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Abstract: Due to the mechanical hand often have serious uncertainty, as the state in which the different and 
external changes, also its parameters are changing, this is very adverse to achieve precise control. In this paper, 
the traditional sliding mode variable structure was improved, the sign function is replaced by saturated function 
based on the double power reaching law, by adjusting the values of 1 , 2 , , ,  and k  to effectively 

improve the manipulator joint reaching speed, track expected trajectory fast and shorten the system response 
time. Finally, the method is used for simulation of manipulator trajectory tracking, compared to two reaching 
law control algorithms. The simulation results show that the control algorithm has good dynamic performance, 
which can effectively restrain the chattering and quickly track the desired trajectory. Therefore, the improved 
reaching law can effectively improve the performance of robotic manipulator. Copyright © 2013 IFSA. 
 
Keywords: Robotic manipulator, Sliding mode control, Reaching law, Fast. 
 
 
 
1. Introduction 
 

Robotic manipulator structure normally are 
consist of a series of mutually hinged or sliding 
members, with several degrees of freedom for 
gripping or moving objects [1]. Although 
manipulator greatly facilitates the production, it is a 
multiple input and multiple output nonlinear system 
with time-varying, strong coupling and nonlinear 
dynamic characteristics, it is difficult to achieve high 
precision control by conventional means. So for 
different tasks it often needs to plan robot trajectories 
in joint space in order to make the composition of 
end pose. Therefore the robot joint space control 
precision is very important. 

Sliding mode variable structure is a kind of robust 
control methods which can be used to achieve linear 

and nonlinear system, in view of controlled objects 
with the nonlinear, strong coupling dynamic 
characteristics, so it is conducive to manipulator 
control. But it is a discontinuous control method, 
when the state trajectory reach the sliding surface it 
is difficult to move along with the balance point 
strictly, but generate buffeting in the sliding surface 
on both sides of back and forth across. On the one 
hand, it can effects sliding mode variable structure of 
dynamic character and induce steady-state error; On 
the other hand, it may stimulate the oscillatory 
system and reduces the energy of system, so it’s 
negative to system. Now how to reduce the 
chattering is the important content in the study of 
sliding mode variable method. 

In the light of the chattering problem, in recent 
years, many scholars have put forward different 
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solutions, divided into two directions, one is 
traditional control direction: the double power 
reaching law of Mei Hong et al, the algorithm 
reduced chattering and improved the system dynamic 
performance [2]. Reference [3] ,the combination of 
the principle of sliding mode control and the 
saturation function characteristic, weakened the 
vibration phenomenon in sliding mode control and 
had the effective suppression of the actuator 
saturation; the other one is mixed control direction: 
T .C. Kuo et al proposed a neural network global 
sliding mode control of PID [4], which was used to 
solve with bounded uncertainties in the robot 
trajectory tracking problems, they built the system 
controller gain by RBF neural network in order to 
eliminate the chattering. Reference [5], the fusion of 
Fuzzy control and Variable structure, they used fuzzy 
controller to adjust the parameters of reaching law on 
real time and introduced the saturated function, this 
method not only ensured the controlled system was 
fast and robust, but also suppressed buffeting 
effectively. 

According to the manipulator’s characteristics, on 
the basis of deep analysis, this paper puts forward a 
new improved reaching law, which designs to 
overcome the shortcomings that it can’t approach 
strictly to the equilibrium point but move back and 
forth across the buffeting when from the switch to 
close the origin point. In addition, it can improve the 
rate of convergence, track expected trajectory fast, 
reduce the response time of the system and improve 
the robustness. When changing the initial joint 
position, this method can change the reaching law 
parameters to obtain good dynamic quality. Based on 
the improved reaching law, it designs sliding mode 
control scheme, and its control effect is verified. 
Compared it with the two kinds of sliding mode 
control algorithms, it shows the feasibility and 
rationality of the new algorithm. 

 
 

2. Establishment of Mathematical Model 
of Manipulator 

 
This paper uses Lagrange dynamics equation to 

establish the mathematical model of manipulator, this 
equation is suitable for the analysis of mutual 
constraints of multi-joint movement. It’s an Energy 
balance equation. Selecting two joint manipulator as 
the object, coordinate configuration is shown in    
Fig. 1, parameter configuration is shown in Table 1. 

 
 

Table 1. Parameter configuration  
of two joint manipulators. 

 
 

Joint 
 

Length 
l/m 

Focus 
lc/m 

Weight 
m/kg 

Inertia 
I/(kg m2) 

Acceleration 
of gravity 

G/(m/sec2) 
1 0.45 0.091 23.90 1.27 9.8 
2 0.55 0.105 4.44 0.24 9.8 

 

 

 
 

Fig. 1. Coordinate configuration of two joint manipulators. 
 

 
Without considering the modeling error and 

external disturbance, the Lagrange equation is: 
 

( ) ( , ) ( ) ( )t   M q q C q q G q τ  (1) 
 

where 
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 
  
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  
 (2) 

 
2

12 2 2 1 2 2 2[ cos( )]c cM m l l l q l    (3) 
 

2
12 2 2 1 2 2 2[ cos( )]c cM m l l l q l    (4) 

 
2

22 2 2 2cM m l l   (5) 

 

11 2 1 2 2 2sin( )cC m l l q q    (6) 
 

12 2 1 2 2 1 2sin( )( )cC m l l q q q     (7) 
 

21 2 1 2 2 1sin( )cC m l l q q   (8) 
 

22 0C   (9) 
 

1 1 1 2 1 1

2 2 1 2

( ) sin( )

      sin( )
c

c

G m l m l g q

m l g q q

 
 

 (10) 

 

2 2 2 1 2sin( )cG m l g q q   (11) 
 

where q , q , nq R  is the position vector, 

velocity and acceleration vector; ( ) n nM q R is the 

positive definite inertia matrix; ( , ) n nC q q R is the 

centrifugal force and the brother's force 
matrix; ( ) nG q R is the gravitational vector; 

( ) nt τ R is the gravitational vector; Length of joint  
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1 is l1; Length of joint 2 is l2; Focus of joint 1 is lc1; 
Focus of joint 2 is lc2; Weight of joint 1 is m1; Weight 
of joint 2 is m2; Inertia of joint 1 is I1; Inertia of joint 
1 is I2. 
 
 
3. The Design of Sliding Mode Controller  
 
3.1. The Design of Reaching Law  
 

The sliding mode is divided into two types, a 
reaching movement, another for the sliding mode 
motion. By the principle of the sliding mode variable 
structure, sliding mode can achieve the alone 
condition and the guarantee object can reach the 
sliding surface from any initial state position point in 
limited time. Using the reaching law method can 
improve the dynamic quality of reaching movements. 
The typical approach law is included in the 
followings [6]: 

 
1) The constant reaching law 

 
sgn( ) s s , 0   (12) 

 
The constant express the rate when the moving 

point of system approaches the switching 
surface s at 0. 

 
2) The exponential reaching law 
 

sgn( ) k  s s s , 0  , 0k   (13) 
 
where s ks  is the exponent reaching items. The 

power reaching law 
 

sgn( )k
 s s s , 0k  , 1 0   (14) 

 
Conventional reaching law has some 

shortcomings, in the constant reaching law, the 
smaller   is, the more slowly reaching rate is; the 
bigger   is, then the moving point reaches the 
sliding surface with greater speed and buffeting. 
Although increasing exponentially approaching item 
in the exponential reaching law, the velocity of 
approach from the larger values gradually decreases 
to zero, it can shorten the reaching time and make the 
motion to the switching surface in a low speed, the 
presence of the exponent reaching items cannot make 
system fundamentally eliminate chattering. Although 
the power reaching law can get into the sliding 
surface smoothly, the rapid is weak. Therefore, 
conventional reaching law can not reflect the current 
system on the given desired trajectory tracking 
condition. 

Aiming at the real-time weak, fast and robust, by 
this shortcoming, the sliding mode variable structure 
was improved, there will propose a double power 
adaptive reaching law: 

1 2sgn( ) sgn( ) k
      s s s s s s s  (15) 

 

where 1 0 , 2 0 , k 0 , 1 0  , 1  ,

0  . 

Its principles and conventional is similar to the 
reaching law, the =1s as the critical value, the system 
reach the sliding surface is divided into two stages. 

1 sgn( )
 s s  expresses 1s , the dynamic 

quality of the system when closing to the sliding 
surface, when 1  is larger, reaching becomes faster 

but buffeting is increasing; is smaller, buffeting is 
smaller but reaching speed becomes slow. 

2 sgn( )
 s s  expresses 1s , the dynamic 

quality of the system when Far away from the sliding 
surface, When 2  is larger, reaching becomes faster 

but buffeting is increasing;  is smaller, buffeting is 

smaller but reaching speed becomes slow. k
 s s  

is the adaptive reaching items, which can be able to 
change the approaching speed of double power 
reaching items adaptively, based on the exponential 

reaching law it enriches 

s , so it should expect the 

controlled object that has the fast velocity of 
approaching speed to response tracking timely and 
has good dynamic quality when closing to the sliding 
surface when 1s . So by the k

 s s , it shows that 

the rate will become fast while is bigger and system 

responses quickly; the controlled object will close to 
the sliding mode and the dynamic quality will 
improve while k is bigger. 

But on the type (15) the system improved finite, 
in view of the simulation experiment shortcomings 
that the joint 2 is slowly contrast to the joint 1 in 
response. The paper is improved, reference [7, 8] 
show that the saturation function is one of the 
effective methods to eliminate the chattering, using 
saturation function replaces sign function, because 
that using the method of saturation function when the 
original relay characteristics will be replaced by 
saturated characteristic [9], so it can alleviate the 
discontinuity when switching and can make the 
switching process smoothly, It is very important for 
the inhibition of movement process and improvement 
of the buffeting of the controlled object speed. 
Combined the type (15), using the hyperbolic tangent 
function in the original reaching law, it can be 
expressed as: 

 

1 2tanh( ) tanh( ) k
      s s s s s s s  (16) 

 

where 1 0 , 2 0 , k 0 , 1 0  , 1  ,

0  . 

Illustrate a point, 1 tanh( )
 s s  plays a major 

role when 1s and ignores 
2 tanh( )

 s s  at this 
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time, there is 1 tanh( ) k
   s s s s s ; Empathy, 

there is 2 tanh( ) k
   s s s s s  when 1s . 

Because the design is considered in two cases, one is 
closing to the sliding mode surface and the other is 
away from the sliding surface, so that the controlled 
object can response rapidly according to the status, 
and because of the introduction of saturation function 
is instead of sign function, the switching process will 
be continuous and smooth and can reduce the 
response time of the system effectively to improve 

the velocity of approach, so the system performs the 
given desired trajectory tracking quickly to improve 
the robustness of the system. 

 
 

3.2. The Design of Control Law  
 

The simulation design in robotic manipulator by 
sliding mode control algorithm diagram is shown in 
Fig. 2. 

 
 

e
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qdd
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e
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Fig. 2. Manipulator based on improved reaching law sliding mode control algorithm simulation chart. 
 
 

(1) The selection of switching function  
 

  s ce e  (17) 
 
where 1( , , )ndiag c c c , ci > 0 is constant; 

  de q q is the error signal of system, dq is for a 

given trajectory. When the system reaches the sliding 
mode surface, the system achieves stability and can 
reach the equilibrium point in the limited time, which 
is not affected by external interference and system 
model. For a given arbitrary initial state, by adjusting 
the constant matrix c  can make the controlled 
object to obtain a good dynamic quality. 
 

(2) The design of control law. The type (17) 
shows that: 

 

11 1

22 2

c e e

c e e

 
   




s  (18) 

 
There is: 
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c e e

c e e
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 
  

 
s ce e  (19) 

 

By type (1), type (16) and type (17), the control 
law is showed as: 

 

1 1
1 2

2 2

( tanh( ) tanh( )

      )+ + +

c e

c e

k

 



 
 

   
 

  





 

τ M M s s s s

s s M q C q G

 
(20)

 
 

4. The Accessibility of Sliding Mode 
Variable Structure 

 
The existence condition is a premise of the 

application of sliding mode control, so the system 
movement must tend to switch =0s to meet the 
accessibility condition: 

 

( ) 0k V  (21) 

 
 

4.1. Accessibility 
 

Based on the improved reaching law sliding mode 
type (16) meets the accessibility condition. 

Proof: The Lyapunov function and hyperbolic 
function is: 
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21
( ) ( )

2
k kV s  (22) 

 
exp( ) exp( )

tanh( )
exp( ) exp( )

s s
s

s s

 


 
 (23) 

 
There is: 
 

1 2

2
1 2

1 1 2
1 2

( ) ( tanh( ) tanh( ) )

        = tanh( ) tanh( )

        = 0

k k

k

k

  

  

  

 

 

   

   

  

   

V s s s s s s s

s s s s s s s s

s s s

 
(24) 

 
In summary, based on improved reaching law 

sliding mode controller is satisfy to the accessibility 
condition of sliding mode. 

 
 

4.2. It can be able to Reach the Equilibrium 
Point in Finite Time 

 
Based on the type (16) improved reaching law 

sliding mode controller can be able to reach the 
switching surface 0s  from any initial state in 
limited time. By reference [10] it can be 
demonstrated as follows. 

Proof: Assuming that the initial state 

is (0) 1s and 1 0 , 2 0 , k 0 , 1 0  ,

1  , 0  , so that system can reach to the sliding 

equilibrium point from any initial position, which can 
be divided into two stages. 

1) When 1s , 1 tanh( )
 s s  plays the 

major role, ignoring
2 tanh( )

 s s , Type (16) 

changes into: 
 

1 tanh( ) k
   s s s s s  (25) 

 
So it is that the system reaches process of 

( ) 1t s from the initial state. When 1s , it has 

 

1
1

d
k

dt
   

s
s s  (26) 

 

Type (26) takes the same s on both sides and 

makes 1z    s , there is 
 

(1 )
dz d

dt dt
  
s

s  (27) 

 

When t=0 and s=s(0) , 1 1c= (0)
k

    s , 

combining with type (27) it can be launched a 
desired time from an initial state to ( ) 1t s  

 

11 1

1

ln(1  ) ln[ (0) ]
t

( 1 )
k k

k

  

 

   


 

s
 (28) 

 

2) When 1s , 
2 tanh( )

 s s  plays the 

major role, ignoring 1 tanh( )
 s s , Type (16) 

changes into: 
 

2 tanh( ) k
   s s s s s  (29) 

 

Similarly available, due to 1 2c= (0)
k

    s , it has 

little effects and can be ignored, then the reaching 
time of system that from ( ) 1t s to the equilibrium 

time of the sliding surface is 
 

2 2
2

ln ln( )
t

( 1 )

k

k

 
 
 


 

 (30) 

 
Combining type (28) and type (30), the total time 

of arrival is 
 

11 1

2 2

ln(1  ) ln[ (0) ]

( 1 )

ln ln( )
     +

( 1 )

k kt
k

k

k

  

 
 
 

   


 
 
 

s

 
(31) 

 
In summary, based on the improved reaching law 

sliding mode controller it can be able to reach the 
equilibrium point in finite time. 

 
 

5. System Simulation and Verification 
 

This paper uses the double power reaching law 
sliding mode control algorithm, double power 
adaptive reaching law sliding mode control algorithm 
and the improved reaching law sliding mode control 
algorithm for manipulator control, in order to verify 
the algorithm to improve the control performance. 
Two joint position command of manipulator 

are 1q , 2q , the initial system state is made as 

[0 0 0 0]T . 

 
 

5.1. It is Based on the Double Power 
Reaching Law Sliding Mode Control 
Algorithm 

 

1 2sgn( ) sgn( )
    s s s s s , (32) 

 

where 1 0 , 2 0 , 1 0  , 1  . 
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Taking 150  0

0 150
c

 
  
 

, 1 1  , 2 50  , 0.5  ,

1.1  , joint 1 is controlled better. Fig. 3.is the 

position tracking curve of joint 1 and joint 2. 
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Fig. 3. The position tracking curve of joint 1 and joint 2. 
 
 

Taking 150  0

0 150
c

 
  
 

, 1 1  , 2 50  , 0.8  ,

1.1  , Fig. 4. is the position tracking curve of joint 

1 and joint 2.When holding the 1 , 2  invariant, 

increasing  ,the controlling of joint 2 is obvious, as 
shown in Fig. 4. 
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Fig. 4. The position tracking curve of joint 2. 

 
 

Through several groups of contrast experiments, 
joint 1 is controlled better, so it only needs to adjust 
joint 2. When holding the 1 invariant, by decreasing 

2 ,controlled effect of joint 2 becomes worse; When 

holding the 1 , 2 ,  invariant, by increasing  , 

controlled effect of joint 2 becomes worse; When 
holding the 1 , 2 ,  invariant, by decreasing , 

controlled effect of joint 2 goes ahead worse; When 
holding the 1 invariant, by increasing 2 , controlled 

effect of joint 2 becomes better; When holding the 1 , 

2 invariant, by increasing , controlled effect of 

joint 2 goes ahead to become better. 

In summary, when taking 150  0

0 150
c

 
  
 

,
1 1  , 

2 500  , 0.8  , 1.01  , both joint 1 and joint 2 

can be controlled well. Fig. 5 is the position tracking 
curve of joint 1 and joint 2, Fig. 6 is the position 
tracking error curve. 
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Fig. 5. The position tracking curve of joint 1 and joint 2. 
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Fig. 6. The position tracking error curve of joint 1  
and joint 2. 
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When using the double power reaching law 
control algorithm to conduct position tracking for the 
joint 1 and joint 2, Fig. 5 shows that the convergence 
speed of joint 1 is faster and the robustness is better; 
Joint 2 is restrained when t = 0.45 s. Fig. 6 shows 
that the algorithm controls well, but it still exists 
indelible phase-angle difference and fluctuates 
around 0.02 rad after t = 0.45 s. 

 
 

5.2. It is Based on the Double Power 
Adaptive Reaching Law Sliding Mode 
Control Algorithm 
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2 50  , 0.5  ,

1.5  , 0.5  , 2k  , it stands as the initialization 

value. Fig. 7 is the position tracking curve of joint. 
Joint 1 is controlled better, so the controller only 
needs to adjust the joint 2. 

 
 

0 500 1000 1500
-1.5

-1

-0.5

0

0.5

1

1.5

  
 
 
 

0 500 1000 1500
-2

-1.5

-1

-0.5

0

0.5

1

 
 

Fig. 7. The position tracking curve of joint 1 and joint 2. 
 
 

By multiple comparison test can be found, When 
holding the 1 , 2 ,  ,  , k invariant, ,controlled 

effect of joint 2 becomes worse obviously; When 
holding the 1 , 2 ,  , k invariant, by 

decreasing and increasing  , controlled effect of 

joint 2 goes ahead to become worse; When holding 
the 1 , 2 ,  ,  , k invariant, by increasing , 

controlled effect of joint 2 becomes better; When 

holding the 1 , 2 ,  , k invariant, by 

decreasing and , controlled effect of joint 2 goes 

ahead to become better. Selecting a different value, 
the response speed of the system is also different.  
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,
1 25  , 

2 150  , 

0.6  , 1.1  , 2  , 50k  , both joint 1 and 

joint 2 can be controlled well. Fig. 8 is the position 
tracking curve of joint 1 and joint 2, Fig. 9 is the 
position tracking error curve. From Fig. 9 the two 
joint are controlled better than the double power 
sliding mode control algorithm, and the buffeting is 
small. 
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Fig. 8. The position tracking curve of joint 1 and joint 2. 
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Fig. 9. The position tracking error curve of joint 1  
and joint 2. 
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Continuing to adjust the test data, from the chart 
of the experimental simulation we can see that, 

taking 150  0

0 150
c

 
  
 

, 1 15  ,
2 150  , 0.5  ,

1.01  , 0.8  , 50k  , the controlled effect of 

joint 1 and joint 2 is best. Fig. 10 is the position 
tracking curve of joint 1 and joint 2, Fig. 11 is the 
position tracking error curve. From Fig. 11 buffeting 
of the two joint is significantly reduced to test the 
effectiveness of the algorithm. 
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Fig. 10. The position tracking curve of joint 1 and joint 2. 
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Fig. 11. The position tracking error curve of joint 1 

and joint 2. 
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1.01  , 0.8  , 50k  , it stands as the 

initialization value. Fig. 12 is the position tracking 
curve of joint, it shows that tracking error of joint 2 is 
poor. 
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Fig. 12. The position tracking curve of joint 1 and joint 2. 

 
 

By multiple comparison tests it can be found, 
when selecting a different value, the response speed 
of the system and tracking performance are also 
different. The controlled of joint 1 and joint 2 turns 

to be better when taking 150  0
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Fig. 13 is the position tracking curve of joint 1 and 
joint 2, Fig. 14 is the position tracking error curve. 

Fig. 14 shows that the two joint controls are 
better than the former two kinds of control 
algorithms especially for joint 2. When 
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Fig. 15 is the position tracking curve of joint 1 
and joint 2, Fig. 16 is the position tracking error 
curve. Figures show that the rapidity of joint 2 
becomes good, besides indelible phase-angle 
difference. 
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Fig. 13. The position tracking curve of joint 1 and joint 2. 
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Fig. 14. The position tracking error curve of joint 1 
and joint 2. 
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effect of joint 2 is best. Fig. 17 is the position 
tracking error curve. 
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Fig. 15. The position tracking curve of joint 1 and joint 2. 
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Fig. 16. The position tracking error curve of joint 1 

and joint 2. 
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Fig. 17. The position tracking error curve of joint 1 

and joint 2. 
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Using the improved reaching law sliding mode 
control algorithm in position tracking of the joint 1 
and joint 2, by increasing 1 , approach speed is fast 

but buffeting is increased; by decreasing , buffeting 
is decreased but approach speed is slow. Joint 1 is 
close to the sliding surface and joint 2 is away from 
the sliding surface by this time. By increasing 2 , 

approach speed is also fast but buffeting is increased; 
by decreasing  , buffeting is also decreased but 

approach speed is slow. Joint 1 is away from the 
sliding surface and joint 2 is close to the sliding 
surface by this time. By increasing , joint 1 and 

joint 2 are with fast convergence; by increasing k, 
joint 1 and joint 2 are close to the sliding surface and 
system dynamic quality is improved. Fig. 17 shows 
that the convergence of joint 1 is faster than joint 2 
and the rapidity of joint 2 is improved, which is 
better than the former two reaching laws. 

As previously mentioned, through three groups of 
simulation tests, experiments demonstrate that the 
improved algorithm is feasible and robust, which is 
better than the double power reaching law control 
algorithm and the double power adaptive reaching 
law control algorithm. Joint 1 and joint 2 are able to 
track the desired trajectory fast. So it can effectively 
improve the speed of the system in order to reduce 
the response time. 

 
 

6. Conclusions 
 

Aiming at previous algorithms in the real-time 
weak and fast difference, the sliding mode variable 
structure is improved. This paper proposes an 
improved reaching law and carries on the analysis. 
With the comparison test of two kinds of sliding 
mode control algorithms, experiments demonstrate 
that the control algorithm has good dynamic quality 
and can track the desired trajectory quickly. 
Therefore, it improves the performance of 
manipulator effectively. But because of the number 
of parameters and selection of randomness, it will 

consider introduce the neural network combined with 
improved reaching law control later. 
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