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Abstract: This paper presents an analysis of synchronization between two coupled nonlinear surface 
acoustic wave (SAW) delay line oscillators where coupling is provided via another linear phase SAW 
delay line. The analysis is aimed at determining the sensitivity of synchronization frequency for 
perturbations in the coupling SAW delay line, and then to explore whether the coupling SAW device 
can be used for making a better chemical sensor in comparison to the usual polymer-coated SAW 
delay line oscillator sensor. Two nearly identical free running SAW delay line oscillators with stable 
amplitude and weak coupling conditions are considered. The dynamics of coupled system is analyzed 
for small perturbations in limit cycles under phase approximation. The system represents nonlinear 
dynamics of a generic system of two phase coupled self-sustained oscillators with delayed-feedback 
and delayed coupling. The relations for synchronization frequency and sensitivity for delay 
perturbations are obtained. Considering the noise suppression characteristics and high sensitivity 
regions of synchronization it is found that the coupled SAW oscillators in synchronized states have 
potential for making high performance SAW sensors. Copyright © 2012 IFSA. 
 
Keywords: Coupled SAW oscillators, Synchronization, SAW sensors, Coupled oscillators with 
delayed feedback and delayed coupling. 
 
 
 
1. Introduction 
 
Synchronization is a particular state of coupled nonlinear oscillators wherein individual oscillators 
adjust their rhythms (frequency or phase) so that asymptotically their motion evolves to a common 
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mode of oscillation. The essential components needed for synchronization to occur are that the 
oscillators are nonlinear and autonomous (having independent source of energy for self-sustained 
dynamics) and they interact via some mechanism through which energy flow can occur [1]. In case of 
limit cycle oscillators the phenomenon is often referred to as frequency entrainment or phase locking 
[2]. Modeling a system of interacting oscillators and analyzing their dynamics provides basis for 
understanding a variety of synchronization phenomena in nature [1, 2]. For example, circadian rhythm 
in living organisms is synchronization of internal biological clocks by environmental periodic signals 
such as luminance and temperature associated with day-night rotation of earth; cardiac cycle that 
yields periodic contraction of heart is synchronization of heart pacemaker cells with mean fields of 
regulatory nerves; locomotion in animals is synchronization of cellular activities under influence of 
control nerve signals [3, 4]. The understanding of dynamics of nonlinear oscillators and coupled 
oscillators system has provided basis for several novel engineering applications such as clock 
synchronization in communication networks [5], robotics control [6], encoding of information using 
chaotic signals and chaos synchronization for secure communication [7, 8], phase locking of 
relativistic magnetrons [9], synchronization of chaotic lasers and chemical oscillators [10], data mining 
[11]. In this work we aimed to analyze coupled phase dynamics of two nonlinear surface acoustic 
wave (SAW) oscillators and to explore the possibility of using synchronization advantageously for 
sensing applications. 
 
The polymer coated SAW oscillators make an important class of chemical vapor sensors [12-15]; 
particularly, for making sensor arrays based electronic noses [14-17]. The SAW vapor sensors have 
been extensively investigated and developed for chemical sensing applications [17-20]. In most studies 
on SAW chemical sensors the focus has been on the polymer development and selection [13-15, 20], 
SAW device type selection and frequency of operation [12, 13]. The SAW platform design also has 
been the subject of study in some publications with objectives to improve sensitivity and detectivity 
[22-24]. 
 
In the present study we seek ways for improving performance of the SAW oscillator sensors for a 
given state-of-the-art SAW oscillator technology. We consider two nearly identical nonlinear SAW 
delay line oscillators and couple their outputs through another linear phase SAW delay line device. 
The analysis presents first a theoretical analysis of synchronized states, and then considers the 
coupling SAW device as sensing platform. The sensitivity of synchronization frequency and their 
fluctuations (noise) are then calculated to assess the potentiality of this configuration for chemical 
vapor sensing. The dependencies of synchronized states on the coupling parameters and on delay 
perturbations are analyzed. The analysis demonstrates that the coupled SAW oscillator system can 
make a better sensor by adjusting their operating conditions so that the two autonomous SAW 
oscillators remain pulled to the synchronized state while the coupling SAW device generates sensor 
output. 
 
 
2. Synchronization of Linearly Coupled Nonlinear SAW Oscillators 
 
2.1. Nonlinear SAW Delay Line Oscillator 
 
Autonomous means the system has its own independent source of energy and its state of oscillation is 
self-sustained by adjusting amplitude and phase dynamics. We consider a SAW feedback oscillator 
whose frequency control comes from the phase shift across a simple SAW delay line device as shown 
in Fig. 1. The output voltage from the amplifier )(tv  is input to the SAW delay line. The voltage 

transfer function of the SAW device  jeHH )()(  determines the input to the amplifier 

)()()( tvHtvin   where f 2  denotes the angular frequency of the oscillation and   denotes the 
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time delay. The )(H  determines the amplitude attenuation and SAW  determines the phase 

shift of the feedback signal in going from the amplifier output to its input. 
 
 

2
)(tvA in 

 jeHH  )()(

)(0 0

)()(  tj
in evtAvtv)()()( tvHtvin 

2
)(tvA in 

 jeHH  )()(

)(0 0

)()(  tj
in evtAvtv)()()( tvHtvin 

 
 

Fig. 1. SAW delay line oscillator supported by loop amplifier with cubic nonlinearity. 
 
 
The output voltage from the amplifier )(tv  is input to the SAW delay line. The voltage transfer 

function of the SAW device  jeHH )()(  determines the input to the amplifier 

)()()( tvHtvin   where f 2  denotes the angular frequency of the oscillation and   denotes the 

time delay. The )(H  determines the amplitude attenuation and SAW  determines the phase 

shift of the feedback signal in going from the amplifier output to its input. The voltage gain of the 

amplifier is assumed to be nonlinear having cubic nonlinearity of the form 
2

)(tvA in  ; that is, 

)()()()( 2 tvtvtvtv ininin   where   and   define linear and nonlinear parts of the voltage gain. 

The self-sustained oscillations occur at that frequency for which the Berkhausen criteria for limit cycle 
oscillations: close-loop gain 1)( HA  and phase shift nASAWloop  2 , are satisfied ( A  

denotes the phase shift due to amplifier, n is an integer). 
 
The output voltage from the amplifier )(tv  is input to the SAW delay line. The voltage transfer 

function of the SAW device  jeHH )()(  determines the input to the amplifier 

)()()( tvHtvin   where f 2  denotes the angular frequency of the oscillation and   denotes the 

time delay. The )(H  determines the amplitude attenuation and SAW  determines the phase 

shift of the feedback signal in going from the amplifier output to its input. The voltage gain of the 

amplifier is assumed to be nonlinear having cubic nonlinearity of the form 
2

)(tvA in  ; that is, 

)()()()( 2 tvtvtvtv ininin   where   and   define linear and nonlinear parts of the voltage gain. 

The self-sustained oscillations occur at that frequency for which the Berkhausen criteria for limit cycle 
oscillations: close-loop gain 1)( HA  and phase shift nASAWloop  2 , are satisfied ( A  

denotes the phase shift due to amplifier, n is an integer). 
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2.2. SAW Delay Line Coupled Dual SAW Nonlinear Oscillators 
 
Fig. 2 shows two identical self-sustained SAW delay line oscillators coupled by a simple SAW delay 
line. The coupling SAW device is assumed to have the same centre frequency as that of the devices in 
the feedback loop of the two oscillators. The passband width and insertion loss of this device are 
however assumed to be larger so that it provides a flat pass and weak coupling to any frequency of 
oscillation supported by the two coupled oscillators. The strong coupling situation is avoided here as it 
may lead to instability of the oscillators system, and equations of motion can not be approximated as 
being pure phase coupling. Considering perturbations to amplitudes also will make the whole 
treatment quite complex. The simplifying assumptions of weak coupling are important to our present 
interest in phase synchronization and its potential use for making sensors. 
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Fig. 2. Configuration for mutual interaction between two nonlinear SAW delay line oscillators coupled by a 
simple linear phase SAW delay line. The primed frequencies 1  and 2  indicate instantaneous values. 

 
 
All the three SAW devices are assumed to simple delay lines with linear phase transfer characteristics. 
The nonlinearity comes from the loop amplifiers which are assumed to have cubic nonlinear response 

to input characterized by amplitude dependent gain of the form 
2

)(tvA in . Thus, the system 

considered here represents a case of ‘linearly-coupled nonlinear oscillators with delayed feedback and 
coupling’. The width of passband of the SAW coupling device is assumed large enough so that its 
amplitude transfer characteristic (insertion loss) can be taken to be constant over the frequency range 
of self-sustained oscillations of both interacting oscillators. This is easily achieved by adjusting the 
number electrode pairs in the interdigital transducers of the coupling SAW device [25]. All the 
quantities are labelled with subscripts 1 or 2 to designate which oscillator they pertain to. The 
quantities associated with the coupling device are labelled with subscript c. 
 
Prior to coupling, each oscillator is assumed to be on the limit cycle having stable sinusoidal 

oscillations of the form )(0 0

)(   tjevtv  where 0v  denotes time-invariant amplitude,   initial 



Sensors & Transducers Journal, Vol. 141, Issue 6, June 2012, pp. 71-91 

 75

frequency and 0  initial phase. The assumption of weak coupling allows us to describe mutual 
interactions between them purely in terms of phase flow via the coupling SAW delay line. The 
influence of coupling on phases of the two oscillators can be expressed by attributing to them a phase 

function of the form 0)(  tt  where   denotes their instantaneous frequencies. Here, the phase 
perturbation due to coupling is assumed not to disturb the sinusoidal character of the limit cycle 
oscillations. The theory of mutual synchronization of weakly coupled phase oscillators has been 
described in detail in [2, Ch. 7, 8]. Here, we largely adapt that description with the difference that in 
the present case we have a specific type of oscillators system whose oscillations are sustained by 
delayed self-feedback and interactions occur via delayed coupling. 
 
 
2.3. Coupled Phase Dynamics 
 
2.3.1. Phase Equations of Oscillation under Weak Coupling 
 
Considering that both oscillators are autonomous systems having stable limit cycles with uncoupled 
state frequencies 1  and 2 , and the coupling is weak so that the amplitude perturbations are 
negligible, we can obtain the equations for phase dynamics as outlined in [2, Ch. 8]. Each oscillator in 
the uncoupled stable state is defined by the following input-output relations (referring to oscillator 1): 
 
 )(0

11
0
11)(  tjevtv  (1a)

  
 )(),( 1111,1 tvHv in   (1b)
  
 2

,1111 )()( tvtA in  (1c)

  
 )()( ,111 tvAtv in  (1d)
 
The equation of motion for this oscillator can be obtained by differentiating Eq. (1d) with respect to 
time and making substitutions for the associated differentials from Eqs. (1a)-(1c) as follows: 
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




, (2)

 
where dtd /(.)   and the last equality has been reached by considering that the amplitude is stable, 

that is, constant,)(,1 tv in hence, 0)(1 tA . A similar equation can be written for the oscillator 2 in 

uncoupled equilibrium state as 
 
 )(),()( 2222222 tvHAjtv  . (3)
 
The coupling of their outputs through the SAW delay line having voltage transfer function 

cj
cccc eHH  ),(),(  allows a fraction of output from oscillator 2 to be fed into the input of 

feedback SAW device in oscillator 1, and vice versa, as shown in Fig. 2. In view of weak coupling 
assumption the effects of this signal flow on the amplitudes are small. The dominant effect is on the 
phases of the oscillations. The stable limit cycle of an autonomous dynamical system has the property 
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of being invariant under time shift ttt  . This is equivalent to the limit cycle invariance under 
phase shifts t  [2, section 7.1.1]. Therefore, the phase shifts of oscillator 2 due to signal flow 
from the oscillator 1 and the phase shift of the oscillator 1 due to signal flow from the oscillator 2 are 
assumed not to alter the limit cycles of the respective oscillators. The equations of motion [Eqs. (1) 
through (3)] will be modified according to the nodal values of the various voltages involved. Fig. 2 
indicates appropriate instantaneous values of the respective oscillators. As mentioned above, it has 
been assumed here that both the oscillators retain sinusoidal character during the course of phase 
adjustment for synchronization. In the following we use unprimed symbols for denoting unperturbed 
frequencies and primed symbols for the instantaneous values. Thus, 
 
 12   (4)
 
defines the detuning parameter at onset of coupling, and 
 
 12   (5)
 
represents the difference of instantaneous frequencies during the course of synchronization. 
 
At some arbitrary instant t  after the onset of coupling interactions the signals at the input of SAW 
feedback devices are 
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Note that the second terms in these equations represent the signal from the other oscillator transferred 
via coupling SAW delay line. Therefore, in these terms the relevant instantaneous value of the 
frequency of the other oscillator at ct   must be used. The signal at the output of SAW feedback 

device (or at the input of nonlinear amplifier) appears 1  or 2  later. Therefore, input signal to the 

amplifier at time t  is that which was at time 1t  or 2t  at the input of the SAW feedback device. 
This is accounted for by the complex transfer function of these devices, and one can write 
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where 2,1  takes appropriate instantaneous values depending on the frequency components in )(,1 tv S  

and )(,2 tv S  as appearing in Eqs. (6a) and (6b). That is, 
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 and 
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11  in (7b). 

 
Applying Eqs. (2) and (3) under weak coupling and fixed amplitude conditions one can obtain the 
equations of motion as 
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with 1  and 2  as specified in Eqs. (7a) and (7b) respectively. 
 
If we denote the phases of the individual oscillators in the coupled state by )(1 t  and )(2 t  then we 
can alternately write for their outputs, 
 
 )(0

11
1)( tjevtv   (9a)

  
 )(0

22
2)( tjevtv   (9b)

  
 )()()( 111 tvtjtv    (9c)
  
 )()()( 222 tvtjtv    (9d)
 
with  
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defined by instantaneous values of 1  and 2  at instant t . Therefore, by using Eq. (9c) on the left 
hand side of Eq. (8a) and after a little manipulation we can write for the phase equation of motion for 
the oscillator 1 as 
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Similarly, by using Eq. (9d) in Eq. (8b) one can obtain the phase equation of motion for the oscillator 2 
as: 
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These equations are in general form derived for an arbitrary instant t  during the course of mutual 
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phase interaction between oscillators. The factors 1K  and 2K  define the strength of interaction. The 
expression for these factors can be simplified by using the following characteristics of the coupled 

oscillators. Since they are assumed to be nominally identical, therefore 0
2

0
1  . The feedback SAW 

delay lines have flat amplitude response so that 1111121 ),(),( HHH   (say) and 

2222212 ),(),( HHH   (say). The close-loop conditions (Berkhausen criteria) for gain and 

phase for stable sinusoidal oscillations are always closely maintained so that 
1),(),( 22221111  HAHA , or 12211  HAHA  and n 211 , m 222  with n  and m  

being integers .The coupling SAW delay line has flat amplitude transfer over frequencies of interest so 

that cj
cccc eHH  2),(),( 22  and cj

cccc eHH  1),(),( 11  with 

ccccc HHH  ),(),( 12  (say). Thus, Eqs. (11b) and (11d) become 
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and the phase equations (11a) and (11c) can be written as 
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Recall that the values of 1  and 2  in these equations are as defined in Eqs. (11b) and (11d). 
 

Let us consider the factor )}()({ 122 ct   in (13a). In this: the 0
222 )(  tt  as defined by 

(10b) represents the phase of oscillator 2 at time t  where tt 22  is the instantaneous frequency at 
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interpreted as )( 12 ct   with instantaneous frequency tt 22 . Using similar arguments for 

the other phase difference terms in Eqs. (13a) and (13b) we can rewrite them as 
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Next, note that in arriving at these equations we considered the coupled system at an arbitrary time 
point on the time scale continuing from the uncoupled state to the onset and progress of the coupling 
interactions. To describe the coupled phase dynamics beginning with the onset of coupling we should 
shift the time origin to the start of coupling where 11   and 22  . Therefore, 
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Finally, the phase equations of motion will be given by the real part of the right hand side of Eqs. (15a) 
and (15b). Thus, we obtain the coupled phase equations of the oscillators system presented in Fig. 2 as 
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We can simplify these equations by noting that cH21  , cH12   and 21  . Therefore, 

we can write the coupling strength factor by cmH  with 2/)( 21 m  denoting the mean 

frequency of uncoupled oscillators. From the structure of phase equations (16) it is apparent that they 
describe any coupled oscillator system having similar delayed feedback and coupling arrangement. 
Therefore, we rewrite these phase equations in general form by denoting the coupling strength cmH  

by a new symbol K . Thus, 
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where cmHK   describes the SAW coupled system. 

 
 
2.3.2. Phase Difference Equations 
 
In order to determine the conditions for phase locking we can set up an equation of motion for the 
phase difference between the two interacting oscillators by subtracting Eq. (17a) from (17b), and by 
defining a new variable for the phase difference 
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Differentiating this with respect to time we obtain 
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The Eq. (19) can be further manipulated by using the trigonometric identity 
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1
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, (20b)

 
where 12 d  is the delay detuning between SAW feedback devices and cs  21  is the 

open loop delay of the coupled system. Thus we obtain 
 
 ])(sin[)sin(2)( 2

1
2
1

sdcm tKt  . (21)

 
In general form, 
 
 

)sin( 0


dt

d
, (22)

 
where  dcmK  2

1sin2  represents the interaction strength and s 2
1

0 . In the case of 

present SAW coupled system 
 
  dcmcmH 

2
1sin2  (23)

 
 
2.3.3. Synchronization 
 
The synchronization occurs when the phase difference between the two oscillators becomes time-
invariant, that is, 0 . In other words, the rates of their phase variations become equal, 

)()( 21 tt   . In this condition, both the oscillators have pulled their frequencies to a common 

frequency called the frequency of synchronization. Let it be denoted by  . If d  denotes the phase 

difference in locked condition then from Eq. (21) by setting 0  one obtains 
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, (24)

 

where 
)sin(2 2

1
dcmK

x



 . 

 
The synchronization frequency   can be obtained by writing 21     and calculating 21    by 
using Eqs. (17) and (20) under synchronization condition. We obtain, 
 
 ]cos[)cos( 2

1
2
1

sddcmm K  . (25)

 

This equation can also be expressed in terms of  , K  and   by using xx 2sin1cos   and Eqs. 
(22) and (23) 
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Equation (25) with d  from (24) fully specifies the synchronized state of the coupled oscillator 

system. The parametric dependencies of the synchronization frequency can be noted. It can be seen 
that ),,,,( ccdm Hf  . That is, the synchronization frequency depends on the natural 

oscillation frequencies of the interacting oscillators and coupling SAW device. In principle, the change 
in synchronization frequency due to change in delay across the coupling SAW device can be made the 
basis for making SAW sensors. In the following, we examine the sensitivity and noise characteristics 
of this configuration to assess its potentiality for sensor applications. 
 
 
3. Sensing by Synchronization 
 
In the coupled dual oscillator configuration analyzed above we consider the coupling SAW delay line 
as the sensing platform. For making a gas sensor the SAW propagation surface can be sensitized by 
depositing a thin polymer coating as in normal SAW sensors. The solution for synchronization 
frequency, Eq. (25), shows that any perturbation to propagation delay c  affects the synchronization 

frequency. Therefore, the present configuration must work like a traditional SAW vapor sensor with 
change in synchronization frequency as its output. However, to compare its performance with 
traditional SAW sensors we must analyze sensitivity of   to perturbation of c , influence of 

synchronization on oscillator noise and its robustness to spurious perturbations. 
 
 
3.1. Sensitivity 
 
The sensitivity of a sensor is defined as change in sensor output for unit change in stimulant. In the 
present case [in view of Eq. (25)] it is convenient to define sensor signal referred to the mean 
frequency. Therefore, in parallel to the traditional sensors we define the sensor signal as the fractional 
change in m , and sensitivity as 
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. (27)

 
By defining, dcmA  2

1
1 , sdA  2

1
2  in Eqs. (24) and (25) we rewrite these as 
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 21 coscos AAK . (29)
 
and calculate 
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and then, differentiating Eq. (29) with respect to c  we obtain 
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where the factor 
 
 

2
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cos
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 . (32b)

 
A normal SAW mass sensor is a single free running polymer-coated SAW oscillator. The frequency 
change of oscillator is described the well known Sauerbrey`s relation [26, 27, 12 ch.5] 
 
 





h , (33)

 
where   is a constant depending on the SAW substrate material and propagation mode,   denotes the 
oscillator operating frequency, h  is polymer film thickness and   is the polymer mass density. The 
vapor sorption in polymer produces a change in oscillator frequency via a succession of processes: 
change in vapor concentration C change in polymer mass density  change in SAW velocity 

SAWv change in SAW propagation delay across the feedback device  change loop phase 

 change in oscillator frequency  . All the successive changes are linearly related, therefore, the 
following relation holds for the fractional changes in these quantities 
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v
. (34)

 
From the second equality in Eq. (34) it can be seen that  /1/ . Note that for self sustained 
free running oscillations  2 ; therefore, 02//1 f  (oscillator quiescent frequency). Thus, 

the sensitivity of the normal SAW oscillator frequency to changes in propagation delay can be 
obtained under the limit 0  as 
 
 

0
1

f
d

d






. (35)

 
In view of this, writing mm f 2  in Eq. (32), one can interpret  2  as given by Eq. (32b) as the 

factor by which the sensitivity of the synchronized oscillator sensor enhances relative to the free 
running oscillator sensor. 
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3.1. Noise 
 
Uncertainty in signal measurement is characterized by random frequency fluctuations called noise. The 
noise in a sensing oscillator defines the minimum change in sensor output (signal) that can be 
measured (or the minimum detection limit of the measurand). The signal to noise ratio is therefore an 
important figure of merit of the sensor. The frequency fluctuations in SAW oscillators are dominated 
by phase fluctuations. The standard deviation of a random variable is often taken as measure of 
uncertainty in its measurement. The standard deviation of frequency measurement however depends 
on the bandwidth of measuring system or the time interval of measurement. Therefore, in order to 
specify a noise figure of merit that is independent of measurement condition, a normalized measure 
referred to 1-Hz bandwidth is used. The most commonly used measure for this purpose is noise power 
spectral density specified in (Hz)2/Hz for frequency fluctuation or in (radian)2/Hz for phase fluctuation 
as a function of position from the carrier (called offset frequency f ). The spectral density for 

frequency fluctuation )( fSF  and phase fluctuation )( fS are related as [28] 
 
 2/)()( ffSfS F . (36)
 
The spectral density is simply the mean square frequency fluctuation in 1-Hz bandwidth at the offset 
frequency. 
 
The effect of phase locking or frequency synchronization is known to reduce noise in oscillators (both 
electronic and non-electronic) [29-32]. It is shown theoretically and experimentally that when N  
identical oscillators interact on reciprocal basis the phase noise power spectral density in the 
synchronized state is reduced to N/1  of a single oscillator [30, 31]. Recently, in a detailed analysis of 
coupled neuronal (relaxation) oscillators it was shown that synchronization reduces internal noise and 
also makes the system more robust against external perturbations [32]. In [2, section 9.2.4] the effect 
of synchronization on phase noise in two weakly coupled nonlinear limit cycle oscillators has been 
described. The phase fluctuation of a self sustained oscillator is described as a random walk or 
diffusion process. The noise power spectral density for a Gaussian frequency fluctuation has been 

found to be equal to the diffusion constant 22D  where   denotes the standard deviation of the 
frequency random walk. Mutual interaction of phase oscillators leading to synchronization allows 
randomness in their phases also to flow as easily through the coupling network and loop as their 
unperturbed phases. The noise for the coupled state is calculated by defining a new variable 
representing the sum of phases of individual oscillators, )( 21  whose diffusion coefficient is 

calculated as )(2 2
2

2
1

2 D  where 2
1

0
1 2D  and 2

2
0
2 2D  are phase diffusion coefficients of 

noninteracting oscillators. The diffusion constant of the individual oscillators in the coupled state is 
obtained as 
 
 

2

2
2

2
1

21


 DDD . (37)

 
If both the oscillators in their free running states have the same amount of noise power spectral density 

(that is, if )21  , then from Eq. (34) we see that in the coupled state 2D , which is ½ the 
noise power spectral density of the individual oscillators in free running state. This result is the same 
as that mentioned above for the noise reduction by N/1  due to synchronization. Otherwise, it can be 
noted that the noise in coupled state is always lower than the noisiest oscillator in free running state. 
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4. Results and Discussion 
 
The relations for synchronization frequency  , phase difference at synchronization d  and 

sensitivity factor   given by Eqs. (24), (25) and (32b) are functions of 2 -periodic sinusoidal 

functions. All these relations depend on the phase shift across the coupling delay cm , frequency 

detuning parameter  , difference between feedback delays of the two oscillators d , and the total 

delay (both loops + coupling) s . In general, they represent complex oscillatory behaviour. However, 

to make the coupling SAW device as sensing platform we must seek simplified conditions under 
which high sensitivity linear response could be obtained. Let us examine the following three 
conditions: 
 
(i)  znA   2/)12(1  such that 1sin 1 A  and zA 1cos , 

(ii)  znA 1  such that zA 1sin  and 1cos 1 A , and 

(iii)  21 AA  , 
 
where n  denotes an integer and z  denotes some small phase deviation from half-integer or integer 
multiples of  . In writing these conditions, approximations zz sin  and 1cos z  have been used. 
 
Condition 1: 

KAKA 2sin2sin 12  , and   KAKA 2 that notingby   1sin21cos 2
12  . Hence, 

from Eq. (25) and Eq. (32b) 
 
 zKm   (38a)
  
 z/1  (38b)
 
Condition 2: 

zKA 2sin 2  , and  0cos 2 A . Hence, from Eq. (25) and Eq. (32b) 
 
 m  (39a)
  
 z  (39b)
 
Condition 3: 

KAA 2sinsin 21  , and  2/- 1coscos 21 KAA  . Hence, from Eq. (25) and Eq. (32b) 
 
 )2/1( KKm   (40a)
  
 .1  (40b)
 
The condition 2 implies that the coupled system is synchronized at mean frequencies m , and the 

sensitivity to perturbation can be made arbitrarily small by maintaining the condition close to  nA1  
so that 0z . This condition is suitable for making stable phase locked oscillator system. The 
condition 3 tells that the frequency locking can occur at )2/1(( KKm   with sensitivity factor 

close to the uncoupled oscillator sensitivity. Under this condition there does not seem to accrue any 
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advantage either from stability or sensing point of view. The condition 1, however, provides the basis 
for making the coupled oscillator system a sensor whose sensitivity can be adjusted to any desired 
level (limited only by the practical constraints) by keeping z  low enough to maintain the operation 
point close to 2/1  nA . The synchronization frequency varies linearly with z  (that is c ) and 

sensitivity can be adjusted by fixing the phase shift across the coupling delay line somewhere between 
integer to half-integer multiple of 2/ . 
 
Figs. 3 and 4 show the results for the phase difference, synchronization frequency and sensitivity 
factor corresponding to condition 1 and condition 2 respectively. The following values of parameters 
were used: 9.1992/11 f  MHz, 1.2002/22 f  MHz, s 31  , s 1.32  , 005.0cH , 

100n . Note the hyperbolic sensitivity )1(~ z  in Fig. 3(a) for the coupling delay variations close to 

 2/)12(1  nA as given by Eq. (38b). The synchronization frequency varies linearly with delay 
variation within region of high sensitivity. Therefore, this can condition is appropriate for developing 
sensors based on synchronization. The sensitivity factor however changes sign as one crosses this 
point even though the oscillator remain synchronized in phase, see Fig. 3b. This means that accurate 
adherence to odd multiple of 2/ condition will make the sensor highly unstable. The operating point 
should therefore be set on one side of this point at a distance such that it can cater for the range of 
frequency variations for a given sensing application without crossing this point. 
 
The results in Fig. 4 are as expected from the condition 2. The system is synchronized at mean 
frequency with sensitivity being close to zero, Fig. 4a. The two coupled oscillators however oscillate in 
phase on one side, and in opposite phase on the other side, see Fig. 4b. This tells that if the system is 
locked accurately at  nA1 , it maintains the locked state in which both the oscillators manoeuvre 
their phases to go from in-phase or out of phase around this point. This state is ideal for achieving high 
quality phase locked oscillator system. 
 
Further note from these figures (Figs. 3 and 4) that the range of c  variation over which either 

frequency locked or sensitive regions are maintained is very small, 0007.0/  cc  or 700 ppm. 

However, most vapor sensing applications involve ppm to sub-ppm variations of stimulant. Hence, the 
present configuration provides adequate stability for making sensors. 
 
Figs. 5 and 6 show the variation of synchronization characteristics over wider ranges of c  variation 

for higher values of detuning parameters. The parameters are: 75.1992/11 f  MHz, 

25.2002/22 f  MHz, s 31  , s 3.32  , 005.0cH , and s 004.0  c  in Fig. 5, and 

s 1.0  c  in Fig. 6. Several frequency-locked and sensitive regions can be easily identified in these 

figures. As the range of c  is increased the number of such regions also increase. This suggests that if 

the coupling path incorporates a phase noise source of enough strength such that it can make the 
system hop over different synchronization frequencies it may be useful for communication systems 
based on frequency hopping.  
 
From the results shown above and from the considerations on noise in synchronized oscillator system 
described in Section 3.1 it is clear that by inserting coupling delay line with proper delay time one can 
realize much higher signal-to-noise ratio SAW sensors if the coupling SAW device is made the 
sensing platform. For practical implementation, perhaps, it may be more prudent to incorporate an 
adjustable phase shifter in the coupling path so that the operating condition for high signal-to-noise 
could be fine tuned. Synchronization sensor may provide other advantage also like immunity against 
spurious electromagnetic interferences by keeping both the oscillators in synchronized state. 
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Fig. 3. State of synchronization for the phase change across the coupling SAW delay line  
being an odd multiple of 2/ . 
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Fig. 4. State of synchronization for the phase change across the coupling SAW delay line  

being an integer multiple of 2/ . 
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Fig. 5. State of synchronization as a function of coupling delay over s  004.0  c . 
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Fig. 6. Synchronization frequency and phase difference for s  1.0  c . 

 
 
5. Conclusions 
 
Two limit cycle SAW feedback oscillators with cubic nonlinearity amplifiers in loops can be 
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synchronization states are suitable for making the coupling SAW delay line as sensor. The 
synchronized SAW oscillator system provides flexible conditions for adjustment of sensitivity and 
robustness. The synchronized states are less noisy compared to free running states. This adds to the 
potentiality of synchronization as method for developing high performance SAW sensors. 
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