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Abstract: According to complex analytic formula for the six degrees of freedom decoupled robot, a detailed 
analysis of the six degrees of freedom decoupled robot analytic formula of export process, as well the causes of 
multiple solutions. The method of increasing the local variables to avoid processor running the same statement 
repeatedly is proposed. The method to find the most frequency formula appeared in analytic solution replaced 
with local variables facilitate the use of loop to reduce the amount of code. It effectively reduces the 
computation time, optimize the computing process. Finally, taking PUMA560-like robot as an example, the 
calculation result is verified and simulated in Robotics Toolbox of MATLAB. Copyright © 2014 IFSA 
Publishing, S. L. 
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1. Introduction 
 

With the popularity of automation equipment in 
automated production, automated production 
continue to increase the degree of automation 
requirements, industrial robots, especially the 6 DOF 
revolute joint robots with its greater freedom and 
lower redundancy design have been applied widely. 
For robotic research, a basic problem to be solved is: 
to plan the robot motion process according to the 
tasks specified by users. This part of work will be 
done by the robot trajectory planning. Given the 
position and posture of the end of the robot arm 
actuator, the processor must calculate the joint 
variables of the various joints of the robot arm. The 
calculation of inverse kinematics is a specific 
problem which needs to be solved by inverse 
manipulator kinematics. Specific method of 
transformation from Cartesian space to the robot joint 
space for robot is achieved by the inverse  
kinematics solution. 

Inverse kinematics is the mapping of the position 
and orientation of the robot from cartesian space to 
the joint space of the robot. For the six degrees of 
freedom mechanical arm, the majority may not be 
solved analytically. The robot could have analytic 
solutions only when it has some special structure 
form. These robots for which an analytic or closed 
form solution exists are characterized by several 
intersecting joint axes, and/or many 

i  equal to 0 or 

90  degrees [1]. Many general-purpose robots have 
six revolute joints currently. A sufficient condition 
that a manipulator with six revolute joints will have a 
closed form solution is that three neighboring joint 
axes intersect at a point [1]. Inverse kinematics 
solutions of the robots with this configuration are 
often still exist in a variety of possibilities normally. 
They should be carried out step by step in the process 
of solving solution under the circumstances. The final 
result can be obtained by optimization of the inverse 
solution through some predetermined rules. For 
example, the most typical case is that the calculated 
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theoretical joint displacement exceeds a range set by 
the actual joint variables. 
 
 
2. Kinematics Model of the Robot 
 

Link parameters of the manipulator are 
established with D-H method according to the 
method brought forward by John J. Craig. The 
method is that frame {i} is attached to link i and has 
its origin lying on joint axis i. Link parameters are 
defined according to the following Fig. 1. 
 
 

 
 

Fig. 1. Sketch Map of Coordinate System [1]. 
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It should be noted that ia  is the length of the link 

i, and therefore its value can be positive only. The 

signs of i , id  and i  are determined by the actual 

situation. The choice of the positive direction of the 
axis is different, the link coordinate system 
established according to the above method has the 
very big difference for the different position of the 
origin of every coordinate system.  

The establishment of coordinate system based on 
the above method is feasible. Take the robot whose 
configuration is similar to the PUMA560 as an 
example; construct a kinematics model of the 
robot [2]. The D-H parameter model of the 6R robot 
is shown in Table 1. 

Let Ai
i

1
 be a 4*4 homogeneous transform 

describing the frame {i-1} relative to the frame  
{i}, then: 

1

1 1
( , ) ( , ) ( , ) ( , )i

i i i i i
A Rot z Trans x Rot z Trans za d 

 
  
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Table 1. Parameters of the robot link. 
 

i  1
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1
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 ( r a )
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d  

1 0 0 0  1

2 -90 0 0  2

3 0 a 2 d 3
  3

4 -90 a 3 d 4
  4

5 90 0 0  5

6 -90 0 0  6

 
 

The 1
( , )

i
Rot z   , ( , )

i
Rot z   are Rotation matrix 

among them, the 1
( , )

i
Trans x a  , ( , )

i
Trans z d  return 

a homogeneous transformation representing a 
translation. Rest of the parameters, such as 

1i  , 1ia  , i , id  are determined by the robot 

configuration. It can be concluded that homogeneous 
transformation matrix between two adjacent links is: 
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where are the sin
i , cos

i , abbreviated as i
s , 

i
c  in order to facilitate writing, i= 1,2, ..., 6. There 

are 24 D-H parameters in all for the 6 DOF robot. 
The 6 joints of the robot are all revolute joints, 
Therefore the six revolute joint displacements are 
variables, the other D-H parameters are all known. 

The matrix A0
6  which is obtained by repeated 

application of (2) is a position and pose matrix 
representing the last link's coordinate frame {6} with 
respect to the first link's coordinate frame {1}  
as follow: 
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6
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6
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4
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3. Solving Inverse Kinematics 
 

A0
6  is the position and pose matrix which is 

specified beforehand by every single task in this 

inverse kinematics solving method, that is, the A0
6  is 

known given: 
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The submatrix 
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
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333231
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link's coordinate frame's pose with respect to the first 

link's coordinate system. The submatrix 
x

y

z

p
p

p

 
 
 
 
 
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represents the position of the origin of the last link's 
coordinate system with respect to the first link's 
coordinate system. Segregation variable method is a 
routine procedure applied to solve the inverse 
kinematics [3]. The part which is dependent on 1  of 

the formula (3) is moved to the left side of the 
equation, then: 
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Equating the (2,4) elements from both sides of it 
after simplification of the formula (5), it can be 
concluded that: 
 

22 2

1 3
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Likewise, putting the part of formula (3) which is 
dependent on 1 , 2  and 3  on the left-hand side of 

the equation, that is, 
 

)()()(
3

2
32

1
21

0
1 6

5
65

4
54

3
4

1

)]()()([  AAAAAA 
  (9) 

 

Equating the (1,4) elements from both sides of it, 
as well as the (2,4) elements after simplification of 
the formula (8), it can be concluded that: 
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The rest of the angle 4 , 5  and 6  can be 

calculated in the same manner. Detailed calculation 
process, see references [1]. There is a typical inverse 
kinematics result which is included to illustrate the 
optimization of calculating program. 
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It should be pointed out that the formula (6), (8) 
can be respectively calculated from two different 

angles 1 , 1 , 3  and 3 . They are combined with 

each other, there may be four different results [4]. 
The formula (10) also has four different values. It can 
be concluded from the formula (10) that joint angle 2 

has four different values 2 , 2 , 2 , and 2  . 

The other four sets of solutions can be obtained by 
"flipping" the wrist of the manipulator after obtained 
four sets of solutions such as 4 4 4 4

( , , )      , 

5 5 5 5
( , , )       and 6 6 6 6

( , , )      . There are a 

total of eight sets of solutions. Eight sets of solutions 
generated as shown in the following Table 2. 
 
 

4. Optimization of C Program Design  
in Analytical Solution 

 

Some production have very detailed requirements 
for the path of the robot end-effector and the 
instantaneous speed of post in industrial automation 
production, for example, continuous welding 
operation, a laser cutting operation etc. Most of the 
trajectory of the robot's end-effector is linear, 
circular, and special curve specified by users on these 
conditions. It need the robot's end-effector to move in 
accordance to the continuous trajectory which is 
specified by users beforehand, that is, the tasks need 
to be completed in the Cartesian space.  

An algorithm of trajectory for Cartesian space is 
that: the continuous trajectory in Cartesian space is 
divided into a number of discrete path points. There 
is very big difference between the actual motion 
trajectory of robot and the trajectory which is 
specified by users if the distance between two 
adjacent path points is large in these discrete points. 
A continuous path is separated into many dense path 
points because of the interval of the adjacent path 
points should not be too large [5]. It is necessary for 
controller to solve inverse kinematics for every path 
points. It is also very time-consuming for controller 
to do a lot of multiplication and division, square root, 
calculate transcendental functions because there are 
many dense path points. 



Sensors & Transducers, Vol. 164, Issue 2, February 2014, pp. 295-301 

 298

Many intelligent robots are using online 
programming. It requires that cup should update 
trajectory in real time. It demands that the time which 
is spent in calculating the solution of inverse 
Kinematics should be as short as possible. How to 
write correct analytical solution program of inverse 
kinematics and reduce computation time become a 
very important work. The C program can reduce the 
number of calculations and effectively reduce the 
amount of computation through the method of 
increasing the intermediate variables according to the 
analysis of the formula above. It is necessary for 
intelligent robot to achieve the inverse solution on the 
embedded processor sometimes; using C 
program [6]. The method is now described in detail 
as follows: 
 
 
4.1. Repeat Formula 
 

The program needs to do the same operation on 
the same formula of analytic solution repeatedly. For 

example, 
2 2 2

3x y
p p d  , 

2 2

3 4a d  appear twice in the 

formula (6), (7) and (8). Formula (7) can be 
decomposed into the formula (18): 
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Both formula (6) and formula (18) have 
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is as follows: 
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The formula (6) can be rewritten like this: 
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The joint angle 3 also can be calculated in  
this manner. 

Table 2. Eight groups of inverse solution diagram. 
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4.2. Combinations of Different Angles 
 

The same trigonometric is being repeated called 
in analytic solution. For example, 3 2 3a a c , 

1 1x y
p pc s  and 2 3 4a s d  are repeatedly used. 

Moreover, the same formula will produce a plurality 
of different calculation results, because there are four 
different combinations of the joint angle 1 and 3. 
Aimed at the complex relationship among formulas, 
an effective method is presented [7]. It is convenient 
for CPU to calculate the formulas and call the 
trigonometric functions. The program can define two 
one-dimensional array such as k[2], t[2] for the 
formula which contains only one joint angle, for 

example , 3 2 3a a c , 1 1x y
p pc s . The array is 

convenient for program to be calculated and called  
as follows: 
 

  11
cossin]0[ pp

yx
k   (26) 

 
   

11
cossin]1[k pp

yx

 (27) 
 

  323
sin]0[t aa   (28) 

 
  

323
sin]1[t aa  (29) 

 
There is a formula (10). It consists of two 

different joint angles such as joint angle 1 and joint 
angle 3. The value of formula (10) is dependent on 
joint angle 1 and joint angle 3. There are four 
different values of formula (9) because of four 

different combinations of joint angle 1 1 , 1  and 

joint angle 3 3 , 3 . The program can define two 

two-dimensional array which facilitates the use of 

iteration statement such as ]2][2[
23s  and 23

[2][2]c . 

The method is described in detail taking the ]2][2[
23s  

as an example in the following Table 3. 
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Table 3. Representation of the array. 
 

]0][0[
23s

 

 It is represented as )sin(
32    which is 

calculated by 1  and 3  

]1][0[
23s

 

 It is represented as 2 3
sin( )    which 

is calculated by 1  and 
3  

]0][1[
23s

 

 It is represented as 
2 3

sin( )   which is 

calculated by 1   and 3  

]1][1[
23s

 

 It is represented as 
2 3

sin( )    which is 

calculated by 1   and 3  

 
 

There are some formulas consisting of several 
different trigonometric functions sometimes. The 
formulas are so complex that designing inverse 
kinematics programs is not easy. It is not very 
difficult to write the inverse kinematics program after 
careful analysis of analytical solution which is 
provided by [1], known the produced sources of 
multiple values during the solving process of joint 
angle. 2  is derived from 1  and 3 , 4  is derived 

from 1 , 2  and 3  so It can be conclude that 4  is 

derived from 1  and 3  namely. It can be known 

from (12), (13), (14), (15), (16) and (17) that the joint 
angle 5 is only concerned with the 1  and 3 , so is 

joint angle 6. A detailed description of the calculation 
process of the four different values is introduced 

taking the 1 23c s  as an example. The program define a 

one-dimensional array 1
[2]c , a two-dimensional array 

w[2][2] and two variables i, j. Let 
1
[0]c  equal to 

1
cos , and let 1

[1]c  equal to 1
cos  w[2][2] is used to 

store four different values, then,  
 
          for(i=0;i<2;i++) 
             for(j=0;j<2;j++) 
               { 
                ]][[*][]][[

231
jiijiW sc ; 

               }; 
 

There are many formulas similar to the 1 23c s  in 

the inverse solution which is provided in [1], they are 

listed as follows: 1 23c c , 1 23s c , 1 23s s , 1 4s s , 1 4c s , 4 23c s . 

 
 
5. Verification and Simulation 
 

Given a set of link parameters of the Puma560 
like robots in order to test the program about 6 DOF 
robot is correct or not. Let 2

431.8 mma  , 

3
20.32 mma  , 3

124.46 mmd  , 4
431.8 mmd  . 

Assuming that the range of each joint variables varies 
from -2pi to 2pi, given a group of angles in the 
rotation range of robot's joints: 

 1.7841,-1.6290,1.3575,-1.2023,1.3575,-2.8676
fkine 

the angle parameter is in radians. build the robot’s 
kinematics model using the 9.7 version of the 
robotics toolbox of Matlab [8]. Calculated the 
position and posture matrix of robot end-effector by 
the function named ikine which is provided by the 
toolbox, the matrix T as follows: 
 

 


























0000

53511.2029834.048801.082026.0

41058.8108298.084228.053165.0

97947.14495084.022668.021096.0

T
 

(30) 

 
Using VS2008 to achieve the previously proposed 

algorithm about analytical solution, optimizing the 
processing program according to the method above, 
using the position and posture matrix T to initialize 
the C program, there are eight groups of inverse 
solution after this program finish running. The results 
are rounded off to five significant figures according 
to the following Table 5. 

The first group of the inverse solution is 

consistent with the joint variables matrix fkine  given 

previously, fkine  must be one of the possible 

solutions which are calculated by the program as long 
as the joint variables of the robot can be selected 
within a predetermined range. It confirms the 
accuracy of the analytical solutions and program 
from the side. More detailed error analysis needs to 
use the function named "IKINE" which is also 
provided by the Robotics Toolbox of MATLAB. 
High precision inverse solutions are calculated 
iteratively by the function according to the position 
and orientation matrix T [9]. The program needs 
further improvement if the error between the high 
precision inverse solution and the inverse solution 
listed above is big [10]. The simulation results of (1), 
(3), (5) and (7) are shown in the Fig. 2-5: 
 
 

    
 

Fig. 2. The simulation result of inverse solution 1.    
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Fig. 3. The simulation result of inverse solution 3. 
 
 

 
 

Fig. 4. The simulation result of inverse solution 5. 
 
 

 
 

Fig. 5. The simulation result of inverse solution 7. 
 
 

Table 5. Eight groups of inverse solution. 
 

No. Degree (rad) 

1 1.7841 -1.6290 1.3575 -1.2023 1.3575 -2.8676

2 1.7841 -1.6290 1.3575 1.9393 -1.3575 0.2740 

3 1.7841 -4.8383 1.8781 -1.8077 1.9172 0.7167 

4 1.7841 -4.83833 1.8781 1.3339 -1.9172 3.8583 

5 0.3342 -4.4023 1.3575 -0.4109 1.7852 0.5899 

6 0.3342 -4.4023 1.3575 2.7307 -1.7852 3.7315 

7 0.3342 -1.5126 1.8781 -2.740 1.6035 -2.4089

8 0.3342 -1.5126 1.8781 0.4011 -1.6035 0.7327 

6. Conclusions 
 

This paper analyzes calculation process of 
analytical solution of the inverse kinematics of a 
6 DOF robot. Aiming at the complex inverse solution 
of the 6 DOF robots. The method is presented to save 
the calculating time and optimize the process of 
computing [11]. It analyzes the kinematical modeling 
of the general Puma560 like robot in accordance with 
the D-H representation. Using VS2008 to achieve the 
proposed algorithm about analytical solution, 
Optimizing the program according to the method 
above [12]. It provides a reference for calculating the 
inverse solution of the 6 DOF robots using other 
programming languages. Finally, the calculation 
results are verified and the simulation result validates 
the validity of this method [13]. 
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