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Investigation of the Effect of Residual and Axial Stress, on Pull-
in Instability of a Fully Clamped Micro-beam under
Electrostatic Actuation, Considering Fringing Field Effect

1 Saber Azizi, ?Mohammad Reza Ghazavi, * Ghader Rezazadeh,
* Farrokh Mobadersani

"'Mechanical Engineering Department, Tarbiat Modares University, Tehran, Iran
* Tarbiat Modares University of Tehran, Iran
3 Urmia University, Urmia, Iran
* Urmia University of Technology
" Tel:+98 914 446 2355
E mail: S.Azizi@modares.ac.ir

Received: 2 December 2011 /Accepted: 23 April 2012 /Published: 30 April 2012

Abstract: In this paper the effect of residual stress due to fabrication process and axial stress due to
self stretching, on Pull-in instability of a Clamped-Clamped micro-beam, exposed to electrostatic
actuation is investigated. The nonlinear electromechanical integro-differential equation governing the
problem is solved using a Finite element code. The problem is solved for various values of residual

stresses, and initial gaps. The achieved results are finally compared to that of reported ones.
Copyright © 2012 IFSA.

Keywords: Micro beam, Pull in instability, Fringing field effect, clamped-clamped, Residual stress,
axial stress.

1. Introduction

Today the ever-increasing demand for utilizing micro-electromechanical devices in various fields of
industry makes researchers to study MEMS problems more preciously. So that investigating the effect
of even inconspicuous parameters governing the MEMS designing process, is quite essential. Pull-in
phenomenon is the most common failure which occurs in micro-electromechanical devices [1].
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Whenever potential difference is applied between two conducting structures, they deform due to the
attractive electrostatic force created due to the potential difference, the equilibrium is achieved
whenever the elastic force equals the electrostatic one .The electrostatic force is inversely proportional
to the square of the distance between two structures however, the elastic one is approximately
proportional to the deflection , the more the potential difference increases the more does the deflection
increase. This behavior is continued up to a critical voltage called Pull-in voltage, in which the rate of
increase in electrostatic force exceeds that of elastic one which leads in Pull-in instability. Although
the Pull-in phenomenon is mostly considered undesirable, it is sometimes used as a method of
determining the Young’s modulus, residual stress [2] and material properties [3] of MEMS switches or
any other micro-electromechanical structures. Nathanson et al. [4] were the first to observe the pull-in
phenomenon when studying an electrically actuated resonant gate transistor. Taylor found the same
instability during his study of the electrostatic deflection of soap films [5]. Up to now various
numerical methods for solving the differential equation governing the pull-in instability has been
presented. Some of these methods are using of lumped energy model [6], step by step linearization
method [7-11], reduced order method [12], meshless local kriging method [13] and so on. Osterberg
[14] presented closed-form models for Pull-in instability in MEMS devices. Chowdhunry et al [15]
developed a simple computationally efficient closed-form model to determine the Pull-in voltage of a
cantilever beam actuated by electrostatic force. Their investigation was based on a linearized uniform
approximate model of the nonlinear electrostatic pressure and the load deflection model of a cantilever
beam under uniform pressure. In the present study the effect of residual stress due to fabrication
process or temperature variations, axial stress due to self stretching and Fringing field effect on static
Pull-in instability of a fully clamped micro-beam is studied.

2. Mathematical Modeling

As it is shown in Fig. 1 the studied model is a clamped-clamped micro-beam of length, thickness, and
width. The initial gap between the micro-beam and the substrate is, and the applied voltage is denoted
by V.

Fig. 1. Schematically drawn microbeam exposed to electrical potential difference.

The differential equation governing the problem is:

(I+F,)

~ otw , Eah o ) a w _ ea(V,g(t)’
El T, l(a o 2w, W)’ r (1)

X 4
where:
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E is the effective Young’s modulus, E is dependent on the beam width a and beam thickness. A
beam is h considered wide when a > 5h. Wide beams exhibit plane-strain conditions, and therefore,
E becomes the plate modulus, where E is the young’s modulus E/(1-v?) and v is the Poisson’s ratio.
A beam is considered narrow when a < 5h. In this case, E simply becomes the young’s modulus, E.
| is the moment of inertia of the cross section. T, =o,(1-v)ha and o, is the biaxial effective
residual stress. &, is the permittivity constant of the dielectric material between the micro-beam and

the substrate. Since a uniform electric field cannot abruptly drop to zero at an edge, so in actual
situation, there is always a Fringing field effect which must be considered to increase the accuracy of
the solution. In Eq. (1), F, is Fringing field correction denoted as:

w, —®

F, =0.65 (2)
a
The boundary conditions for the clamped-clamped micro-beam are as defined below:
w(lt)=0 , ﬁlh:, )
OX
ow 3)
w(@0,t)=0 , —1,_,=0
(0,t) . =0
3. Numerical Solution
It is considered that the approximate solution in each element, denoted by w; , is in the form:
e =4
W, (X) = zizl(piHi(X) “4)

where ¢, are the nodal values of w; and its derivatives and H ,(x) are Hermit interpolation functions
as defined below in term of¢ :

Hl(g)=i(l—g>2(z+g> ,Hg(g)=i<l+g>2<2—g>

)
1 1
H,(¢) =Z(1—§)2(§+1) HL(©) ZZ(1+§)2(§—1)
where ¢ is the normalized local coordinate system related to global coordinate system as:
X — X
= E-x2-1
g Xest — Xe (6)
In Eq. (6) X,, X,,, refer to the global coordinate of the first and the second node of the element
respectively. Constituting the residual function R (X) , one will have:
otwe EA (% OWS o*we  g,aVvi(t)
RO)=El—2—-(T, +— —2)?dx a0 1+F
(%) ox* (T 21 Le ( OX )" ) ox’ 2(W0—W§)2( ) ™
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The integral I o R(x)v(x)dx in which v(X) is the weighting function must be vanished over the
Xe

domain [x , , x,,, ]. Using integration by part the integral will lead to:

83We aZWe GV aNe - . 62We 82 aNe
El 2v—El & — —(— + El +T, —)dx+
( ox’ ox? X ( I ( I ( ox? 8X2 OX 8X)
X X, Xey (8)
j( j avdX-i—J.MdX Ivdx+JO65 o ade.vdx =
oX X 2(w, — W) %

To overcome the nonlinearity of the equation, the nonlinear terms are considered to be known and are
shown with hat; ultimately, in order to achieve an acceptable accuracy an iterative procedure is used.

Substituting w; from (4) in (8) and using Galerkin method, Eq. (8) will reduce to:

[ Joy=1r]+lo°] ©)

In Eq. (9) the term [Qe] refers to the natural boundary condition terms. The problem is solved for the
beam length (1 =250um), beam width (a =50xm), beam thickness (3xm), initial gap ( 0.5, 1, 2 um).
Air dielectric &,is 8.854*107" (F/m) and the effective Young modulus is supposed to be 169.1 GPa .

4. Results and Discussion

In order to determine the suitable number of elements to get acceptable converged results, first of all
the dependency of the results on element numbers is studied. Table 1 represents the dependency of the
convergence of the results on element numbers.

Table 1. Pull in voltages obtained with various element numbers
(AS stands for axial stress and RS stands for residual stress).

Number of elements 4 6 10 14 16 40 | Ref.[5] | Ref.[1]
With AS, RS=0 MPa 42.1 | 40.5 | 39.8 | 39.6 | 39.6 | 39.5 39.5 39.1
With AS, RS =-25 MPa 355 | 339 | 332 | 33.1 | 33.1 | 33.1 33.7 33.0

As mentioned the procedure of overcoming the nonlinearity is based on iteration. The results show that
as the applied voltage increases number of iterations also increases this behavior is continued up to
Pull-in instability in which no convergence is achieved. The results of analysis are represented in
Table 2. These results are in a good agreement with those of [1, 2].

In above table 16 ,( is a non dimensional number which is the ratio of the initial gap to the microbeam

length. ASE is a parameter which shows the increase percentage of the pull-in voltage in compare with
the corresponding case in which axial stress is ignored.

Fig. 2 illustrates the remained space between the center of the microbeam and the substrate-defined as
center gap- versus applied voltage.
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Table 2. Pull-in voltages achieved in different cases.

'”gia' \;\r’]'éhv?,‘lfhﬁuf Without ASand | WithoutAS | WithASand | With ASand | With AS and
(in':’) g R.S=-25MPa | and R.S=100 MPa | withoutR.S | R.S=-25MPa | R.5=100 MPa
0.5 1428 (V) 11.9 (V) 21.08 (V) 1429 (V) 11.95 (V) 22.0 (V)
IG/ | 0.002 0.002 0.002 0.002 0.002 0.002
ASE | ————— | ————— | ———— 0.07% 0.4% 0.4
1.0 393 (V) 32.8 (V) 57.6 (V) 39.6 (V) 332 (V) 583 (V)
ASE | ——m— | @ ————— | 0.08% 0.9% 1.2%
IG/ | 0.004 0.004 0.004 0.004 0.004 0.004
2.0 110.6 (V) 92.6 (V) 162.6 (V) 1133 (V) 952 (V) 167.6 (V)
ASE | ————— | ————— | ————— 0.6% 2.8% 3.0%
I% 0.008 0.008 0.008 0.008 0.008 0.008
e
ﬁ 2 ——Yithout AS RS
o e —s—iWithaut AS RS=-25MPa
;E = ™ v Withowt AS RS=100 MF 3
s | * ith A5 and without B S
; ——iiyith A5 RS=-25MFa
E 0.5 —+—W¥ith AS RS=100 MPa
u] T T T
u] =0 100 150 200

Applied voltage W)

Fig. 2. Center gap versus applied voltage for initial gap=2 zm

Fig. 3. Illustrates the beam deflection for various applied voltages for initial gap=1 m .with axial
stress and without residual stress effects.

Fig. 4 illustrates the deflection of the microbeam for a definite applied voltage, with various residual
stresses, once considering and once neglecting the effect of self stretching (axial stress).

5. Conclusion

The nonlinear electromechanical integral differential equation is successfully solved using a FE code.
To overcome the nonlinearity an iteration procedure was used to achieve an acceptable accuracy. One
of the significant parameters in solution process is the convergence. It is seen that by applying voltages
very lower than the pull-in voltage the convergence is achieved even with lower element numbers.
However the convergence around the pull-in voltage is strongly depended on the element numbers and
it is achieved with small divisions. According to the results, residual stress plays an important role in
Pull-in instability of micro-beams and neglecting it, may lead in undesired results. Furthermore in
small air gaps the effect of axial stress is negligible. The results show that the effect of axial stress in

pull-in voltage increases as the non-dimensional parameter [*r G increases. Also it is clear that for a
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definite value of (m , the axial stress effect (ASE) depends on the residual stress and it increases by
the increase of residual stress.

Deflection (m)

With AS, RS=0MPa ==
25} without AS, RS=0MPa ™

3t .-?\\W'h;&ans:.tempa i
Without AS, RS=-15MPa

0 ns 1 15 2 25
v -4

o x 10

Fig. 4. The deflection of the microbeam for a definite applied voltage, with various residual stresses, once
considering and once neglecting the effect of self stretching.
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