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Abstract: A fractal analysis is presented for the binding and dissociation (if applicable) kinetics of 
analyte-receptor reactions occurring on biosensor surfaces. The applications of the biosensors have 
appeared in the recent literature. The examples provided together provide the reader with a perspective 
of the advances in biosensors that are being used to detect analytes of interest. This should also 
stimulate interest in applying biosensors to other areas of application. 
 
The fractal analysis limits the evaluation of the rate constants for binding and dissociation (if 
applicable) for the analyte-receptor reactions occurring in biosensor surfaces. The fractal dimension 
provides a quantitative measure of the degree of heterogeneity on the biosensor surface. Predictive 
relations are presented that relate the binding co-efficient with the degree of heterogeneity or the 
fractal dimension on the biosensor surface. 
 
Keywords: Biosensors, advances, fractal kinetics, binding, dissociation 
 
 
 
1. Introduction 
 
Biosensors have received increasing attention as a means of detecting different types of analytes in 
different arenas such as bioterrorism and in the early detection of the emergence and proliferation of 
different types of diseases. Though some techniques such as ELISA and the surface plasmon 
resonance (SPR) biosensor techniques have gained considerable attention recently, needless to say 
these detection techniques are not perfect and do have flaws which need to be improved upon. For 
example, ELISA is time-sensitive, and the surface plasmon resonance (SPR) technique does involve 
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the presence of diffusional limitations and heterogeneities, for example, of the receptors on the 
biosensor surface. Also, on using the ELISA technique [1], indicate that for the detection of human 
IgG, nineteen hours are required from analyte immobilization to binding confirmation by chromophore 
detection. Some of the drawbacks may be minimized by appropriate handling and experimental 
procedures. Nevertheless, as with all techniques there is room for improvement in these techniques 
themselves or in the development of other novel biosensing techniques. Some of the novel techniques 
to be presented in this manuscript may be in their infancy, but they do exhibit potential as a useful 
detection technique. Modifications in the standard SPR biosensor technique, as an example, are also 
presented. The biosensor techniques to be presented in this manuscript may be taken as only model 
examples. In no way are we indicating that these are in any way representative of all other biosensor 
techniques recently developed or in the process of development. 
 
In this manuscript, we present a fractal analysis of (a) the binding of different concentrations of mouse 
monoclonal anti-rabbit IgG in solution to rabbit patterned cells using a diffraction-based sandwich 
immunoassay [2], (b) the binding and hybridization of DNA using a double-wavelength technique for 
surface plasmon resonance measurements [3], (c) binding and dissociation of different concentrations 
of GSH (Glutathione)-MPC (monolayer protected clusters) in solution to polyclonal antibody plus 
protein A immobilized on a quartz crystal microbalance (QCM) [4], and the (d) binding and 
dissociation of substance P (neuropeptide) (SP) in solution to quencher-labeled mAb (monoclonal 
antibody) SP31 using the SPIT-FRI (solid-phase immobilized tripod for fluorescent renewable 
immunoassay) procedure [5]. Binding and dissociation rate coefficients and affinity values are 
provided where ever possible. Fractal dimension values for the binding and the dissociation phases are 
also given. It should be pointed out that the fractal analysis is one possible way to analyze the binding 
and the dissociation kinetics present in these types of analyte-receptor biosensor systems. The fractal 
analysis method does, however, include the involvement of external diffusional limitations and the 
presence of heterogeneities present in these types of analyte-receptor biosensor systems. 
 
 
2. Theory 
 
Havlin [6] has reviewed and analyzed the diffusion of reactants towards fractal surfaces. The details of 
the theory and the equations involved for the binding and the dissociation phases for analyte-receptor 
binding are available [7]. The details are not repeated here; except that just the equations are given to 
permit an easier reading. These equations have been applied to other biosensor systems [8]. For most 
applications, a single- or a dual-fractal analysis is often adequate to describe the binding and the 
dissociation kinetics. Peculiarities in the values of the binding and the dissociation rate coefficients, as 
well as in the values of the fractal dimensions with regard to the dilute analyte systems being analyzed 
will be carefully noted, if applicable. 
 
 
2.1 Single-fractal analysis 
 
2.1.1 Binding rate coefficient. 
 
Havlin [6] indicates that the diffusion of a particle (analyte [Ag]) from a homogeneous solution to a 
solid surface (e.g. receptor [Ab]-coated surface) on which it reacts to form a product (analyte-receptor 
complex; (Ab.Ag)) is given by: 
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(Analyte.Receptor) ~
t t               (t t )
t                               (t t )

(3 D ) / 2 p
c

1/ 2
c

f,bind− = <

>

⎧
⎨
⎪

⎩⎪  

(1a)

 
Here Df,bind or Df  (used later on in the manuscript) is the fractal dimension of the surface during the 
binding step. The tc is the cross-over value. Havlin [6] indicates that the cross-over value may be 
determined by rc

2 ~ tc . Above the characteristic length, rc, the self-similarity of the surface is lost and 
the surface may be considered homogeneous. Above time tc, the surface may be considered 
homogeneous since the self-similarity property disappears and ‘regular’ diffusion is now present. For a 
homogeneous surface where Df  is equal to 2, and when only diffusional limitations are present, 
p = ½ as it should be. Another way of looking at the p = ½ case (where Df,bind is equal to two) is that 
the analyte in solution views the fractal object, in our case, the receptor-coated biosensor surface, from 
a ‘large distance.’ In essence, in the association process, the diffusion of the analyte from the solution 
to the receptor surface creates a depletion layer of width (Ðt)½  where Ð is the diffusion constant.  This 
gives rise to the fractal power law, (Analyte.Receptor) ~ t (3 - D

f,bind
)/2. For the present analysis, tc is 

arbitrarily chosen and we assume that the value of tc is not reached. One may consider the approach as 
an intermediate ‘heuristic’ approach that may be used in the future to develop an autonomous (and not 
time-dependent) model for diffusion-controlled kinetics. 
 
 
2.1.2 Dissociation rate coefficient. 
 
The diffusion of the dissociated particle (receptor [Ab] or analyte [Ag]) from the solid surface (e.g., 
analyte [Ag]-receptor [Ab]) complex coated surface) into solution may be given, as a first 
approximation by: 
 
 (Ab.Ag) ≈ -t(3-D

f,diss
)/2 = tp   (t>tdiss) (1b)

 
Henceforth, its concentration only decreases. The dissociation kinetics may be analyzed in a manner 
‘similar’ to the binding kinetics. 
 
 
2.2 Dual-fractal analysis 
 
2.2.1 Binding rate coefficient. 
 
Sometimes the binding curve exhibits complexities and two parameters (k, Df ) are not sufficient to 
adequately describe the binding kinetics. This is further corroborated by low values of r2 factor 
(goodness-of-fit).  In that case, one resorts to a dual-fractal analysis (four parameters; k1, k2, Df1, and 
Df2) to adequately describe the binding kinetics. The single-fractal analysis presented above is thus 
extended to include two fractal dimensions. At present, the time (t = t1) at which the ‘first’ fractal 
dimension ‘changes’ to the ‘second’ fractal dimension is arbitrary and empirical.  For the most part, it 
is dictated by the data analyzed and experience gained by handling a single-fractal analysis. A 
smoother curve is obtained in the ‘transition’ region, if care is taken to select the correct number of 
points for the two regions. In this case, the product (antibody-antigen; or analyte-receptor complex, 
Ab.Ag or analyte.receptor) is given by: 
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             t (3- D
f1,bind

) / 2 = tp1   (t < t1) 

(Ab.Ag) ≈      t(3- D
f2,bind

)/2= tp2        (t1 <t <t2) = tc 

                           t1/2                         (t > tc)  

(1c)

In some cases, as mentioned above, a triple-fractal analysis with six parameters (k1, k2, k3, Df1, Df2, and 
Df3) may be required to adequately model the binding kinetics. This is when the binding curve exhibits 
convolutions and complexities in its shape, perhaps due to the very dilute nature of the analyte (in 
some of the cases to be presented) or for some other reasons. Also, in some cases, a dual-fractal 
analysis may be required to describe the dissociation kinetics. 
 
 
3. Results 
 
At the outset, it is appropriate to indicate that a fractal analysis will be applied to the data obtained for 
analyte-receptor binding and dissociation (if applicable) data for different types of either novel 
biosensor systems or biosensor systems with significant modifications.  This is one possible 
explanation for analyzing the diffusion-limited binding and dissociation kinetics assumed to be present 
in all of the systems analyzed.  The parameters thus obtained would provide a useful comparison of 
different situations.  Alternate expressions involving saturation, first-order reaction, and no diffusion 
limitations are possible, but they are apparently deficient in describing the heterogeneity that 
inherently exists on the surface.  The analyte-receptor binding as well as the dissociation reaction is a 
complex reaction and the fractal analysis via the fractal dimension and the rate coefficient for binding 
or dissociation provide a useful lumped parameter(s) analysis of the diffusion-limited situation. 
 
Also, we do not present any independent proof or physical evidence for the existence of fractals in the 
analysis of these analyte-receptor binding/dissociation systems except by indicating that it has been 
applied in other areas and that it is a convenient means of making more quantitative the degree of 
heterogeneity that exists on the surface.  Thus, in all fairness, this is one possible way by which to 
analyze this analyte-receptor binding/dissociation data for novel biosensor systems. One might 
justifiably argue that appropriate modeling may be achieved by using a Langmuirian or other 
approach. The Langmuirian approach has a major drawback because it does not allow for or 
accommodate the heterogeneity that exists on the surface. 
 
The Langmuir approach was originally developed for gases [9]. Researchers in the past have 
successfully modeled the adsorption behavior of analytes in solution to a solid surface using the 
Langmuir model even though it does not conform to theory. Rudzinski et al.[10] indicate that other 
appropriate “liquid” counterparts of the empirical isotherms have been developed. These include 
counterparts of the Freundlich [11], Dubinin-Radushkevich [12], and Toth [13] empirical equations. 
These studies with their known constraints have provided some “restricted” physical insights into the 
adsorption of adsorbates on different surfaces. The Langmuir approach may be used to model the data 
presented if one assumes the presence of discrete classes of sites (for example, double exponential 
analysis as compared to a single exponential analysis). Lee and Lee [14] indicate that the fractal 
approach has been applied to surface science, for example, adsorption and reaction processes. These 
authors emphasize that the fractal approach provides a convenient means of representing the different 
structures and morphology at the reaction surface. These authors also emphasize the use of the fractal 
approach as a predictive approach and a means to develop optimal structures. 
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Goh et al. [8] indicate that diffraction-based sensing may be used to analyze interactions between two 
or more molecules. In order to ensure that one may obtain kinetic and equilibrium rate coefficients, 
these authors emphasize that specific molecular interactions may be continuously monitored by 
observing intensity changes of the diffraction image from a patterned substrate. They further indicate 
that diffraction-based sensing has been used as a diagnostic tool to assay pH [15] small molecules 
[16,17], proteins [8,17], and whole cells [18,19].In spite of the disadvantages of using secondary labels 
such as high cost and longer sample preparation time, Goh et al. [8] have used diffraction-based 
sensing through the use of a secondary label to reduce the limit of detection of the detection of anti-
rabbit IgG by a factor of forty on using a gold-conjugated secondary antibody. 
 
Fig.1a shows the binding of 25 ng/mL mouse monoclonal anti-rabbit IgG in solution to rabbit IgG 
patterned cells [8]. A single-fractal analysis is adequate to describe the binding kinetics. Table 1 shows 
the values of the binding rate coefficient k and the fractal dimension Df obtained using Corel Quattro 
Pro [20] to fit the data. Equation 1a was used to fit the data, and the equation was used to obtain the 
value of k and Df for a single-fractal analysis. The values of the parameters presented in Table 1 are 
within 95 % confidence limits. For example, for the binding of 25 ng/mL mouse monoclonal anti-
rabbit IgG in solution to rabbit IgG patterned cells, the binding rate coefficient, k for a single-fractal 
analysis reported is 5.8179 ± 0.0540. The 95 % confidence limit indicates that 95 % of the k values 
will lie between 5.7639 and 5.8179. This indicates that the values are precise and significant. 
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Fig. 1.Binding of different concentrations (in ng/mL) 
of mouse monoclonal anti-rabbit IgG in 
solution to rabbit IgG patterned cells [2]): (a) 
25; (b) 50; (c) 100; (d) 250; (e) 500. When only 
a solid line is used then a single-fractal analysis 
applies. When both a dashed (----) and a solid 
(____) line are used, then the dashed line is for 
a single-fractal analysis and the solid line is for 
a dual-fractal analysis. In this case the solid line 
provides a better fit. 
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Table 1. Binding rate coefficients and fractal dimensions for (a) the binding of different concentrations of 
mouse monoclonal anti-rabbit IgG in solution to rabbit IgG patterned cells, and (b) binding of different 5 µg/mL 
monoclonal anti-rabbit IgG in solution to rabbit IgG patterned cells, and (c) followed by 1 and 5 µg/mL anti-
mouse gold conjugate [2]. 
 
Mouse monoclonal 
anti-rabbit IgG in 
solution 
(ng/mL)/rabbit IgG 
patterned cells 

k k1 k2 Df Df1 Df2 

(a) 25 5.8719 
±0.0540 na na 

1.7464 
±0.0212 na na 

50 33.1758 
±4.6043 

24.4270 
±4.4288 

54.5952 
 ±0.7562  

2.2032 
±0.1169 

1.7750 
±0.3398 

2.5434 
±0.03172 

100 48.0623 
±7.0313 

38.7559 
±1.6747 

105.0776 
 ±1.1673 

1.9638 
±0.08964 

1.4836 
±0.08630  

2.5004 
±0.02548 

250 83.0593 
±13.5538 

65.2400 
±4.4233 

187.3647 
±4.8296  

1.9578 
±0.09924 

1.4122 
±0.1338 

2.5176 
±0.05868  

500 151.3012 
±16.990 na na 1.7542 

±0.06986 na na 

(b) 5 µg/mL 
monoclonal anti-rabbit 
in solution/rabbit IgG 
patterned cells 

19.7865 
±1.7548 

na na 

2.2290 
±0.06618 

na na 

Mouse monoclonal 
anti-rabbit IgG in 
solution 
(ng/mL)/rabbit IgG 
patterned cells 

k k1 k2 Df Df1 Df2 

(c ) 1 µg/mL anti-
mouse gold 
conjugate/rabbit IgG 
patterned cells  

21.4603 
±2.2370 

17.5609 
±1.3825 

32.2395 
±2.2430 

1.4368 
±0.0821 

1.1494 
±0.2212 

1.7336 
±0.10898 

5 µg/mL anti-mouse 
gold conjugate/rabbit 
IgG patterned cells 

60.0433 
±11.0704 

31.0439 
±3.8759 

149.086  
±6.881 

1.7206 
 ±0.1349 

0.5810 
 ±0.4778 

2.3736 
±0.1055 

 
Fig.1b shows the binding of 50 ng/mL mouse monoclonal anti-rabbit IgG in solution to rabbit IgG 
patterned cells [8]. In this case a dual-fractal analysis is required to adequately describe the binding 
kinetics. The values of (a) the binding rate coefficient, k and the fractal dimension, Df for a single-
fractal analysis and (b) the binding rate coefficients, k1 and k2, and the fractal dimensions, Df1 and Df2 
for a dual-fractal analysis are given in Table 1. It is of interest to note that as the fractal dimension (or 
the degree of heterogeneity on the surface) increases by 43.3 % from a value of Df1 equal to 1.7750 to 
Df2 equal to 2.5434, the binding rate coefficient increases by a factor of 2.24 from a value of k1 equal 
to 24.427 to k2 equal to 54.595. In this case too, an increase in the degree of heterogeneity leads to an 
increase in the binding rate coefficient. 
 
Fig.1c shows the binding of 100 ng/mL mouse monoclonal anti-rabbit IgG in solution to rabbit IgG 
patterned cells [8]. In this case a dual-fractal analysis is required to adequately describe the binding 
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kinetics. The values of (a) the binding rate coefficient k and the fractal dimension, Df for a single-
fractal analysis, and (b) the binding rate coefficients, k1 and k2, and the fractal dimensions, Df1 and Df2 
for a dual-fractal analysis are given in Table 1. It is of interest to note that as the fractal dimension (or 
the degree of heterogeneity on the surface) increases by 68.5 % from a value of Df1 equal to 1.4836 to 
Df2 equal to 2.5004, the binding rate coefficient increases by a factor of 2.71 from a value of k1 equal 
to 38.7559 to k2 equal to 105.0776. Once again, an increase in the degree of heterogeneity leads to an 
increase in the binding rate coefficient. Also, note that an increase in the mouse monoclonal anti-rabbit 
IgG in solution by a factor of two from 50 to 100 ng/mL in soluton leads to an increase in (a) the 
binding rate coefficient, k1 by a factor of 1.587 from a value of 24.427 to 38.756 and in (b) the binding 
rate coefficient k2 by a factor of 1.924 from a value of 54.5952 to 105.0776. 
 
Fig.1d shows the binding of 250 ng/mL mouse monoclonal anti-rabbit IgG in solution to rabbit IgG 
patterned cells [8].  In this case a dual-fractal analysis is required to adequately describe the binding 
kinetics. The values of (a) the binding rate coefficient, k and the fractal dimension, Df for a single-
fractal analysis, and (b) the binding rate coefficients, k1 and k2, and the fractal dimensions, Df1 and Df2 
for a dual-fractal analysis are given in Table 1. 
 
Fig.1e shows the binding of 500 ng/mL mouse monoclonal anti-rabbit IgG in solution to rabbit IgG 
patterned cells [8]. In this case a dual-fractal analysis is required to adequately describe the binding 
kinetics. The values of (a) the binding rate coefficient, k and the fractal dimension, Df for a single-
fractal analysis, and (b) the binding rate coefficients, k1 and k2, and the fractal dimensions, Df1 and Df2 
for a dual-fractal analysis are given in Table 1. 
 
In both of the cases presented in Fig.1d and 1e, the trends are similar to the ones observed in Fig. 1b 
and 1c.  They are not repeated here to avoid repetition. For a dual-fractal analysis, Table 1 and Fig. 2a 
indicate the increase in the binding rate coefficient, k1 with an increase in the anti-rabbit IgG 
concentration in solution.  In the 50-250 ng/mL anti-rabbit IgG concentration in solution the binding 
rate coefficient, k1 is given by: 
 
 k1  =  (2.2955 ± 0.0731) [anti-rabbit IgG]0.6082 ± 0.0274 (2a)

 
The fit is good. Only three data points are available. The availability of more data points would lead to 
a more reliable fit. The binding rate coefficient, k1 is only mildly sensitive to the anti-rabbit IgG 
concentration in solution as noted by the 0.6082 order of dependence exhibited. The non-integer order 
of dependence exhibited lends support to the fractal nature of the system. 
 
For a dual-fractal analysis, Table 1 and Fig.2b indicate the decrease in the fractal dimension, Df1 with 
an increase in the anti-rabbit IgG concentration in solution. In the 50-250 ng/mL anti-rabbit IgG 
concentration in solution the fractal dimension, Df1 is given by: 
 
 Df1  =  (2.9477 ± 0.2005) [anti-rabbit IgG]-0.1375 ± 0.05764 (2b)

 
The fit is reasonable.  Only three data points are available. The availability of more data points would 
lead to a more reliable fit.  The fractal dimension Df1, is only very slightly sensitive to the anti-rabbit 
IgG concentration in solution as noted by the negative 0.1375 order of dependence exhibited. It should 
be pointed out that the fractal dimension is based on a log scale and that even small changes in the 
fractal dimension exhibited indicate significant changes in the degree of heterogeneity on the sensing 
surface. 
 
For a dual-fractal analysis, Table 1 and Fig.2c indicate the decrease in the binding rate coefficient k1 
with an increase in the fractal dimension, Df1. In the 50-250 ng/mL anti-rabbit IgG concentration in 
solution the binding rate coefficient, k1 is given by: 
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 k1  =  (211.801 ± 57.348) Df1
-3.8434 ± 1.4081 (2c)

 
The fit is good. Only three data points are available. The availability of more data points would lead to 
a more reliable fit. The binding rate coefficient, k1 is very sensitive to the fractal dimension, Df1 or the 
degree of heterogeneity that exists on the surface as noted by the negative 3.8434 order of dependence 
exhibited. 
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Fig. 2. (a) Increase in the binding rate coefficient, k1 with an increase in the anti-rabbit IgG concentration (in 

ng/mL) in solution; (b) Decrease in the fractal dimension, Df1 with an increase in the anti-rabbit IgG 
concentration (in ng/mL) in solution; (c) Decrease in the binding rate coefficient, k1 with an increase in 
the fractal dimension, Df1; (d) Increase in the binding rate coefficient, k2 with an increase in the  anti-
rabbit IgG concentration (in ng/mL) in solution. 

 
 
For a dual-fractal analysis, Table 1 and Fig.2d indicate the increase in the binding rate coefficient, k2 
with an increase in the anti-rabbit IgG concentration in solution. In the 50-250 ng/mL anti-rabbit IgG 
concentration in solution the binding rate coefficient, k2 is given by: 
 
 k2  =  (2.9356 ± 0.3109) [anti-rabbit IgG]0.7591 ± 0.08817 (2d)

 
The fit is good. Only three data points are available. The availability of more data points would lead to 
a more reliable fit. The binding rate coefficient, k1 is only mildly sensitive to the anti-rabbit IgG 
concentration in solution as noted by the 0.7591 order of dependence exhibited. The non-integer order 
of dependence exhibited lends support to the fractal nature of the system. The binding rate coefficient, 
k2 exhibits an order of dependence slightly higher (equal to 0.7591) than k1 (equal to 0.6082) on the 
anti-rabbit IgG concentration in solution. 
 
Fig.3a shows the increase in the ratio of the fractal dimensions, Df2/Df1 with an increase in the anti-
rabbit IgG concentration in solution. In the 50-250 ng/mL anti-rabbit IgG concentration range in 
solution, the ratio of the fractal dimensions, Df2/Df1 is given by: 
 
 Df2/Df1  =  (0.8777 ± 0.0501)[anti-rabbit IgG]0.1319 ± 0.0486 (3a)
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Only three data points are available. The fit is reasonable. The availability of more data points would 
lead to a better fit. The equation provides one with an idea of the change in the degree of heterogeneity 
on the sensing surface as one goes from the first- to the second-phase of binding. The order of 
dependence exhibited by the ratio of the fractal dimensions, Df2/Df1 on the anti-rabbit IgG 
concentration in solution is rather small (equal to 0.1319). But, once again, one needs to be reminded 
that the fractal dimension is based on a log scale and even small changes in the value of the fractal 
dimension indicate significant changes in the degree of heterogeneity on the sensing surface. 
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Fig. 3.(a) Increase in the fractal dimension ratio, 

Df2/Df1 with an increase in the anti-rabbit IgG 
concentration (in ng/mL) in solution; 
(b) Increase in the binding rate coefficient 
ratio, k2/k1 with an increase in the anti-rabbit 
IgG concentration (in ng/mL) in solution; 
(c) Increase in the binding rate coefficient 
ratio, k2/k1 with an increase in the ratio of 
fractal dimensions, Df2/Df1.. 

 
 
Fig.3b shows the increase in the ratio of the binding rate coefficients, k2/k1 with an increase in the anti-
rabbit IgG concentration in solution.  In the 50-250 ng/mL anti-rabbit IgG concentration in solution, 
the ratio of the binding rate coefficients, k2/k1 is given by: 
 
 k2/k1   =  (1.2788 ± 0.0918) [anti-rabbit IgG]0.1509 ±  0.0607 (3b)

 
Once again, only three data points were available. The availability of more data points would lead to a 
more reliable fit. The equation does provide one with an estimate of the change in the value of the 
binding rate coefficients as one goes from the first- to the second-phase of binding as the anti-rabbit 
IgG concentration in solution changes in the 50-250 ng/mL concentration range. The ratio of the 
binding rate coefficients, k2/k1 exhibits a very small order (equal to 0.1509) of dependence on the anti-
rabbit IgG concentration in solution. 
 
Fig.3c shows the increase in the ratio of the binding rate coefficients, k2/k1with an increase in the ratio 
of fractal dimensions, Df2/Df1. In the 50-250 ng/mL anti- rabbit IgG concentration in solution and for 
the data presented in Fig.3c the ratio of the binding rate coefficients, k2/k1 is given by: 
 
 k2/k1   =  (1.2788 ± 0.0918) [anti-rabbit IgG]0.1509 ±  0.0607 (3c)

 
The fit is very good. Once again, only three data points were available. The availability of more data 
points would lead to a more reliable fit. The ratio of the binding rate coefficients, k2/k1 exhibits an 
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order of dependence slightly greater than first (equal to 1.1517) order on the ratio of fractal 
dimensions. 
 
Fig.4a shows the binding of 5 µg/mL monoclonal anti-rabbit antibody in solution to rabbit IgG 
patterned cells [8]. A single-fractal analysis is adequate to describe the binding kinetics. The values of 
the binding rate coefficient, k and the fractal dimension, Df are given in Table 1b. 
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Fig. 4. (a) Binding of 5 µg/mL monoclonal anti-
rabbit antibody in solution to rabbit IgG patterned 
cells [2]; (b) Binding of 1 µg/mL anti-mouse gold 
conjugate antibody in solution to rabbit IgG patterned 
cells [2]; (c) Binding of 1 µg/mL anti-mouse gold 
conjugate antibody in solution to rabbit IgG patterned 
cells [2]; When only a solid line is used then a single-
fractal analysis applies. When both a dashed (----) 
and a solid (____) line are used, then the dashed line 
is for a single-fractal analysis and the solid line is for 
a dual-fractal analysis. In this case the solid line 
provides a better fit. 

 
 
Fig.4b shows the binding of 1 µg/mL mouse monoclonal anti-rabbit IgG to rabbit IgG patterned cells. 
This was followed by anti-mouse gold conjugate that Goh et al. [8] used as a secondary label to 
enhance their diffraction-based sensing for diagnostic purposes. A dual-fractal analysis is required to 
adequately describe the binding kinetics. The values of (a) the binding rate coefficient, k and the 
fractal dimension, Df for a single-fractal analysis and (b) the binding rate coefficients, k1 and k2, and 
the fractal dimensions, Df1 and Df2 for a dual-fractal analysis are given in Table 1c. 
 
On using the secondary label (anti-mouse gold conjugate) there is a change in the binding mechanism 
compared to when it not used.  This is because a dual-fractal analysis is required to adequately 
describe the binding kinetics when the secondary label is used and a single-fractal analysis is adequate 
to describe the binding kinetics when the secondary label is not used. It is not entirely unexpected that 
the use of the secondary label leads to a more complex binding mechanism. 
 
Fig.4c shows the binding of 5 µg/mL mouse monoclonal anti-rabbit IgG to rabbit IgG patterned cells.  
This was followed by anti-mouse gold conjugate that Goh et al. [8] used as a secondary label to 
enhance their diffraction-based sensing for diagnostic purposes. A dual-fractal analysis is required to 
adequately describe the binding kinetics. The values of (a) the binding rate coefficient, k and the 
fractal dimension, Df for a single-fractal analysis, and (b) the binding rate coefficients, k1 and k2, and 
the fractal dimensions, Df1 and Df2 for a dual-fractal analysis are given in Table 1c. It is of interest to 
note that as one increases the mouse monoclonal anti-rabbit IgG concentration in solution (when the 
secondary label anti-mouse gold conjugate is present) from 1 to 5 µg/mL, both of the binding rate 
coefficients, k1 and k2 exhibit increases. 
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Zybin et al. [3] have used the double-wavelength technique for the on-line monitoring of analyte 
binding to sensor surfaces using the SPR (surface plasmon resonance) biosensor. These authors have 
used their recently developed system to analyze and detect short nucleotides of the sequences used for 
genotyping human hepatitis C viruses. They were able to obtain a selective response to complementary 
oligonucleotides. 
 
Zybin et al. [3] provide an excellent history of the initial development of the SPR biosensor strating 
with Leidberg et al. [21] and followed by subsequent modifications of the technique. They emphasize 
that the improvement in the detection sensitivity has been one of the main goals in improving the SPR 
sensing technique. For example, immobilization procedures have been optimized [22, 23, 24]. Also, 
the plasmon layer has been optimized by using bimetallic Ag/Au layers [25, 26]. Zybin et al. [3] 
indicate that the SPR technique is a highly sensitive technique that may be affected by changes in the 
surface roughness that influence possible shape changes in the resonance. These authors emphasize 
that their double-wavelength measurement technique does help alleviate these problems. In essence, in 
this technique the surface is irradiated by a parallel beam that is composed of two laser beams with 
different wavelengths. 
 
In their hybridization (binding) experiments Zybin et al. [3] used sequences of the DNA 
oligonucleotides that were used earlier for their diagnostics of human hepatitis C virus (G) and two 
types of virus T1 and T2  were also used.  The following receptor sequences were used : 5’-
CCAAGAAAGGACCCG-3’ (G), 5’-CTCCAGGCATTGAGC-3’ (T1), and 5’-
CAACCCAACGCTACT-3’ (T2). Zybin et al. [3] indicate that the analytes in solution were synthetic 
oligonucleotides of complementary sequence without the thymin spacer.  They are designated cG, cT1, 
and cT2, respectively. 
 
Fig.5a shows the binding (hybridization) of G-HCV-c of the sequence 5’-
TTTCGGGTCCTTTCTTGG3’ to the spot coated with the complementary oligonucleotide G-HCV of 
the sequence 5’-TTTTTCCAAGAAAGGACC-3’. A dual-fractal analysis is required to adequately 
describe the hybridization (binding) kinetics. The values of (a) the binding rate coefficient, k and the 
fractal dimension, Df for a single-fractal analysis, and (b) the binding rate coefficients, k1 and k2 and 
the fractal dimensions, Df1 and Df2 for a dual-fractal analysis are given in Table 2. 
 
Fig.5b shows the selective hybridization (binding) of G-HCV-c in a mixture of G-HCV-c and T2-
HCV-c in solution to G-HCV and T2-HCV complementary sequences immobilized at different spots. 
A dual-fractal analysis is required to adequately describe the hybridization (binding) kinetics. The 
values of (a) the hybridization (binding) rate coefficient, k, and the fractal dimension, Df for a single-
fractal analysis and (b) the hybridization (binding) rate coefficients, k1 and k2 and the fractal 
dimensions, Df1 and Df2 for a dual-fractal analysis are given in Table 2. 
 
Fig.5c shows the selective hybridization (binding) of T2-HCV-c in a mixture of G-HCV-c and T2-
HCV-c in solution to G-HCV and T2-HCV complementary sequences immobilized at different spots. 
A dual-fractal analysis is, once again, required to adequately describe the hybridization (binding) 
kinetics. The values of (a) the hybridization (binding) rate coefficient, k, and the fractal dimension, Df 
for a single-fractal analysis, and (b) the hybridization (binding) rate coefficients, k1 and k2 and the 
fractal dimensions, Df1 and Df2 for a dual-fractal analysis are given in Table 2. 
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Fig. 5.  (a) Binding and hybridization of G-HCV-c of 
the sequence 5’-TTT CGG GTC CTT TCT TGG3’ to 
the spot coated with the complementary oligonuclotide 
of the sequence 5’-TTT TTC CAA GAA AGG ACC-
3’ [3]; (b) Selective hybridization and binding of G-
HCV-c in solution to G-HCV immobilized on a spot 
surface [3]; (c) Selective hybridization and binding of 
T2-HCV-c in solution to T2-HCV immobilized on a 
spot surface [3]. When only a solid line is used then a 
single-fractal analysis applies. When both a dashed  
(----) and a solid (____) line are used, then the dashed 
line is for a single-fractal analysis and the solid line is 
for a dual-fractal analysis.  In this case the solid line 
provides a better fit. 

 
 
Table 2. Binding rate coefficients and fractal dimensions for the hybridization of (a) G-HCV-c of the sequence 
5’-TTT CGG GTC CTT TCT TGG3’ to the spot coated with complementary oligonucleotide G-HCV of the 
sequence 5’-TTT TTC CAA GAA AGG ACC-3’, (b) G-HCV-c to the spot coated with G-HCV, and T2–HCV-c 
to the spot coated with T2 –HCV, and (c) (G-HCV-c) + (T1 –HCV-c) + (T2 –HCV-c) to the spot coated with G-
HCV, T1 –HCV, and T2 –HCV [3]. 
 
Analyte in 
solution/Receptor on spot 
surface  

k k1 k2 Df Df1 Df2 

(a) G-HCV-c/G-HCV 0.2463  
±0.0359 

0.0611 
±0.0060 

0.8676 
±0.0121 

2.2796 
±0.0860 

1.5796 
±0.1788 

2.7282 
±0.02338 

(b) Selective hybridization 
of G-HCV-c and T2 –HCV-
c/ 
G-HCV and T2 –HCV 
(complementary sequences 
immobilized at different 
spots) 
 
G-HCV-c/G-HCV 
 
 
T2 –HCV –c/T2 –HCV 

 
 
 
 
 
 
0.1451 
±0.0652 
 
0.2734 
±0.0524 

 
 
 
 
 
 
0.00886 
±0.00192 
 
0.09150 
±0.0305 

 
 
 
 
 
 
2.2926 
±0.0009 
 
0.6247 
±0.0025 

 
 
 
 
 
 
2.1126 
±0.1483 
 
2.5062 
±0.1431 

 
 
 
 
 
 
0.7706 
±0.2214 
 
1.9236 
±0.5866 

 
 
 
 
 
 
2.9928 
±0.001598 
 
2.8176 
±0.01196 

(c) (G-HCV-c) + (T1 –
HCV–c) + (T2 –HCV–c)/G-
HCV 

0.05855 
±0.01554 

0.005446 
±0.000724 

0.6989 
±0.0130 

1.7330 
±0.1424 

0.5770 
±0.1963 

2.6158 
±0.0304 

(G-HCV-c) + (T1 –HCV–c) 
+ (T2 –HCV –c)/ T1-HCV 

0.2297 
±0.0258 

0.06072 
±0.00582 

0.3233 
±0.0107 

2.5530 
±0.06450 

1.8792 
±0.1756 

2.6810 
±0.06454 

(G-HCV-c) + (T1 –HCV–c) 
+ (T2 –HCV–c)/ T2-HCV 

0.01484 
±0.00312 

0.002039 
±0.000074 

0.1249 
±0.0050 

1.4862 
±0.1157 

0.5186 
±0.06816 

2.2442 
±0.05452 
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Note that the selective hybridization rate coefficients, k1 for G-HCV-c/G-HCV is lower than that for 
T2-HCV-c/T2-HCV. However, the selective hybridization rate coefficient, k2 for G-HCV-c/G-HCV is 
higher than that for T2-HCV-c/T2-HCV. It is of interest to note that the corresponding fractal 
dimensions also follow similar trends. In this case, higher fractal dimensions or higher degrees of 
heterogeneity on the spot surface lead to higher hybridization (binding) rate coefficients and vice 
versa.  For example, the fractal dimension, Df1 values for G-HCV-c/G-HCV and T2-HCV-c/T2-HCV 
are 0.7706 and 1.9236, respectively. Correspondingly, the hybridization (binding) rate coefficients, k1 
are 0.0086 and 0.09150, respectively. Similarly, the fractal dimension, Df2 values for G-HCV-c/G-
HCV and T2-HCV-c/T2-HCV are 2.9928 and 2.8176, respectively. Correspondingly, the hybridization 
(binding) rate coefficients, k2 are 2.2926 and 0.6247, respectively. 
 
Fig.6a shows the hybridization (binding) of (G-HCV-c) + (T1–HCV-c) + (T2–HCV-c) in solution to G-
HCV immobilized on a spot surface [3].  A dual-fractal analysis is required to adequately describe the 
hybridization (binding) kinetics. The values of (a) the binding rate coefficient, k and the fractal 
dimension, Df , and (b) the binding rate coefficients, k1 and k2 and the fractal dimensions, Df1 and Df2 
for a dual-fractal analysis are given in Table 2. 
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Fig. 6. (a) Binding and hybridization of (G-HCV-c) + (T1 –HCV-c) + (T2 –HCV-c) in solution to G-HCV 
immobilized on a spot surface[3]; (b) Binding and hybridization of (G-HCV-c) + (T1 –HCV-c) +(T2 –HCV-c) in 
solution to T1-HCV immobilized on a spot surface [3]; (c) Binding and hybridization of (G-HCV-c) + (T1 –
HCV-c) + (T2 –HCV-c) in solution to T2-HCV immobilized on a spot surface [3]. When only a solid line is used 
then a single-fractal analysis applies. When both a dashed (----) and a solid (____) line are used, then the dashed 
line is for a single-fractal analysis and the solid line is for a dual-fractal analysis.  In this case the solid line 
provides a better fit. 
 

Fig.6b shows the hybridization (binding) of (G-HCV-c) + (T1–HCV-c) + (T2–HCV-c) in solution to 
T1-HCV immobilized on a spot surface [3]. Once again, a dual-fractal analysis is required to 
adequately describe the hybridization (binding) kinetics. The values of (a) the binding rate coefficient, 
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k and the fractal dimension, Df , and (b) the binding rate coefficients, k1 and k2 and the fractal 
dimensions, Df1 and Df2 for a dual-fractal analysis are given in Table 2. 
Fig.6c shows the hybridization (binding) of (G-HCV-c) + (T1–HCV-c) + (T2–HCV-c) in solution to 
T2-HCV immobilized on a spot surface [3]. Once again, a dual-fractal analysis is required to 
adequately describe the hybridization (binding) kinetics. The values of (a) the binding rate coefficient, 
k and the fractal dimension, Df  and (b) the binding rate coefficients, k1 and k2 and the fractal 
dimensions, Df1 and Df2 for a dual-fractal analysis are given in Table 2. 
 
It is of interest to note that the fractal dimension, Df1 increases in the sequence T2–HCV-c, G-HCV-c 
and T1–HCV-c immobilized on the spot surface and the corresponding binding rate coefficients, k1 also 
increase in the same sequence T2–HCV-c, G-HCV-c and T1–HCV-c. 
 
Tables 2 and 2b and Fig.7a show the increase in the (hybridization) binding rate coefficient, k1 with an 
increase in the fractal dimension, Df1. For the binding of G-HCV–c in solution to G-HCV immobilized 
on the spot surface and for the selective hybridization of G-HCV-c and T2-HCV-c in solution to 
complementary sequences immobilized at different spot surfaces, the binding rate coefficient, k1 is 
given by: 
 
 k1  =  (0.01762 ± 0.00141) Df1

2.5894 ±  0.1128 (4a)
 
Only three data points are available. The fit is good. The availability of more data points would lead to 
a more reliable fit. The binding rate coefficient, k1 is sensitive to the degree of heterogeneity that exists 
on the spot surface, as noted by the slightly greater than two and one half (equal to 2.5894) order of 
dependence exhibited. 
 
Fig.7b shows the increase in the (hybridization) ratio of the binding rate coefficients, k2/k1 with an 
increase in the ratio of the fractal dimensions, Df2/Df1. For the binding of G-HCV–c in solution to G-
HCV immobilized on the spot surface and for the selective hybridization of G-HCV-c and T2-HCV-c 
in solution to complementary sequences immobilized at different spot surfaces, the ratio of the binding 
rate coefficients, k2/k1 is given by: 
 
 k2/k1  =  (1.7717 ± 0.1682) (Df2/Df1)3.6824 ±  0.1229 (4b)

 
Only three data points are available. The fit is good. The availability of more data points would lead to 
a more reliable fit. The ratio of the binding rate coefficients, k2/k1 is very sensitive to the degree of 
heterogeneity that exists on the spot surface, as noted by the order between three and one half and 
fourth (equal to 3.6824) exhibited. 
 
Table 2 and Fig.7c shows the increase in the (hybridization) binding rate coefficient, k1 with an 
increase in the fractal dimension, Df1. In this case, the binding rate coefficient, k1 is given by: 
 
 k1  =  (0.01387 ± 0.00936) Df1

2.3901 ±  0.5104 (4c)
 
Only three data points are available. The fit is good. The availability of more data points would lead to 
a more reliable fit. The binding rate coefficient, k1 is sensitive to the degree of heterogeneity that exists 
on the spot surface, as noted by the 2.3901 order of dependence exhibited. 
 
Fig. 7d shows the increase in the (hybridization) ratio of the binding rate coefficients, k2/k1 with an 
increase in the ratio of the fractal dimensions, Df2/Df1. For the data presented in Table 2 the ratio of the 
binding rate coefficients, k2/k1 is given by: 
 
 k2/k1  =  (2.1627 ± 1.1995) (Df2/Df1)2.4996 ±  0.4767 (4d)
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Fig. 7. (a) Increase in the binding rate coefficient, k1 with 
an increase in the fractal dimension, Df1; (b) 
Increase in the ratio of binding rate coefficients, 
k2/k1 with an increase in the fractal dimension 
ratio, Df2/Df1; (c) Increase in the binding rate 
coefficient, k1 with an increase in the fractal 
dimension, Df1; (d) Increase in the ratio of binding 
rate coefficients, k2/k1 with an increase in the 
fractal dimension ratio, Df2/Df1; (e) Increase in the 
binding rate coefficient, k1 with an increase in the 
fractal dimension, Df1. 

 
Only three data points are available.  The fit is good. The availability of more data points would lead to 
a more reliable fit. The ratio of the binding rate coefficients, k2/k1 is sensitive to the ratio of the fractal 
dimensions, Df2/Df1 that exists on the spot surface, as noted by the very close to two and one-half order 
of dependence (equal to 2.4996) exhibited. 
 
Tables 2 and Fig.7e show the increase in the (hybridization) binding rate coefficient, k1 with an 
increase in the fractal dimension, Df1. In this figure we have plotted the results presented in Figure 7a 
and 7c on one plot. This was to see if it made a lot of difference on plotting both of these types of 
analyte-receptor systems on one plot. In this case, the binding rate coefficient, k1 is given by: 
 
 k1  =  (0.01596 ± 0.00568) Df1

2.5564 ±  0.2256 (4e)
 
In this case since two sets of data are plotted together, six data points are available. Considering that 
data from two different sets are plotted together, the fit is good. The availability of more data points 
would nevertheless lead to a more reliable fit. The binding rate coefficient, k1 is sensitive to the degree 
of heterogeneity that exists on the spot surface, as noted by the 2.5564 order of dependence exhibited. 
 
Gerdon et al. [4] recently indicate that there is a need to develop a label-free, fast-responsive, 
quantitative assay for the detection of 3D substrates and multilayer adsorptions [27]. They indicate that 
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two techniques that use wave propagation techniques have gained prominence. They are the surface 
plasmon resonance (SPR) and the Quartz Crystal Microbalance (QCM) techniques. Gerdon et al. [4] 
indicate that the QCM technique uses acoustic waves, whereas the SPR technique uses optical waves. 
The QCM technique measures the acoustic impedance minimum, and the SPR technique measures the 
angle of reflection minimum. These authors emphasize the ability of the QCM technique to work with 
3D substrates and multilayer adsorptions. 
 
Fig.8 shows the binding of 4.1 µM Tiop (Tiopronin)-MPC (Monolayer protected clusters) in solution 
to polyclonal anti-glutathione + protein A immobilized on a quartz crystal microbalance [4]. The plot 
of the binding is a straight line. A single-fractal analysis is adequate to describe the binding kinetics. 
The binding rate coefficient, k value is 0.006, and the fractal dimension, Df value is 2.0. This Df equal 
to 2.0 value is the value of a homogeneous distribution in two-dimensional space. 
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Fig.8. Binding of 4.1 µM Tiop (Tiopronin)-MPC (monolayer protected  clusters)  in solution to polyclonal 

anti-glutathione + protein A immobilized on a quartz crystal microbalance (QCM) [4]. 
 
Fig.9a shows the binding and dissociation kinetics of 2.3 µM glutathione (GSH)-monolayer protected 
clusters (MPC) in solution to polyclonal antibody (polyclonal anti-GSH) + protein A immobilized on a 
quartz crystal microbalance (QCM) [4]. A dual-fractal analysis is required to adequately describe the 
binding kinetics. A single-fractal analysis is adequate to describe the dissociation kinetics. The values 
of (a) the binding rate coefficient, k and the fractal dimension, Df for a single-fractal analysis, and (b) 
the binding rate coefficients, k1 and k2, and the fractal dimensions, Df1 and Df2 for a dual-fractal 
analysis are given in Table 3. 
 
Fig.9b shows the binding and dissociation kinetics of 4.5 µM glutathione (GSH)-monolayer protected 
clusters (MPC) in solution to polyclonal antibody (polyclonal anti-GSH) + protein A immobilized on a 
quartz crystal microbalance (QCM) [4]. A dual-fractal analysis is required to adequately describe the 
binding kinetics. A single-fractal analysis is adequate to describe the dissociation kinetics. The values 
of (a) the binding rate coefficient, k and the fractal dimension, Df for a single-fractal analysis, and (b) 
the binding rate coefficients, k1 and k2, and the fractal dimensions, Df1 and Df2 for a dual-fractal 
analysis are given in Table 1c. It is of interest to note that as the glutathione (GSH)-MPC concentration 
in solution increases by almost a factor two from 2.3 to 4.5 µM, the binding rate coefficient, k1 value 
increases by a factor of 1.752 from a value of 0.001145 to 0.002007 and the binding rate coefficient, k2 
value increases by a factor of 1.902 from a value of 0.0256 to 0.04868. 
 
Fig.9c shows the binding and dissociation kinetics of 9.1 µM glutathione (GSH)-monolayer protected 
clusters (MPC) in solution to polyclonal antibody (polyclonal anti-GSH) + protein A immobilized on a 
quartz crystal microbalance (QCM) [4]. A dual-fractal analysis is required to adequately describe the 
binding kinetics. A single-fractal analysis is adequate to describe the dissociation kinetics. The values 
of (a) the binding rate coefficient, k and the fractal dimension, Df for a single-fractal analysis, and (b) 
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the binding rate coefficients, k1 and k2, and the fractal dimensions, Df1 and Df2 for a dual-fractal 
analysis are given in Table 1c. It is of interest to note that as the glutathione (GSH)-MPC concentration 
in solution increases by almost a factor two from 4.5 to 9.1 µM, the binding rate coefficient, k1 value 
increases by a factor of 10.36 from a value of 0.002007 to 0.02079 and the binding rate coefficient, k2 
value increases by a factor of 1.064 from a value of 0.04868 to 0.05178. 
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Fig. 9. Binding and dissociation of different 
concentrations (in µM) of GSH (Glutathione)-
MPC (monolayer protected clusters) in 
solution to polyclonal antibody (polyclonal 
anti-GSH) + protein A immobilized on a 
quartz crystal microbalance (QCM) [4]): (a) 
2.3; (b) 4.5; (c) 9.1. When only a solid line is 
used then a single-fractal analysis applies. 
When both a dashed (----) and a solid (___) 
line are used, the dashed line is for a single-
fractal analysis and the solid line is for a dual- 
fractal analysis. In this case the solid line 
provides a better fit. 

 
Table. 3. Binding and dissociation rate coefficients for different concentrations (in µM) for GSH (Glutathione)-

MPC (monolayer protected clusters) in solution to polyclonal antibody (polyclonal anti-GSH) + protein A 
immobilized on a quartz crystal microbalance (QCM) [4]. 

 
GSH-MPC, µM k k1 k2 kd 

2.3 0.002097 
±0.00045 

0.001145 
±0.00003 

0.0256 
±0.00081 

0.001823 
±0.000254 

4.5 0.003858 
±0.000945 

0.002007 
±0.000174 

0.04868 
±0.00246 

0.001943 
±0.000071 

9.1 0.01867 
±0.00280 

0.02079 
±0.00280 

0.05178 
±0.00331 

0.001 
± 0 

 
Table. 3b. Fractal dimensions for the binding and the dissociation phase for different concentrations (in µM) for 

GSH (Glutathione-MPC (monolayer protected clusters) in solution to polyclonal antibody (polyclonal anti-
GSH) + protein A immobilized on a quartz crystal microbalance (QCM) [4]. 

 
GSH-MPC, µM Df Df1 Df2 Dfd 

2.3 0.0 
+0.3550 

0.0 
+0.08752 

1.5806 
±0.2356 

2.9964 
±0.1027 

4.5 0.0  
+0.3814 

0.0 
+0.2544 

1.9948 
±0.3696 

1.6384 
±0.05694  

9.1 0.9294 
±0.1744 

1.1298 
±0.3850 

1.8608 
±0.4672 

1.0  
± 1.4E-16 
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Fig.10a and Table 3a show the increase in the binding rate coefficient, k1 with an increase in the GSH-
MPC concentration in solution. In the 2.3 to 9.1 µM GSH-MPC concentration range, the binding rate 
coefficient, k1 is given by: 
 
 k1  =  (0.000147 ± 0.000147) [GSH-MPC]2.1178 ±  0.7164 (5a)

 
The fit is quite good. Only three data points are available. The availability of more data points would 
lead to a more reliable fit.   The binding rate coefficient, k1 is sensitive to the [GSH-MPC] 
concentration in solution as noted by the slightly higher than second order (equal to 2.1177) order of 
dependence exhibited. 
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Fig. 10. (a) Increase in the binding rate coefficient, k1 with an increase in the GSH-MPC concentration (in µM) 

in solution; (b) Increase in the binding rate coefficient, k2 with an increase in the GSH-MPC 
concentration (in µM) in solution. 

 
 
Fig.10b and Table 3a show the increase in the binding rate coefficient, k2 with an increase in the GSH-
MPC concentration in solution. In the 2.3 to 9.1 µM GSH-MPC concentration range, the binding rate 
coefficient, k2 is given by: 
 
 k2  =  (0.01857 ± 0.00513) [GSH-MPC]0.5084 ±  0.2507 (5b)

 
The fit is quite good. Only three data points are available. The availability of more data points would 
lead to a more reliable fit.  The binding rate coefficient, k2 is only mildly sensitive to the [GSH-MPC] 
concentration in solution as noted by the close to one-half order (equal to 0.5084) order of dependence 
exhibited. 
 
Table 3a and Fig.11a show the increase in the binding rate coefficient, k1 with an increase in the fractal 
dimension, Df1.  In the 2.3-9.1 µM GSH-MPC concentration range, the binding rate coefficient, k1 is 
given by: 
 
 k1  =  (0.01509 ±  0.0104)Df1

1.1611 ±  0.2899 (6a)
 
The fit is good. Only three data points are available. The availability of more data points would lead to 
a more reliable fit.  The binding rate coefficient, k1 exhibits slightly more than first-order (equal to 
1.1611) order of dependence on the fractal dimension Df1, or the degree of heterogeneity that exists on 
the quartz crystal microbalance surface. 
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Fig. 11. (a) Increase in the binding rate coefficient, k1 

with an increase in the fractal dimension, Df1; 
(b) Increase in the binding rate coefficient, k2 
with an increase in the fractal dimension, Df2; 
(c) Increase in the ratio of binding rate 
coefficients, k2/k1 with an increase in the 
fractal dimension ratio, Df2/Df1. 

c)  
 
 
Table 3a and Fig.11b show the increase in the binding rate coefficient, k2 with an increase in the fractal 
dimension, Df2.  In the 2.3-9.1 µM GSH-MPC concentration range, the binding rate coefficient, k2 is 
given by: 
 
 k2  =  (0.006689 ±  0.001496)Df2

3.0371 ±  1.1939 (6b)
 
The fit is good. Only three data points are available. The availability of more data points would lead to 
a more reliable fit. The binding rate coefficient, k1 exhibits slightly more than first-order (equal to 
1.1611) order of dependence on the fractal dimension Df1, or the degree of heterogeneity that exists on 
the quartz crystal microbalance surface. 
 
Fig.11c show the increase in the ratio of the binding rate coefficients, k2/k1 with an increase in the 
fractal dimension ratio, Df2/Df1. In the 2.3-9.1 µM GSH-MPC concentration range, the ratio of the 
binding rate coefficients, k2/k1 is given by: 
 
 k2/k1   =  (1.3983 ±  0.1134)(Df2/Df1)0.8632 ±  0.04704 (6c)

 
The fit is good. Only three data points are available. The availability of more data points would lead to 
a more reliable fit. The ratio of the binding rate coefficients, k2/k1 exhibits less than a first-order (equal 
to 0.8632) order of dependence on the ratio of fractal dimensions, (Df2/Df1) that exists on the QCM 
surface. 
 
Volland et al. [5] have recently suggested some of the desirable characteristics for immunosensors or 
biosensors. These include: recognition of different analytes present in solution, preferably 
simultaneously, response in a few minutes, field analysis(autonomy, and ruggedness), continuous-flow 
analysis, and (d) regeneration of the sensor, or repeated use. The last characteristic is often difficult to 
realize in practice, and singe-use biosensors have been developed. Volland et al. [5] have recently 
developed a new concept of an immunosensor that permits a sensitive measurement as well as non 
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aggressive regeneration [28]. This new method is termed as solid-phase immobilized tripod for 
fluorescent renewable immunoassay (SPIT-FRI). 
 
Fig.12a shows the binding of 1 µM substance P (neuropeptide) (SP) in solution to quencher-labeled 
mAb (monoclonal antibody) SP31 using the SPIT-FRI procedure [5]. A single-fractal analysis is 
adequate to describe the binding kinetics. A dual-fractal analysis is required to adequately describe the 
dissociation kinetics. The values of (a) the binding rate coefficient, k and the fractal dimension, Df for 
a single-fractal analysis, (b) the dissociation rate coefficient, kd and the fractal dimension, Dfd for a 
single-fractal analysis and (c) the dissociation rate coefficients, kd1 and kd2 and the fractal dimensions, 
Dfd1 and Dfd2 for a dual-fractal analysis are given in Tables 4a and 4b. 
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Fig. 12. (a) Binding and dissociation of different 
concentrations (in µM) of substance P 
(neuropeptide) (SP) in solution to quencher-
labeled  MAb  SP 31 using the SPIT-FRI 
(solid-phase immobilized tripod for 
fluorescence immunoassay) procedure [5]): 
(a) 1; (b) 0.01; (c) 0.1. When only a solid 
line is used then a single-fractal analysis 
applies. When both a dashed (----) and a 
solid (____) line are used, then the dashed 
line is for a single-fractal analysis and the 
solid line is for a dual-fractal analysis. In this 
case the solid line provides a better fit. 

 
 
Fig.12b shows the binding of 0.1 µM substance P (neuropeptide) (SP) in solution to quencher-labeled 
mAb (monoclonal antibody) SP31 using the SPIT-FRI procedure [5].  A single-fractal analysis is 
adequate to describe the binding as well as the dissociation kinetics. The values of (a) the binding rate 
coefficient, k and the fractal dimension, Df for a single-fractal analysis and (b) the dissociation rate 
coefficient, kd for and the fractal dimension, Dfd for a single-fractal analysis are given in Tables 4a and 
4b. 
 
Fig.12c shows the binding of 0.01 µM substance P (neuropeptide) (SP) in solution to quencher-labeled 
mAb (monoclonal antibody) SP31 using the SPIT-FRI procedure [5]. Once again, a single-fractal 
analysis is adequate to describe the binding kinetics. A dual-fractal analysis is required to adequately 
describe the dissociation kinetics. The values of (a) the binding rate coefficient, k and the fractal 
dimension, Df for a single-fractal analysis, (b) the dissociation rate coefficient, kd and the fractal 
dimension, Dfd for a single-fractal analysis, and (c) the dissociation rate coefficients, kd1 and kd2 and the 
fractal dimensions, Dfd1 and Dfd2 for a dual-fractal analysis are given in Tables 4a and 4b. 
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Table 4 a. Binding and dissociation rate coefficients for the interaction of substance P (neuropeptide) (SP) at 
different concentrations in solution to quencher-labeled mAb SP31 using the SPIT-FRI (solid-phase 
immobilized tripod for fluorescent renewable immunoassay) procedure [5]. 
 
Analyte in 
solution, µM  k k1 k2 kd kd1 kd2 

1 0.6191 
±0.0176 na na 0.1089 

±0.020 
0.01781 
±0.00270 

1.5674 
±0.0347 

0.1 0.8364 
±0.0388  na na 

0.2123 
±0.0103 
 

na na 

0.01 0.004514 
±0.000070 na na 0.01499 

±0.00586 
0.000083 
±0.000041 

0.1697 
±0.0134 

 
 
Table 4b. Fractal dimensions for the binding and the dissociation phase for the interaction of 
substance P (neuropeptide) (SP) at different concentrations in soluiton to quencher-labeled mAb SP31 
using the SPIT-FRI (solid-phase immobilized tripod for fluorescent renewable immunoassay) 
procedure [5]. 
 
Analyte in solution, µM Df Df1 Df2 Dfd Dfd1 Dfd2 

1 2.0088 
±0.0166 na na 1.5372 

±10.1158 
0.9522 
±0.1908 

2.2430 
±0.05968 

0.1 2.1762 
±0.02684 na na 1.8084 

±0.03096 na na 

0.01 0.9676 
±0.010122 na na 1.2856 

±0.1861 
0.0 
+0.6220 

1.9158 
±0.1078  

 
 
Tables 4a and 4b and Fig.13a show the increase in the binding rate coefficient, k with an increase in 
the fractal dimension, Df. In the 0.01 to 1.0 µM substance P (neuropeptide) concentration range in 
solution the binding rate coefficient, k is given by: 
 
 k =  (0.005668 ± 0.000978)Df 

6.5595 ±  0.2519 (7a)
 
The fit is good. Only three data points are available.  The availability of more data points would lead to 
a more reliable fit. The binding rate coefficient, k is very sensitive to the degree of heterogeneity or the 
fractal dimension, Df  as noted by the order between six and seven (equal to 6.5595) exhibited. 
 
Affinity values are of interest to practicing biosensorists. Affinity may be defined as the ratio of the 
binding to the dissociation rate coefficient.  There are few points available if one were to look at either 
the single-fractal analysis or the dual-fractal analysis used to model the dissociation kinetics. In order 
to offset this drawback we will plot the affinity values that include both the single-fractal analysis as 
well as the dual-fractal analysis used to model the dissocation kinetics on a single plot. In other words, 
affinity may be defined as k/kd, k/kd1, or k/kd2 as far as this plot is concerned. 
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Fig. 13. (a) Increase in the binding rate coefficient, k with an increase in the fractal dimension, Df;  

(b) Increase in the affinity, K with an increase in the ratio of fractal dimension present in the 
binding phase to that present in the dissociation phase. 

 
 
For the data presented in Tables 4a and 4b, Fig.13b shows the increase in the affinity, K value with an 
increase in the corresponding ratio of the binding rate coefficient to the dissociation rate coefficient. 
The affinity, K is given by: 
 
 K = (0.8446 ± 0.4479) (ratio of the fractal dimension present in the binding phase to that in 

the dissociation phase)5.00 ± 0.3887  (7b)

 
The fit is very good, considering that two different data sets are used and plotted together. The affinity, 
K is very sensitive to the ratio of fractal dimensions present in the binding phase and in the 
dissociation phases as noted by the fifth order of dependence exhibited. 
 
 
4. Conclusions 
 
A fractal analysis is presented for (a) the binding of different concentrations of mouse monoclonal 
anti-rabbit IgG in solution to rabbit patterned cells using a diffraction-based sandwich immunoassay 
[2], (b) the binding and hybridization of DNA using a double-wavelength technique for surface 
plasmon resonance measurements [3], (c) the binding and dissociation of different concentrations of 
GSH-(Glutathione)-MPC (monolayer protected clusters) in solution to polyclonal antibody plus 
Protein A immobilized on a quartz crystal microbalance (QCM) [4], and (d) the binding and 
dissociation of substance P (neuropeptide) (SP) in solution to quencher-labeled mAb (monoclonal 
antibody)) SP31 using the SPIT-FRI (solid phase immobilized tripod for fluorescent renewable 
immunoassay) procedure [5]. The fractal analysis is used to provide better insights into the analyte-
receptor interactions occurring on these novel types of sensing surfaces or modifications of previously 
employed sensing surfaces.  The fractal analysis helps relate the binding (and the dissociation) rate 
coefficients with the degree of heterogeneity that exists on these sensing surfaces. 
 
The fractal analysis provides a quantitative indication of the state of disorder (fractal dimension) and 
the binding (and dissociation) rate coefficients on the sensor chip surface.  Both types of examples are 
given wherein either a single- or a dual-fractal analysis was used. The dual-fractal analysis was used 
only when the single-fractal analysis did not provide an adequate fit. This was done by the regression 
analysis provided by Corel Quattro Pro 8.0 [20]. 
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In accordance with the prefactor analysis or fractal aggregates [29], quantitative (predictive) 
expressions are developed for (a) the binding rate coefficient, k1 as a function of the fractal dimension, 
Df1 for the binding of 50-250 ng/mL anti-rabbit IgG concentration in solution to rabbit IgG patterned 
cells [2], (b) the binding rate coefficient, k2 as a function of the anti-rabbit IgG concentration in 
solution [2], (c) the ratio of the binding rate coefficients, k2/k1 as a function of the ratio of fractal 
dimensions, Df2/Df1 [2] and (d) the binding rate coefficient, k1 as a function of the fractal dimension, 
Df1 for the binding (hybridization) of G-HCV in solution to G-HCV immobilized on the spot surface 
and for the selective hybridization of G-HCV-c and T2–HCV-c in solution to complementary 
sequences immobilized at different spot surfaces [3]. 
 
Predictive-type relations are also developed for (a) the binding rate coefficients, k1 and k2 for GSH 
(glutathione)-MPC (monolayer protected clusters) in solution to polyclonal anti-GSH + protein A 
immobilized on a quartz crystal microbalance (QCM) as a function of the GSH-MPC concentration in 
solution [4], (b) the binding rate coefficient, k1 as a function of the fractal dimension, Df1 for the 
binding of substance P (neuropeptide) (SP) in solution to quencher-labeled mAb (monoclonal 
antibody) SP231 using the SPIT-FRI procedure [5], and finally (c) the affinity, K (ratio of binding to 
dissociation rate coefficients) as a function of the ratio of fractal dimensions present in the binding and 
in the dissociation phase. 
 
In general, the binding rate coefficient is quite sensitive to the fractal dimension or the degree of 
heterogeneity that exists on the surface as noted by the order of dependence exhibited on the fractal 
dimension, Df. As indicated in earlier manuscripts, the fractal dimension is not a classical independent 
variable such as analyte (antigen, antibody, or other biological molecule) concentration in solution.  
Nevertheless, the high orders mentioned above for the dependence of the binding rate coefficient on 
the fractal dimension of these novel biosensor methods or modifications of existing biosensors being 
employed emphasize the importance of the extent of heterogeneity on these sensing surfaces and their 
impact on the binding rate coefficient. This would also significantly impact biosensor performance 
parameters such as sensitivity, regeneration, stability, and response time. Hopefully, the emphasis on 
the surface of these novel biosensors would further facilitate in help improving these biosensors and 
further help in extending their applicability to other areas of usage. 
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