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Abstract: Jia, Heuer, Hillmann, and Meyendorf recently reported some simulations of the stray 
capacitance of two-dimensional spiral coils of the kind often used in eddy-current sensors. In this 
Letter, some amendments to the analysis are suggested, together with some approximations that permit 
more efficient computation. Copyright © 2010 IFSA. 
 
Keywords: Eddy current sensor, Matrix methods, Sparse matrix, Spiral coil, Stray capacitance 
 
 
 
1. Introduction 
 
A recent paper by Jia, Heuer, Hillmann, and Meyendorf [1] presented a method of calculating the stray 
capacitance of a two-dimensional spiral coil. The motivation behind that work was to simulate the 
properties of a particular design of eddy-current sensor, but in general the method could be applicable 
to any design of printed spiral inductor, sense coil, or micro-actuator solenoid [2]. Such coils are also 
often used in RFICs, VHF and UHF amplifiers, and many other applications where conventional coil 
construction is an unnecessary complication if a small-value inductance is needed. 
 
The method consists of an approximation whereby the gradual radius change with polar angle in a true 
spiral coil is modelled as a set of concentric circles, each having the same parameters as one turn of the 
spiral. With trivial modification, the method is in principle applicable to printed coils of square or 
rectangular (or other polygon) basic shape, in which case the base calculation of capacitance as a 
function of circle parameters are replaced by similar calculations as a function of square, rectangle, or 
polygon parameters. 
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Having modelled the spiral as a set of successive circular electrodes, the capacitances between all pairs 
of electrodes was then evaluated using a finite-element package (ANSYS). The overall stray 
capacitance was then evaluated essentially as the Thévenin equivalent of the resultant network; matrix 
methods permit some simplification of the required algebra. Jia, Heuer, Hillmann, and Meyendorf [1] 
were able to find the behaviour of the capacitance as a function of several parameters, such as number 
of turns, printed track width, printed track thickness, the inside diameter of the spiral or smallest circle 
in the replacement network, the spiral pitch, and the substrate thickness. 
 
In the present paper, some amendments to the previous analysis are presented, together with 
approximations that improve the efficiency of the method. 
 
 
2. Details of Model 
 
The details of the method are illustrated in Fig. 1, modified from the equivalent diagram (Fig. 4) in 
Ref. [1]. Each node represents a single turn of the original spiral coil, and each capacitance has a value 
dependent upon the coil fabrication parameters. The overall capacitance is obtained by evaluating the 
combined effect of all the capacitors in the network. The main differences between the present Fig. 1 
and Fig. 4 from Ref. [1] are the elimination of an unnecessary subscript in the node voltage symbols 
here, and more logical labelling of capacitances between V0 and each device node. Also note that for 
the model as developed in Ref. [1], busbar V0 cannot represent ground as the calculation requires that 
the current reaching terminal A is the same as that leaving terminal B, which is not necessarily the case 
if V0 is the system ground. Assigning V0 = 0 is purely an analytical convenience and does not imply 
that V0 is the system ground, since only the differences of voltage are important in this calculation. If 
V0 is in fact a ground plane (as is sometimes the case for a printed inductor on a circuit board) then the 
stray capacitance cannot be represented as a single component. 
 
 

 
 

Fig. 1. Lumped capacitance network model of a printed spiral coil (modified from Fig. 4 of Ref. [1]). 
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The effect of any one particular capacitance is given by the equation 
 
 Ypq(Vp – Vq) = Ipq  (1)

 
where Ipq is the current through capacitor Cpq directed from node p to node q, and 
 
 Ypq = Yqp = jCpq = jCqp  (2)

 
is the complex admittance of this capacitor (and the square root of (–1) = j appears to have been 
omitted from the definition of Ypq in Ref. [1]). Therefore, since the net current flowing into each node 
must be zero, 
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or, since the capacitance values are independent of the subscript order, the matrix is symmetrical: 
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At this point, note that the equivalent equation in Ref. [1] is their Eqn. (1) where the off-diagonal 
matrix elements have their negative sign omitted apparently in error. Assuming a non-singular matrix, 
the node voltages may be found formally by matrix inversion: 
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or, in symbolic form, 
 
 V = C–1S,  (7)

 
where V and C are the voltage vector and capacitance matrix respectively, and S is the column vector 
defined by 
 
 ST = [–I/(j) 0 0   +I/(j)]  (8)

 
(where T indicates transpose). Given an external current I, the equivalent capacitance C formed by the 
network is defined by 
 
 C(VN – V1) = I/(j),  (9)

 
equivalent to Eqn. (3) of Ref. [1] except that the factor (j) is omitted there. Because the column 
vector S is sparse (i.e., it contains only two non-zero elements), only the four corner elements of the 
matrix inverse C–1 need to be evaluated to find VN and V1. Furthermore, since the matrix C is 
symmetrical about its leading diagonal, then its inverse C–1 will also be symmetrical, so that only 
three elements of the inverse actually need to be calculated as two corner elements are identical: 
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or, 
 

 1 1 1
11 1

1

( ) ( ) 2( )NN N

C   
 C C C

  (11)

 
(exact, within this model). In addition, for a large number of coil turns the leading diagonal elements 
of C will be much larger in magnitude than the off-diagonal terms, so that some approximations may 
be made. First, it is noted that the inverse of any square matrix is the transpose of the matrix of the 
determinants formed by the cofactors divided by the determinant of the entire original matrix C [3]. 
Next, it is clear from the numerical results [1] that the values of Cpq for q = 0 or for |p – q| = 1 are 
much larger than for |p – q| > 1 and q  0. This means that all the matrix elements on the leading 
diagonal of C are significant, the elements on the diagonals immediately above and below the leading 
diagonal are less significant, but the remaining elements of C may be ignored to a good 
approximation. The most efficient evaluation of the three required corner elements of C–1 then depends 
upon the degree of precision needed. In the simplest approximation, all but the leading diagonal 
elements of C may be ignored (essentially setting them to zero). In this case, the determinant of C is 
approximately equal to the product of all its leading diagonal elements, and 
 

                                                 

 For any non-singular matrix M, by definition M–1M = I, where I is the identity matrix, so therefore MT(M–1)T = I and so 
[(MT)–1MT](M–1)T = (MT)–1I = (MT)–1 = (M–1)T. It follows that if M = MT (a symmetrical matrix) then M–1 = (M–1)T, and 
the inverse is also symmetrical.  
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so that in this approximation 
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This result may be readily interpreted as being equivalent to the parallel pair CN0 and CN–1,N in series 
with the parallel pair C10 and C12. Including off-diagonal elements of C will, of course, give a more 
complicated result. 
 
 
3. Numerical Calculations 
 
Graphs of most of the required individual capacitance values are available from Jia, Heuer, Hillmann, 
and Meyendorf [1] for the following parameter values: number of turns = 10,  
conducting trace width = 50 μm, conducting trace thickness = 50 μm, spiral inner diameter = 4000 μm, 
substrate thickness = 100 μm, relative permittivity = 1. Rather than repeating their detailed ANSYS 
calculations, these graphs were digitized to produce values of Cp0, C1p, and Cp–1,p, for 1  p  N = 10, 
as a function of pitch distance. Other capacitance values were estimated as equal to analogous 
available values. As an example, these values were then used in a spreadsheet to obtain a graph of 
overall lumped capacitance for these values of pitch distance. The results are shown in Fig. 2. “Exact 
C” uses Eqn. (11); “Approx C” uses Eqn. (13); “Incorrect matrix” uses Eqn. (11) but all negative terms 
in C are written as positive in error; “Zero off 3 main diagonals” uses a matrix in which all elements 
apart from the leading diagonal and the immediate diagonal elements each side are approximated as 
zero; and, “Incl only NN” includes only nearest-neighbour capacitances and all others are set to zero. 
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Fig. 2. Results of applying different approximations in calculating the overall lumped capacitance. 
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Small discrepancies between these results and those of Fig. 5(e) of Ref. [1] are due to the digitization 
process, so the correct comparison is as shown in the present Fig. 2. There is only a very small error 
introduced if all capacitance values apart from the leading diagonal and the nearest-neighbour 
interactions are reduced to zero, and this may provide an efficient time-saving in practice with a large 
number of coil turns since evaluating the inverse of a large matrix of real values is not a fast process. 
Reducing all nearest-neighbour interactions to zero gives a distinctly poorer approximation. The 
incorrect calculation with positive instead of negative off-diagonal elements gives a significant error, 
particularly at low pitch distances (where the non-nearest-neighbour interactions will be most 
significant). The approximation of Eqn. (13) would be expected to be more accurate and efficient for a 
large number of turns with small nearest-neighbour interactions (i.e., large distances between adjacent 
tracks of small width). 
 
 
4. Conclusions 
 
The previous report by Jia, Heuer, Hillmann, and Meyendorf [1] presented a method of calculating the 
stray capacitance of a printed spiral coil for applications as eddy-current sensors, inductors, sense 
coils, or micro-solenoids, and in RFICs, VHF and UHF amplifiers, and other applications. Their 
results have been amended analytically and some further analytical approximations have been 
presented. A considerable computational saving may be made by setting all non-nearest-neighbour 
interactions to zero. An even simpler calculation is possible, avoiding matrix inversion, although this 
yields less accurate results and so would be favoured in the case of a large number of coil turns, 
corresponding to a very large capacitance matrix, for which matrix inversion becomes very inefficient. 
 
 
Acknowledgements 
 
This paper is based in part upon work supported by the National Science Foundation under Grant 
Number ECCS-0901061. Any opinions, findings, conclusions and recommendations expressed in this 
paper are those of the authors and do not necessarily reflect the views of the National Science 
Foundation. 
 
 
References 
 
[1]. Y. Jia, H. Heuer, S. Hillmann and N. Meyendorf, Stray Capacitances of an Air-Cored Eddy Current Sensor, 

Sensors and Transducers, Vol. 111, Issue 12, 2009, pp. 25-37. 
[2]. R. C. Woods and A. L. Powell, Techniques for microfabricating coils for microelectromechanical systems 

applications, in Proceedings of the AIP Space Technology and Applications Int. Forum (STAIF 2008), 
Albuquerque, New Mexico, U. S. A., 2008, Vol. 969, 2008, pp. 969-976. 

[3]. E. W. Weisstein, Matrix inverse, MathWorld – a Wolfram web resource 
(http://mathworld.wolfram.com/MatrixInverse.html) 

 
 

___________________ 
 
 
 
 
 
2010 Copyright ©, International Frequency Sensor Association (IFSA). All rights reserved. 
(http://www.sensorsportal.com) 



  SSeennssoorrss  &&  TTrraannssdduucceerrss  JJoouurrnnaall  

  
  

GGuuiiddee  ffoorr  CCoonnttrriibbuuttoorrss  
  

 
 
Aims and Scope 
 
Sensors & Transducers Journal (ISSN 1726-5479) provides an advanced forum for the science and technology 
of physical, chemical sensors and biosensors. It publishes state-of-the-art reviews, regular research and 
application specific papers, short notes, letters to Editor and sensors related books reviews as well as 
academic, practical and commercial information of interest to its readership. Because it is an open access, peer 
review international journal, papers rapidly published in Sensors & Transducers Journal will receive a very high 
publicity. The journal is published monthly as twelve issues per annual by International Frequency Association 
(IFSA). In additional, some special sponsored and conference issues published annually. Sensors & 
Transducers Journal is indexed and abstracted very quickly by Chemical Abstracts, IndexCopernicus Journals 
Master List, Open J-Gate, Google Scholar, etc.    
 
 
Topics Covered 
 
Contributions are invited on all aspects of research, development and application of the science and technology 
of sensors, transducers and sensor instrumentations. Topics include, but are not restricted to: 
  
• Physical, chemical and biosensors; 
• Digital, frequency, period, duty-cycle, time interval, PWM, pulse number output sensors and transducers; 
• Theory, principles, effects, design, standardization and modeling; 
• Smart sensors and systems; 
• Sensor instrumentation; 
• Virtual instruments; 
• Sensors interfaces, buses and networks; 
• Signal processing; 
• Frequency (period, duty-cycle)-to-digital converters, ADC; 
• Technologies and materials; 
• Nanosensors; 
• Microsystems; 
• Applications. 
 
 
Submission of papers 
 
Articles should be written in English. Authors are invited to submit by e-mail editor@sensorsportal.com 8-14 
pages article (including abstract, illustrations (color or grayscale), photos and references) in both: MS Word 
(doc) and Acrobat (pdf) formats. Detailed preparation instructions, paper example and template of manuscript 
are available from the journal’s webpage: http://www.sensorsportal.com/HTML/DIGEST/Submition.htm Authors 
must follow the instructions strictly when submitting their manuscripts.  
 
 
Advertising Information 
 
Advertising orders and enquires may be sent to sales@sensorsportal.com Please download also our media kit: 
http://www.sensorsportal.com/DOWNLOADS/Media_Kit_2009.pdf 




