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Abstract: This paper presents a calibration-free approach to modelling image sensors using 
mechanistic deconvolution, whereby the model is derived using mechanical and electrical properties of 
the sensor. In this approach, effective focal length is determined using thick lens properties 
approximated from lens system. The accumulated uncertainties and constraints from sensor properties 
are utilized with approximated aperture stop position offset to estimate distortion effects, and, 
eventually to derive corrected image data. This reduces dependency on image data, and, as a result, 
does not require experimental setup or calibration. An experiment was constructed to evaluate 
accuracy of model created by the approach, and its robustness to changes in sensor properties without 
recalibration. The model was compared with a pre-calibrated model using two sensors with different 
specifications. The model achieved similar accuracy with one-fifth of number of iterations. The 
approach was also shown to be robust and, in comparison to pre-calibrated model, improved the 
accuracy significantly. Copyright © 2008 IFSA. 
 
Keywords: Image sensor, Sensor modelling, Mechanistic deconvolution, Lens distortion, Calibration 
 
 
 
1. Introduction 
 
As off-the-shelf image sensors are not perfect, information obtained from them cannot be perfectly 
accurate. Consequently, corrective sensor modelling, also known as calibration, is an important 
process for applications that require accurate geometric measurements [1]. In addition, the process 
needs to be computationally inexpensive for real-time applications. The process has long been an 
important issue in photogrammetry and computer vision fields, and more recently, in the area of 
robotics and automation, for example, mobile robot navigation [2]. 
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Conventionally, sensors have been corrected by either iteratively applying non-linear optimization, or 
analytically deriving a closed-form solution. The former technique utilizes the initial guess of sensor 
parameters, to derive a non-linear solution iteratively and attains accurate calibration [3, 4]. This 
technique, however, requires good estimation of the initial guess for accurate calibration and is 
computationally expensive. On the contrary, the computationally inexpensive closed-form solution is 
derived by a set of linear equations, which do not take distortion into account and yield inaccurate 
results [3, 5]. The disadvantages in these classical techniques have motivated the researchers to 
develop new techniques, which may be categorized into two groups: the two-step method [3, 5-9], and 
self-calibration [10-12]. 
 
The two-step method was proposed by Tsai [3]. A closed-form solution is initially derived using radial 
alignment constraints to estimate extrinsic parameters and effective focal length. The parameters are 
then used to derive a non-linear solution iteratively and retrieve radial distortion parameter and 
corrected effective focal length. This technique reduces the number of required iterations considerably. 
Weng et al. [5] improved the two-step method and successfully estimated tangential distortion 
parameters. A number of other groups have also proposed techniques that derive radial distortion 
parameters analytically, prior to finding a non-linear solution iteratively, in an attempt to reduce the 
number of iterations [6, 7]. Similarly, Bailey [8] derived an analytical solution to estimate the 
parameters using parabolic curves. For real-time applications, Park and Hong [9] simplified Tsai’s 
technique by applying look-up-table (LUT) techniques. 
 
Maybank et al. [10] developed a different type of calibration technique, namely self-calibration. In 
contrast to the two-step method, this technique does not require a calibration setup that includes a 
calibration object with known 3D geometrical features. The intrinsic parameters are assumed to be 
constant to reduce computational expenses. In comparison to other technique, this method requires at 
least three different orientations and achieves lower accuracy, despite having higher flexibility. The 
self-calibration technique has been modified and extended to include different constraints, mainly 
camera motion and scene constraints, to increase its accuracy [11]. Zhang [12] has fused this technique 
with the two-step method and was able to reduce number of orientations whilst having better 
robustness, as compared to the self-calibration. 
 
These techniques have a common approach; the image sensor is evaluated with a known image. These 
models have shown to reproduce parameters of image sensor successfully, negating the need to 
manually obtain the sensor’s mechanical and electrical properties. Nevertheless, the sensor model 
derived from these properties may also derive image sensor parameters and reduce the dependency of 
the image quality, and, acts as an alternative solution to calibration. 
 
This paper presents a calibration-free approach to modelling image sensors using mechanistic 
deconvolution. The proposed approach evaluates the image sensor using its mechanical and electrical 
properties. A thick lens, which determines the effective focal length, is used to approximate the sensor 
lens system. In contrast to conventional models, distortion model is developed using uncertainties and 
constraints present in the sensor. The approach also uses aperture stop position offset to further 
evaluate lens distortion effect. In this approach, three assumptions are made: firstly, a distance between 
sensor and its plane of view is known; secondly, image plane is orthogonal to its z-axis; thirdly, only 
radial distortion is considered. One advantage of this approach is the removing requirement of 
experimental evaluation of image sensors, while remaining robust to changes in its properties. 
 
The paper is organized as follows. Section 2 reviews the general formulation of existing problem and 
techniques. The model derived from the proposed approach, namely mechanistic deconvolutive model 
is presented in Section 3. This is followed by numerical examples in Section 4, including experimental 
setup and procedure. Finally, Section 5 presents the conclusion of this paper. 
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2. Conventional Sensor Models 
 
2.1. Pinhole Camera Model 
 
The transformation from object world coordinate system to image plane is shown in this sub-section, 
and, its formulations are based on pinhole camera model; that is the ideal form of image sensor model. 
Initially, the position of an object with respect to the world coordinate system, xw=[xw, yw, zw]T, is 
transformed to that with respect to the camera 3D coordinate system, xp=[xp, yp, zp]T, as 
 
 p wx Rx t= + , (1)
 
where R is the rotational matrix and t is the translational vector. The R and t are known as the 
extrinsic parameters. The position xp is then converted to the image plane coordinate system,  
xu=[u, v, 1]T, using its z-component and intrinsic parameters in A: 
 
 u px Ax=  (2)
 
Here A, formulated on the assumption that the image plane axes are parallel to the world coordinate 
system, is given by 
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⎪ ⎪=⎢ ⎥⎣ ⎦ ⎩ ⎭

 , (3)

 
where f is the effective focal length, [u0, v0] is the principal point coordinates and ps=[px, py]T is the 
pixel size. 
 
 
2.2. Distortion Model 
 
The previous sub-section considers the ideal form of sensor model, and unable to include the distortion 
effects inherent in image sensors. These effects, namely radial and tangential distortions, produce the 
distorted coordinates, xd=[ud, vd]T. Hence, by using xd, the corrected image data coordinates, also 
known as undistorted coordinates xu are 
 
 ( )2

1

1 1i
u i d dK rx x g⎛ ⎞= + − +⎜ ⎟

⎝ ⎠
∑ , (4)

 
where K1:i are radial distortion factors, and g and rd are as follows 
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 2 2

d d dr u v= + , (6)
 
where P1 and P2 are tangential distortion factors. It is noted that image data are highly affected by 
radial distortion. 
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2.3. Conventional Model Approach 
 
The previous sub-sections have shown that quality of image data is a dominant factor for modelling a 
given sensor. Fig. 1 illustrates the general approach of conventional models. The image data sI is 
initially utilized to estimate initial extrinsic and intrinsic parameters A, R and t, by deriving a closed-
form solution using (1)–(3). The initial parameters are then used with other inputs, which are target 
geometric features and radial alignment constraint, to determine initial distortion factors K1 and K2 as 
defined in (4). The derived A, R, t, K1 and K2 are inserted into the non-linear optimization process with 
given sI such that these parameters satisfy (1)–(6). The parameters obtained from non-linear 
optimization process derive undistorted coordinates xu, and, obtain the corrected image eventually. 
 
 

 
 

Fig. 1. Conventional technique. 
 
 
3. Mechanistic Deconvolutive Model 
 
3.1. Determining Effective Focal Length Using Optical Parameters 
 
In contrast to the conventional models, the proposed approach determines the effective focal length of 
the sensor by its lens system. Initially, the complex lens system is approximated by a thick lens system, 
to reduce required parameters and complexity. The thick lens system is defined as follows [13], 
 
 

( ) ( )
1 2 1 2

11 1 11
t n

n
f r r nr r

⎡ ⎤−
= − − +⎢ ⎥

⎣ ⎦
 , (7)

 
where n is the refractive index, r1 and r2 are the radii of curvature closest and farthest from the light 
source, and t is the overall lens thickness. By rearranging equation (7), the effective focal length f 
becomes 
 
 

( ) ( )( )
1 2

2 1 11 1
nr rf

n nr n r t n
=

− − + −
 (8)
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This equation shows that three components provide uncertainties in f; r1, r2 and t, which can be well 
approximated as Gaussian noise. This produces the modified effective focal length fd, as follows 
 
 f

df f w= + , (9)
 
where wf is the combination of uncertainties from r1, r2 and t. 
 
 
3.2. Deriving Undistorted Coordinates Using Constraints, Uncertainties and Aperture Stop 
Position 
 
 
3.2.1. Constraints and Uncertainties 
 
A general image sensor is constrained by three elements that are the pixel size, sensor chip, and 
diameter aperture. The pixel size, ps controls the possible smallest size of scene feature. This is defined 
as the feature resolution constraint, with its parameter (b1−b2)min. It is also constrained by fd and the 
distance between the scene feature and sensor, l as 
 
 ( )1 2 min

0s
d

l
f

b b p− − ≥ , (10)

 
where b1=[xb1, yb1]T and b2=[xb2, yb2]T are the reference points that define the size vector of scene 
feature. The sensor chip acts as a field stop, and hence its size, sa=[sx, sy]T controls the size of the 
largest scene feature. Using ps and the pixel resolution pr=[pr

x, pr
y]T, sa is 

 
 a r ss p p= ⋅  (11)
 
The field of view constraint is derived in the following manner, 
 
 ( ) ( )1 2 max

2 tan 2
0; :i d

i
d

ls
i x y

s
b b e

θ
− − ⋅ ≥ = , (12)

 
where (b1−b2)max is the field of view constraint parameter, θd is the field of view angle, and 
sd=(sx

2+sy
2)0.5. The angle θd can also be derived as follows, 

 
 ( )12 tan 2d d ds fθ −=  (13)
 
Equation (13) is rearranged and becomes 
 
 ( )tan 2

2
d

d
d

s
f

θ =  (14)

 
and is substituted into equation (12), to obtain 
 
 ( )1 2 max

0a
d

l
f

s b b− − ≥  (15)

 
and shows that fd and sa are the factors that affect the field of view constraint. Lastly, the final 
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constraint, also known as the depth of field constraint, is affected by the diameter aperture size. In 
normal cases, the diameter aperture size da is used as the aperture stop to limit the number of rays, and 
resultantly affects the image brightness, Ib. The relationship between Ib, da and fd is 
 
 2

a
b

d

dI f
⎛ ⎞∝ ⎜ ⎟
⎝ ⎠

 (16)

 
The aperture stop also changes the exposure time te, as follows 
 
 2

1
2

f
e

b

nt I
⎛ ⎞∝ = ⎜ ⎟
⎝ ⎠

, (17)

 
where nf is the f-number, a different representation of te. By introducing a linear constant q, (16) and 
(17) can be combined and nf is formulated as 
 
 2 d

f
a

fn
q d
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 (18)

 
The image brightness Ib indirectly affects the focus of the sensor, because it is highly dependent on te. 
This brings forth a new term, namely the depth of field Df and is defined as the range where the image 
is considered in focus. The depth of field Df is derived by the following equations, 
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+
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f f fD D D+ −= −  , (21)
 
where Df

+ and Df
- are the far and near limit of depth of field respectively, and h is the depth of field 

constraint parameter. The h is actually the hyperfocal distance and is defined as the distance between 
the sensor and the object plane when the lens system is most focused. The formulation of h is 
 
 2

d

f

fh
n c

= , (22)

 
where c is the set limit of blurriness. By substituting nf defined in equation (18), h becomes 
 
 

2
d af dqh
c

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (23)

 
This shows that c plays an important part in determining the hyperfocal distance. In this approach, c is 
given an approximation of 0.1% of fd. Hence, h is redefined as follows, 
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1000

2a
qh d=  (24)

 
and validates that h is indeed affected by da. Similar to other lens properties, da also has its own 
tolerance and represented as Gaussian noise. This produces a new hyperfocal distance hd, 
 
 h

dh h v= + , (25)
 
where vh is the estimated uncertainties based on da. Finally, the constraint parameters are used with fd 
and l to develop the undistorted coordinates xu function, represented as 
 
 ( ) ( )( )1 1 2 1 2min max

f , , , ,u d df l hx b b b b= − −  (26)
 
 
3.2.2. Aperture Stop Position 
 
The derived undistorted coordinates function in equation (26) does not include lens distortion. The 
proposed approach develops the distortion model using the aperture stop position offset from the 
principal plane of the approximated lens system, ma. In this approach, only radial distortion is 
considered. The approach is initially described based on one axis. Lens distortion, δ is 
 
 'δ y y= − , (27)
 
where y’=[y1’, y2’, y3’, .... ]T and y=[y1, y2, y3, .... ]T are the distorted and undistorted image position 
coordinates. Using the thick lens approximation described in Section 3.1 and the small angle 
approximation, y and y’ are 
 
 1tandfy θ=  and (28)
 
 2' tanamy θ=  , (29)
 
where θ1 and θ2 are the refracted angles of the ray based on the position of aperture stop and the 
principal plane respectively. Both y and y’ are projected from the same object, and hence, the 
relationship between θ1 and θ2 is 
 
 ( )1 2tan tanal l mθ θ= − , (30)
 
where l is previously defined as the distance between the scene feature and the sensor. Equation (30) is 
rearranged as following, 
 
 

1 2tan tanal m
l

θ θ−
=  (31)

 
to obtain more distinct relationship between θ1 and θ2, and, using equation (27)-(31), δ then becomes 
 
 

21 tand
a d
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Using the pixel resolution pr, this is then expanded to both axes, and derive the distorted coordinates 
xd, 
 
 ( )2f , , , , ,d d a x y rf m lx θ θ p= , (33)
 
where θx and θy are the refracted angles based on the position of the aperture stop in x and y direction. 
The xd are then included as a factor of xu shown in equation (26), and xu are reformulated as 
 
 ( ) ( )( )1 2 1 2min max

g , , , , ,u d d df l hx b b b b x= − −  (34)
 
Fig. 2 shows the mechanistic deconvolution approach. In contrast to the conventional technique 
illustrated in Fig. 1, the required parameters in modelling a given sensor are determined by its 
mechanical and electrical properties, instead of image data sI. The effective focal length, fd is estimated 
by the thick lens parameters of the sensor, which are the radii curvatures r1 and r2, the refractive index 
n and the lens thickness t. These parameters are obtained by the thick lens approximation of the actual 
sensor lens system. The calculated fd is then used with other mechanical and electrical properties z, and 
the distance between the scene feature and the sensor l to determine the constraint parameters, cp and 
the distorted coordinates, xd. The undistorted coordinates, xu are derived using previously estimated fd, 
xd and cp, and finally, xu are used to determine the corrected image data sÎ. 
 
 

 
 

Fig. 2. Proposed technique. 
 
 
4. Numerical Examples 
 
An experimental setup was constructed to evaluate the mechanistic deconvolution approach in terms of 
accuracy and robustness to changes in image sensor properties without recalibration. The target used in 
this experimental setup was grid a pattern of 20 by 18 boxes. Two image sensors with different 
specifications, as shown in Table 1, were used in the evaluation process. It is noted that Case 1 has 
better specifications than Case 2. Focus of the sensors is manually adjusted, which acts as the only 
similarity between image sensors. 
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Table 1. Specifications of the image sensors. 
 

Specifications Case 1 Case 2 
Pixel Resolution (Mpixel) 2 0.4 
Sensor Type CCD CMOS 
Sensor Size, sa (mm) 11.8X7.9 2.6X2.13 
Aperture Stop Position Offset, ma (mm) 0.1 0.2 
Lens thickness, t (mm) 4 3 

 
 
The approach was compared with a conventional technique discussed in Section 2. The optimization 
technique used by conventional approach was Gauss-Newton method. Accuracy of both approaches 
was evaluated by determining radii mean error, when compared with the ideal form of grid pattern. 
The formulation of radii mean error is given in the Appendix section. Robustness of the approaches 
was then tested by changing two factors of sensor properties, which are aperture stop position offset 
from the principal plane, ma and lens thickness, t. 
 
Fig. 3 shows an example of original images taken by two image sensors specified in Table 1, and, their 
corrected images using proposed approach, namely mechanistic deconvolution. Note that Figs. 3(a) 
and 3(c) are the original images while Figs. 3(b) and 3(d) are the corrected images. Using accuracy 
evaluation mentioned above, the corrected image percentage error of Case 1 and Case 2 are 0.8 % and 
2.5 % respectively. It is illustrated that the mechanistic deconvolution approach managed to provide a 
highly accurate corrected image, despite being affected by the image sensors different specifications. 
Fig. 4 illustrates further evaluation of Fig. 3 corrected images accuracy, in comparison to conventional 
approach, and, the required number of iterations to achieve minimal percentage error for each sensor. 
Fig. 4(a) is an example of original image taken from Case 2 sensor, Figs. 4(b) and 4(c) are corrected 
images using proposed and conventional approaches based on Fig. 4(a), and, Fig. 4(d) gives the 
numerical results of the further evaluation process mentioned previously. Figs. 4(b) and 4(c) show that 
the accuracy of the corrected image by the proposed approach is similar to the conventional approach 
corrected image. This evaluation is further supported by the radii mean error illustrated in Fig. 4(d), 
which is 2.3 %. Fig. 4(d) also provides that the radii mean error for corrected images using the 
proposed and conventional approaches, based on the example of original image shown in Fig. 3(a), are 
similar as well, approximately 1 %. The proposed approach, however, reduced required the number of 
iterations by a factor of 2.5 for Case 1 and 5 for Case 2, in comparison to conventional method, as 
shown in Fig. 4(d). 
 
 

 
 

Fig. 3. Original and Corrected Image for Both Cases Using Proposed Approach. 
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Fig. 4. Corrected Images of Proposed and Conventional Approaches and Accuracy Evaluation in Corresponding 
to Number of Iterations. 

 
 

Fig. 5 presents the original images of sensor Case 2, and, corrected images using the proposed and 
conventional approaches, due to changes in sensor properties that are aperture position offset ma and 
lens thickness t. Figs. 5(a) – 5(c) are based on the changes in ma value from 0.2 to 0.5 while Figs. 5(d) 
– 5(f) are based on the changes in t value from 3 to 5. The corrected images using the proposed 
approach, as illustrated in Figs. 5(b) and 5(e), manage to show that the approach are not affected by the 
changes in ma and t, and, provide the radii mean error of 1.1 % and 2.6 % respectively. The corrected 
images using the conventional approach, however, are affected by these changes as shown in Figs. 5(c) 
and 5(f), and, give the radii mean error of 5.2 % and 4.1 %. Fig. 5(f) also illustrates that the 
conventional approach has ‘over-corrected’ the original image shown in Fig. 5(d) and introduces pin-
cushion distortion, instead of barrel distortion. 
 
 

 
 

Fig. 5. Corrected Images of Proposed and Conventional Approaches Due to Changes in ma and t. 
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The effects of the changes in sensor properties are further evaluated by incrementing the ma and t 
values, to investigate the behaviour of the corrected images using the proposed and conventional 
approaches. Fig. 6 shows the radii mean error of the corrected images using the proposed and 
conventional approaches, for sensors Case 1 and Case 2 due to incremental changes in sensor 
properties ma and t. Fig. 6(a) shows that the corrected images by the proposed approach attains 1.5 % 
and 1.2 % error for Case 1 and 2 at ma=0, instead of expected non-existing error. This is because the 
uncertainties exist in the effective focal length, fd affect the image coordinates, xu and xd. The proposed 
approach managed to maintain its corrected image accuracy despite the increasing changes in ma, 
achieving the average errors, em of 1.5 % and 2.5 % for Case 1 and 2. As illustrated by Fig. 6(b), the 
approach also able to maintain its corrected image accuracy regardless of increasing changes in 
another factor t, with average errors et of 2.5 % for Case 1 and 3 % for Case 2. 
 
 

 
 
Fig. 6. Numerical Results of Corrected Images Due to Incremental Changes in ma and t for Case 1 and Case 2. 

 
 
On the contrary, the corrected images by the conventional approach for Case 1and 2 were unable to 
maintain its accuracy corresponding to both increasing changes in ma and t. According to Fig. 6, the 
radii mean errors for Case 1 increase to the maximum of 9.6 % for changes in ma and 13.2 % for 
changes in t. Similarly, the radii mean error for Case 2 has been escalating to the maximum errors of 
22.1 % and 19.5 % respectively, as shown in Fig. 6. The maximum errors of the corrected images by 
the proposed approach are 2.5 % and 3.8 % for Case 1 and 3.5 % and 4.4 % for Case 2 respectively. 
Fig. 6 also shows that the corrected images by the conventional approach has the lowest percentage 
error at the specifications given by Table 1, because they are derived based on the image data using 
these specifications. For both cases, et is higher than em, and the error of the conventional approach is 
increasing at a higher rate with changes in t than changes in ma. These show that t is a more prominent 
factor than ma, and as formulated in Section 3, t indirectly affects xd and xu while ma affects xd only. 
 
The approaches are also evaluated on the basis that the sensor properties, ma and t are dependent on 
each other. Fig. 7 shows the numerical results of this evaluation process, where Figs. 7(a) and 7(b) 
represent results for Case 1 and Figs. 7(c) and 7(d) represent results for Case 2. As illustrated by Figs. 
7(a) and 7(c), the actual error escalates at a much higher rate to the maximum error of 22 % for Case 1 
and 40 % for Case 2. In contrast to the conventional approach, Figs. 7(b) and 7(d) show the 
consistency of the corrected images radii mean error using the mechanistic deconvolution approach for 
both cases, and the average errors are 3.2 % and 4.1 % for Case 1 and 2. Fig. 7 also illustrates that 
Case 2 has a lower accuracy than Case 1, which supports the fact that better specifications has lower 
properties uncertainties. 
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Fig. 7. Numerical Results of Image Correction Due to Dynamic Changes in Sensor Properties. 
 
 
The mechanistic deconvolution approach was implemented into a simple image recognition system, to 
determine its efficiency, in comparison to the previously mentioned conventional approach. The image 
recognition system consists of two modules, which are the colour and pattern recognition. This system 
was set in a fixed position and was tested by tracking a red round object in the environment. This 
experiment was conducted in a controlled environment. Table 2 shows the accuracy and time 
efficiency of the proposed and conventional approaches. The table indicates that the proposed 
approach provides low percentage error, averaging at 3.3 %, in contrast to the conventional approach 
percentage error, averaging at 6.7 %. As stated in Table 2, the proposed approach, is able to provide 
the corrected image in approximately 5 times faster than the conventional approach in each cycle, 
which results in increasing the speed performance of the image recognition system by 1.5 times as 
compared with the conventional approach. 
 

 
Table 2. Comparison between mechanistic deconvolution and conventional approaches  

in image recognition system. 
 

% Error Time (ms) 
Individual System 

 

Proposed Conventional Proposed Conventional Proposed Conventional 
Cycle 1 3.5 4.3 10 48 110 150 
Cycle 2 2.8 8.3 12 45 107 146 
Cycle 3 3.3 9.5 11 50 114 149 
Cycle 4 3.8 5.1 13 46 111 151 
Cycle 5 3.2 6.2 12 52 109 154 

Mean 3.3 6.7 11.6 48.2 110.2 150 
 
 
5. Conclusion 
 
The mechanistic deconvolution approach to modelling an image sensor, without calibration technique, 
has been presented. The proposed approach has utilized mechanical and electrical properties to 
determine the effective focal length, and, to estimate the distortion effects inherent in image sensors. 
This, as a result, has reduced dependency on image data and did not require experimental evaluation of 
the sensors. Two sensors with different specifications were used to validate the proposed approach, 
and, the approach managed to provide high accuracy corrected images for the sensors. The proposed 
approach was then compared with a conventional technique to further evaluate its efficiency. In the 
efficiency evaluation process, the corrected images derived by the proposed approach achieved 
accuracy similar to the conventional approach corrected images while considerably reducing the 
number of iterations. 
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Robustness of the proposed approach due to changes in image sensor properties was also investigated 
with the conventional technique, and, using two image sensor properties that are the aperture position 
offset and lens thickness. The model derived by the proposed approach was not affected by the 
changes of sensor properties, in contrast to the conventional technique. This model, in addition, 
showed high and consistent accuracy despite incrementing changes of the sensor properties. Thus, it 
does not require recalibration if sensor parts are modified. The approach was also implemented into a 
simple image recognition system and proved to be more efficient, in comparison to the conventional 
technique. In conclusion, the model is not dependent on image data, while successfully correcting for 
distortion. 
 
The assumptions made in the proposed approach, however, have limited the applicability and 
robustness of the method to dynamic environments. This approach can be extended to include 
tangential distortion, further improving the accuracy of corrected data. 
 
 
Appendix 
 
This section shows brief formulation of the radii mean error. Given the grid pattern of m by n boxes, 
and, using position indices i=1, 2, n-1, n and j=1, 2, m-1, m, the radii distance for both corrected 
images dij’ and ideal grid pattern image dij are 
 
 ( ) ( )2 2

0 0' ' 'ij ij ijd u u v v= - + -  (35)

and 
 ( ) ( )2 2

0 0ij ij ijd u u v v= - + -  (36)

 
The [uij, vij] and [uij’, vij’] are the position coordinates of the ideal grid pattern image and corrected 
images, and, [u0, v0] is the centre position of all images. Using Einstein summation convention, the 
radii mean error e is 
 
 '1%Error, 100%ij ij

ij

d d
e

mn d
-

= ґ  (37)
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