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Abstract: In this paper, a Bimorph Accelerometer with symmetric bimorphs and central supporting
pole configuration is developed and analytically characterized. Calibration function is defined to
describe the system dynamics of the accelerometer. Closed-form expression for the calibration
function is then derived based on piezoelectric constitutive equations and beam theory. The analysis
takes into account the effect of device geometry and material properties, and agrees well with the
results obtained by the finite element analysis. Besides producing accurate predications, it is found that
with appropriate geometrical dimensions, both high sensitivity and broad frequency bandwidth, two
most important parameters in evaluating accelerometers, can be achieved. Copyright © 2008 IFSA.

Keywords: Piezoelectric bimorph, Accelerometer, Translational DOF, Frequency bandwidth

1. Introduction

The piezoelectric bimorph is an invention by C. Baldwin Sawyer in 1931 [1-3]. In a bimorph, two
piezoelectric patches are bonded together. A center metal shim is often laminated between the two
piezoelectric patches to add mechanical strength and stiffness. A bimorph element usually also has
four electrode layers and two adhesive layers, since these layers are much thinner than the PZT and
metal layers, their effect is normally neglected in analysis [1].

Bending bimorphs possess high motion and voltage sensitivity [2]. They are widely used as
electromechanical transducers such as positioners [4], laser beam deflectors [5-6], air acoustic
transducers [7], loudspeakers [8], pumps and valves [9], ultrasonic motors [10], numerical displays
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[11], etc. As bimorphs can effectively convert mechanical energy to electrical energy, they also
function well as accelerometers, though not so popular [12].

In 1989, a novel bimorph accelerometer has both translational and rotational sensing capability was
proposed by Bill and Wicks and later developed into commercial products by Kistler [12-13]. This
accelerometer is one of the few commercially available accelerometers that can measure rotational
motion. It can also get translational motion simultaneously. In their work, Bill et al. related the output
charge of the accelerometer with the mass, length and thickness of the bimorph and the piezoelectric
constant of the PZT materials. Their model is highly simplified. The influence of some important
geometric and material properties of bimorph including width, dielectric constant and stiffness
constant was not included in their analysis. In addition, the working frequency range of the
accelerometer is up to only 2000 Hz, which is too low for mini-structures whose interested frequency
range sometimes up to tens of thousands hertz.

When bimorph is used as a sensor, a bending or deflection of the bimorph places one PZT patch in
tension and the other patch in compression. As a result of the induced stresses, the bimorph generates
an electrical output signal due to the direct piezoelectric effect. As a sensor, the bimorph has the
advantage of detecting even small mechanical deformation. Bimorphs also have other advantages
including low cost, simple structure, easy integration with electronic circuitry, and high sensitivity,
which made them ideal for accelerometers. It is therefore necessary to develop more bimorph-based
accelerometers for various dynamic applications.

In the past decades, a lot of researchers have tried to analytically model bending bimorphs. A
significant amount of scientific literature has been published in this area [e.g. 14-18]. The two most
widely used approaches are admittance matrix approach and equivalent circuit approach.

Admittance matrix approach is extensively adopted in modeling bimorph transducers as it describes
the electromechanical coupling in a bimorph. In 1991, Smits et al. developed the linear constituent
relations of a cantilever bimorph for static case [14]. Their paper was a milestone in characterizing the
electromechanical properties of bending bimorph. In their work, the bimorph was put in a constant
electrical field. One end of the bimorph was fixed, the other end was free and subjected to different
kind of load (moment, force, or uniformly distributed pressure). Using the internal energy method by
assuming thermodynamic quasi-equilibrium, the cantilever bimorph under various constant
mechanical/electrical loads was characterized by a four by four matrix equation.

In order to get a better understanding of the bimorph behavior as a function of frequency, Smits et al.
developed a dynamic admittance matrix for cantilever bimorph which related the harmonically varying
diving parameters to their response parameters [15-16]. Through evaluating the dynamic performance
of the bimorph under external excitations, the elements in the dynamic admittance matrix were
identified analytically. It should be noted that Smits and other researchers only studied bimorphs with
one end permanently fixed (clamped) and one end free. While, for a bimorph accelerometer, one end
of the bimorph is free and the other end is moving. This is though common condition for bending
sensors, it has been seldom studied.

As piezoelectric bimorphs are widely used in industrial equipment, researchers tried to cast the
bimorph constituent equations in network representation [17]. In this way, bimorph sensors or
actuators can be fully and rapidly incorporated into the world of electronics. Cho et al. proposed an
important equivalent circuit model in 2000 [18]. In their studies, a 5x5 impedance matrix was
determined to describe the dynamic behavior of a bimorph beam. The extensive parameters considered
are forces and moments at both ends of the bimorph and electrical voltage across the bimorph. Cho’s
model is feasible for bimorphs with various end conditions. However, like other equivalent circuit
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models, Cho’s model is complex. For different end conditions or external mechanical loads,
complicated circuits have to be developed and then simplified to get the results.

In this paper, a bimorph-based accelerometer is developed to measure linear acceleration at a point of
elastic structures. Both an analytical and a numerical model are developed and the results are
compared. Using the analytical model, the effects of device geometry and material properties on the
dynamic performance of the accelerometer like working frequency range is evaluated. The results of
this analysis can be used as a base for mini-accelerometer design and performance optimization.

2. Working Principles of the Accelerometer

The Bimorph Accelerometer contains two series type bimorphs, an insulating layer and a rigid
supporting block, as shown in Fig. 1. The two bimorphs have identical geometric and material
characteristics and are symmetrically attached to the Glass Epoxide layer, which effectively prevents
the charge convection between the left and right bimorphs. The bottom of the insulating layer is tightly
glued to the supporting block, which is made of Aluminum and has a dimension of 15 mm x 15 mm x
15.8 mm. As illustrated in Fig. 1, x axis is along the bimorph length direction, y axis along the bimorph
width direction and z axis along the thickness direction. The accelerometer is designed to sense the

vertical acceleration in z direction.
Z
Téy
//y 1 Polling

| = | direction

X
PZT bimorph

Supporting block Insulating layer

Fig. 1. Structure of the Bimorph Accelerometer.

As illustrated in Fig. 2(a), when translational motion applies to the input port of the transducer, the
bimorphs bend upward and downward in same directions. The bending of each bimorph places one
PZT layer of the bimorph in tension and the other PZT in compression. As a result of the induced
stresses, the bimorph generates an electrical output signal due to the direct piezoelectric effect.

As the transducer is strictly symmetric, for a pure linear acceleration input, the output voltages or
charges from the two bimorphs have the same amplitudes and directions. However, in real world, most
structures are multi-DOF system and the motion at a measurement point of the accelerometer is often
complicated. The translational motion is usually accompanied by rotational motion, as shown in Fig.
2(b). Due to the configuration of the transducer, it is only sensitive to motions in two Degrees of
Freedom (DOFs): one translational DOF along z direction and one rotational DOF about y axis. Owing
to the electromechanical interaction between the structure and the sensor, the translation motion results
in the identical bending vibrations of the bimorphs and identical voltage output ( E and

E
opposite voltage (Eleﬁ_mI and Eright_rot)'

left _trans

); while the rotation response introduces the out-of-phase bending of the bimorphs and then

right _trans
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IIeft _trans

right _ trans & E left E right
TS oS
N[ 7 @y

(@) (b)

Fig. 2. Working principles of the Bimorph Accelerometer.

The electrical voltages on the left and right bimorphs caused by the vibrations of the structure are
therefore:

Eleft = E + Eleft_rot (1)

left _trans

Eright = Eright_trans + Eright_rot (2)

Owing to the symmetric structure of the sensor, we have:

E

left _trans = Eright_trans (3)

Eleft Crot = Eright_ rot (4)

Thus the sum of the voltages on the bimorphs becomes

Eleft + Eright = 2Eleft_trans (5)

where E, (E,q,) is the output voltage on the left (right) bimorph caused by the translational motion
of the structure.

From the above discussions, it can be seen that the information on the translational vibration at the
measurement point is embedded in the sum of the output voltage from the bimorphs. It can also be
seen that the measurement is independent of the rotational motion at the point, which means that the
rotational DOF is successfully decoupled from the translational measurement.

3. Equation of Motion of the Bimorph in the Accelerometer
According to piezoelectric constitutive equations, the electromechanical coupling of the bimorph in

Fig. 1 can be expressed as:
For upper PZT:

S'1p = S1E1T1p - d31 E3 (6)
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D, =—d,,T,” +&,E, (7)
For lower PZT:

SP =siT+d,E, (8)

D, =d,T° +g;3 E;, 9)

where S and T,” are the strain and stress of the PZT layers parallel with x axis, E, and D, are the
electric field and dielectric displacement along z direction, s;; is the mechanical compliance under
constant electric field condition, d., is the piezoelectric constant, and &g, is the permitivity under
constant stress condition.

If the bimorph is open-circuited, the electrical displacement D, in Egs. (7) and (9) is zero. Under this
condition, for both upper and lower PZT layers in a bimorph, the stress can be expressed as:

sEel —d,°
TP =08 T8 g (10)
€33
For the middle metal layer sandwiched between the PZT layers, from Hook’s Law, we have

(11)

where T," and s, are the stress and strain of the metal layer perpendicular to the cross section, s;; is
the mechanical compliance of the metal.

Assuming the bimorph undergoes small defections in the linearly elastic region and the rotary inertia
of the bimorph is small, the bimorphs in the accelerometer can be viewed as Euler-Bernoulli beams.
Fig. 3 depicts a small bimorph element. In this figure, w is the out-of-plane displacement of the
bimorph’s neutral plane from its unloaded position to its loaded position. It is usually accompanied by
a rotation of the neutral plane as well as a rotation of the beam’s cross section. The rotation angle «
can be written in terms of the transverse displacement by:

uP =a-z° (12)
u" =a-2", (13)
where z” and z™ are vertical coordinate of the PZT layer and the metal layer.

For Euler beams, strains S,” and S;" are related to the bimorph’s displacement w by:

2
:da.zp:_d W'Zp (14)

sp =S¢
Yodx dx?
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_da m=_d2W_Zm

S"=—--2
Yodx dx?

(15)

For the bimorph element in Fig. 3, stresses T, and T," create moments about the neutral plane.
Summing these moments over the cross-section area results in a total bending moment:

M, = ”szlpdydz +Hz”‘Tlmdydz, (16)
where y is the coordinate along bimorph width direction.

Summing the shear stresses T,” and T,", the total shear force becomes:
F,=F+F" = HT3”dydz + ”T3mdydz (17)

Consider moment equilibrium of the bimorph element, we have:

_dwm,

I:Z
dx

(18)

From Egs. (6) to (9), we have the relationship of stress, strain and electrical field for the upper and
lower PZT layers:

z°P .dzw
. dl (19)

11 T
33

TP =-

Substituting Eqg. (19) into Egs. (16) and (17), we have

2bel h? 2 2
y =~ Ei‘%pz 'd\;\/: 'd\év (20)

3(8;163; —d3;) dx dx

dM d3w
F=""_p 2 21
Lodx dx® 1)
where
2bel h?

A= _ Pl (22)

3(5135;3 - dszl)

b = width of the bimorph
h, = thickness of one PZT layer

2h, = thickness of middle metal layer

Since the PZT layer in the bimorph has uniform thickness which is hundreds of times smaller than its
length and width, significant fringe effects are assumed to be prevented. The electrical field resulted
from the excitation therefore becomes:
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Vv
E, =~
3 h, (23)

Applying Newton’s second law to the bimorph element in z direction yields the following equation
which governs the transverse motion of the bimorph:

0w 0w
P +2b(pmhm+pphp)-at—2=0 (24)

A-

Deformed State

- _ Undeformed State

Fig. 3. Diagram of a small bimorph element.

4. Analytical Calibration of the Accelerometer

In this section, the relationship between the input acceleration and the output voltage of the proposed
accelerometer will be developed.

As shown in Eq. (24), the out-of-plane displacement w is a function of both x coordinate and time.

Through separating variables, the general solution for harmonic vibration of a bimorph can be
expressed as:

w = [k, cos(Qx) +k, sin(Qx) + k, cosh(Qx) + k, sinh(Qx)]-e'* (25)

where

Q:i/b(pphp + puln)”
—A

From Eqg. (25), we have:

((jj_w = —a = Q[-k, sin(Qx) + k, cos(Qx) + k, sinh(Qx) + k, cosh(Qx)] (26)
X
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M, = AQ?[—k, cos(Qx) — k, sin(Qx) + k, cosh(Qx) + k, sinh(Qx)] (27)
F, = —AQ?[k, sin(Qx) — k, cos(Qx) + k, sinh(Qx) + k, cosh(Qx)] (28)

Now we have expressions for displacement, rotation, bending moment and vertical force, which are
functions of frequency and the four coefficients ki, k, ks, ks. If the boundary conditions of the bimorph
are known, the four coefficients can be evaluated. Consequently, the translational and rotational
motion as well as moment and force at any point on the bimorph can be easily calculated.

For the accelerometer proposed, as shown in Fig. 4, the left end of the bimorph is mechanically free.
The right end is applied with a vertical acceleration input. The above boundary conditions lead to:

u,, =d (29)
0,0 =0 (30)
F;e =0 (31)
M,s =0 (32)

Solving Eqg. (29) to (32),

_ 1+ cos(€l) cosh(€l) —sin(€l) sinh(Ql) q

K
' 2[1+ cos(Q) cosh(Q)] (33)
K = cos(Ql)sinh(€l) + cosh(Ql)sin(Cl) 3
? 2[1+ cos(Q) cosh(Q)] (34)
K = 1+ cos(€) cosh(QI) +sin(€1) sinh () 35
: 2[1+ cos(Q1) cosh(Q)] (35)
K __cos(€l)sinh(€I) + cosh(€1) sin(<l) 35
! 2[1+ cos(Q) cosh(Q)] (36)
From Egs. (7) and (9), we have the expression for the output voltage:
h %d, Q _ .
V=-—> = [k, sin(Ql)+k, cos(Ql)+k, sinh(Ql) + k, cosh(Ql) -k, —k,] (37)
2'(5;3551 _d321)
The calibration function of the accelerometer becomes:
3 Vv 3 Y 38
acceleration -4z°f?-d (38)
hpzdng -[-k, sin(Ql) + k, cos(QI) + k, sinh(Ql) + k, cosh(Ql) -k, -k, (39)

T 8rtf (3,8, — d2)[K, cos(Qx) +k, sin(Qx) + k, cosh(Qx) +k,, sinh(Qx)]
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From Equations (37), we can see that the output voltage is a frequency spectrum fully determined by
the input motion, the dimensions and material parameters of the bimorph. When the physical
properties of the bimorphs are known, the relationship between the input acceleration and output
voltage is easily calculated to calibrate the sensor as shown in Equation (39). After the calibration
function T is obtained, the proposed accelerometer can be used to get the acceleration at its attachment
point from the measured output voltage.

Upper PZT
e PP A

B '

Lower PZT TAcceleratinn input

Fig. 4. Bimorph Accelerometer under acceleration input.

5. Numerical Verifications

In this section, first the calibration function T of the accelerometer in Equation (38) will be
numerically identified. After calibration, to verify the effectiveness of the accelerometer, it will be
utilized to detect linear accelerations of one-dimensional beam and two-dimensional plate structures.

5.1. Numerical Calibration

In ANSYS, the piezoelectric elements in the bimorphs are modeled with 3-D Coupled-Field Solid
Element SOLID5, which handles the electromechanical coupling taken place in PZT patch by
calculating the appropriate element matrix. For the middle metal layer sandwiched between the upper
and lower PZT layers in a bimorph, since its length and width are hundreds of times larger than its
thickness, solid elements are not suitable in modeling as that will produce huge element numbers and
consequently long calculation time. In order to achieve both accurate simulation and short calculation
time, Structural Elastic Four Node Shell Element, SHELL 63, is chosen as the modeling element. To
model the supporting block and the insulating layer, SOLID 73, which is widely used for three-
dimensional modeling of solid structures, is employed. The FEM model of the transducer is shown in
Fig. 5.

X

Fig. 5. FEM model of the transducer.
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After constructing the FEM model, a sinusoidal acceleration is applied to the input port of the sensor,
namely, the bottom of the supporting block. Harmonic response analysis, a technigue to determine the
steady-state response of a linear structure to sinusoidally varying loads, is then carried out. In Fig. 6, a
comparison is made between the analytically and numerically calculated calibration function. It can be
seen that the two curves match with each other, which means that the closed form analytical formula is
quite accurate in predicting the dynamic performance of the transducer. However, since damping is not
included in the analytical solution, as expected, amplitude of T from analytical formula at resonances
are larger than that from simulation in which damping effect is considered. It should also be noted that
the resonances obtained from analytical formula is bigger than those from simulation. This is because
that in analytical derivation the supporting block of the accelerometer, which connects the bimorphs to
the tested structure, is not included as in FEM. The existence of the supporting block lowers the
resonances in numerical studies.

o 100 -
&
©
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0 200 400 600 800 1000 1200

Frequency(Hz)

Fig. 6. Comparison of numerically and analytically obtained calibration function.

5.2. Acceleration Measurement Using the Proposed Accelerometer
5.2.1. One-dimensional Beam

A beam clamped at both ends is chosen as the first test structure to study the effectiveness of the
proposed accelerometer. The beam is made of Aluminum and is 700 mm in length, 50 mm in width
and 3mm in thickness. Two Degrees of Freedom (DOFs) are sufficient to describe the vibrations at any
point of the beam: one translational and one rotational. According to Euler-Bernoulli beam theory,
there is cross coupling between the two DOFs for all points except the middle point due to the
existence of non-zero cross-mobilites [19]. To thoroughly investigate the feasibility of the sensor, here
the acceleration at two points is examined: the middle point and the point at 250 mm to the left end of
the beam. Finite element models of the transducer & beam system corresponding to the two
measurement points are depicted in Fig. 7. After a sinusoidal force with amplitude of 1 Newton is
supplied to the beam, which setting the beam into vibration, the output voltages of the two bimorphs
are calculated via harmonic analysis. The acceleration input to the accelerometer is also obtained from
the analysis via recording the displacement at the attachment point. Now, for each point, we have two
set acceleration data determined through two numerical ways. One set is assessed via the new sensor

(a=TV,,); the other set is directly obtained (a=-4z"f?-uz). As shown in Fig. 8, they coincide
with each other very well in the whole frequency range, even for the 200mm point where the cross
coupling between the translational and the rotational DOFs is considerable. It is therefore concluded
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that the newly developed accelerometer is effective and accurate in measuring acceleration of 1-D
beam structure, no matter the cross coupling between different DOFs is zero or not.

e

(a) middle point.

A T

(b) 250 mm point.

Fig. 7. FEM models of the beam and the accelerometer.
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Fig. 8. Comparison of the linear acceleration between (1) numerical data obtained by the new sensor; (3)
numerical data directly obtained from the beam model (without accelerometer).
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5.2.2. Two-dimensional Plate

A two-dimensional plate is utilized as another test structure to further investigate the effectiveness of
the new transducer in measuring acceleration. The aluminum plate is clamped with two adjacent edges,
having dimensions of 700 mm x 500 mm x 3 mm. Any point on the plate has three active Degrees of
Freedom: translational along z axis (uz), rotation about x axis (rotx), and rotation about y axis (roty).
The FEM model of the sensor & plate system is depicted in Fig. 9.

Fig. 9. FEM model of the plate and the sensor.

Following a similar procedure as for the beam case, the output voltage of the bimorphs is obtained and
the acceleration at the attachment point is then calculated (a=TV,, ). The acceleration is also

calculated from a plate model without bimorph accelerometer attached to check the accuracy of the
acceleration detected by the accelerometer. It can be observed from Fig. 10 that even vibrations in
three directions simultaneously exist at the measurement point (center point), the linear acceleration in
the desired direction (uz) can be accurately detected by the prototype sensor. It is therefore concluded
that the accelerometer is also effective in measuring linear acceleration of two-dimensional structure.
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Fig. 10. Comparison of acceleration over output voltage.
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6. Optimization of the Accelerometer

Generally, for a sensor, its working frequency range better avoids its resonances so that in real
experiments the measurement errors around the resonances can be minimized. As shown in Fig. 6, the
prototype sensor only has smooth response in the frequency range from 200 Hz to 800 Hz. In addition,
a sensor is desired to be as small as possible to reduce its loading effect.

In Section 1V, the closed-form calibration function of the proposed accelerometer has been analytically
derived. Taking advantages of this formula, it is possible to improve the sensing performance of the
proposed prototype accelerometer in wider frequency range through revising its essential design
parameters.

The analytical formula in Eqg. (39) is derived base on beam theory. According to beam theory, the
beam (bimorph) length and thickness have great effect on the resonant frequencies of the
accelerometer. Here the cantilevered length of the bimorph is adjusted to change the resonances. To
maintain a beam shape, the width is changed to 2.8 mm. The thickness and material properties of the
bimorphs remain unchanged. As illustrated in Fig. 11, the optimized accelerometer has a quite smooth
response from 100 Hz to 12 000 Hz, which greatly improve the sensing frequency range of the
transducer.
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Fig. 11. Calibration function of optimized accelerometer.

7. Conclusions

In this paper, an analytical model for a bimorph accelerometer with symmetric bending bimorphs is
developed. The model takes into account the effect of device geometry and material properties, and
agrees well with the results obtained by the finite element analysis. In addition, it is found that with
appropriate geometrical dimensions, wide measurement frequency range can be achieved. The results
of this study can be readily applied to mini- or micro accelerometer design and its structural
optimization.
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