Stokes parameters of the output 

beam for at least four different states of polarization of 
the input beam the Mueller matrix of the sample can 
be recovered. When the input beam is a FPB, and the 
Stokes parameters are measured in its transverse 
section with a CCD camera before and after the 
sample, many combinations of four different pixels 
can be used to determine the Mueller matrix of the 
sample. The experimental setup is shown in Fig. 1. 

Considering optical elements (polarizer and 
quarter wave plate) that are ideal and perfectly 
oriented, an important source of error is the inaccuracy 
in the measurement of the light intensity at each pixel 
of the acquired images [5, 9, 12]. In order to evaluate 
this source of error, the intensity maps that would be 
obtained when the considered FPB passes through the 
PSA for six different configurations (I0, I90, I45, I-45, 
I45,QWP, I45,QWP) are theoretically calculated (see 
Fig. 1.b). Then, a random Gaussian noise is added to 
each of these calculated images (AGN, Fig. 1.c). From 
these noisy images, the maps of Stokes parameters for 
the input beam are calculated (Fig. 1.d). The same 
procedure is followed when a sample (with a known 

Mueller matrix ) is inserted before the PSA 
(Figs. 1.e-h). Finally, from the input and output Stokes 
parameter maps, the Mueller matrix of the sample, , 
is evaluated. This simulation process have been 
repeated Ns=5 times and the average of the final results 
has been taken.  

The Stokes vector of the beam at any point ( , ) 
of the beam section at the exit of a uniaxial crystal 
illuminated with a divergent beam (see Fig. 1.a) can 
be approximated by [19, 20]  

 ( , ) = ( , ) ×1− cos 2 + sin 2 	cos	 ( )−sin2 cos2 1 − 	cos	 ( )sin2 sin ( ) , 
(2) 

 
being ( ) a phase given by  
 ( ) = ( − ) , (3) 

 
where  is the vacuum wave number,  is the crystal 
length, and  and  are the ordinary and 
extraordinary refractive indexes of the uniaxial 
crystal, respectively. 

It has been shown that for this particular beam, all 
possible totally polarized states of polarization can be 
found across the beam section inside a semicircle  
with radius  

 = | − | (4) 

 
A possible way to recover the Mueller matrix 

consists in using the Stokes vector values at four 
different pixels (the same set for the input and output 
maps). The selected pixels must be chosen in such a 
way that the four corresponding input Stokes vectors 
be linearly independent (we recall that the coordinates 
of a point across the beam transverse section 
presenting a specific state of polarization can be 
obtained using specific analytical expressions [19, 
20]). The optimum choice of the input states of 
polarization is such that they form a regular 
tetrahedron inscribed in the Poincaré sphere (see 
Fig. 2.a) [9]. The corresponding polarization states are 
found at the locations shown in Fig. 2.b [19, 20].  

A continuous rotation of the tetrahedron around the 
s1 axis yields a movement of the three points out of the 
center along the green ovoids in Fig. 2.b. The 
recovered Mueller matrix can be found on repeating 
the inversion of Eq. (1) for many sets of the four 
selected pixels, and averaging the results. The 
differences between the elements of the obtained 
Mueller matrix and those of the original one will  
be evaluated.  
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Fig. 1. Scheme of Mueller matrix determination using a Full Poincaré beam and a CCD camera. a) Parallel polarization state 
generator (PSG) by means of a specific FPB and polarimetric characterization through a PSA; b) theoretical images for six 
specific configurations of the PSA; c) the same images as in b) with added Gaussian noise (AGN); d) noisy Stokes parameter 
maps for the FPB; e) polarimetric characterization of the generated FPB after passing through a sample represented by a 
Mueller matrix ; f) theoretical images for six configurations of the PSA; g) the same images as in f) with AGN; h) noisy 
Stokes parameter maps for the output beam. 
 

(a) 
 

(b) 
 

Fig. 2. a) Poincaré sphere with a set of optimum polarization states for polarimetric measurements. b) Polarization map across 
the beam section and points where the polarization states represented in a) are found. Red (blue) ellipses represent right-handed 
(left-handed) polarization states. The semicircle has radius rM given in Eq. (4). All possible polarization states are found in this 
semicircle. 



Sensors & Transducers, Vol. 247, Issue 8, December 2020, pp. 18-24 

 21

3. Error Analysis 
 

To obtain a quantitative estimate of the errors in 
the determination of Mueller matrix for a considered 
sample, two different strategies have been followed. In 
first place, the four pixels that include the theoretical 
points where the polarization states represented in 
Fig. 2a are chosen. Note that the state with the 
following Stokes vector 

 ( , ) = 1,−1, 0, 0 , (5) 
 

which can be found at the FPB axis, is always taken 
because the intensity is maximum there. Several sets 
of the three remaining points across the transverse 
plane of the beam have been selected in such a way 
that their polarization states correspond to rotations of 
the tetrahedron inscribed in the Poincaré sphere 
around the axis s1 (see Fig. 2) [9, 18-20]. Due to its 
symmetry, the rotation of the tetrahedron can be 

limited to the interval − , .	The coordinates of the 

four considered points are mapped on the CCD images 
(red pixels in Fig. 3, for one of the choices), both for 
the input beam (without the sample, with added 
Gaussian noise), and for the output beam (after passing 
through the sample, and with a different pattern of 
added Gaussian noise). Theoretical matrix for every 
ideal sample is compared to the matrix obtained from 
simulations and the differences are derived for every 
element of . An average estimate of the error is 
obtained from 15 analyzed sets, and the uncertainties 
of these values are computed. We shall refer to this 
first approach of Mueller matrix determination as the 
center points strategy. 

 
 

 
 

Fig. 3. Red squares represent pixels that contain the point 
where the ideal FPB presents the states of polarization 
corresponding to the vertexes of the tetrahedron of Fig. 1a. 
They are the ones used for the center points strategy. Green 
squares together the center one represent the 3x3 nearest 
neighbors. Any combination of four of these pixels around 
the red ones is used for the nearest neighbors strategy. 
Shaded semicircle represents a possible area of the beam 
cross section where all possible states of polarization  
are found. 

 
 

The second strategy uses a wider set of points, all 
located around each of the center points considered in 
the previous case. A total of NxN nearest neighbor 

pixels are considered around every center point (see 
Fig. 3). Mueller matrices are obtained for all the 
possible four-point sets (input and output) that can be 
chosen from the N2x4 pixels included in the analysis. 
That means a total of (N2)4 possible combinations. For 
all of them, the condition number for the equation 
system formed by evaluating Eq. (1) at four different 
locations is computed and the resulting Mueller matrix 
is discarded if such condition number is over 20. An 
average value is then computed from all the valid 
cases, for the 15 analysed orientations of the 
tetrahedron in the Poincaré sphere. We shall refer to 
this second approach of Mueller matrix determination 
as the nearest neighbors strategy. 

Mueller matrices are obtained from the simulated 
Stokes input and output vectors for four different 
standard samples: air, a linear polarizer with 
horizontal transmission axis (LP0) and with its 
transmission axis at 60º with respect to the horizontal 
(LP60), and a quarter wave phase (QWP) retarder with 
its fast axis along the horizontal direction. 

Fig. 4 shows the root mean squared value of the 
difference between the mean matrix obtained for the 
Ns simulations at each orientation of the tetrahedron 
and the theoretical one, 〈 〉 − , for  
each of the four samples considered. This value is 
calculated as 

 

〈 〉 − = 14 −, , (6)

 
where  are the mean values of the Mueller matrix 
elements obtained from the simulation and  are the 
theoretical ones. 

For these simulations a Gaussian noise with 
amplitude ε = 0.01 of the maximum intensity of the 
beam has been added to each pixel of the images in 
Fig. 1.b and Fig. 1.f. The results for both the center 
points and nearest neighbors strategies are presented. 
In all the cases, the nearest neighbor strategy renders a 
smaller value of the error compared to the center 
points strategy. It is worth noting that the orientation 
of the tetrahedron around the  axis has no influence 
on the obtained results. 
The results for the simulations with a Gaussian noise 
amplitude ε = 0.02 are shown in Fig. 5. It can be 
observed that the root mean squared values of the 
difference between the theoretical Mueller matrix and 
the one obtained from the simulations, almost double 
the corresponding ones in Fig. 4. However, differences 
can be observed for different samples considered in 
the analysis. For example, the linear polarizer  
with its axis along the horizontal direction shows 
better results than the other three samples, for which 
the rms of the differences between the simulated 
measurements and the theoretical Mueller matrices  
are similar. 
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Fig. 4. Individual and mean values of the rms of differences between the Mueller matrix obtained from numerical simulation 
and theoretical ones, for four different ideal samples, assuming a maximum amplitude of Gaussian noise of ε = 0.01. The four 
samples are air, a linear polarizer with horizontal transmission axis (LP0) and with its transmission axis at 60º with respect to 
the horizontal (LP60), and a quarter wave phase (QWP) retarder with its fast axis along the horizontal direction. 

 
 
 

  

  
 

Fig. 5. Individual and mean values of the rms of differences between the Mueller matrix obtained from numerical simulation 
and theoretical ones, for four different ideal samples, assuming a maximum amplitude of Gaussian noise of ε = 0.02. 
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When the maximum amplitude of the added 
Gaussian noise (characterized by the parameter ε) is 
varied, the uncertainty in the errors predicted for both 
strategies also changes. Fig. 6 shows the average 
values and the error bars for seven values of ε when 
the sample is air: the beam does not go through any 
sample at all but two different Gaussian noises are 
added to the images in Fig. 1.b. 

 
 

 
 

Fig. 6. Mean values of the rms of the differences between 
the Mueller matrix obtained from numerical simulation and 
the theoretical one, for air for both center points and nearest 
neighbors strategies. Uncertainties are indicated by  
vertical bars. 
 
 

A comparative graph for the four samples is 
included in Fig. 7, for the center points strategy. The 
general trend is the same for all of them: the error in 
the determination of the elements of the Mueller 
matrix grows linearly as the Gaussian noise is 
increased. However, quantitatively, the errors  
for the case of a linear polarizer with horizontal 
transmission axis are less than a half of the other three 
considered samples.  

 
 

 
 

Fig. 7. Mean values of the rms of the differences between 
the Mueller matrix obtained from numerical simulation and 
the theoretical ones, for the center points strategy in the 
polarimetric method. 
 
 

Similarly, a comparative graph for the four 
samples following the nearest neighbors strategy is 
shown in Fig. 8. In this case, the error in the 
determination of the elements of the Mueller matrix 
does not grow linearly as the Gaussian noise is 

increased. Calculated errors are a minimum for the 
case of a linear polarizer (0º), followed by the linear 
polarizer (60º). Mean errors in this strategy are very 
similar for the cases of air (no sample) and quarter 
wave plate linear retarder. 

 
 

 
 

Fig. 8. Mean values of the rms of the differences between 
the Mueller matrix obtained from numerical simulation and 
the theoretical ones, for the nearest neighbors strategy in the 
polarimetric method. 

 
 

The final goal of these simulations is to assess the 
differences in the mean errors that are expected using 
the first or the second strategy for the evaluation of  
during experimental measurement using real samples. 

Fig. 9 shows the reduction in errors using the 
nearest neighbors strategy, as compared to the center 
points strategy. For all the cases, the nearest neighbors 
strategy is superior in terms of error reduction. A value 
of 80 % in error reduction can be noted for situations 
where the Gaussian noise parameter is ε ≤ 0.02, for 
any of the samples. However, if higher levels of noise 
are present in the CCD images, the error reduction 
starts to drop steadily. 

 
 

 
 

Fig. 9. Mean values of the error reduction using the 
nearest neighbors strategy, as compared to the center points 
strategy, in terms of the level of Gaussian noise in the CCD 
images (ε). 

 
 

4. Conclusions 
 

In the present work, it is proposed to use a full 
Poincaré beam together with a simple polarization 
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state analyzer for determining the Mueller matrix of an 
unknown sample. Two different strategies are tested 
which we have called the center points strategy or 
nearest neighbours strategy, respectively. 

From the presented simulations, it can be deduced 
that the information collected from the images taken 
with a CCD camera for six configurations of the PSA 
could be useful to reduce the errors due to the 
inaccuracy of the intensity measurement.  
The results obtained from these simulations  
will be useful for deciding a measurement strategy 
during the experimental development of this 
polarimetric method. 
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