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Abstract: The aim of this work is to outline a method for studying wave optics in 3D space based on the well-
known properties of the Fourier transform and the Heaviside, Dirac delta functions. Applications for obtaining
the amplitudes of diffraction of plane waves by one then by many identical 3D objects utilizing convolution
products are given. It results from this study that the forbidden (permitted) diffracted directions caused by an

object is the same (altered) for many identical objects. Studies of diffractions of a plane WavelzO by sets of

equidistant points, planes, prisms, spheres are given.
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1. Introduction

Consider the diffraction [1] or interaction of a
plane wave expi( —kof — @t ) , wherek, isthe wave
vector andk0=27” by a 3D object having some
geometric form. In colleges cursus geometric forms
are represented by equations or inequalities such as
ax+by+cz=d for aplane, x*>+y?+2z°> <R? fora
dense sphere. On the contrary in this study ageometric
form of a 3D object occupying a domain D in space
will be represented by a function f,(F) equal to
unity for a point T inside D and to zero for a point
outside, called object function. Thisfunctionissimilar
to the function describing a 2D aperture in the
Kirchhoff’ sdiffraction theory [1]. From thisdefinition
of object functions we see that the well-known
Heaviside functionH(z) and the Dirac deltafunction

J( z) together with the unity function u( x) = 1 will be
largely utilized. For example H(x)H(y)H(z)
represents the domain where all points have positive
coordinates. We propose the readers to recognize the
domain represented by H(x-a)H(y-b)s(z-c) for
familiarizing with the notion of object functions.

From the above considerations we may deduce the
following results for wave optics.

2. Diffraction of a Wave IZO by a3D
Object

2.1. ObjectsCentered at the Origin
of Coordinates

The advantage of the introduction of object
functions consists in alowing us to interpret
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fo(r )e‘iIZO Mt asthe compound wave resulting from

the diffraction of the incident wave e %! by the
object represented by fp(1).
For calculating the amplitude the wave diffracted

in the directionk of this compound wave asillustrated
in Fig. 1 let us consider the Fourier transform

3 -
f(k)= FTf(F):(z;z)_ije-ikff(r)dr 2.1)

R3
We know that
j e KK g = (27 3 5(K —K' ) 2.2)
R

and that a simple function may be expanded into a
series of functionsexp(ikF )

fo(7)e"" =2k X T (23

where ¢(K ) is the amplitude of the component wave

exp(ikF )in the compound wave fD(F)e”zO". By
(2.2) we get

[fondeTe™ o= k) ["e™ o
R K R (249
=(27)%c(k),

C(IZ):(Zir)‘3Ie‘i(E‘EO)FfD(F)dF
R3

and obtain the fundamental theorem [2]:

The amplitude of the diffracted wave Ris within a

constant factor equal to the Fourier transform of the
object function f(F)calculated for A=k -k,

Ao (kg = k)= fp(4k) (2.6)

|

AN

Fig. 1. Diffraction of a plane wave by a 3D object.

The Theorem (2.6) is applicablefor diffractions by
2D apertures and is to be utilized for correcting the
similar theorem for apertures found for examplein [3]

by changinginit k with Ak =k —k,.
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2.2. Applying the fundamental theorem for
thediffraction

Asexample, applying the fundamental theorem for the
diffraction ofIZOby the planeOxy as illustrated by
Fig. 2. Oxy is described by the object function

fo(M)=u(x)u(y)é(z). As

FTo(2) = ———u(k,)

Jor
FTu(x)=+v278(k,)

we see that
Ao(ko — K) =27 8( 4K, )8( Ak, u( 4K, ) (2.7)

so that there are diffracted waves only for
Ak, =(4k), =0 and 4k, =(4k), =0.

By construction we get the Descartes law of
reflection which implies the incident and the reflected
raysk" to be symmetric as shown Fig. 2. Moreover if
the diffracted wavek' is situated in a medium where
the refractive index is nso that K = nk, we get the
Snell’slaw for refraction sini=nsinr .

Z
K i K
s a
Oxy
' K,
R’.

Fig. 2. Diffraction by the plane Oxy.

Now, let a,a,d" denoted the amplitudes of the
incident, the refracted and the reflected waves; n,,n,

the upper and lower semi-spaces refraction indices.
a,a' are proportiona to a and respectively to

f5(00.(K'—Ky),) . Tp(00,(K'~K, ), ) so that

a2 _ va _vasinr

" (AK'), Kocosr—kycosi  kysin(i-r)
a'=ua S £
(4K ), 2k, cosi

(2.9)

In order to calculate the coefficientsp, v we will

make use of the law of conservation of energies. The
incoming density of energy at the interface Oxy is

proportional toa?, to the inclination |cosi 1| and the
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duration of time an incoming photon isin the vicinity

of it, i.e. to VIlor n,. Similarly for the density of
outgoing energies so that

n,a”cosi =n,a?cosr +nd'?cosi (2.9

The above equations and the formula

4cosisinicosrsinr =sin’(i+r)—sin®(i—r) lead by
(2.8) to thefollowing

4k2n? cos?isin(i—r)=
o o N (2.10)
L2Sin?(i—r)+v3(sin3(i+r)—sin3(i—r))

with

u=v=2nk,cosisin(i—-r)/sin(i+r) (2.11)

we get the Fresnel formulae [4]

a _ 2n,cosi _2cosisinr
‘a  ngcosi+nycosr  sin(i+r)

d' _ngcosi-n,cosr  sin(i—r) (212)
‘a ncosi+n,cost  sin(i+r)

With g =-vcos(i +r) we get the second Fresnel
formulae [4]

a 2n, cosi _ 2cosisinr

a n,cosi+ n,cosr B sin(i +r )cos(i —r)
a  tan(i-r)

;_tan(i +r)

(2.13)

From (2.13) we find again the Brewster's

condition for total polarization(i + r):% 4.

2.3. Objects Centered at the Position

Now, for calculating the amplitude of diffraction
of aplane wave by a 3D object centered at the position

rj instead of at the origin of coordinates and
represented by (7 —r;) we utilize the convolution

product property

fo(F)®S(F~1;) = [ fo(5)S(F =1 ~ 1y )i,
R3

(2.19)
=fD(F_Fj)
together with the Fourier transform property
1 = ~
FTf(z)g(z)=— f(k)®g(k 2.15
()g()@()g() (2.15)

to get the remarkable formula

3
FTfo(F =7 )=(27) 2 fp(K)exp(-if;k) (216)

From (2.16) we obtain the amplitudes of
diffractions of k; by many identical 3D objects

Aok —K)=To(k—kp) D exp(-iF (k-ky))  (2.17)
i

From the very important formula (2.17) we
may emit a theorem on forbidden and allowed
diffracted directions:

1) If a directionKis forbidden in a diffraction by
one object then it is also forbidden in a diffraction by
many objects identical with it wherever they are.

Applying this theorem for the case of Bragg's
experience with many parallel planes we see that here
all directions are forbidden except two.

2) The amplitude of diffraction by a set of identical

objects along a permitted direction K is proportional
to the value of the sums over all the phases

Ze—irj(lz—ﬁo) '
j

This explains why in a diffraction by a material
point all directions are equally allowed but in the
diffractions by two or more points many directions
may be forbidden or faint such as in the famous
experience of Young on diffraction by two material
points [3-4].

3) By extension we think that the amplitudes of the
waves emitted in a direction k by a synchronized

system of electromagnetic or acoustic sources are
proportional to Zexp(—ir‘jIZ). This maybe the
j

principle of stereo.

3. Diffraction of aWave k, by a System

of Material Pointson the Coordinates

AXxis

Let us consider asin Ref. [5] the following system
of material points

Ay e Ay ey Ay arethe (2M +1) equidistant
points situated onOx ;

B_y 1o Bg 1oy By
points situated on Oy ;

C_LnCornCy
points situated on Oz .

The object function of the system of points An is

the (2N+1) equidistant

the (2L+1) equidistant

M
fa(F)= D 8(x-ma)s(y)s(z) (32)

m=—M
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Its Fourier transformis

SMo
Ta(k)=(27) 2 3 e ™u(k, u(k,) (32

m=-M

Because d(x—ma)d(y—nb)d(z—Ic) represented
the point(manb,Ic), the object function of the
systems of the points A, ad B,on the
plane Oxy is

M N
fas(F)= D, D d(x-ma)(y-nb)(z) (33)

m=—M n=-N
o that
PR Su & —inbl
fae(k)=(20) 2 ) D e™e™Muk,) (@4
m=—M n=—N

The sum of terms of a geometric progression is
easy to obtain and gives

M . M
Zelmakx_emasz Zelmakx_l
m=—M m=—M (3_5)
=2COS(M +1)ak sin Mzkx /sin 3k,
so that
faa(K)=2cosM +21)akx sin M;kx /sin%
-2 (N+1)bk, . Nbk, bk, (36)
x(27) 22cos sin [ sin—=

2

We see then that in a diffraction oflzo by the
system of points A, andB, without A, and B, , the
maximum amplitudes correspond to the diffracted
K verifying

2prx
K, —ky =——P* _ bez ,
Ko = P @7
2qrw
k,—ko, = qez ,
v~koy =Ny 1p € (38)
k2 +k,? k2 = | (3.9)

In (3.7) the value of pislimited by the fact that
ke —kox <2kg =47/ A

ie p<2(M+1)a/ A (3.10)

On the contrary there are extinctions of diffracted
waves corresponding to

T

K,— Koy =—————p, pe Z

x~ Kox (M+1)ap pe (3.11)
T

k, —kgy = Qe Z ,

y Koy (N+1)bq ge (3.12)

~ 12
k,? +ky? ko = [k (3.13)

Extension to diffractions by the system of points
Am,B,,C; without Ay,B,,Cqin the space O,y, is
not difficult to obtain.

4. Diffraction by a System of Identical 3D
Objects

According to (2.14) we obtain the object functions
for the system of identical objects centered at the
system of points ; by the formula

Y hHF-F)=1HF®Y 5F-F) (41

The Fourier transform of this system of objectsis

FTY fo(F-F) = fL(OFTY 60 -F)  (42)

=@n) LMY e™ " 43

Asexamplein adiffraction by a system of paralel
planes perpendicular to the Oz axis as shown in Fig. 3

there are two permitted diffracted wavesk

corresponding to Ak =0 or Ak / /Ozas in the case of
diffraction by Oxy. As for the amplitude of these
allowed diffracted waveit is optimum for

4k, = ( |_2+”1)c P, peZ (4.4)
According to Fig. 3
(4K), = 2k, Sin@=2(27/ A)siné (4.5)
so that from (4.7), (4.8) we may write down
(4K ),c=2c(27x1 A)snd=—P_2z (46

L+1
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-2a

Fig. 3. Diffraction by parallel planes.

Changing the notation for the integer pinto
(L+1)n wefind again the famous Braag's law [3-4]

2csind=nA 4.7

4.1. Diffraction by a Set of | dentical Spheres
Centered at the Set of Points (ma,nb,lc)

Utilizing the Heaviside function we get the object
function of a dense sphereillustrated in Fig. 4.

S(x,y,z)=H(R?-2* )H(R? - y* - 2%)

4.8
xH(R? = x% —y?-7?) “48)

Its Fourier transform is invariant in any rotation
around the origin O so that

S(ky kg k; )= S(00,k) = 2(2;;)/2j e gz
-2 2 2 2
xj_mdy\/«R -2)-y%)
Because
V(RE-2* 2 2 2
[ g (R =2)=y?)
=(R2—22)Ij//221/1—9n2¢d(sin¢))= (4.10)

1 )
—n(R°-2z7),
2( )

(4.9)

f dZ*“Z(RZ—zZ)——( (R RET)

o (4.12)
——_—__—,ZisinkR
—ik —ik —ik
we get
S(K)=(2x )ZZR(S'”Rk-cost) (4.12)

v
<

Fig. 4. Diffraction by a dense sphere.

From (4.12) we see that in a diffraction by a dense
sphere the amplitude of diffraction is inversely
proportional to

(4K )2 with Ak = HAEH

and there is extinction if

tan R4k = R4k = R4k =0.02 (4.13)
Eq. (4.12) isuseful for studying hemoglobins with
X rays and noticeably the deflection of light by the
sun, observed in 1919 [6].
The Fourier transform of a set of spheres centered
at the points (ma,nb,Ic) except the origin O is

M +1)ak, . Mak
cos( 1) X sin S

F(K)=S(k)23 2 2

sn(ak, / 2) w0
N + 1)bk, Nbk, )
cos( oKy sine Y os( Lok g, LCky
2 2 2 2
sin(bk, / 2)sin(ck, / 2)

The forbidden and allowed diffracted waves are
obtainable from (4.13), (4.14) and the theorem (2.17).
For identical 3D objects situated in a system of
obliqgue coordinates axis (Uj,U,,U3) having
reciprocal  vectors(v,,V,,V3)we have to use

the formulae
vig; =465 1,j=123

= (v )Uy + (v, )Up + (V3 )Ug
(f_ 1 V1 +(TU, )V, +(TUg V5

P2 =7 = (79, )(FUy ) +(V )(FUp )+ (73 )(Fs)
K = (kvy )(FUy ) +(kv, )(FU, )+(kv3 )(FU3)
and the very useful one[2]
FTF (FUy Pl FUy ) =|det(V, V, U )| T (KVy kv, kVy )

(4.15)
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For example for a set of equidistant points on
(uy,U,,l3 ) whose coordinates are( rvy,rv,,r;) we

see that within the factor (27 )¢ det( Uy, 0,0 )

D( K )= Z g maki Z g nbkd, Z:e—llckvu3

I=—L

(4.16)

As example, consider the diffraction by a trihedron
that has all the componentsof I ont,,U, U, positive

as shown Fig. 5. It may simply be represented by the
function

T®4 4.6, (F)=H(V 7 JH(V, 7 YH(VF ) (4.17)

Fig. 5. Diffraction by atrihedron.

The Fourier transform of the Heaviside function
may be calculate straightforwardly and is found to be

I—~|(k)=(2;z)_%(%+;z§(k)) (4.19)

and we may conclude that the amplitude of diffraction
of aplanewave k, into aplanewave k by atrihedron
is maximum whenever

lpdk = Uy dk =0
or  (gdk =li,dk =0
or GZAIZ = DlAIZ =0

(4.20)

i.e. whenever 4K is perpendicular to two vectors of
the set U, ,U, , U, , i.e. to each one of its faces.

For diffractions by the tetrahedron or prism
OABC we remark that the points A,B,C correspond

respectively to Uy, G, ,, so that they and the plane
ABC verifies the equation
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A point under the plane ABC obeys the inequality

Vol +V,T +V,7 <1 (4.22)
The object function of the semi space
under ABCis

S asc(T ) = U(VT (V4T YH (1= (Vo+V1+V,)F )
(4.23)

For calculating the Fourier transform of
S asc(F) we remark that (VyV,~(Vy+V,+V,))and
(Ug—U,uy—tl,—U,) arereciproca vectors so that

S™asc(K) = 27 det(U, iy, 0, )
X 8((lg—Tip)k )S((tiy—tio)k )
e UK (i k)

(4.24)

It is cumbersome but possible to calculate in
details the Fourier transform of the tetrahedron
by convolution

T, a6, (K)=T @4, 6,.6,(K)* S asc(K) (4.25)
A part of theresultsiswith z; =

Gk#0 Vj

3
iy, (K K)=-i(27) 2det(uO Uy U, )

4
(4.26)

U
i —|zJ 1 )
0 Z )( ZJ+]_ Z )Z ZOZlZZ

On the other hand for one or two z; =0, it is

simply or doubly infinite [2].
By juxtapositions of prismswe may obtain oblique
pyramids with polygonal bases, diamonds, etc.

5. Remarksand Conclusions

The main remark of thiswork isthat waves and the

Fourier transform utilize the same function e ¥ so

that we may utilize the properties of the Fourier
transform to clarify and resolve many problems in
wave optics.

Secondly it isrealized that the use of Heaviside and
Dirac delta functions for representing the functions
describing the geometric forms of objects are very
advantageous. With these functions we may calculate
the specters of diffractions by systems of points,
planes, spheres and so al. By convolution we think
that it is possible to get also specters of diffractions of
unions and intersections of them.

From these remarks and the results given in this
work we may conclude that wave optics may be

constructed by combining the use of expi (—IZOF -



Sensors & Transducers, Vol. 233, Issue 5, May 2019, pp. 51-57

to designate a plane wave and the works of Fourier,
Heaviside, Dirac.

The main interest of this work, we suppose, is
providing to researchers in chemistry, biology,
acoustics, optics a tool for studying the structures of
crystals, molecules, systems of hemoglobins, etc.

To be more useful we have to list the object
functions of simple objects such as:

A disk in the Oyz plane:
KNH(R -2 )H(R -y*-7°)
A ring in the Oyz plane:
AX)S R =2 )R -y ~2*)
A thinfilm:
u(x)u(y)H(z—a)H(b-z)

A symmetric segment of length 2d on the straight

. X z
Ime—=l=—:
a

b ¢

X 4
S(=-L)oL-2)H(a? - X2 - y? - 2%)

a b’ b c

A truncated cylinder in the z -direction:;

H(R —X - y*)H(R - y)H(z—a)H(0-2)

Lastly we may state from (2.3), (2.5) with IZO =0
that for any material object (Yang element)

corresponds a wave (Ying element) of which the K
component isits Fourier transform.
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