
Sensors & Transducers, Vol. 233, Issue 5, May 2019, pp. 51-57 

 51

 
Sensors & Transducers

Published by IFSA Publishing, S. L., 2019 
http://www.sensorsportal.com

 
 
 
 
 

Wave Optics by Fourier Transform. 
Diffractions by Identical 3D Objects 

 
Do Tan Si 

Ho Chi Minh City Physical Association, 
Ho Chi Minh, Vietnam 

Tel.: +32485591158, +84903178491 
E-mail: tansi_do@yahoo.com 

 
 

Received: 30 March 2019   /Accepted: 30 April 2019   /Published: 31 May 2019 
 
 
Abstract: The aim of this work is to outline a method for studying wave optics in 3D space based on the well-
known properties of the Fourier transform and the Heaviside, Dirac delta functions. Applications for obtaining 
the amplitudes of diffraction of plane waves by one then by many identical 3D objects utilizing convolution 
products are given. It results from this study that the forbidden (permitted) diffracted directions caused by an 

object is the same (altered) for many identical objects. Studies of diffractions of a plane wave 0k


 by sets of 

equidistant points, planes, prisms, spheres are given. 
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1. Introduction 
 

Consider the diffraction [1] or interaction of a 

plane wave )trk(iexp 0 ω−−


, where 0k


is the wave 

vector and
λ
π2

k0 =  by a 3D object having some 

geometric form. In colleges’ cursus geometric forms 
are represented by equations or inequalities such as 

dczbyax =++  for a plane, 2222 Rzyx <++  for a 

dense sphere. On the contrary in this study a geometric 
form of a 3D object occupying a domain D in space 
will be represented by a function )r(fD


 equal to 

unity for a point r


inside D and to zero for a point 
outside, called object function. This function is similar 
to the function describing a 2D aperture in the 
Kirchhoff’s diffraction theory [1]. From this definition 
of object functions we see that the well-known 
Heaviside function )z(H  and the Dirac delta function

)z(δ together with the unity function 1)x(u =  will be 

largely utilized. For example )z(H)y(H)x(H

represents the domain where all points have positive 
coordinates. We propose the readers to recognize the 
domain represented by )cz()by(H)ax(H −−− δ  for 

familiarizing with the notion of object functions. 
From the above considerations we may deduce the 

following results for wave optics. 
 
 

2. Diffraction of a Wave 0k


 by a 3D 
Object 

 
2.1. Objects Centered at the Origin 

of Coordinates 
 

The advantage of the introduction of object 
functions consists in allowing us to interpret 

h
tt
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tirki
D

0e)r(f ω−−


as the compound wave resulting from 

the diffraction of the incident wave tirki 0e ω−−


by the 
object represented by )r(fD


. 

For calculating the amplitude the wave diffracted 

in the direction k


of this compound wave as illustrated 
in Fig. 1 let us consider the Fourier transform 

 

rd)r(fe)2()r(FTf)k(f
~

3R

rki2

3  

 −−
== π  (2.1) 

 
We know that  
 

)'kk()2(rde 3

R

r)'kk(i

3


−= −− δπ  (2.2) 

 

and that a simple function may be expanded into a 

series of functions )rkiexp(


 
 

r'ki

'k

rki
D e)'k(ce)r(f 0





  = , (2.3) 

 

where )k(c


 is the amplitude of the component wave 

)rkiexp(


in the compound wave rki
D

0e)r(f


. By 

(2.2) we get 
 

rdee)'k(crdee)r(f
'k R

rkir'ki

R

rkirki
D

33

0






  −− =  

)k(c)2( 3


π= , 

(2.4) 

 

 −−−=
3

0

R

D
r)kk(i3 rd)r(fe)2()k(c

 
π   

 
and obtain the fundamental theorem [2]: 

The amplitude of the diffracted wave k


is within a 

constant factor equal to the Fourier transform of the 
object function )r(fD


calculated for 0kkk


−=Δ   

 

)k(f
~

)kk(A D0D


Δ=→  (2.6) 

 
 

 
 

Fig. 1. Diffraction of a plane wave by a 3D object. 
 
 

The Theorem (2.6) is applicable for diffractions by 
2D apertures and is to be utilized for correcting the 
similar theorem for apertures found for example in [3] 

by changing in it k


with 0kkk


−=Δ . 

2.2. Applying the fundamental theorem for 
the diffraction 

 
As example, applying the fundamental theorem for the 

diffraction of 0k


by the plane Oxy  as illustrated by  

Fig. 2. Oxy  is described by the object function

)z()y(u)x(u)r(fD δ=


. As 
 

)k(u
2

1
)z(FT zπ

δ =  

)k(2)x(FTu xδπ=  
 

we see that 
 

)k(u)k()k(2)kk(A zyx0D


ΔΔδΔδπ=→  (2.7) 

 
so that there are diffracted waves only for 

0)k(k xx =≡


ΔΔ  and 0)k(k yy =≡


ΔΔ . 

By construction we get the Descartes law of 
reflection which implies the incident and the reflected 
rays "k


to be symmetric as shown Fig. 2. Moreover if 

the diffracted wave 'k


is situated in a medium where 
the refractive index is n so that 0nk'k = we get the 

Snell’s law for refraction rsinnisin = . 

 
 

 
 

Fig. 2. Diffraction by the plane Oxy. 
 
 

Now, let "a,'a,a  denoted the amplitudes of the 

incident, the refracted and the reflected waves; 21 n,n

the upper and lower semi-spaces refraction indices. 
"a,'a  are proportional to a  and respectively to 

))k'k(,0,0(f
~

z0D


− , ))k"k(,0,0(f

~
z0D


−  so that 

 

)risin(k

rsina

icoskrcos'k

a

)'k(

a
'a

00z −
=

−
== νν

Δ
ν

 

icosk2

a

)"k(

1
a"a

0z

μ
Δ

μ −==   
(2.8) 

 
In order to calculate the coefficients νμ, we will 

make use of the law of conservation of energies. The 
incoming density of energy at the interface Oxy is 

proportional to 2a , to the inclination 1icos and the 

                          z

       0k


         i                   "k


         

              Oxy

                            r             0k


 

                                           'k

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duration of time an incoming photon is in the vicinity 

of it, i.e. to 1
1v− or 1n . Similarly for the density of 

outgoing energies so that 
 

icos"anrcos'anicosan 2
1

2
2

2
1 +=  (2.9) 

 
The above equations and the formula 

2 24 cos sin cos sin sin ( ) sin ( )i i r r i r i r= + − −  lead by 

(2.8) to the following 
 

=− )ri²(sinicosnk4 22
1

2
1  

))ri²(sin)ri²(²(sin)ri²(sin² −−++− νμ
(2.10) 

 

with 
 

)risin(/)risin(icoskn2 11 +−==νμ (2.11) 
 
we get the Fresnel formulae [4]  
 

)risin(

rsinicos2

rcosnicosn

icosn2

a

'a

21

1

+
=

+
=

 

)risin(

)risin(

rcosnicosn

rcosnicosn

a

"a

21

21

+
−−=

+
−=

(2.12) 

 

With cos( )i rμ ν= − + we get the second Fresnel 

formulae [4]  
 

)ricos()risin(

rsinicos2

rcosnicosn

icosn2

a

'a

21

1

−+
=

+
=  

)ritan(

)ritan(

a

"a

+
−=  

(2.13) 

 

From (2.13) we find again the Brewster’s 

condition for total polarization
2

)ri(
π=+  [4].  

 
 

2.3. Objects Centered at the Position jr


 
 

Now, for calculating the amplitude of diffraction 
of a plane wave by a 3D object centered at the position

jr


 instead of at the origin of coordinates and 

represented by )rr(f jD


−  we utilize the convolution 

product property  
 

 −−=−⊗
3R

00j0DjD rd)rrr()r(f)rr()r(f
 δδ

)rr(f jD


−=  
(2.14) 

 

together with the Fourier transform property 
 

)k(g~)k(f
~

2

1
)z(g)z(FTf ⊗=

π
 (2.15) 

 

to get the remarkable formula 

)kriexp()k(f
~

)2()rr(FTf jD
2

3

jD


−=−

−
π  (2.16) 

 
From (2.16) we obtain the amplitudes of 

diffractions of 0k


 by many identical 3D objects 

 

))kk(riexp()kk(f
~

)kk(A
j

0j0D0D  −−−=→


 (2.17) 

 
From the very important formula (2.17) we  

may emit a theorem on forbidden and allowed 
diffracted directions: 

1) If a direction k


is forbidden in a diffraction by 
one object then it is also forbidden in a diffraction by 
many objects identical with it wherever they are.  

Applying this theorem for the case of Bragg’s 
experience with many parallel planes we see that here 
all directions are forbidden except two. 

2) The amplitude of diffraction by a set of identical 

objects along a permitted direction k


 is proportional 
to the value of the sums over all the phases 

 −−

j

)kk(ri 0je


. 

This explains why in a diffraction by a material 
point all directions are equally allowed but in the 
diffractions by two or more points many directions 
may be forbidden or faint such as in the famous 
experience of Young on diffraction by two material 
points [3-4].  

3) By extension we think that the amplitudes of the 

waves emitted in a direction k


 by a synchronized 
system of electromagnetic or acoustic sources are 

proportional to exp( )j
j

ir k−


. This maybe the 

principle of stereo. 
 
 

3. Diffraction of a Wave 0k


 by a System 
of Material Points on the Coordinates 
Axis  
 

Let us consider as in Ref. [5] the following system 
of material points  

M0M A,...,A,...,A− are the )1M2( +  equidistant 

points situated on Ox ;  

N0N B,...,B,...,B−  the )1N2( +  equidistant 

points situated on Oy ;  

L0L C,...,C,...,C −  the )1L2( +  equidistant 

points situated on Oz . 

The object function of the system of points mA  is 
 


−=

−=
M

Mm
A )z()y()max()r(f δδδ

 (3.1) 
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Its Fourier transform is  
 


−=

−−
=

M

Mm
zy

kima2

3

A )k(u)k(ue)2()k(f
~

x


π  (3.2) 

 
Because )lcz()nby()max( −−− δδδ  represented 

the point )lc,nb,ma( , the object function of the 

systems of the points mA  and nB on the  

plane Oxy  is 

 

 
−= −=

−−=
M

Mm

N

Nn
AB )z()nby()max()r(f δδδ

 (3.3) 

 
so that 

 

 
−= −=

−−−
=

M

Mm

N

Nn
z

inbkimak2

3

AB )k(uee)2()k(f
~ yxπ


 (3.4) 

 
The sum of terms of a geometric progression is 

easy to obtain and gives 
 

xx ka0i
M

Mm

kami ee −
−=

= 1e
M

Mm

kami x −
−=

 

2

ak
sin/

2

Mak
sin

2

ak)1M(
cos2 xxx+=

(3.5) 

 
so that 

 

2

ak
sin/

2

Mak
sin

2

ak)1M(
cos2)k(f

~ xxx
AB

+=


 

2

bk
sin/

2

Nbk
sin

2

bk)1N(
cos2)2( yyy2

3 +
×

−
π  

(3.6) 

 

We see then that in a diffraction of 0k


 by the 

system of points mA and nB  without 0A and 0B , the 

maximum amplitudes correspond to the diffracted  

k


 verifying  
 

Zp,
a)1M(

p2
kk x0x ∈

+
=− π

 (3.7) 

 

Zq,
b)1N(

q2
kk y0y ∈

+
=− π

 (3.8) 

 
2

0
2

x
2

y
2

z kkkk


=++  (3.9) 

 

In (3.7) the value of p is limited by the fact that 

λπ /4k2kk 0x0x =≤−  
 

i.e.   λ/a)1M(2p +≤  (3.10) 
 

On the contrary there are extinctions of diffracted 
waves corresponding to 

 

Zp,p
a)1M(

kk x0x ∈
+

=− π
 (3.11) 

 

Zq,q
b)1N(

kk y0y ∈
+

=− π
 (3.12) 

 
2

0
2

x
2

y
2

z kkkk


=++  (3.13) 

 
Extension to diffractions by the system of points 

lnm C,B,A  without 000 C,B,A in the space xyzO  is 

not difficult to obtain. 
 
 

4. Diffraction by a System of Identical 3D 
Objects  
 
According to (2.14) we obtain the object functions 

for the system of identical objects centered at the 
system of points jr


 by the formula 

 

( ) ( ) ( )D j D j
j j

f r r f r r rδ− = ⊗ −     
 (4.1) 

 
The Fourier transform of this system of objects is 
 

( ) ( ) ( )D j D j
j j

FT f r r f k FT r rδ− = − 
     (4.2) 

  
3

2(2 ) ( ) ji k r

D
j

f k eπ
− −= 

   (4.3) 

 
As example in a diffraction by a system of parallel 

planes perpendicular to the Oz axis as shown in Fig. 3 

there are two permitted diffracted waves k


corresponding to 0kΔ =


 or / /k OzΔ


as in the case of 
diffraction by Oxy . As for the amplitude of these 

allowed diffracted wave it is optimum for 
 

Zp,p
c)1L(

2
kz ∈

+
= πΔ  (4.4) 

 
According to Fig. 3 
 

θλπθΔ sin)/2(2sink2)k( 0z ==


 (4.5) 

 
so that from (4.7), (4.8) we may write down  

 

πθλπΔ 2
1L

p
sin)/2(c2c)k( z +

==


 (4.6) 
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Fig. 3. Diffraction by parallel planes. 
 
 

Changing the notation for the integer p into

n)1L( +  we find again the famous Braag’s law [3-4] 

 
λθ nsinc2 =  (4.7) 

 
 

4.1. Diffraction by a Set of Identical Spheres 
Centered at the Set of Points ( , , )ma nb lc  

 
Utilizing the Heaviside function we get the object 
function of a dense sphere illustrated in Fig. 4. 
 

)zyR(H)zR(H)z,y,x(S 22222 −−−=  

)zyxR(H 2222 −−−×   
(4.8) 

 
Its Fourier transform is invariant in any rotation 

around the origin O so that 
 

−
−−

==
R

R

ikz2
3

zyx dze)2(2)k,0,0(S
~

)k,k,k(S
~ π  

)y)zR((dy 222
zR(

zR(

22

22
−−× 

−

−−
 

(4.9) 

 

Because 
 

)y)zR((dy 222
zR(

zR(

22

22
−−

−

−−
 

= − −−
2/

2/

222 )(sindsin1)zR(
π

π
ϕϕ =

)zR(
2

1 22 −π , 

(4.10) 

 

))Re(Re
ik

1
(

ik

2
)zR(dze ikRikR

R

R

22zki +
−−

=− −

−

−  

kRsini2
ik

1

ik

1

ik

2

−
−

−−
−  

(4.11) 

 

we get 
 

)Rkcos
Rk

Rksin
(

²k

R2
)2()k(S

~
2
1

−= −π


 (4.12) 

 
 

Fig. 4. Diffraction by a dense sphere. 
 
 

From (4.12) we see that in a diffraction by a dense 
sphere the amplitude of diffraction is inversely 
proportional to 
 

2)k( Δ with kk


ΔΔ =  

 

and there is extinction if 
 

02.0kRkRkRtan == ΔΔΔ  (4.13) 
 

Eq. (4.12) is useful for studying hemoglobins with 
X rays and noticeably the deflection of light by the 
sun, observed in 1919 [6]. 

The Fourier transform of a set of spheres centered 
at the points )lc,nb,ma( except the origin O is 

 

×

+

=
)2/aksin(

2

Mak
sin

2

ak)1M(
cos

2)k(S
~

)k(F
x

xx

3


 

)2/cksin()2/bksin(
2

Lck
sin

2

ck)1L(
cos

2

Nbk
sin

2

bk)1N(
cos

zy

zzyy ++

 

(4.14) 

 
The forbidden and allowed diffracted waves are 

obtainable from (4.13), (4.14) and the theorem (2.17).  
For identical 3D objects situated in a system of 

oblique coordinates axis )u,u,u( 321


 having 

reciprocal vectors )v,v,v( 321


we have to use  

the formulae 
 

3,2,1j,iuv jiji == δ
 

 

332211 u)vr(u)vr(u)vr(r


++=  

332211 v)ur(v)ur(v)ur(


++=  

 

)ur)(vr()ur)(vr()ur)(vr(rrr 332211
2 

++==  

)ur)(vk()ur)(vk()ur)(vk(rk 332211


++=  

 
and the very useful one [2] 
 

)vk,vk,vk(f
~

)v,v,vdet()ur,ur,ur(FTf 321321321


=  

(4.15) 

       z  k


   k


Δ       

        0k


  θ        k


 

   2a                                     y 

     a                                  

   -a                                    x   

 -2a 

              z  

                                0k


 

                                               y
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For example for a set of equidistant points on 
)u,u,u( 321


 whose coordinates are )vr,vr,vr( 321


 we 

see that within the factor )u,u,udet()2( 321
2
3 −π  

 

 
−=

−

−= −=

−−=
L

Ll

uvkcli
M

Mm

N

Nn

ukbniukmai
D

321 eee)k(f
~ 

(4.16) 

 
As example, consider the diffraction by a trihedron 
that has all the components of r


 on 210 u,u,u


 positive 

as shown Fig. 5. It may simply be represented by the 
function  
 

)rv(H)r.v(H)r.v(H)r(T 210u,u,u
)3(

210

 = (4.17) 

 

)u,u,udet()k(T
~

210u,u,u
)3(

210


 =

 
)k.u(H

~
)k.u(H

~
)k.u(H

~
210


×  

(4.18) 

 
 

 
 

Fig. 5. Diffraction by a trihedron. 
 
 

The Fourier transform of the Heaviside function 
may be calculate straightforwardly and is found to be 

 

))k(
ik

1
()2()k(H

~
2
1

πδπ += −
 (4.19) 

 
and we may conclude that the amplitude of diffraction 

of a plane wave 0k


into a plane wave k


by a trihedron 

is maximum whenever 
 

0kuku 10 ==
 ΔΔ  

or  0kuku 20 ==
 ΔΔ  

or 0kuku 12 ==
 ΔΔ  

(4.20) 

i.e. whenever k


Δ is perpendicular to two vectors of 
the set 210 u,u,u


, i.e. to each one of its faces. 

For diffractions by the tetrahedron or prism 
OABC we remark that the points C,B,A correspond 

respectively to 0u


, 1u


, 2u


 so that they and the plane

ABC verifies the equation 
 

1rvrvrv 210 =++


 (4.21) 
 

A point under the plane ABC obeys the inequality 
1rvrvrv 210 <++


 (4.22) 

 
The object function of the semi space  

under ABC is  
 

)r)vvv(1(H)rv(u)rv(u)r(S 21010ABC


++−≡−  

(4.23) 
 
For calculating the Fourier transform of 

)r(S ABC
−  we remark that ))vvv(,v,v( 21010


++− and 

)u,uu,uu( 22120


−−−  are reciprocal vectors so that  

 

=− )k(S
~

ABC


)u,u,udet(2 210

π

)k)uu(()k)uu(( 2120


−−× δδ

)ku(H
~

e 2
kui 2


−−  

(4.24) 

 
It is cumbersome but possible to calculate in  

details the Fourier transform of the tetrahedron  
by convolution 

 

)k(S
~

)k(T
~

)k(T
~

ABCu,u,u
)3(

u,u,u
)4(

210210


 −∗= (4.25)

 

A part of the results is with j0kuz jj ∀≠=


 

 

)u,u,udet()2(i)k(T
~

210
2

3

u,u,u
)4(

210


 −

−= π  

 )
zzz

1

z)zz)(zz(

e
(

210

2

0j jj1jj1j

iz j

−
−−

× 
= +−

−
 

(4.26) 

 

On the other hand for one or two 0z j = , it is 

simply or doubly infinite [2]. 
By juxtapositions of prisms we may obtain oblique 

pyramids with polygonal bases, diamonds, etc. 
 
 

5. Remarks and Conclusions  
 

The main remark of this work is that waves and the 

Fourier transform utilize the same function rkie


−  so 
that we may utilize the properties of the Fourier 
transform to clarify and resolve many problems in 
wave optics. 

Secondly it is realized that the use of Heaviside and 
Dirac delta functions for representing the functions 
describing the geometric forms of objects are very 
advantageous. With these functions we may calculate 
the specters of diffractions by systems of points, 
planes, spheres and so all. By convolution we think 
that it is possible to get also specters of diffractions of 
unions and intersections of them. 

From these remarks and the results given in this 
work we may conclude that wave optics may be 

constructed by combining the use of 0exp ( )i k r tω− −
 
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to designate a plane wave and the works of Fourier, 
Heaviside, Dirac. 

The main interest of this work, we suppose, is 
providing to researchers in chemistry, biology, 
acoustics, optics a tool for studying the structures of 
crystals, molecules, systems of hemoglobins, etc. 

To be more useful we have to list the object 
functions of simple objects such as: 

A disk in the Oyz plane : 

 

)zyR(H)zR(H)x( z22z2 −−−δ  

 
A ring in the planeOyz : 

 

)zyR()zR()x( z22z2 −−− δδδ  

 
A thin film: 
 

)zb(H)az(H)y(u)x(u −−  

 
A symmetric segment of length d2  on the straight 

line
c

z

b

y

a

x == :  

 

)zyxd(H)
c

z

b

y
()

b

y

a

x
( 2222 −−−−− δδ  

 

A truncated cylinder in the z -direction: 
 

2 2 2( ) ( ) ( ) ( )z zH R x y H R y H z a H b z− − − − −  

Lastly we may state from (2.3), (2.5) with 0k0 =


 

that for any material object (Yang element) 

corresponds a wave (Ying element) of which the k


component is its Fourier transform. 
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