Sensors & Transducers, Vol. 204, Issue 9, September 2016, pp. 39-44

BT
[

www.sensorsportal.com

Sensors & Transducers

© 2016 by IFSA Publishing, S. L.
http: //mmw.sensor sportal .com

On the Steady-State Behaviour of Discrete-Time Linear
Systems with Poles on the Unit Circle

Manuel D. Ortigueira
UNINOVA and DEE of Faculdade de Ciéncias e Tecnologia da UNL, Caparica, Portugal
Tel.: +351212948520
E-mail: mdo@fct.unl.pt

Received: 4 July 2016 /Accepted: 31 August 2016 /Published: 30 September 2016

Abstract: The steady-state behaviour of discrete-time systems defined by difference equations whose transfer
functions may have poles on the unit circle is studied. It is shown that, contrarily to the regular cases, the
eigenfunctions of these systems are no longer the exponentials, but, if the input function is a product of a falling
factorial by an exponential, the output is a linear combination of such kind of functions. The very useful and well-
known ARIMA case is studied and exemplified. Copyright © 2016 IFSA Publishing, S. L.
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1. Introduction

The systems defined by constant coefficient
ordinary difference equations have a long tradition in
applied sciences and have a large amount of
engineering applications, mainly in Signal Processing
[1, 3-4, 11] where they are referred as ARMA
(Autoregressive Moving Average) models. In these
fields the difference equations are written in the
general format

N

> aw@m - k)

k=0

M
- Zbkx(n — k), M)
k=0

where n € Z, M,N € Z} and the coefficients a,
k=0,1,..,Nandby, k=0, 1, ..., M are real constants.
We could consider also fractional delays as in [5], but
we will not do it here. In the regular case the response
of these systems to a sinusoid is also a sinusoid with
the same frequency [10-11] which leads to introduce
the frequency response that is another way of
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describing the system, being equivalent to (1). In a
general formulation we can say that the exponentials,
B", n € Zand B € C, are the eigenfunctions of these
systems.

The situation is not so simple in the singular case
that we will study in this paper. However and as we
will show, the role of the exponentials is played by
functions defined as the product of a falling factorial
by an exponential [8].

Let (n)x = n(n—1)(n—2)...(n-k+1), if k>1, and
(n)o=1, be the Pochhammer symbol for the falling
factorial. We will assume that the input, x(n), is the
product of a falling factorial and an exponential
defined on Z:

x(n) = (W B, @

where B is any complex number and K a positive
integer. This function does not have either Z transform
or Fourier transform [11]. As we will show, this kind
of functions are not eigenfunctions of the system (1),
but we can affirm:
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When the input of the system is a function of the
type (2) the output is a linear combination of several
similar functions.

This statement is valid for any regular or irregular
system, although we will pay a special attention to the
irregular cases, mainly the Autoregressive Integrated
Moving Average (ARIMA) models. Therefore, the
frequency responses of these systems loose the normal
interpretation. This problem was never considered
with generality.

The procedure presented here is formally similar to
the one followed in [6-7, 9] for dealing with systems
defined by differential equations. We will start by
introducing the eigenfunctions of difference equations
and compute the corresponding eigenvalues. These are
used to obtain the particular solutions we are looking
for. Several examples are presented to illustrate the
behaviour of the approach.

The objective of this paper is the study of singular
cases corresponding to the situations where the
transfer function becomes infinite; such situations are
treated with all the generality [8]. The important
ARIMA model is a particular case with a pole at 1. We
will show how to compute the output for these cases.

The paper outline is as follows. In Section 2, we
will introduce the exponentials as eigenfunctions of
the ARMA systems. The generalization for the input
as in (2) is done in Section 3. The singular cases are
treated in Section 4 where the particular ARIMA. At
last, we will present some conclusions.

2. The Exponentials as Eigenfunctions

The discrete convolution is defined by:

+00

Z x(k)yin—k),ne Z (3)

k=—o0

x(n) xy(n) =

This operation has several interesting properties,
but we will study only those interesting for the
development we intend to do.

1) Let the Kronecker delta be defined by

1 n=0

0 n+0 “)

s = {

As it is easy to verify, this function is the neutral
element of the convolution

x(n) = 6(n) x x(n)

2) The convolution is commutative
In fact

x(n) x y(n) = y(n) x x(n)

as it is easily verified with the substitution

m =n—k in (3).
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3) A shift in one factor produces the same shift in
the convolution. Let z(n) = x(n) % y(n). Then

X(n =) X y(n) = z(n —no)
and using the commutability

y(n = no) x x(n) = x(n — no) x y(n)

For proof we start from (3)

 xli=ng) xy(n) =

Z x(tk —ng)yin—k),ne Z

k=—o0

and substitute m for k — ng to get

L xn—ng) xy(n) =

z x(m)y(n—ny—m),n € Z

k=—o0

With these properties at hand we return to our
objective of computing the eigenfunction for Equation
(1). Consider a particular input x(n) = 8(n) and let the
corresponding solution be h(n) that we will call
Impulse Response. So, this is the solution of

N

Zakh(n — K

M
- Zbka(n “k 6
k=0 k=0

Now convolve both sides in (5) with x(n).

N

Z agh(n — k) x x(n)

k=0
M
- z beS(n - k) X x(n)
k=0

Using the above properties of the convolution we
can write

N M
aglh(n — k) xx(n)] = bpx(n- k)
> a ; "

k=0

A comparison of this equation with (1) allows us
to conclude that its solution is given by

y(n) = x(n) x h(n) (6)

This means that the solution of (1) is the
convolution of x(n) with the impulse response.

Theorem 2.1: — The particular solution of the
difference equation (1) when x(n)=z",z € C,n € Z
is given by

y(n) =H(z) z" (7
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provided that H(z) exists.

Proof: Insert x(n) = z" into (6) and use (3) to get

y(n) = i h(k)z"k = i h(k)z¥*z"

k=—c0 k=—o0

With

H(z) = Z h(k)z* ®)

k=—o0

we obtain (7). H(z) is called Transfer Function of the
system defined by the difference Equation (1) and as
seen is the Z transform of the impulse response. We
can give it another more interesting format by
inserting (7) into (1) to obtain immediately

_B@ _ Xilobkz™"
A XN azk

H(2)

©)

This theorem shows that the exponentials are the
eigenfunctions of the constant coefficient ordinary
difference equations, provided that H(z) is finite for
the particular value of z at hand.

In the following we will consider that the
characteristic polynomial in the denominator is not
zero for such particular value of z. Later we will
consider the cases where z is a zero of the
characteristic polynomial — z is a pole of the system.

Example 1
Let x(n) = 2" and consider the equation
y(n) =x(n) +x(n— 1)

We have H(z) = 1 + z . So, the particular solution
is given by

y(n) = HQ2)-2" = gzn

Let now x(n) = (—1)". We have

ym) =HEDED=0

Therefore, the oscillating exponential is
eliminated: this is why we use the term filterswhen we
refer to linear systems.

Example 2
Consider the difference equation
y(n)+y(n—1)—4y(n—2)+2y(n—3) = x(n)+2x(n—1)

Let x(n) = (1/2)™. The solution is given by:

1+ 2(%)_1 _ (1)”
1+ -4+ 2

)

y(n) =

showing that (1/2)" is really an eigenfunction of the
system with eigenvalue equal 5/3.

The sinusoidal case

In a particular setting, put z = e!“o. We obtain
immediately

y(n) = H(e'®0) - e'®on (10)
Example 3
Consider the difference equation

ym+yn - D - 4y(n - 2)+ y(n - 3)
=x(n)+2x(n—-1)

Let (n) = e'z". The solution is given by:

1 ign
‘e
1+i1—4i242i3

e
3

y(n) =

Ul
Y

The above result, (10), is very interesting since it
allows us to compute easily the solution when
x(n) = cos(won) or x(n) = sin(w,n). Consider the first
case; the second is similar. We have

1 . .
x(n) = coswyn = 3 el@wom E-e‘“"o"

that leads to

1 . ) 1 ) )
y(n) = EH(BWO)E“"O” + EH(e““’O)e"“’O"
The function
H(e™®) = | H(e'®) |e#") (11)

is called frequency response of the system in
engineering applications.

It is not very hard to show that if the coefficients in
(1) are real, the amplitude spectrum, | H(e'?) |, is an
even function, while the phase spectrum, ¢ (e'®), is an
odd function.

These properties
following result.

allow us to state the

Theorem 2.2: — The particular solution of the
difference equation (1) when x(n) = coswgyn is
given by

y(n) = | H(e') | cos[won + @(e'0)]  (12)

Proof: According to what we said above,

| H(eiwo) | = | H(e™™@o) |
and
p(e'0) = —gp(e™')

which leads to
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yn) = | H(eton) | 7 [etommeiote

+ e—iwone—iq:(ei“’f))]

giving immediately to the result.

It is important to remark that when H(e'®0) = 0,
y(n) is identically null. According to we said above,
the system filters out the e’“o™ component. This
theorem states clearly the importance of the frequency
response of a system.

Example 4

Consider again the equation of Example 3, but with
a change in the right hand side:

ym+ yn - 1D - 4y(n - 2)+ y(n - 3)
= 3x(n) —4x(n—1)

and assume that x(n) = sin % n. Then

H() = 3—4z71
2= 14+ z71— 4z724 z73
and
y(n)
_ir
1 3—4e "2 n
=Z = ‘3_7162
14+ e '2— 4e“”+ e 2
1 3_4els n
_Zl 3nelzn

1+eZ—4e”T+eZ

allowing to get
. T
y(n) = sin (En + 9)

with 6 = cot_1(4/3).

3. Product of a Falling Factorial by an
Exponential

To go further we are going to consider the case
x(n) = (n)g ", nEZ,KEN,

Although not so important in applications as is the
previous case, it constitutes a simple generalization
that is interesting for studying the complete behavior
of the system.

It is not difficult to see that we can write

dK
K
x(n lim —: z"
() = B¥ lim ——

Return to (6) and particularize for our case
to obtain:
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) = D () (= k) 2"

k=—00 oo
dK
n—-k
Z h(k) dzk ©

k=—o0

For z in the region of convergence of the Z
transform, the series converges uniformly and we can
commute the derivative and summation operations.
This procedure leads to the next theorem.

Theorem 3.1: — The particular solution of the
difference equation (1) when x(n) = (n)g ", is
given by

d¥[H(2)z"]

T (13)

y(m) = ¥ lim
z-p

Using the Leibniz rule we can obtain another
expression for y(n) stated in as follows.

Corollary 3.1: -- The particular solution of the

difference Equation (1) when x(n) = (n)g B" is
given by:

y() =i(’j) HO@) (i B (14)
j=0

The special case corresponding to x(n) = (n)g
leads to the output

y( =i('j) HOW (W (15)
j=0

Example5

Consider again the equation of Example 4:

ym+ yn - D - 4y(n - 2)+ y(n - 3)
= 3x(n) —4x(n—1)

and assume that x(n) = n. We obtain immediately

y(m) =Z( ) HOW (),
}=: H(1)-n+H' (1)

As it can be shown, H(1) = 1 and H'(1) = 0 which
implies that the solution is

y(n) =n

a curious result.

4. TheSingular Case—Arima

Consider now the situation where the
characteristic polynomial has an m™ order root for a
given z = 3 value. To look for a solution, assume that
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x(n) = w(m)p"

and
y(n) = v(n)p"

Insert x(n) and y(n) into (1) to obtain a
new equation

N

Zakﬁ‘kv(n — K
k=0 (16)

- Zbkﬁ"‘w(n — K
k=0

with corresponding transfer function H(Bz). In fact
with the above substitutions, we moved the pole from
z=B to z=1.This means that the new, (16), has a m'
order pole at z = 1. We can say that we transformed
the singular system into an ARIMA system. This kind
of systems appears frequently in econometric studies.

In terms of the variable n we have an mth order
differentiation at the output. This is equivalent to do
an anti-difference on the input.

We introduce the D operator defined by the
differencing operation

Dv(n) =v(n) —v(n—1)

Let D—m represent the mth order anti-difference
operator — D—m Df(n) = DD—m f(n) = f(n) — that is
essentially the mth order primitive without
primitivation  constants.  This  suggests  the
substitution v(n) = D—mu(n) to obtain the new
difference equation

N-m M
qun — k) = bywn — k), (17
; ’ ;) *

where @, = a,f7%k=0,1,-,N—m, are the
coefficients of the new characteristic polynomial,

_ A(B2)
A= Ty

and l_)k = b,f7%k=0,1,---,M, are the coefficients
of the new numerator polynomial B(z) = B(Bz).
Now, we are interested in solving (17) for the
particular case, w(n) = (n)k. Therefore, we will use
Relation (15), allowing to obtain the following result.

Theorem 4.1: — The particular solution of the
difference Equation (1) when x(n) = (n)xp" with
A(B) =0 is given by

y(n) .
—pr D Z(’]{) AW @y P

j=0

where K is a positive integer and f is a complex
number. The new transfer function is

B (1-zY"B@)
D= 30~ — ao

We can give (18) a new format, provided that we
use the following recursively obtained relation

!
D™™M(M)k = m(n)mm

Then we can write

y(n) = p"
K . 19
o INT(KY mers (K =D (
D 2 (}) H(J)(l)m (Mk+m-j )

j=0

If K = 0 (pure exponential input), we obtain:

y(n) = p* A () (20)

Making B = e'®o, we are led to conclude that the
response of the ARIMA model to a pure sinusoid is
never a pure sinusoid: the amplitude increases with
time. This is the reason why this model is used for
modeling non-stationary situations.

Example 6

Consider the equation

y(m) —y(—1) = 4y(n = 2) = 2y(n — 3) = x(n)

with x(n) = n(—1)" The point z = —1 is a pole of the
transfer function, A(—1) = 0, of order m = 1. On the
other hand,

) = 14+ z71
7= 1—z1— 4z72— 2273
_ 1
T 1—2z71— 2272
and
— 27724 4773
H'(z) =

(1—-2z71— 2z72)2

leading to H(—1) =1 and H'(—1) = 2. Therefore,
the solution is

ym) = [z, + 20 | -1
= %n(n +3)(—-D"

Example 7

To exemplify the ARIMA case, take the following
equation with x(n) =1
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y(m) = 2y(n — 1) + 3y(n — 2) = 2y(n — 3) = x(n)

The point z = 1 is a pole of the transfer function,
A(1) =0, of order m = 1. On the other hand,

giving H(—1) = 1/2. The solution is
y(n) =n/2
Example 8

The oscillator is a very interesting system that can
be defined by the equation

y(m) =2 cos(wo)y(n —1) + y(n — 2)
= x(n) — cos(wy)x(n —1)

Now, let x(n) = e‘®™. The system has two
simple (m = 1) poles at et®o™ Proceeding as
described above, we obtain H(e!®°) = 1/2 and the
output is easily computed

1 .
y(n) =5neiwon

As we said above, it is a non-stationary model.

5. Conclusions

The singular steady-state output in discrete-time
linear systems was studied taking as base the similar
study made for the regular case. In this an
eigenfunction approach was used. For the singular
case, products of falling factorials and exponentials
were used to play the role of the exponentials. Some
examples were used to illustrate the procedure, in
particular the ARIMA case was considered. This
formulation can be used to study the autocorrelation
function of the output when the input is a stationary
stochastic process.

Acknowledgements

This work was partially funded by National Funds
through the Foundation for Science and Technology of
Portugal, under the project PEst-UID/EEA/
00066/2013.

References

[1]. S. Elaydi, An introduction to difference equations, 3"
edition, Springer, 2005.

[2]. 1. Jia, T. Sogabe, On particular solution of ordinary
differential equations with constant coefficients,
Applied Mathematics and Computation, Vol. 219,
Issue 12, 2013, pp. 6761-6767.

[3]. C. Jordan, Calculus of Finite Differences, Second
edition, Chelsea Publishing Company, New York,
1950.

[4]. H. Levy, F. Lessman, Finite difference equations,
Dover, New York, 1992.

[5]. M. D. Ortigueira, Introduction to Fractional Signal
Processing. Part 2: Discrete-Time Systems, in |EE
Proc. on Vision, Image and Sgnal Processing,
Vol. 147, No.1, 2000, pp. 71-78.

[6]. M. D. Ortigueira, A simple approach to the particular
solution of constant coefficient ordinary differential
equations, Applied Mathematics and Computation,
Vol. 232, 2014, pp. 254-260.

[7]. M. D. Ortigueira, On the particular solution of
constant coefficient fractional differential equations,
Applied Mathematics and Computation, Vol. 245,
2014, pp. 255- 260.

[8]. M.D. Ortigueira, On the Singular Steady-State Output
in Discrete-Time Linear Systems, in Proceedings of
the 1% International Conference on Advances in
Sgnal, Image and Video Processing (SGNAL'’16),
Lisbon, Portugal, 26-30 June 2016, pp. 54-57.

[9]. Ortigueira M. D., Coito F. V., Truyjillo J. J., Discrete-
time differential systems, Signal Processing, Vol. 107,
2015, pp. 198-217.

[10]. J. G. Proakis, D. G. Manolakis, Digital signal
processing: Principles, algorithms, and applications,
4t edition, Prentice Hall, 2007.

[11]. M. J. Roberts, Signals and systems: Analysis using
transform methods and Matlab, McGraw-Hill, 2003.

2016 Copyright ©, International Frequency Sensor Association (IFSA) Publishing, S. L. All rights reserved.

(http://www.sensorsportal.com)

44



