Sensors & Transducers, Vol. 265, Issue 2, May 2024, pp. 120-126

s
"

www.sensorsportal.com

Sensors & Transducers

Published by IFSA Publishing, S. L., 2024
http://www.sensorsportal.com

Long Term Numerical Optimal Controlson a Class
of Integro-differential Equations with Weakly
Singular Kernels

Shihchung CHIANG

Department of Electrical Engineering, Chung Hua University, Hsin Chu, Taiwan
Tel.: 011886-35186544, fax: 011886-35186436
E-mail: Chiang@chu.edu.tw

Received: 3 April 2024/ Accepted: 6 May 2024 / Published: 30 May 2024

Abstract: This article presents a method of optimizing dynamic systems governed by integro-differential equations of the
second kind with weakly singular kernels; in such systems, the time range is infinite and the controls may be delayed.
Performance assessments involve measuring the square distance between tracking functions and states and measuring the
energy of controls, and measuring the deviation of the final states from the tracking functions. We report the results of

typical examples.
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1. Introduction

Optimal control problems have been studied in
numerous fields. Scholars have described numerical
optimization problems involving constraints and
weakly singular integro-differential equations of the
first [1-4] and second [5, 6] kinds. This paper focuses
on minimum energies in tracking functions and on
controls in dynamic systems governed by
integro-differential equations of the second kind, in
which the controls for the dynamic systems are
assumed to introduce a delay. This paper is organized
as follows: Section 2 presents a dynamic system
modeled using weakly singular integro-differential
equations of the second kind. Section 3 describes an
algorithm for optimal delay control. Section 4
provides numerical results for selected examples, and
finally, Section 5 summarizes this paper.

2. Weakly Singular Equations

Consider an integro-differential equation of the
second kind:
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d d d
Ex(t) + Ex(t —b)+ EDxt =u(t,0), (1)

where t,b and o0 are =0, and the initial
conditions are
x(s) =@(s),u(s) =0,s<0 Q)

In Eq. (1), b and o are constants, with o < b.
The Operator D satisfies

Dx, = f_ob g(8)x(t + s)ds
The second part of the integrand represents
xe(s) = x(t + ),
whereas the first part is a weakly singular function,
9(s) € L[-b, 0],
which is integrable, positive, nondecreasing, and

weakly singular at s = 0.In particular, the simpler
form of g(s) = |s|™P (with a similar property to
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g =(1-9",

in the aeroelasticity problem [2]) was considered,
where 0 <p < 1.

If the integral Dx, exists, integrating Equation (1)
yields the following equation:

x(t) + o(t — b) + Dx, = Dxy + ¢(0) +
+(p(—b)+f0 u(t,o)dr,for0<t<bh

This equation can be represented as a Volterra
integral equation of the second kind provided that the
function

Dx; = f_ob |s|7Px(t + s)ds

is absolutely continuous with respect to t > 0 and that
the product of the kernel and initial function,
expressed as g(-)@(+) belongs to L,[—b, 0].

Without loss of generality, we assume b = 1 and
use the equation

d d
. §X(t)+EX(t—1)+

+2 2, IsI7Px(t + s)ds = u(t, 0),
0<t<1,0<o0<«1,

with the initial data x(s) = ¢(s), u(s) =0, s <0,
where the control function u(t,o) is a locally
integrable function.

The proposed method can be applied to more
general cost functions. This paper compares two
typical cost functions:

@, = ay [} (x(6) — n(£)2dt +
+a, f0b1 u(t)?dt,

and

@, = ay(x(by) —n(b1))* + a, fobl(x(t) -
—n(t)2dt + as [ u()?dt,

where n(t) is a target function and «;, a,, and a5 are
nonnegative constants, whose sum is 1 in each
corresponding cost function, with b; — oo.

3. Numerical Method

We discretize Equation (1) with the delay case
u(t,0) =u(t—o) and the cost functions
@;, where i = 1,2 for by =b =1, to construct a
linear system with unknowns as states and controls.
The space mesh points (corresponding to the s
variable) are discretized as —1 =17, < 7,1 <+ <
7, <7y=0, and a new variable ¢ is defined
as follows:

Et,s)=x(t+s),-1<s<0,0<t (3)

Equation (1) can then be reformulated as the first-
order hyperbolic equation,

F F
Ef(t' S) - af(t! S)I _1 S S S 09 (4)
with the condition

if(t 0) +i§(t 1) +

Q)
+f |p— (t,s)ds = u(t — o)

Next, we assume that the solution to Equations (4)
and (5) has the form

§(t,s) = Y= oki(t)Bi(s), (6)
where the basis B;(s), i = 0,--+,n,is expressed as
follows:

! (5=7i41) S € [Ti+1, T4
(Ti _Ti+1) i+1 i+1 i
1
Bi(s) = (7, —9) S € [T, Ti—1],

(G -7)

0 otherwise

Here, B;(s), i =0,1,---,n, represents piecewise
linear functions. When the special form of & in
Equation (6) is substituted into Equations (4) and (5),

the governing equations for k;(t),i = 0, -+, n, become
the following:
d 1
k() = 5 (CHORS)> )
i=1,-,n
d d
E ?=0Ki(t)Bi(0) +EZ?=OKL(t)Bl(_1) + (8)
0, d
+ [, IsITP Ef= o ki (8) - Bi(s)dsu(t — o),
where §; = 7;_, —1; > 0,fori =1,--,n
For time t, the discretization contains
T T, T™ for0=TO < T <. < T =1,
We define
A¥ =Tk Tk fork =0,--,m—1
By assuming all‘ = K;(T*),fori =0,1,+-,n,and

k = 0’ eem
We can express Equations (7) and (8) as follows:

1
Fat —a) =Sl —a), )
5 a(’)(+1 51 k+1+ 5 a"{{l‘l'l (10)
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1 k+1 n Ji(, k+1 k+1) _
—3 +Zi=1g(“i—1 —af™) =
n—1 1A

— u(Tk+1 _ O'),
wherei=1,..,n,k=0,...,m—1, and

gi = [ |s|Pds

i

Furthermore, we assume a uniform mesh for both

space and time. The mesh points are 7;, i = 0,-:-,n,
and T¥, k = 0, -+, m. Specifically, we have t; = —i,

and Tk = % for some positive integers n and m. Thus,
Ak =% and §; =% for k=0,-,m—1, and
i=1,..,n. Setting m=mn yields the relation
Ak = =%, for k=0,,n—1 and i=1,-,n.

Equations (9) and (10) then yield the following
system:

aftt =ak |, (11)

1 1
5o @™ —af*™) + — (an*] —
51 51[—1

1
-t + X1 18—i(04(—+11 —aft)-

: (12)
Sl u-0l-p+ ()P =
— u(Tk+1 _ O'),
fori=1,--,n,andk =0,---,n — 1.
After defining the corresponding constants
€0, C1,°*,Cp, Wwe can simplify Equation (12)
as follows:

altlco+ akcy + o+ adcgy, + o+
+ay_k—1Cn = Ups1-j(o) (13)
k=0, ,n—1and0<j(o)<n

The relation between the solution x(t) and aé for
j=1,---,n is described as follows: Because
Et,s)=x(t+s) for —1<s<0, 0<t and
&(t,s) = Xi= o Ki(£)Bi(s), we can obtain x(f) for
0 < t < 1 by using the following formula:

x(T7) = £(17,0) = _
=¥ ok (T B(0) = ko(TV) = a},

forj = 1,-,n

The discretized forms of the cost functions

@, = a, [ (x(t) —n(t)?dt +
+a, folu(t)zdt,

and

@, = ay (x(1) —n()* + @, f, (x(t) —
—n(©))?dt + a5 [, u(D)?dt

are as follows:
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1 i Y
Pip =y ;Z?z 1(“6 - U(Tl)) +

1evn 2
‘ay =Y,
n
and

yp = ay(af —n(T™)* +

1 ; N2 1
taz ?:1(“6_77(71[)) taz; roau?

We can take the first derivatives of @;p,
i= 1,2, withrespecttou;,i = 1,---,n, and set them
to zero, to yield the following corresponding equations
(14) and (15):

“ [aa(l) . aé”(o) +aa(2) - aéﬂ(a) +
1

+ .
+---+aa(n—j(a))~a{)‘ ] %2rth

r](T”j(")_) ~aa(l) + - +n(T") -

-4 Laa(n — j(o))

s

o [““(1) " + aa(2) - af VO +] bt
+taa(n—j—jlo)+1) ag
uj = ay[n(T7 @) - aa(1) + - + +n(T™) -
aa(n—j—j(o) + 1)], (14)

ay-ag-aa(l) + oy uUp_joy) = ay -
-n(T™) - aa(1),

@y Un-joy+1 = O,

@ Up—jy+2 = 0,

ay-u, = 0,
and

[aa(l) : a’éﬂ(g) +aa(2) - aé"'j(”) 4o +]
a; +
+aa(n —j(g)) - al
+a - uy=nayn(Taa(n - j(0)) +
[U(T“'j(”)) caa(l) + - +]
+a, ) ,
+1(T™) - aa(n — j(0))
a, [aa(l) )@ +aa(2)- al O +] .\
+aa(n—j—j(0) +1) - al
+ay - u = nagp(TMaa(n —j— j@) + )+ (15
@ [n(T7@) - aa() + - +n(T™) - aa(n - j -
j(@)+ 1],

ay-ag-aa(l) +as - up_jo) = (nay +az) -
n(T™) - aa(1),
a3 Up—jy+1 = 0,
az - Un-jo)+z = 0,

az-u, = 0,



where aa(1) = Ci,aa(Z) = —z—1~ aa(1), ... aa(j) =
0 0

aa(j —2) — - — C’C—;l -aa(1),

—E—;aa(j -1) —E—z-
aa(n—j(o)) =

aa(n —j(o) —2) — -

and

Moreover, the vectors [b] are expressed as follows:

and

—Zaa(n—j(@) - D -3+
0 0
—i(o)— expressed as follows:
— MO gq(j(o) + 1), P
0
- o 0 - 0 0 0 - 07
o o - 0 0 0 - 0
Cn_1 Cn_z Co 0 -1 0
0 aaa(l) ajaa(n—j(@)) a; 0 - 0
0 0 - : 0 a -~ 0
: : a,aa(l) P
: : 0 0 a 0
[ 0 0 0 0 0 a
r Co 0 0 0 0 - 07
o - 0 0 0 - 0
Cn-1 Cn_2 Co 0 -1 0
0 ayaa(l) aaa(n—j(0)) a3 0 - 0
0 0 - ; 0 a -~ 0
: : ayaa(l)
: : 0 0 az 0
[ 0 0 0 0 « 0 as
—age; —afc; — = ap 16 + U (o)
—A3Ci (041 — AL iy = — ag—j(a)—lcn + Uz—j(o)
_a(())cn

a; [n(T@)aa(1) + - + (T aa(n — j(o))]
a; [n(T*)aa(1) + -+ n(Taa(n — j(o) — 1]

w[1(T@)aa(1) + -+ g (T™aa(m - j(@) - j + 1]

& (T™)aa(1)
0
0
—age; —afey — = af_ycn + u(T* ~ 0)
—3Ci(o)41 ~ A Ci(0)+2 — e Ap_j(oy-16n +u(T? = 0)
—a:gcn

nan(T™aa(1) + a,n(T™aa(1)
0

0
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“2nx2n

2nx2n

“2nx1

nayn(T™aa(n = j(0)) + ay[n(T@*Haa(1) + -+ n(T™aa(n - j(o))]
nayn(T™aa(n = j(0) = 1) + a;[n(T79**)aa(1) + -+ n(T™aa(n - j(0) - 1]

nan(T™aa(n —jlo) —j+ 1+ ay [U(T"(")‘Jrj)aa(l) + o+ n(T™aa(n - j(o) —j + 1)

Systems (13) and (14) or (13) and (15) can be
represented as [A][x] = [b], where the vector [x]
consists of the unknowns aé,j =1,---,n, and uy,
k =1,--,n. The structure of the matrices [A] is

“2nx1
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The positions of value —1 in the upper right block
of matrices [A] depend on the delay o; for o = 0, the
block matrix is diagonal. Controls in the upper part of
[b] depend on ¢ from specific previous controls.

For by »1, & =a fobl(x(t) —n(0)*dt +
a, foblu(t)zdt, and

@, = ay(x(by) — n(bl))z +a, fobl(x(t) -
—n(t)2dt + a5 [, u(t)?dt

The cost calculations are performed using a
step-based method involving the intervals
[0,1],]1, 2], - = oo.In each step, the state and control
are updated using the results of the previous step. The
final cost is calculated as the sum of the costs derived
in each step.

4. Numerical Examples

We consider examples with p = 0.5; different
initial conditions, namely ¢@(s),—1<s<0; and
different target functions, namely n(t), 0 <t < b,.
The combination of a constants in the cost functions
is adjusted for different parameters. The cost of
real-time controls (o = 0) is provided for comparison
in each example to ensure accuracy.

Examples 1-4 are the extensions from a previous
paper [7]. Examples 5-8 are the results for the
assessment @,.

Example 1. n = 100,¢(s) = s2, -1 <s <0;
u(s) = 0,-1<s<0;n() = cos(t),0 <t <10;
(a4, a3) = (0,1),(0.1,0.9), (0.3,0.7),and (0.5, 0.5).

The total costs are shown in Table 1.

Tablel. Total costs for Example 1.

(a,a3) | 6=0 | 0=02]0=05
0,1) 0 0 0
(0.1,0.9) | 0.0194 | 0.0194 | 0.0194
(0.3,0.7) | 0.0581 | 0.0582 | 0.0582
(0.5,0.5) | 0.0975 | 0.0980 | 0.0976

Example 2: n = 100,¢(s) =s, -1 < s < 0; u(s) =
0, -1<s<0; n() =t, 0<t<10; (a;,a;) =
(0,1),(0.1,0.9), (0.3,0.7),and (0.5, 0.5).

The total costs are shown in Table 2.

Table 2. Total costs for Example 2.

(a,a3) | =0 | 0=02]0=05
0,1) 0 0 0
(0.1,0.9) | 0.1938 | 0.1961 0.1978
(0.3,0.7) | 0.5515 | 0.5756 | 0.5931
(0.5,0.5) | 0.8519 | 0.9270 | 0.9879

Example 3: n=100,¢(s) =sin(s), —1<s<0;
u(s) =0, -1<s5<0; n(t) =t, 0<t<10;
(ay, @) = (0,1),(0.1,0.9), (0.3,0.7), and (0.5, 0.5).
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The total costs are shown in Table 3.

Table 3. Total costs for Example 3.

(a,a3) | 60=0 | 0=02]0=05
0,1 0 0 0
(0.1,0.9) | 0.1938 | 0.1961 | 0.1978
(0.3,0.7) | 0.5515 | 0.5756 | 0.5931
(0.5,0.5) | 0.8519 | 0.9270 | 0.9879

Exampled: n =100,¢(s) =1—-5,—-1<s <0;
u(s) =0,-1<s<0;n()=sin(t),0 <t < 10;
(arq, @) = (0,1),(0.1,0.9), (0.3,0.7),and (0.5, 0.5).

The total costs are shown in Table 4.

Table 4. Total costs for Example 4.

(aq,a,) |0 =0]0=02]0=05
0,1 0 0 0
(0.1,0.9) | 0.1984 | 0.2013 0.2036
(0.3,0.7) | 0.5516 | 0.5807 0.6049
(0.5,0.5) | 0.8223 | 0.9101 0.9919

Example5: n = 100,¢(s) = 0,u(s) =0,s < 0;
n(t) =cos(t), 0 <t <20; (a,a,,a3)=1(0,0,1),
(0.1,0.1,0.8), (0.1,0.2,0.7) and (0.1, 0.3, 0.6).

The total costs are shown in Table 5.

Tableb5. Total costs for Example 5.

(a,ay,a3) 06=0 |0=02]|0=05
(0,0,1) 0 0 0
(0.1,0.1,0.8), | 0.1795 | 0.1821 | 0.1899
(0.1,0.2,0.7) | 0.2175 | 0.2188 | 0.2252
(0.1,0.3,0.6) | 0.2582 | 0.2586 | 0.2624

Some graphs are presented in the Appendix.
Example 6: n=100, p(s)=s, u(s)=0,
—1<s<0; n(®) =1—-t, 0<t<20; (a,a5,a3) =
(0,0,1),(0.1,0.1,0.8), (0.1,0.2,0.7) and (0.1,0.3,0.6).
The total costs are shown in Table 6.

Table 6. Total costs for Example 6.

(a,ap,a3) 0=0 |0=02]|0=05
(0,0,1) 0 0 0
(0.1,0.1,0.8), | 1.3043 | 1.3613 | 1.4856
(0.1,0.2,0.7) | 1.4153 | 1.4951 | 1.6894
(0.1,0.3,0.6) | 1.4830 | 1.5740 | 1.8315

Some graphs are displayed in the Appendix.
Example 7: n=100,¢(s) =cos(s), u(s)=0,
-1<s<0; nt)=t, 0<t<20; (ay,az0a3)=
(0,0,1),(0.1,0.1,0.8),(0.2,0.2,0.6) and (0.2,0.3,0.5).
The total costs are shown in Table 7.

Table 7. Total costs for Example 7.

(a,ay,a3) 06=0 |0=02]|0=05
(0,0,1) 0 0 0
(0.1,0.1,0.8), | 0.4499 | 0.4541 | 0.4549
(0.2,0.2,0.6) | 0.9084 | 0.9299 | 0.9377
(0.2,0.3,0.5) | 1.2780 | 1.3412 | 1.3808
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Example 8: n=100,¢(s) =cos(s), u(s) =0,
-1<s<0; nt)=sin(t), 0<t <20; (a,a0a3)=
(0,0,1), (0.1,0.1,0.8),(0.2,0.2,0.6) and (0.2,0.3,0.5).

The total costs are shown in Table 8.

Table 8. Total costs for Example 8.

(aq,a5,a3) 0=0 |0=02]|0=05
(0,0,1) 0 0 0
(0.1,0.1,0.8), | 0.3850 | 0.3957 | 0.4047
(0.2,0.2,0.6) | 0.7239 | 0.7641 | 0.8023
(0.2,0.3,0.5) | 1.0115 | 1.0982 | 1.1880

Some graphs are presented in the Appendix.

The minimum costs derived using delay controls
are founded to be typically higher than the costs
derived using real-time controls. The tracking of parts
results in higher costs.

5. Summary

This paper presents a method for finding the
optimal controls and corresponding optimal states for
weighted cost functions that emphasize different
parameters and are governed by an integro-differential
equation of the second kind. The effectiveness of the
proposed method is tested in selected examples. The
cost of the delay controls (¢ > 0) is higher than that of
the deterministic optimal controls (o = 0),
tracking is found to contribute more to the total cost
than are the controls.
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