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Abstract: In this paper the treatment of material discontinuities in the Natural Element Method (NEM) are 
discussed. A visibility criterion and the constrained Voronoï diagram are presented in order to take account this 
difficulty. The extension of NEM, the Constrained NEM (C-NEM), is applied to solve electromagnetic problems. 
An electrostatic problem is proposed and the approach is evaluated and compared with the traditional Finite 
Element Method (FEM). Copyright © 2016 IFSA Publishing, S. L. 
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1. Introduction 
 
With a great successful history, the Finite Element 

Method (FEM) is one of the most reputable numerical 
methods currently used as a reference in the numerical 
methods domain. However, despite its many 
advantages, the FEM also imposes difficulties in 
solving certain types of problems. In general, to solve 
problems involving the need of mesh reconstruction 
such as interfaces mobile or deformation with time, the 
Finite Element Method requires extensive 
computational and human effort. 

In order to avoid numerical problems involving the 
construction of mesh the so-called meshless or mesh-
free methods have been developed [1]. The meshless 
methods are increasingly being used in 

electromagnetic field computations [2-3]. In these 
methods a cloud of nodes without connectivity 
relations that covers the domain is used to solve the 
problem. Due to its characteristics, these methods are 
well suited to solve problems involving moving parts, 
like electrical machines [3-4].  

It is well known that meshless methods provides 
high accuracy solutions but present some difficulties 
to handle boundary and interface conditions [4-5]. To 
eliminate these drawbacks, the natural element 
method (NEM) was proposed [6]. The NEM approach 
is based on the Voronoï diagram and the natural 
neighbors concept. The convergence of the NEM has 
been previously studied for different applications [2]. 
Also, the NEM main interest lies in its interpolation 
property which allows enforcing essential boundary 

http://www.sensorsportal.com/HTML/DIGEST/P_2809.htm



Sensors & Transducers, Vol. 198, Issue 3, March 2016, pp. 55-60 

 56 

conditions and interface conditions in an easy way as 
with the FEM [2].  

However, like other meshless methods, the NEM 
require special treatment in areas with different 
materials, i.e., in interfaces [6]. Many electromagnetic 
problems may involve heterogeneous media and 
therefore it is very important the proper treatment of 
discontinuity of material [7]. As this subject is not 
transparent for meshfree methods, the aim of this work 
is to discuss the treatment of material discontinuities 
in NEM and apply it to solve a classical 
electromagnetic problem. 

 
 

2. Problem Formulation 
 
For the purpose of analysis, consider the conductor 

strip of copper and aluminum shown by Fig. 1. The 
domain is characterized by Ω = Ωଵ ∪ Ωଶ  and is 
desired to obtain the current distribution in both 
materials. 

 
 

 
 

Fig. 1. Conductor strip (bimaterial domain) [8]. 
 
 

If a static current crosses Ω, the problem can be 
described by Laplace equation [8]: 

.ߘ  ൬1ߪ ൰ܶߘ = 0 (1) 

 ܶ = 	and	ௗ߁	on	ܫ ߲߲ܶ݊ = 0	on	߁௡ (2) 

 
(1) and (2) are the strong formulation of the 

problem where ܶ is the electric potential vector and ߪ 
is the conductivity of the medium. ߁௡ is the boundary 
with homogeneous Neumann condition formed by A 
and B  lines, ߁ௗ  is the boundary with Dirichlet 
boundary condition formed by the C and D lines, and ߁௨ is the interface between sub-domains Ωଵ and Ωଶ. 

The discrete equation is obtained using the 
Galerkin method. So, the weak formulation can be 
written as: 

 න ߪ1 ௛ఆܶߘ ݓߘ ߗ݀ = 0 (3) 

In (3) Ω is the problem domain surrounded by the 
surface Γ (given by the lines A, B, C and D), ܶ௛ is an 
approximation for the scalar component of the electric 
potential vector ܶ	and ݓ is the scalar weight function. 
Many numerical techniques can be used in the 
evaluation of (3). However, this paper is focused on 
NEM [6]. 

 
 
3. The Natural Element Method (NEM) 
 

The natural element method uses the concept of 
natural neighbors which is based on the construction 
of Voronoï diagram on a cloud of nodes [6]. 

 
 

3.1. The Voronoï Diagram 
 

In 2D, let consider a set of nodes  ܰ = ሼ݊ଵ, ݊ଶ, ݊ଷ,⋯ , ݊ேሽ  distributed in the whole 
domain Ω. The Voronoï diagram is a subdivision of 
the plane into regions ௜ܸ  where each region ௜ܸ  is 
associated with a node ݊௜, such that any point in ௜ܸ is 
closer to ݊௜  than to any other node ௝݊  with ݆ ≠ ݅ .  
The regions ௜ܸ  are the Voronoï cells of ݊௜ . In 
mathematical terms, the Voronoï cell ௜ܸ  is defined  
as [2]: 

 ௜ܸ = ൛ݔ ∈ ℝଶ ∶ ,ݔ)݀ (௜ݔ < ݀൫ݔ, ݆	∀	௝൯ݔ ≠ ݅ൟ, (4) 
 

where ݔ௜ is the coordinates of the node ݊௜ and ݀൫ݔ,  ௝൯ݔ
the distance between node ௝݊ and point ݔ. Thus, ௜ܸ is 
the region of the plane that contains the points ݔ 
closest to node ݊௜  than to any other node in ܰ. The 
construction of each Voronoï cell can be obtained by 
the intersection of the segments joining the node ݊௜ to 
its neighbor nodes, and a straight line, normal to each 
one of these segments, traced at the central point of 
those segments [6]. 

This diagram subdivides the studied domain into a 
set of polygons which defines the natural neighbors of 
the node in its center. The Delaunay triangulation, 
which is the dual of the Voronoï diagram, is 
constructed by connecting the nodes whose Voronoï 
cells have common boundaries [2]. An important 
property of Delaunay triangles is the empty 
circumcircle criterion – there is no node inside the 
circumcircle of Delaunay triangle. In the context of 
natural neighbors interpolation these circles are known 
as natural neighbors circumcircles. The centre of the 
natural neighbor circumcircle is a vertex of the 
Voronoi cell. If the nodal set ܰ is such that only three 
nodes lie on the circumcircle of any Delaunay triangle, 
then precisely three edges meet to form a Voronoi 
vertex [6]. 

The Voronoï diagram and Delaunay triangulation 
for a set ܰ consisting of nine nodes are show in Fig. 2. 
The Voronoï cells ଵܸ  e ଶܸ  are highlighted and a 
circmcircle is illustrated. All nodes ݊௜  are inside the 
called convex hull ܪܥ(ܰ). The convex hull of the set 
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of nodes N is the smallest convex set containing N. 
Note that the Voronoï cells are closed and convex, 
while the cells associated with nodes on the boundary 
of the convex hull are unbounded [6]. 

 
 

 
 

Fig. 2. Representation of Voronoï diagram (blue color), 
Delaunay triangulation (gray color), Voronoï cells  ଵܸ and ଶܸ, and the convex hull ܪܥ(ܰ). 

 
 

From an algorithmic viewpoint, since the Voronoï 
diagram and the Delaunay triangulation share a 
common bond (duality), the combinatorial structure of 
either structure is completely determined from  
its dual.  

The interpolation of a point can be obtained by 
introducing a fictitious point in the Voronoï diagram 
and calculating the value of the corresponding  
shape function. 

 
 

3.2. The Shape Function 
 

Based on the Voronoï diagram, the natural element 
shape function can be calculated. In the literature, 
several formulas are used to calculate this shape 
function [6]. Among the most used, are the Sibson 
functions which may be determined in analogy with 
classical FEM shape functions as the ratio of surfaces 
in the case of triangles [6]. The same principle is 
applied to Voronoï cells to achieve Sibson shape 
functions. A point ݔ  shown by Fig. 3(b) is inside 
Voronoï diagram of Fig. 3(a), so the Sibson shape 
function is given by (5) where each ௜ܵ(ݔ) represents 
the ratio of the subarea of Voronoï cell centered on ݔ 
and linked to the natural neighbor ݊௜ and the total area 
of Voronoï cell linked to that point ܵ(ݔ) [6]. 

 ߶௜(ݔ) = ௌ೔(௫)ௌ(௫) , (5) 
 

where ݅  ranges from 1 to NV  (number of natural 
neighbors visible from point ݔ), and: 
(ݔ)ܵ  =෍ ௝ܵ(ݔ)							ே௏

௝ୀଵ  (6) 

 
(a) 

 
(b) 

 
Fig. 3. (a) The ݊௜ node, its Voronoï cell ௜ܶ and its six 

natural neighbors. (b) NEM shape function computation 
where ଵܵ(ݔ) represents the subarea associated  

with the node ݊ଵ. 
 
 

The shape function in (5) is the natural neighbor 
coordinate (n-n coordinate). The derivatives  
of the natural coordinates are obtained by 
differentiating (5) [6]: 

 ߶௜,௝(ݔ) = ௜ܵ,௝(ݔ) − ߶௜ܵ ,௝(ݔ)ܵ(ݔ) 	(݆ = 1, 2) (7) 

 
 

3.3. Properties 
 
The same properties of FEM are verified for NEM 

shape functions as positivity [2, 6]: 
 0 ≤ ߶௜(ݔ) ≤ 1 (8) 
 

Kronecker delta (interpolation): 
 ߶௜൫ݔ௝൯ =  ௜௝, (9)ߜ

 

partition of unity:  
 ෍߶௜(ݔ)ே௏

௜ୀଵ = 1 (10) 

 

and linear completeness: 
ݔ  =෍߶௜(ݔ)ݔ௜ே௏

௜ୀଵ  (11) 

 

Thus, the electric potential vector can be written as 
follows: 

 ܶ௛(ݔ) = ∑ ௜ܶ߶௜(ݔ)ே௏௜ୀଵ , (12) 
 

where NV is the number of natural neighbor visible 
from point ݔ  and ܶ௛  is the approximation for the 
scalar component of the electric potential vector ܶ. 

By the circumcircle criterion, it is evident that for ߶௜  to have a non-zero contribution at ݔ, the point ݔ 
must lie within the circumcircle of a Delaunay triangle 
that has the node ݊௜  as one of its vertices [5]. The 
support of ߶௜ (region in which ϕ୧ > 0) is the union of 
the circumcircles passing through the vertices of the 
Delaunay triangles containing the node ݊௜ of Fig 3(a). 
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The support of a node ݊௜  in a particular nodal 
distribution is depicted in Fig. 4. In the empty nodes ߶௜ = 0, in the fill node ߶௜ = 1 and in all blue surface ߶௜ > 0. 

 
 

 
 

Fig. 4. Support of the natural shape function related 
to node ݊௜. 

 
 

The final system of equations can be obtained by 
substituting the discrete form of trial and test functions 
(6) in (3) and applying it in all domain. After 
numerical integration, the following linear system of 
equation is obtained [8]: 

ܷܭ  = ,ܨ (13) 
 

where ܭ  is the global symmetric matrix, ܷ  is the 
unknown vector, and ܨ  is the source vector. The 
elements of the matrix ܭ are given by: 
௜௝ܭ  = න ߪ1 ௝ఆ߶ߘ  (14) ߗ݀	௜߶ߘ

 
 

4. Treatment of Material Discontinuities 
 
Due to the inherent meshless characteristic, (6) can 

be computed in arbitrary clouds of nodes and these 
nodes can move freely on the background without any 
geometrical restriction [1-2]. In the interface between 
two regions of different materials (߁௨), the FEM shape 
functions are linear completeness if the elements 
coincide with the ߁௨ . In the NEM context, if ߁௨  is 
straight the convex domain is hold and the shape 
functions along ߁௨  are also linear. However, unlike 
FEM the nodes present in Ωଵ domain are influenced 
by nodes belonging to Ωଶ  domain [7]. To treat the 
materials discontinuity a constrained Voronoï diagram 
associated with a visibility criterion is used [9-11]. 

 
 

4.1. The Visibility Criterion 
 
The simplest way to solve the materials 

discontinuity lies in the introduction of a criterion to 
remove parasite influences between nodes on the 

interface ߁௨  [9-10]. The point ݔ  is in the domain of 
influence of a node ݊௜ if ݔ is within the region where 
the shape function associated with ݊௜  is non-zero 
(߶௜ > 0 ) and it is visible from node ݊௜  when the 
boundaries are assumed opaque [9]. So, one can  
define [9]: 

 Ω௜ = ሼݔ | ݔ ∈ Ω,߶௜ > 0ሽ, (15) 
 Ω௜௏ = ൛ݔ | ௫→௫೔ܮ ∩ ௨߁ = ∅ൟ, (16) 
 

where ܮ௫→௫೔ represents the straight line connecting ݔ 
and ݊௜. Thus, the domain of influence of a node ݊௜, Ω௜∗, 
is defined as [9]: 
 Ω௜∗ = Ω௜௏ ∩ Ω௜ (17) 

 
 

4.2. Constrained Voronoï Diagram 
 
A constrained Voronoï diagram results from the 

application of the above criterion, which will be used 
to define the interpolation functions [9-10]. If a 
visibility criterion is applied on ߁௨  the resulting 
Voronoï diagram is composed with cells ௜ܸ஼, one for 
each node ݊௜, such as any point ݔ inside ௜ܸ஼ is closer 
to ݊௜  than to any other node ௝݊ 	visible from ݔ . It is 
called the constrained Voronoï cells, which are 
defined formally by [9]: 

 ௜ܸ஼ = ቄݔ ∈ ℝଶ ∶ ,ݔ)݀ (௜ݔ < ݀൫ݔ, ≠݆	∀	௝൯ݔ ݅, ௫→௡೔ܮ ∩ =௨߁ ∅, ௫→௡ೕܮ ∩ ௨߁ = ∅ቅ (18) 

 
Once such diagram is constructed, classical 

algorithms for the computation of the shape functions 
can be applied directly because connections between 
non-visible natural neighbors in different regions have 
been removed [9]. Based on the constrained Voronoï 
diagram, the constrained Natural Element Method (C-
NEM) has been introduced [2, 10]. 

 
 

4.3. C-NEM Interpolation 
 
If the visibility criterion is introduced in the NEM, 

the natural neighbors become constrained natural 
neighbors [9-10]. The set of natural neighbors will be 
restricted by applying the visibility criterion. Thus, the 
functional approximation for C-NEM can be written 
as [9]: 

 ܶ௛(ݔ) =෍ ௜ܶ߶௜஼(ݔ)ே௏
௜ୀଵ , (19) 

 
where ܰV is the number of natural neighbors visible 
from point ݔ  and ߶௜஼  is the constrained natural 
neighbor shape function. 
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In C-NEM the support of ߶௜஼	is similar to ߶௜  for 
NEM interpolation consisting of the union of the 
circumcircles that pass through the vertices of the 
Delaunay triangles. However, these circumcircles can 
be extend across the boundaries, but cannot contain 
nonvisible neighbors [9].  

In order to explain this, consider the node ݊௰ ∈  ௨߁
showed in Fig. 1. The support of the constrained 
natural neighbor shape function ߶௜஼ associated to ݊௰ is 
depicted in Fig. 5. In it, the subdomain Ωଵ  has the 
support seen in Fig. 5(a) and the subdomain Ωଶ has the 
support showed in Fig. 5(b). Due to linearity of the C-
NEM shape functions will assume the following 
values: ߶௜஼ = 0 in the empty nodes, ߶௜஼ = 1 in ݊௰ (the 
filled node) and ߶௜஼ > 0 in all blue surface. 

 
 

 
(a) 

 
(b) 

 
Fig. 5. Support of C-NEM shape functions associated 

with node ݊୻ along ߁௨ (a) in Ωଵ and (b) in Ωଶ. 
 
 

It can be shown that in the context of the 
constrained natural neighbors interpolation, any point 
in the domain lies inside the convex hull of their 
constrained (visible) natural neighbors. In 
consequence, the partition of unity and the linear 
consistency are conserved in the C-NEM [9]. Another 
important aspect is the fact that the influence between 
non-visible nodes has been removed during the 
construction of the constrained Voronoï diagram. In 
this case, influences of interior nodes also vanish. 
Thus, interface conditions can be easily enforced on 
any boundary where the approximation is in fact  
linear [9]. 

 
 

5. Results 
 
Consider the structure showed at Fig. 1 to validate 

the proposed approach. A current difference is 
imposed between the lines C and	D, such that ܫ஼ =  ௔ܫ
and ܫ஽ = 0 ௔ܫ .  is the current flowing through  
the conductor.  

Also, the width of the copper strip is chosen as the 

same as the aluminum one, ܫ௔ = 1 ୅୫ , 	σcopper =	= 6,17×107	S/m  and σaluminum = 3,42×107	S/m . 
Fig. 6 shows the resulting current distribution for a 
125 nodes discretization using C-NEM. It could be 
observed that a higher current crosses the copper part 
of the conductor. Moreover, the current curve is 

smooth even close to the interface between the  
two mediums.  

The result is also validated by comparison with the 
traditional FEM for the same discretization and plotted 
in Fig. 7. In this Figure the current distribution on 
dashed line A highlighted in Fig. 6 are compared. It 
can be observed a very good agreement between them. 
Also, is possible to see that the current in copper is 
approximately 60 % higher than the current in 
aluminum. This result is expected since the 
conductivity of copper is approximately 60 % higher 
than the conductivity of aluminum [8]. 

 
 

 
 

Fig. 6. Current distribution. 
 
 

 
 

Fig. 7. Current along the line A depicted in Fig. 6. 
 
 

For a better comparison of the aforementioned 
results, the relative error are obtained for NEM and 
FEM methods. The reference result is furnished by an 
extremely refined mesh (6273 nodes) of the FEM. The 
error is computed considering the L2 norm of the 
solution vector ܶ given as follows: 

 

݁ = ඩ඲൫்ି்ೝ೐೑൯మௗఆ்ೝ೐೑ଶఆ , (20) 
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where ௥ܶ௘௙  is the reference solution and ߗ  is the 
domain where the error is computed. 

It is observed that the error committed by  
the C-NEM is less than the error made by FEM 
considering the same number of nodes. The ratio of the 
FEM and the NEM error is approximately 1.22. This 
result allow to verify that NEM is more accurate than 
FEM. 

 
 

6. Conclusions 
 

The treatment of interface condition in natural 
element method was adressed in this paper. The 
visibiliy criterion was discussed with details and  
C-NEM was applied to solve a bimaterial 
electromagnetic problem. The analysis of the solutions 
have demonstrated the applicability and accuracy of 
C-NEM to treat material discontinuities. 
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