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Abstract: This paper presents a new method of calibration for a 3-axis MEMS accelerometer and its dynamic 
verification. The new combination of calibration and dynamic verification ensures the correct calculation of the 
displacement and velocity from the measured accelerations of systems with significant motion. The nine 
parameters required for complete calibration of the accelerometer are obtained using the non-linear optimisation, 
whereby the method of variable projection (VPM) is used to implement the optimisation. The dynamic verification 
is performed on a test bed corresponding to a slider-crank mechanism. Principal component analysis is used to 
correct for possible rotations of the sensor, relative to the linear motion. The results presented in this paper 
demonstrate the correct functionality of the calibration and verification procedures. 
 
Keywords: Calibration, Variable projection method, Non-linear optimisation, Dynamic verification,  
MEMS accelerometer. 
 
 
1. Introduction 

 
This article is an extension to the introduced 

dynamic verification using a slider-crank type test 
stand of a statically calibrated sensor system based on 
a MEMS accelerometer [1]. This paper addresses the 
issue of ensuring that the calibration procedure  
of 3-axis MEMS accelerometers introduced in [2] 
yield accurate measurements of dynamic systems with 
significant motion. The 3-axis accelerometer sensing 
element is part of a newly developed sensor module 
providing significant computational power and a 
wireless interface. The calibration procedure 
presented in [2] calibrates for misalignments of the 
sensing element within the sensor module as well as 
for gain and offset. This is important with equipment, 
where there is significant motion of relatively low 
frequency (1Hz	– 	12Hz). In numerous industrial 
applications it is necessary to compute accurate 

displacements and velocities from the measured 
acceleration, e.g., a rod and piston type system [3] or 
vibrational sieves [2]. Consequently, it is necessary to 
verify that the accelerometers correctly measure the 
dominant signal component and its harmonics; for this 
reason, this article investigates whether or a not a static 
calibration is sufficient in dynamic low frequency 
application of significant motion by verification using 
a slider-crank type test stand. However, a piston type 
system has a non-linear relationship between the 
rotation that creates the significant motion and the 
acceleration of the slider itself. 

In this article we present two methods to verify the 
sensor calibration: 

1. A frequency response test using a model for the 
acceleration of the slider-crank mechanism serving as 
a reference. 

2. A geometrically constraint method using the 
constant radius of the crank serving as reference for a 

http://www.sensorsportal.com/HTML/DIGEST/P_3228.htm
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piston model. This allows to compare the model radius 
and the recalculated radius from the determined 
acceleration via integration. 

Most commonly, 3-axis MEMS sensors are 
statically calibrated using multiple orientations [4, 5]; 
however, dynamic verification is rarely performed. 
D’Emilia, et al. [6] present a dynamic calibration. 
Although, there is a linear relationship between the 
initiating motion and the measured acceleration. This 
case does not require the verification of the correct 
measurement of additional harmonics. This contrasts 
with the test-stand presented in this work which 
generates additional harmonics. 

The main contributions of this paper are:  
1. A calibration process, which uses the method of 

variable projection [7, 8] to implement the calculation 
of the calibration coefficients. This ensures a more 
precise calibration, while being numerically stable  
and efficient. 

2. A test stand corresponding to a slider-crank 
system - a mechanism commonly used in industry - for 
verifying the static calibration. This creates a non-
linear relationship between the initiating rotation and 
the ensuing accelerations.  

3. Verification calculations, which show that the 
calibration is accurate within the error bounds of the 
mechanical test stand.  
 
 

2. Static Calibration 
 

In this article a static calibration of a 3-axis MEMS 
accelerometer is presented by modelling the most 
significant sources of errors. 

The first source of measurement errors considered 
in the presented method is due to assembly tolerances 
and inaccuracies of the sensing element. These occur 
during the placement of the MEMS-element on the 
sensor systems printed circuit board (PCB), see Fig. 1. 

 
 

 
 

Fig. 1. Orientation of the sensor chip within the module 
housing. Due to assembly tolerances the MEMS-chip can 

be rotated wrt. the module housing axes. 
 
 

In more detail, the exact source of the error is a 
misalignment of the sensing axes within a sensor 
module and the fixing surface of the sensor modules 
housing, see Fig. 2 (left). This step of the calibration 
determines a coordinate transformation between the 
axes of the sensing element within the sensor housing 
and the contact surface of the sensor module itself. 
This is important since the contact surface defines the 
coordinate system for the acquired acceleration data 
wrt. machine where the sensor is mounted.  

In addition, a bias (offset) and gain are used to 
model errors which occur due to tolerances of 
electronic circuit and sensing element tolerances. 

 
 

 
 

Fig. 2. Left: The orientation of the acceleration sensing element axes within in the module wrt. the aluminium base plate. 
Right: 6 orthogonal orientation positions for calibration of the 3-axis accelerometer. At each orientation an axis (labelled 
as: -z, -y, -x, +z, +y, +x) pointed towards the earth gravitational centre. As surface, a levelled Granit stone is used. A 
precision water level was used to level the surface. The stone was encapsulated from the vibrating environment with speaker 
dampers. 1-2-3 blocks were used to hold the sensor in the necessary positions. 

 
 

 
2.1. Calibration Model 

 

In this article a 10 degree-of-freedom (DOF) 
sensor is used; 3-axis acceleration, 3-axis gyroscope, 
3-axis magnetic field and temperature. Nevertheless, 
this article is about calibration of the 3-axis 
acceleration sensor; A calibration model for this 

sensor system was already introduced in [1, 2]. For the 
sake of completeness, it is added in this article. 

For the 3-axis accelerometer in Fig. 2, a 9 DOF 
model has been chosen to model three independent 
offsets (bias) errors, three gains and three angles for 
each axis respectively.  

With regard to the calibration model, a 
measurement  is defined as 
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= , (1) 

 
consisting of individual measurement samples in the 
x-, y- and z-axis. The calibrated measurements 
 = , (2) 

 
are calculated by applying the calibration model 
defined as 
 = +  (3) 

 
The misalignment of the sensor is modelled as a 

rotation matrix , ,  defined as 
 , , = , (4) 

 
which is composed of three rotation matrices in the 3D 
space. The individual rotation matrices considering 
three angles , , , are calculated by 
 = cos −sin 0sin cos 00 0 1 , (5) 

 

= cos 0 sin0 1 0−sin 0 cos 	and (6) 

 

= 1 0 00 cos −sin0 sin cos  (7) 

 
The goal of the rotation is, to ensure, that the 

orientation of the MEMS sensor axis (Fig. 1) is aligned 
with the aluminium mounting base coordinate axes 
(Fig. 2, left) of the sensor housing. This then defines 
the aluminium base as the reference coordinate system 
of the sensor module. Due to manufacturing tolerances 
of electronic parts, the data of such a sensor system is 
also affected by a gain  and an offset  in each axis. 
Since the gain is independent for each axis, it can be 
defined as a 3 × 3 diagonal matrix, 
 

= 0 00 00 0  (8) 

 
The offset is defined as a 3 × 1 vector, 

=  (9) 

 
To summarize the introduced parameters being 

calculated for calibration are the rotation in each axis 
, , and , as well as the parameters for the gain 
,  and  and the offset , 	and . 
To make it clear that this non-linear problem can 

be separated into a linear and a non-linear problem 
Eqn. (3) can be reformulated by augmentation. 

Augmenting a measurement  yields a vector  
defined as, 
 

= 1  (10) 

 
In the same manner, the rotation matrices are 

augmented to satisfy the dimensions. It is defined by 
the augmented rotation matrix  as a 3 × 4 matrix 
 

 
The augmented calibration model can now be 

written as, 
 

= 0 00 00 0 , , 1  

   

                   linear         non-linear in  

(12) 

 

 
The solution to calculate a calibrated measurement 

has now become a formulation of separable variables 
[9], since the problem is split-up into a linear and non-
linear portion. First, the non-linear part is applied on 
the augmented measurements  by a rotation , , , where , , and  are common to 
all three axes. Second, the linear part contains now 
only the linear parameters in  and  of each  
axis respectively. 

By continuing from Eqn. (12) the calibration 
model can be further simplified for a computationally 
optimized solution. Applying the rotation 

, , ϕ = 

(11)

= 0000 0 0 1  

0000 0 0 1 	 0000 0 0 1  
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, ,  on  yields the rotated 
measurements : 
 

= 1 	= , , 1  (13) 

 
Substitute Eqn. (13) in Eqn. (12) yields the  

forward problem  
 = 	 yz = 0 00 00 0 1 , (14) 

 
which has now become a purely linear problem for a 
stationary angle , 	and . In order to calculate 
calibrated measurements, the equation can be 
reformulated accordingly to Graßmann duality [10], 
which results into 
 xyz = 1 0 0 0 00 0 1 0 00 0 0 0 1  (15) 

 
Further, as the structure of this matrix equation 

suggests, the unknown parameters are independent 
from each other. This allows to extract separate 
equations for ,  and  as follows 
 x = 1 , (16) 

 	= 	 1 , (17) 

 =	 1  (18) 

 
The extraction allows a numerically efficient way 

of solving for calibrated measurements, since the nine-
dimensional problem is reduced to three equations in 
two dimensions. 
 
 
3. Determination of the Calibration 

Parameters 
 

A static calibration method was used to determine 
the unknown parameters. However, within the 
calibration process, in each measurement, the sensor 
aluminium base was orientated with a different lateral 
face towards the centre of gravity. This ensures all 
lateral faces have been pointed once towards the centre 
of gravity. It results into six independent 
measurements, each yielding the respective 
acceleration for the x-, y- and z- axis. The right-hand 

side of Fig. 2 shows the orientation of the sensor 
during the static measurements for the calibration. The 
letter in each sub-photograph states which axis pointed 
towards the centre of gravity while acquiring the data.  
 
 
3.1. Defining the Cost Function 
 

The calibration model presented in Eqn. (3) is the 
basis to formulate a model  considering all six 
measurements from the static calibration, yielding 
 = + , (19) 
 
where  is defined by the mean values ̅ , …	 ̅ , , , …	 , 	and	 ̅ , …	 ̅ ,  from each 
measurement of n samples of each axis. This is 
summarized in a 3 × 6 matrix : 

Data merged according to the sensor’s orientation 
in Fig. 2: 
 

     -x         x        -y         y         -z          z == , , ,, , ,, , ,
, , ,, , ,, , ,  

(20)

 
The matrix , defines a 3 × 6 reference matrix 

which specifies the expected acceleration due to the 
gravitational force for each orientation respectively, 
defined by = 9.81 : 

 = − 0 0 0 00 0 − 0 00 0 0 0 −  (21) 

 
The signs of the entries in  correspond to the 

orientations of the lateral faces of the sensor shown in 
Fig. 2 and directly relates to the definitions in  (-x 
and x, -y and y as well as -z and z). 

The offset matrix  is defined as a 3 × 6 matrix: 
 = ⋯⋯⋯  (22) 

 
Once the calibration parameters have been 

determined, a corrected set of measurements  can 
then be calculated by, 
 = +  (23) 
 

The cost function for the non-linear problem can 
now be defined as the Frobenius-norm from the 
residual between the ideal values in  and the 
corrected measurements in  
 , , = ‖ − ‖F (24) 

For the computation of the calibration parameters 
in ,  and , Eqn. (23), Eqn. (24) is later split into a 
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linear and non-linear part by applying the method of 
separable variables. 
 
 
3.2. Computation of the Calibration 

Parameters 
 

To yield the nine calibration parameters: the 
rotation in each axis , 	 , ; the gain in each axis , , 	 	and the offset in each axis , , , the 
method of separable variables is applied. Considering 
the non-linear portion due to the rotation R , ,  for a static angle , , and  applied 
on the measurement , yields 
   = , ,    (25) 

 
To solve for the measurements  , the model in 

Eqn. (19) is reformulated as 
 = 	 +  (26) 
 

Subtracting C from A yields 
 	 − 	 =   (27) 

 
Eqn. (27) is a set of equations. To determine the 

linear calibration parameters, the equations in (27) 
must be considered individually. In the following, the 
way to solve for the parameters in the x-axis is 
exemplary shown. The steps from equation Eqn. (28) 
to Eqn. (38) are identical for the x-, y-axis and z-axis.  

Considering the equation for the x-axis, a rotated 
measurements , 	extracted from  yields, 
 , = ̅ , ̅ , ⋯ ̅ ,  (28) 
 

From , an ideal vector  is extracted, such that 
 = − 0 0 0 0 , (29) 

 
and from 	an offset vector  of the dimension 6 × 1, 
 = ⋯  (30) 

 
After performing the multiplication  the 

following equation can be formulated corresponding 
to Eqn. (27), 
 − = , . (31) 
 

Dividing by the scalar value for the gain  yields 
 − = ,  (32) 

Eqn. (32) can be reformulated into its matrix-
vector form for each axis respectively which yields the 
model equation 
 

, = 	
̅ ,̅ ,̅ ,̅ ,̅ ,̅ ,

  =
− 110 10 10 10 1

1
− 1  (33) 

 
Defining the basis matrix  as 
 

=
− 110 10 10 10 1

 (34) 

 
and the coefficient vector  as 
 = 1 − 1

 (35) 

 
yields, 
 , = . (36) 
 

Solving the linear system for the calibration 
parameters in  yields, 
 = ,  . (37) 

 
Here  denotes the Moore-Penrose pseudo 

inverse of .  
For the desired coefficients , given , , the 

minimisation of the cost function wrt.  yields 
 ϵ = , −  (38) 

 
After computing the coefficients for all axes, the 

coefficients for the gain and offset can be collated in 
the gain matrix  and the offset matrix .  
 
 
3.3. Implementation 
 

In the following the MATLAB m-code is 
presented which shows the implementation of the 
above-described algorithm. Listing 1 shows the cost-
function which is being minimized. Consequently, 
given a stationary point for ,  and , allows to 
independently solve for the linear parameters in   
and . 
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Listing 1 M-code for the cost function for solving the 
linear portion of the calibration model for a 3-axis 
accelerometer. 
 

The code presented in Listing 1 is wrapped by a 
non-linear solver to minimize the cost function wrt. 
The rotation angles , ,	  as shown in Listing 2: 
 

 
 

Listing 2 M-code wrapping the linear portion of 
Listing 1 by a non-linear solver. 
 
 

4. Dynamic Verification 
 

Most industrial application require the sensor to 
work in a dynamic setup, where the acceleration 
change over time. This contrasts with the presented 
simplified static calibration procedure. Thus, it is 
necessary to verify the new calibration method for 
measurements of dynamic motions. Therefore, a 
thoroughly verification is presented using a frequency 
response test for two independent calibrated sensors of 
significant motion. The measurement data is recorded 
at different acceleration frequencies. The method of 
identifying a periodic signal using VPM introduced in 
[8] and FFT [11] is used to determine the  
dominant acceleration amplitudes of each tested 
frequency and subsequently compared to a reference 
acceleration computed from the slider-crank model of 
the test stand.  

4.1. Test System 
 

A small test stand, based on a slider-crank 
mechanism was built, to generate a non-linear 
relationship between the rotational motion of an 
electronic motor and a linear motion of a piston, see 
Fig. 3. The nature of such a mechanical drive system 
has a defined acceleration model which allows to 
determine the exact expected acceleration at a certain 
rotational frequency. A speed controller enables the 
control of the rotational speed of a 12 V DC motor. A 
cylindric support holds the slider in lateral position 
serving as a linear support. The sensor module is fixed 
on the platform such that it can be exposed by the 
linear motion in only one direction.  

 
 

 
 

Fig. 3. Test stand. 1: speed controller; 2: motor;  
3: connecting rod; 4: supports; 5: slider; 6: sensor module 

including a 3-axis accelerometer. 
 
 

4.2. Model of the Test System 
 

The equation for the acceleration of the slider-
crank mechanism  is 
 = + 2 +1 − (39) 

 
It describes the acceleration of the slider depending 

on the angle  and the geometry of the test rig given 
by the connecting rod to crank ratio  [3]. In Fig. 4 a 
schematic sketch of a slider-crank mechanism can be 
seen. The angular position  is defined as 0° when the 
piston is at the upper dead center (UDC) and is 
increasing when rotating clockwise up to 180° until it 
reaches the outer dead center (ODC). The cycle then 
reaches 360° which corresponds to the 0° starting 
position. The connecting rod ratio =  is defined as 

the relationship between the length  of the connecting 
rod and the radius  of the crank, see Fig. 4. The ratio 
affects the behaviour of the piston’s movement along 
its support.  

 
 

4.3. Data Acquisition 
 

Two sensor modules were tested using different 
acceleration sensing elements: The MPU-9250 and the 
ICM-20948. The data from the test run was recorded 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

function cost = 
costCal(params,M,A) 
%% Extract the parameters 
xPhi = params(1); 
yPhi = params(2); 
zPhi = params(3); 
% Rotate the measurement data M 
R = rotz(zPhi) * roty(yPhi) * 
rotx( xPhi ); 
Mr = R*M; 
% 
% Solve the linear portion 
G = zeros(3); 
c = zeros(3,1); 
for k =1:3 
 ak = A(k,:)'; 
 D = [ak, ones(size(ak))]; 
 mr = Mr(k,:)'; 
 % 
 cfs = D \ mr; 
 % 
 G(k,k) = 1/cfs(1); 
 c(k) = - cfs(2)/cfs(1); 

end 
% Compute the corrected 
measurements 
Ar = (G * Mr + repmat(c,1,6)); 
% Compute the cost 
E = A - Ar; 
cost = norm( E, 'fro')/sqrt(18); 

1 

2 

fun = @(phis)costCal(phis, M, A); 
phis = fminsearch(fun, phisInit);



Sensors & Transducers, Vol. 252, Issue 5, October 2021, pp. 1-11 

 7

with a sampling frequency of 2048	Hz	for one second 
resulting in = 2048 measurements in each axis. 
Both sensors have been parametrized at a sensitivity 
of 8 g. The introduced calibration algorithm has been 
directly implemented in the sensor module, hence the 
data acquired from the sensor was already calibrated. 
 
 

 
 

 
 

Fig. 4. Top: Enlarged visualization of the slider-crank 
mechanism of the test stand. Bottom: Principal sketch of a 
slider-crank mechanism. The definition of the connecting 
rod length l and the crank with the radius  are defined and 
yields the ratio = . The upper dead centre (UDC) is 

defined when the drive has reached a φ of 0°, the outer dead 
centre (ODC) is reached at a φ of 180°. 

 
 

The motors revolutions per minutes were 
parametrized using a speed controller from 0 % up to 
100 %, whereby 100 % correspond theoretically to 
800 rpm. The speed controller’s parameters are used 
as a reference for ω in the model. Thus, the true slide-
crank mechanisms revolutions per minute are 
calculated using the periodic acceleration signal and a 
Fourier transformation. However, it was observed that 
a stable movement of the acceleration sensor on the 
test stand required the speed controller parametrized at 
greater 20 %. This corresponds to a minimum 
experiment frequency of = 2.49	 . 
 
 
4.4. Frequency Determination Using 

the Variable Projection Method 
 

A measurement of a periodic signal usually is not 
a perfectly periodic. When applying the Fast Fourier 
transformation (FFT) on such a signal, the resulting 
transformation will be subject to a Gibbs error [12]. 
The Gibbs error results in a falsified spread of the 
signals energy in the frequency domain of the Fourier 
transform. Although, it can be reduced by different 
filtering methods. A very common method is to apply 
a window to the original signal or smoothing of the 
raw data. Also trimming the data to a fully periodic 
signal by finding the zero crossings is a common 
technique for reducing the Gibbs error.  

A more sufficient method of frequency 
determination is introduced in [8], using the variable 
projection method [13, 14]. The method is based on a 
four-parameter sine wave model and is defined in the 
IEEE standards [15]. The advantage of this method is 
to determine the dominant frequency and the 
corresponding amplitude from a signal without being 
subject to Gibbs errors. It is characterized by a model 
being a linear combination of nonlinear functions. 

The four-parameter sine wave model can be 
defined as algebraic formulation, 
 = + cos ω +  sin ω   (40) 
 

Here  defines the model for a measurement 	= , … ,  performed at the times 	= ,… , , where  is the number of samples 
recorded in a measurement. The coefficients of the 
model 	in Eqn. (40) are	  for the direct component 
(DC) and the amplitudes  and  for the cosine and 
sine components respectively. The frequency is 
defined as ω for both, sine and cosine components of 
the model. To transform Eqn. (40) into a linear 
formulation, the basis-vectors  to  are defined as 
 ≜ (41) 
 ≜ cos  (42) 
 ≜ sin  (43) 
 

The basis vectors are now used to formulate the 
design matrix  as a function of , 
 =  (44) 
 

The coefficients  can be defined in a 3 × 1 vector 
 = . (45) 
 

Above definitions lead to the matrix vector 
equation for the model 
 =  (46) 
 
and equals the algebraic formulation in Eqn. (40). For 
a given stationary ω, a least squares estimate for  can 
now be obtained by calculating the inverse 
 = , (47) 
 
where  denotes the Moore Penrose pseudo 
inverse of . Substituting the calculated 
coefficients from Eqn. (47) into the model equation 
Eqn. (46) gives the results  
 =  (48) 
 

The matrix multiplication = 	is the 
projection onto the basis functions contained in . 
The projection varies with ω, hence this is called the 
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variable projection. The residual  between the model 
 and the observed data	  can be computed as, 

 = 	 −  (49) 
 

The cost function ω  is then defined as the sum 
of the squares of the residual . 
 ω = ‖ ‖  (50) 

 
Substituting Eqn. (49) yields, 

 ω 	= 	‖ 	 − 	 ‖ (51) 
 =	‖ 	 − 	 ‖ (52) 
 

The result given in Eqn. (52) is called the variable 
projection functional (VPF). The estimation of  is 
now a non-linear least squares problem in one 
variable. Eqn. (52) permits us to explicitly calculate 
the cost function ω  for a stationary point of  for 
a given measurement . 
 
 
4.5. Data Processing 
 

Due to the tolerances in the mechanical system of 
the test stand the sensor’s orientation may not be 
perfectly aligned wrt. to the axis of motion. A principal 
component analysis (PCA) [16] was applied to the  
3-axis acceleration data, to extract the primary axis of 
motion. Consequently, the first principal component 	is representative for the primary acceleration of the 
motion. It has the dimension 	 	1, where n represents 
the number of samples obtained during the 
measurement. Within the dynamic verification the 
method of variable projection requires an initial value 
for the solver to determine the non-linear parameter . 
This initial value is taken from the FFT-transform’s 
dominant frequency, see Fig. 5. The number of 
samples in each measurement was = 2048 with a 
sampling rate = 2048	Hz, yielding a theoretically 
possible frequency resolution of 1	Hz using the FFT. 
This contrasts with the method of variable projection, 
where the frequency resolution is not limited by the 
ratio of  / . 

 
 

 
 

Fig. 5. Graphic representation of the frequency spectrum 
after a Fast Fourier transformation at the maximum 
rotational speed. The dominant frequency is highlighted  
in red and was used as an initial frequency for the VPM. 

5. Results 
 

In this section a comparison of determining the 
frequency and amplitude using FFT and VPM will be 
shown. This is followed by the results from the 
frequency response experiment of two examined 
sensor modules. Based on the calibrated results, a 
verification of the calibrated acceleration is  
calculated as 
 = ∬ dtdt, (53) 
 
where 	is the denotes the acceleration from the 
first principal component . The radius  is then 
compared to the geometry of the slider-crank. 
 
 
5.1. Comparison FFT and VPM Method 
 

In Fig. 6 the results obtained from the FFT and the 
VPM approach are visualization for the maximum 
speed of the test stand. The first principal component 	from the calibrated measurements  is drawn in the 
figure as a grey line. For comparison, the signal 
determined via the magnitude and frequency via FFT, 
denoted as , is drawn as a blue line. The result 
from the VPM, given by , is drawn as a red line.  

 
 

 
 

Fig. 6. Data obtained from the sensor after applying PCA is 
shown in Gray. The VPM result is shown in red and the FFT 
result in blue. A backlash of the mechanical system can be 
seen by the two peaks in the principal component.  
A significant difference in the frequency of the FFT result 
and the frequency of the principal component can be seen. 

 
 

The visualization directly shows significant peaks 
of  at the UDC and ODC of the slider-crank. This 
can be traced back to a backlash in the mechanical 
system. 

Additionally, a different frequency for the  
computed signals  and  is clearly visible. Due 
to the a limited frequency resolution of the FFT, the 
estimated peaks of  are not synchronous with the 
peaks of . 
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5.2. Frequency Response Results 
 

A frequency response of a sensor visualizes 
frequency dependent characteristics of sensors. For 
this representation, an acceleration measurement of 	= 2048 samples at = 80 frequencies are 
obtained. For each frequency , the maximum 

magnitude of acceleration is calculated using VPM. 
Those results are drawn as red dots Fig. 7. The 
reference acceleration, determined from the slide-
crank mechanism model in Eqn. (39), is plotted as a 
black line. The maximum and minimum reference 
acceleration obtained from the radii of the mechanism 
clearance are visualized as a boundary, indicated as 
black chain dotted lines.  

 
 

  

 
Fig. 7. Frequency response over the speed control range of 20 % to 100 % of the sensor system with the MPU-9250 chip (left) 
and the ICM20948 (right). The red results are the determined magnitudes from  using the VPM. In black are the VPM 
results multiplied with the factor of + , where 	 = 	 .  is the trigonometric relationship between the crank and the 
connecting rod. The reference acceleration is plotted as black line and was determined from the model for a slide-crank drive 
mechanism. The boundaries 	determined from the clearance in the mechanism is plotted as dash dotted line. A dropoff 
of the acceleration can be seen from approximately .  Hz. 

 
 
Using the VPM based calibration on two tested 

sensors, yields accelerations close or slightly beneath 
the lower boundary ±Δ for the theoretical model 
considering a mechanical clearance. In order to 
compare the measured acceleration and the theoretical 
model of the slider-crank mechanism, a gain factor of 1 +  has to be added to the calibrated measurements. 
This comes from the fact, that the VPM method 
approximates a completely periodic sine wave. 
However, the reference model in Eqn. (39)  
delivers at UDC the maximum acceleration 	= ω 1 + λ 	for = 0°. The sensor module 
with the ICM-20948 shows slightly better results. 

At approximately 11.5	Hz both sensors show a 
slightly drop off in the acceleration compared to the 
theoretical model. This is due to the fact that the motor 
reaches its performance limits wrt. the momentum of 
the mass of the sensor. 
 
 
5.3. Displacement Determination 
 

The test stand provides a significant displacement 
of the sensor. The calibrated measurement results can 
so additionally be used as verification by calculating 
the displacement via integration: 
 r  =   1 + λ cos t dtdt (54) 

Fig. 8 shows the reference displacement  
calculated by, 
 = –4 + –4 (55) 

 
which resulted in = 6.35 mm and is visualized in 
both subplots as continuous red line. The equation is 
defined in a way that the mechanical clearance is 
considered. The distances , ,  
and , were measured at the locations  
shown in Fig. 9. 

The mechanical clearances Δ are visualized as 
dashed red lines. For computing the mean radius ̅ , a cut-off frequency of = 10 Hz was chosen 
due to the drift-off of the acceleration results  and 
respectively to the radius.  

For both sensors ̅  lies in between the 
boundaries of the mechanical clearance, whereby 
sensor ICM-20948 shows slightly better results. 
 
 
6. Conclusion  
 

The results of the measurements and data  
analysis demonstrates that the calibration parameters 
obtained in a static manner are also valid for  
dynamic measurements.  
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Fig. 8. Computed values of displacement for each of the dynamic measurement are shown in comparison to the radius measured 
with a calliper gauge for the sensor with the MPU-9250 chip (left) and for ICM-20948 (right). Data from the radius determined 
from the measured acceleration are displayed as black dots. In the range from 	  to 	 : Avarage radius represented  
by a black dashed line; Mean measured radius determined with a calliper gauge shown as red line; Error bounds of the measured 
radius are visualized as red dashed lines.  

 
 

 
 

Fig. 9. Measurement position of the maximum  
and minimum ODC and UDC while forcing the platform  
in both horizontal directions by hand. The values are used 
for the clearance determination of the slider- 
crank mechanism. 

 
 

The implementation via the method of variable 
projection avoids the Gibbs error and as well  
spectral leakage [17] associated with direct FFT 
methods, resulting in more accurate results. The 
results, presented in this article verify that a sensor, 
calibrated with the introduced static calibration 
method, can be applied for dynamic measurements 
with significant motion. 
 
 
7. Future Improvements  
 

The backlash as can be seen from the peaks in 
Fig. 6 is currently the source of error, improving a new 
design can avoid this. Further above 12 Hz, the motor 
cannot achieve to go on higher frequencies. A more 
powerful drive of higher quality can enable a wider 
bandwidth of tests. 
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